arXiv:1107.4156v2 [math-ph] 27 Oct 2011

CP T groups of higher spin fields

V. V. Varlamov^∗

Abstract

CP T groups of higher spin fields are defined in the framework of automorphism groups of Clifford algebras associated with the complex representations of the proper orthochronous Lorentz group. Higher spin fields are understood as the fields on the Poincaré group which describe orientable (extended) objects. A general method for construction of CP T groups of the fields of any spin is given. CP T groups of the fields of spin-1/2, spin-1 and spin-3/2 are considered in detail. CP T groups of the fields of tensor type are discussed. It is shown that tensor fields correspond to particles of the same spin with different masses.

Keywords: CP T groups, fields on the Poincaré group, Clifford algebras, automorphism groups, higher spin fields PACS numbers: 02.10.Tq, 11.30.Er, 11.30.Cp

1 Introduction

In 2003, CP T group was introduced [55] in the context of an extension of automorphism groups of Clifford algebras. The relationship between CP T groups and extraspecial groups and universal coverings of orthogonal groups was established in [55, 57]. In 2004, Socolovsky considered the CP T group of the spinor field with respect to phase quantities [50] (see also [10, 11, 12, 13, 37]). CP T groups of spinor fields in the de Sitter spaces of different signatures were studied in the works [58, 60]. The following logical step in this direction is a definition of the CP T groups for the higher spin fields. The formalism developed in the previous works [55, 57] allows us to define CP T groups for the fields of any spin on the spinspaces associated with representations of the spinor group Spin_+(1, 3) (a universal covering of the proper orthochronous Lorentz group).

Our consideration based on the concept of generalized wavefunctions introduced by Ginzburg and Tamm in 1947 [22], where the wavefunction depends both coordinates x_μ and additional internal variables θ_μ which describe spin of the particle, μ = 0, 1, 2, 3. In 1955, Finkelstein showed [18] that elementary particles models with internal degrees of freedom can be described on manifolds larger then Minkowski spacetime (homogeneous spaces of the Poincaré group). The quantum field theories on the Poincaré group were discussed in the papers [33, 28, 5, 3, 30, 51, 34, 17, 23, 26]. A consideration of the field models on the homogeneous spaces leads naturally to a generalization of the concept of wave function (fields on the Poincaré group). The general form of these fields is related closely with the structure of the Lorentz and Poincaré group representations [21, 36, 4, 23] and admits the following factorization f(x, z) = ϕ^n(z)ψ_n(x), where x ∈ T_4 and ϕ^n(z) form a basis in the representation space of the Lorentz group. At this point, four parameters x^μ correspond to position of the point-like object, whereas remaining six parameters z ∈ Spin_+(1, 3) define orientation in quantum description of orientable (extended) object [24, 25] (see also [27]). It is obvious

∗Siberian State Industrial University, Kirova 42, Novokuznetsk 654007, Russia, e-mail: vadim.varlamov@mail.ru

that the point-like object has no orientation, therefore, orientation is an intrinsic property of the extended object. On the other hand, measurements in quantum field theory lead to extended objects. As is known, loop divergences emerging in the Green functions in quantum field theory originate from correspondence of the Green functions to unmeasurable (and hence unphysical) point-like quantities. This is because no physical quantity can be measured in a point, but in a region, the size of which (or ’diameter’ of the extended object) is constrained by the resolution of measuring equipment [2]. Taking it into account, we come to consideration of physical quantity as an extended object, the generalized wavefunction of which is described by the field ψ(α) = ⟨x, g |ψ⟩ on the homogeneous space of some orthogonal group SO(p, q), where x ∈ T_n (position) and g ∈ Spin_+(p, q) (orientation), n = p + q. So, in [45, 46] Segal and Zhou proved convergence of quantum field theory, in particular, quantum electrodynamics, on the homogeneous space R^1 × S^3 of the conformal group SO(2, 4), where S^3 is the three-dimensional real sphere.

In the present work we describe discrete symmetries of the generalized wavefunctions ψ(α) = ⟨x, g |ψ⟩ (fields on the Poincaré group) in terms of involutive automorphisms of the subgroup Spin_+(p, q), As is known, the universal covering of the proper Poincaré group is isomorphic to a semidirect product SL(2; C ) ⊙ T_4 or Spin_+(1, 3) ⊙ T_4. Since the group T_4 is Abelian, then all its representations are one-dimensional. Thus, all the finite-dimensional representations of the proper Poincaré group in essence are equivalent to the representations C of the group Spin_+(1, 3).

An algebraic method for description of discrete symmetries was proposed by author in the works [52, 53, 55, 57], where the discrete symmetries are represented by fundamental automorphisms of the Clifford algebras. So, the space inversion P , time reversal T and their combination P T correspond to an automorphism ⋆ (involution), an antiautomorphism ~ (reversion) and an antiautomorphism ~⋆ (conjugation), respectively. The fundamental automorphisms of the Clifford algebras are compared to elements of the finite group formed by the discrete transformations. In turn, a set of the fundamental automorphisms, added by an identical automorphism, forms a finite group Aut(Cℓ), for which in virtue of the Wedderburn-Artin Theorem there exists a matrix (spinor) representation. Further, other important discrete symmetry is the charge conjugation C. In contrast with the transformations P , T , P T , the operation C is not space-time discrete symmetry. This transformation is firstly appeared on the representation spaces of the Lorentz group and its nature is strongly different from other discrete symmetries. For that reason the charge conjugation C is represented by a pseudoautomorphism A → A which is not fundamental automorphism of the Clifford algebra. All spinor representations of the pseudoautomorphism A → A were given in [55]. An introduction of the transformation A → A allows us to extend the automorphism group Aut(Cℓ) of the Clifford algebra. It was shown [55] that automorphisms A → A^⋆, A → ~A, A → ~A^⋆, A → A, A → A^⋆, A → ~A and A → ~A^⋆ form a finite group of order 8 (an extended automorphism group Ext(Cℓ) = {Id, ⋆, ~ , ~⋆, , ⋆, ~ , ~⋆}). The group Ext(Cℓ) is a generating group of the full CP T group {±1, ±P, ±T, ±P T, ±C, ±CP, ±CT, ±CP T }. There are also other realizations of the discrete symmetries via the automorphisms of the Lorentz and Poincaré groups, see [21, 35, 29, 49, 9].

The present paper is organized as follows. In the section 2 we briefly discuss the basis notions concerning Clifford algebras and CP T groups, and also we consider their descriptions within universal coverings of orthogonal groups and spinor representations. In the section 3 we introduce the main objects of our study, CP T groups of higher spin fields. These groups are defined on the system of complex representations of the group Spin_+(1, 3). In the sections 4–6 we consider in detail CP T groups for the fields (1/2, 0) ⊕ (0, 1/2), (1, 0) ⊕ (0, 1) and (3/2, 0) ⊕ (0, 3/2). In the section 7 we define CP T groups for the fields of tensor type.

2 Algebraic and group theoretical preliminaries

In this section we will consider some basic facts concerning automorphisms of the Clifford algebras and universal coverings of orthogonal groups.

Let F be a field of characteristic 0 (F = R, F = C ), where R and C are the fields of real and complex numbers, respectively. A Clifford algebra Cℓ over a field F is an algebra with 2^n basis elements: e_0 (unit of the algebra) e_1, e_2, . . . , e_n and products of the one–index elements e_{i1i2...ik} = e_{i1} e_{i2} . . . e_{ik} . Over the field F = R the Clifford algebra is denoted as Cℓ_{p,q}, where the indices p and q correspond to the indices of the quadratic form

Q = x^2_1 + . . . + x^2_p − . . . − x^2_{p+q}

of a vector space V associated with Cℓ_{p,q}.

An arbitrary element A of the algebra Cℓ_{p,q} is represented by a following formal polynomial:

A = a^0e_0 + n∑ i=1 a^ie_i + n∑ i=1 n∑ j=1 a^{ij} e_{ij} + . . . + n∑ i_1=1 · · · n∑ i_k=1 a^{i1...ik} e_{i1...ik} +

+ . . . + a^{12...n}e_{12...n} = n∑ k=0 a^{i1i2...ik} e_{i1i2...ik} . In Clifford algebra Cℓ there exist four fundamental automorphisms.

1) Identity: An automorphism A → A and e_i → e_i.

This automorphism is an identical automorphism of the algebra Cℓ. A is an arbitrary element of Cℓ. 2) Involution: An automorphism A → A^⋆ and e_i → −e_i.

In more details, for an arbitrary element A ∈ Cℓ there exists a decomposition A = A^′ + A^{′′}, where A^′ is an element consisting of homogeneous odd elements, and A^{′′} is an element consisting of homogeneous even elements, respectively. Then the automorphism A → A^⋆ is such that the element A^{′′} is not changed, and the element A^′ changes sign: A^⋆ = −A^′+A^{′′}. If A is a homogeneous element, then A^⋆ = (−1)^kA, (1)

where k is a degree of the element. It is easy to see that the automorphism A → A^⋆ may be expressed via the volume element ω = e_{12...p+q}:

A^⋆ = ωAω^{−1}, (2)

where ω^{−1} = (−1)^{(p+q)(p+q−1)}2 ω. When k is odd, the basis elements e_{i1i2...ik} the sign changes, and when k is even, the sign is not changed.

3) Reversion: An antiautomorphism A → ~A and e_i → e_i.

The antiautomorphism A → ~A is a reversion of the element A, that is the substitution of each basis element e_{i1i2...ik} ∈ A by the element e_{ikik−1...i1} : e_{ikik−1...i1} = (−1)^{k(k−1)2} e_{i1i2...ik} . Therefore, for any A ∈ Cℓ_{p,q} we have

~A = (−1)^{k(k−1)}2 A. (3)

4) Conjugation: An antiautomorphism A → ~A^⋆ and e_i → −e_i.

This antiautomorphism is a composition of the antiautomorphism A → ~A with the automorphism A → A^⋆. In the case of a homogeneous element from the formulae (1) and (3), it follows

~A⋆ = (−1)^{k(k+1)}2 A. (4)

As is known, the complex algebra C_n is associated with a complex vector space C^n . Let n = p + q, then an extraction operation of the real subspace R^{p,q} in C^n forms the foundation of definition of the discrete transformation known in physics as a charge conjugation C. Indeed, let {e_1, . . . , e_n} be an orthobasis in the space C^n , e^2_i = 1. Let us remain the first p vectors of this basis unchanged, and other q vectors multiply by the factor i. Then the basis

{e_1, . . . , e_p, ie_{p+1}, . . . , ie_{p+q}} (5)

allows one to extract the subspace R^{p,q} in C^n . Namely, for the vectors R^{p,q} we take the vectors of C^n which decompose on the basis (5) with real coefficients. In such a way we obtain a real vector space R^{p,q} endowed (in general case) with a non–degenerate quadratic form

Q(x) = x^2_1 + x^2 + . . . + x^2_p − x^2_{p+1} − x^2_{p+2} − . . . − x^2_{p+q},

where x_1, . . . , x_{p+q} are coordinates of the vector x in the basis (5). It is easy to see that the extraction of R^{p,q} in C^n induces an extraction of a real subalgebra Cℓ_{p,q} in C_n . Therefore, any element A ∈ C_n can be unambiguously represented in the form

A = A_1 + iA_2,

where A_1, A_2 ∈ Cℓ_{p,q}. The one-to-one mapping

A −→ A = A_1 − iA_2 (6)

transforms the algebra C_n into itself with preservation of addition and multiplication operations for the elements A; the operation of multiplication of the element A by the number transforms to an operation of multiplication by the complex conjugate number. Any mapping of C_n satisfying these conditions is called a pseudoautomorphism. Thus, the extraction of the subspace R^{p,q} in the space C^n induces in the algebra C_n a pseudoautomorphism A → A [39, 40].

An introduction of the pseudoautomorphism A → A allows us to extend the automorphism set of the complex Clifford algebra C_n . Namely, we add to the four fundamental automorphisms A → A, A → A^⋆, A → ~A, A → ~A^⋆ the pseudoautomorphism A → A and following three combinations:

1) A pseudoautomorphism A → A^⋆. This transformation is a composition of the pseudoautomorphism A → A with the automorphism A → A^⋆.

2) A pseudoantiautomorphism A → ~A. This transformation is a composition of A → A with the antiautomorphism A → ~A.

3) A pseudoantiautomorphism A → ~A^⋆ (a composition of A → A with the antiautomorphism A → ~A^⋆). Thus, we obtain an automorphism set of C_n consisting of the eight transformations. Let us show that the set {Id, ⋆, ~ , ~⋆, , ⋆, ~ , ~⋆} forms a finite group of order 8 and let us give a physical interpretation of this group.

Proposition 1 ([55]). Let C_n be a Clifford algebra over the field F = C and let Ext(C_n ) = {Id, ⋆, ~ , ~⋆, , ⋆, ~ , ~⋆} be an extended automorphism group of the algebra C_n . Then there is an isomorphism between Ext(C_n ) and CP T/Z_2 group of the discrete transformations, Ext(C_n ) ≃ {1, P, T, P T, C, CP, CT, CP T } ≃ Z_2 ⊗ Z_2 ⊗ Z_2. In this case, space inversion P , time reversal T , full reflection P T , charge conjugation C, transformations CP , CT and the full CP T – transformation correspond to the automorphism A → A^⋆, antiautomorphisms A → ~A, A → ~A^⋆, pseudoautomorphisms A → A, A → A^⋆, pseudoantiautomorphisms A → ~A and A → ~A^⋆, respectively.

Proof. The group {1, P, T, P T, C, CP, CT, CP T } at the conditions P^2 = T^2 = (P T )^2 = C^2 = (CP )^2 = (CT )^2 = (CP T )^2 = 1 and commutativity of all the elements forms an Abelian group of order 8, which is isomorphic to a cyclic group Z_2 ⊗ Z_2 ⊗ Z_2. The multiplication table of this group shown in Tab. 1. 1 P T P T C CP CT CP T 1 1 P T P T C CP CT CP T P P 1 P T T CP C CP T CT T T P T 1 P CT CP T C CP P T P T T P 1 CP T CT CP C C C CP CT CP T 1 P T P T CP CP C CP T CT P 1 P T T CT CT CP T C CP T P T 1 P CP T CP T CT CP C P T T P 1 Tab. 1: The multiplication table of the CP T/Z_2 group.

In turn, for the extended automorphism group {Id, ⋆, ~ , ~⋆, , ⋆, ~ , ~⋆} in virtue of commutativity ~(A^⋆) = ( ~A )_⋆ , (A^⋆) = ( A )_⋆ , ( ~A ) = ~ ( A ) , ( ~A⋆ ) = ~ ( A )_⋆ and an involution property ⋆⋆ = ~ ~ = = Id we have the multiplication table shown in Tab. 2. The identity of multipli- Id ⋆ ~ ~⋆ ⋆ ~ ~⋆ Id Id ⋆ ~ ~⋆ ⋆ ~ ~⋆ ⋆ ⋆ Id ~⋆ ~ ⋆ ~⋆ ~ ~ ~ ⋆ Id ⋆ ~ ~⋆ ⋆ ~⋆ ~⋆ ~ ⋆ Id ~⋆ ~ ⋆ ⋆ ~ ~⋆ Id ⋆ ~ ~⋆ ⋆ ⋆ ~⋆ ~ ⋆ Id ~⋆ ~ ~ ~ ~⋆ ⋆ ~ ~⋆ Id ⋆ ~⋆ ~⋆ ~ ⋆ ~⋆ ~ ⋆ Id Tab. 2: The multiplication table of the extended automorphism group.

cation tables proves the group isomorphism {1, P, T, P T, C, CP, CT, CP T } ≃ {Id, ⋆, ~ , ~⋆, , ⋆, ~ , ~⋆} ≃ Z_2 ⊗ Z_2 ⊗ Z_2.

Further, in the case of P^2 = T^2 = . . . = (CP T )^2 = ±1 and anticommutativity of the elements we have an isomorphism between the CP T/Z_2 group and a group Ext(C_n ). The elements of Ext(C_n ) are spinor representations of the automorphisms of the algebra C_n . As mentioned previously, the Wedderburn-Artin Theorem allows us to define any spinor representaions for the automorphisms of C_n . We list these transformations and their spinor representations (for more details see [55]):

A −→ A^⋆, A^⋆ = WAW^{−1}, (7) A −→ ~A, ~A = EA^TE^{−1}, (8) A −→ ~A^⋆, ~A^⋆ = CA^TC^{−1}, C = EW, (9) A −→ A, A = ΠA^∗Π^{−1}, (10) A −→ A^⋆, A^⋆ = KA^∗K^{−1}, K = ΠW, (11) A −→ ~A, ~A = S ( A^T )_∗ S^{−1}, S = ΠE, (12)

A −→ ~A^⋆, ~A^⋆ = F (A^∗)^T F^{−1}, F = ΠC, (13)

where the symbol T means a transposition, and ∗ is a complex conjugation. The detailed classification of the extended automorphism groups Ext(C_n ) was given in [55]. First of all, since for the subalgebras Cℓ_{p,q} over the ring K ≃ R the group Ext(C_n ) is reduced to Aut_±(C_n ) (reflection group [53]), then all the essentially different groups Ext(C_n ) correspond to subalgebras Cℓ_{p,q} with the quaternionic ring K ≃ H , p − q ≡ 4, 6 (mod 8). The classification of the groups Ext(C_n ) is given with respect to the subgroups Aut_±(Cℓ_{p,q}). Taking into account the structure of Aut_±(Cℓ_{p,q}), we have at p − q ≡ 4, 6 (mod 8) for the groups Ext(C_n ) = {I, W, E, C, Π, K, S, F} the following realizations [55]:

Ext^1(C_n ) = { I, E_{12···p+q}, E_{j1j2···jk} , E_{i1i2···ip+q−k} , E_{α1α2···αa} , E_{β1β2···βb} , E_{c1c2···cs} , E_{d1d2···dg} } , Ext^2(C_n ) = { I, E_{12···p+q}, E_{j1j2···jk} , E_{i1i2···ip+q−k} , E_{β1β2···βb} , E_{α1α2···αa} , E_{d1d2···dg} , E_{c1c2···cs} } , Ext^3(C_n ) = { I, E_{12···p+q}, E_{i1i2···ip+q−k} , E_{j1j2···jk} , E_{α1α2···αa} , E_{β1β2···βb} , E_{d1d2···dg} , E_{c1c2···cs} } , Ext^4(C_n ) = { I, E_{12···p+q}, E_{i1i2···ip+q−k} , E_{j1j2···jk} , E_{β1β2···βb} , E_{α1α2···αa} , E_{c1c2···cs} , E_{d1d2···dg} } . The groups Ext^1(C_n ) and Ext^2(C_n ) have Abelian subgroups Aut_−(Cℓ_{p,q}) (Z_2 ⊗ Z_2 or Z_4). In turn, the groups Ext^3(C_n ) and Ext^4(C_n ) have non-Abelian subgroups Aut_+(Cℓ_{p,q}) (Q_4/Z_2 or D_4/Z_2). The full number of different realizations of Ext(C_n ) is 64.

As is known, the Lipschitz group Γ_{p,q}, also called the Clifford group, introduced by Lipschitz in 1886 [31], may be defined as the subgroup of invertible elements s of the algebra Cℓ_{p,q}:

Γ_{p,q} = { s ∈ Cℓ^+_{p,q} ∪ Cℓ^−_{p,q} | ∀x ∈ R^{p,q} , sxs^{−1} ∈ R^{p,q} } . The set Γ^+_{p,q} = Γ_{p,q} ∩ Cℓ^+_{p,q} is called special Lipschitz group [14].

Let N : Cℓ_{p,q} → Cℓ_{p,q}, N(x) = x~x. If x ∈ R^{p,q} , then N(x) = x(−x) = −x^2 = −Q(x). Further, the group Γ_{p,q} has a subgroup Pin(p, q) = {s ∈ Γ_{p,q} | N(s) = ±1} . (14)

Analogously, a spinor group Spin(p, q) is defined by the set

Spin(p, q) = { s ∈ Γ^+_{p,q} | N(s) = ±1 } . (15)

It is obvious that Spin(p, q) = Pin(p, q) ∩ Cℓ^+_{p,q}. The group Spin(p, q) contains a subgroup

Spin_+(p, q) = {s ∈ Spin(p, q) | N(s) = 1} . (16)

The groups O(p, q), SO(p, q) and SO_+(p, q) are isomorphic, respectively, to the following quotient groups

O(p, q) ≃ Pin(p, q)/Z_2, SO(p, q) ≃ Spin(p, q)/Z_2, SO_+(p, q) ≃ Spin_+(p, q)/Z_2,

where the kernel Z_2 = {1, −1}. Thus, the groups Pin(p, q), Spin(p, q) and Spin_+(p, q) are the universal coverings of the groups O(p, q), SO(p, q) and SO_+(p, q), respectively.

Over the field F = R there exist 64 universal coverings of the real orthogonal group O(p, q): ρ^{a,b,c,d,e,f,g} : Pin^{a,b,c,d,e,f,g} −→ O(p, q), where Pin^{a,b,c,d,e,f,g}(p, q) ≃ (Spin_+(p, q) ⊙ C^{a,b,c,d,e,f,g}) Z_2

, (17) and C^{a,b,c,d,e,f,g} = {±1, ±P, ±T, ±P T, ±C, ±CP, ±CT, ±CP T } is a full CP T group [55, 57]. C^{a,b,c,d,e,f,g} is a finite group of order 16. The group

Ext(Cℓ_{p,q}) = C^{a,b,c,d,e,f,g} Z_2 ≃ CP T/Z_2 is called the generating group. In essence, C^{a,b,c,d,e,f,g} are five double coverings of the group Z_2 ⊗ Z_2 ⊗ Z_2 (extraspecial Salingaros groups, see [43, 6]). All the possible double coverings C^{a,b,c,d,e,f,g} are given in the Table 3. The group (17) with non-Abelian C^{a,b,c,d,e,f,g} is called Cliffordian group a b c d e f g C^{a,b,c,d,e,f,g} Type + + + + + + + Z_2 ⊗ Z_2 ⊗ Z_2 ⊗ Z_2 Abelian three ‘+’ and four ‘−’ Z_4 ⊗ Z_2 ⊗ Z_2 one ‘+’ and six ‘−’ Q_4 ⊗ Z_2 Non–Abelian five ‘+’ and two ‘−’ D_4 ⊗ Z_2 three ‘+’ and four ‘−’^∗Z_4 ⊗ Z_2 ⊗ Z_2

Tab. 3: Extraspecial finite groups C^{a,b,c,d,e,f,g} of order 16.

and respectively non-Cliffordian group when C^{a,b,c,d,e,f,g} is Abelian. It is easy to see that in the case of the algebra Cℓ_{p,q} (or subalgebra Cℓ_{p,q} ⊂ C_n ) with the real division ring K ≃ R, p − q ≡ 0, 2 (mod 8), CP T -structures, defined by the groups (17), are reduced to the eight Shirokov-Da̧browski P T -structures [47, 48, 16].

3 CP T groups on the representation spaces of Spin_+(1, 3)

Let us consider the field ψ(α) = ⟨x, g |ψ⟩, (18) where x ∈ T_4, g ∈ Spin_+(1, 3). The spinor group Spin_+(1, 3) ≃ SU(2) ⊗ SU(2) is a universal covering of the proper orthochronous Lorentz group SO_0(1, 3). The parameters x ∈ T_4 and g ∈ Spin_+(1, 3) describe position and orientation of the extended object defined by the field (18) (the field on the Poincaré group). The basic idea is to define discrete symmetries of the field (18) within the group Pin^{a,b,c,d,e,f,g}(1, 3) ≃ Spin_+(1, 3) ⊙ C^{a,b,c,d,e,f,g} Z_2 . The automorphisms (discrete symmetries) of Pin^{a,b,c,d,e,f,g}(1, 3) are outer automorphisms with respect to transformations of the group Spin_+(1, 3). We define CP T groups C^{a,b,c,d,e,f,g} of physical fields of any spin on the representation spaces of Spin_+(1, 3).

Theorem 1. Let Pin^{a,b,c,d,e,f,g}(1, 3) ≃ Spin_+(1, 3) ⊙ C^{a,b,c,d,e,f,g} Z_2 be the universal covering of the proper Lorentz group SO(1, 3), where C^{a,b,c,d,e,f,g} = {±1, ±P, ±T, ±P T, ±C, ±CP, ±CT, ±CP T } is a CP T group of some physical field defined in the framework of finite-dimensional representation of the group Spin_+(1, 3). At this point, there exits a correspondence P ∼ W, T ∼ E, P T ∼ C, C ∼ Π, CP ∼ K, CT ∼ S, CP T ∼ F, where {I, W, E, C, Π, K, S, F} ≃ Ext(C_n ) is an automorphism group of the algebra C_n . Then CP T group of the field (l, 0) ⊕ (0, l̇) is constructed in the framework of the finite-dimensional representation C^{l0+l1−1,0} ⊕ C^{0,l0−l1+1} of Spin_+(1, 3) defined on the spinspace S_2k ⊗ S_2r with the algebra

C_2 ⊗ C_2 ⊗ · · · ⊗ C_2

k times ⨁ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2

r times , where (l_0, l_1) = (_k 2 ,^k_2 + 1 ) , (−l_0, l_1) = ( −^r_2 ,^r_2 + 1 ) . In turn, a CP T group of the field (l^′, l^{′′})⊕(l̇^{′′}, l̇^′) is constructed in the framework of representation C^{l0+l1−1,l0−l1+1} ⊕ C^{l0−l1+1,l0+l1−1} of Spin_+(1, 3) defined on the spinspace S_2k+r ⊕ S_2k+r with the algebra

C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 ⨂ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2

k+r times ⨁ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2 ⨂ C_2 ⊗ C_2 ⊗ · · · ⊗ C_2

r+k times ,

where (l_0, l_1) = (_{k−r} 2 ,^{k+r}_2 + 1 ) . Proof. As is known, when Cℓ_{p,q} is simple, then the map Cℓ_{p,q}^γ−→ End_K (S), u −→ γ(u), γ(u)ψ = uψ (19) gives an irreducible and faithful representation of Cℓ_{p,q} in the spinspace S_2m(K ) ≃ I_{p,q} = Cℓ_{p,q}f, where ψ ∈ S_2m, m =^{p+q}_2 .

On the other hand, when Cℓ_{p,q} is semi-simple, then the map Cℓ_{p,q}^γ−→ End_{K⊕K̂} (S ⊕ Ŝ), u −→ γ(u), γ(u)ψ = uψ (20) gives a faithful but reducible representation of Cℓ_{p,q} in the double spinspace S ⊕ Ŝ, where Ŝ = {ψ̂|ψ ∈ S}. In this case, the ideal S ⊕ Ŝ possesses a right K ⊕ K̂ -linear structure, K̂ = {λ̂|λ ∈ K }, and K ⊕ K̂ is isomorphic to the double division ring R ⊕ R when p − q ≡ 1 (mod 8) or to H ⊕ H when p − q ≡ 5 (mod 8). The map γ in (19) and (20) defines the so called left-regular spinor representation of Cℓ(Q) in S and S ⊕ Ŝ, respectively. Furthermore, γ is faithful which means that γ is an algebra monomorphism. In (19), γ is irreducible which means that S possesses no proper (that is, ≠ 0, S) invariant subspaces under the left action of γ(u), u ∈ Cℓ_{p,q}. Representation γ in (20) is therefore reducible since {(ψ, 0)|ψ ∈ S} and {(0, ψ̂)|ψ̂ ∈ Ŝ} are two proper subspaces of S ⊕ Ŝ invariant under γ(u) (see [32, 15, 38]).

Since the spacetime algebra Cℓ_{1,3} is the simple algebra, then the map (19) gives an irreducible representation of Cℓ_{1,3} in the spinspace S_2(H ). In turn, representations of the group Spin_+(1, 3) ∈ Cℓ^+_{1,3} ≃ Cℓ_{3,0} are defined in the spinspace S_2(C ).

Let us consider now spintensor representations of the group G_+ ≃ SL(2; C ) which, as is known, form the base of all the finite-dimensional representations of the Lorentz group, and also we consider their relationship with the complex Clifford algebras. From each complex Clifford algebra C_n = C ⊗ Cℓ_{p,q} (n = p + q) we obtain the spinspace S_2n/2 which is a complexification of the minimal left ideal of the algebra Cℓ_{p,q}: S_2n/2 = C ⊗ I_{p,q} = C ⊗ Cℓ_{p,q}f_{pq}, where f_{pq} is the primitive idempotent of the algebra Cℓ_{p,q}. Further, a spinspace related with the Pauli algebra C_2 has the form S_2 = C ⊗ I_{2,0} = C ⊗ Cℓ_{2,0}f_{20} or S_2 = C ⊗ I_{1,1} = C ⊗ Cℓ_{1,1}f_{11}(C ⊗ I_{0,2} = C ⊗ Cℓ_{0,2}f_{02}). Therefore, the tensor product of the k algebras C_2 induces a tensor product of the k spinspaces S_2:

S_2 ⊗ S_2 ⊗ · · · ⊗ S_2 = S_2k.

Vectors of the spinspace S_2k (or elements of the minimal left ideal of C_{2k} ) are spintensors of the following form: s^{α1α2···αk} = ∑ s^{α1} ⊗ s^{α2} ⊗ · · · ⊗ s^{αk} , (21) where summation is produced on all the index collections (α_1 . . . α_k), α_i = 1, 2. For the each spinor s^{αi} from (21) we have^′s^{α′i} = σ^{α′i}α_i s^{αi} . Therefore, in general case we obtain ′s^{α′1α′2···α′k} = ∑ σ^{α′1}_{α1} σ^{α′2}_{α2} · · · σ^{α′k}α_k s^{α1α2···αk} . (22) A representation (22) is called undotted spintensor representation of the proper Lorentz group of the rank k.

Further, let^∗C_2 be the Pauli algebra with the coefficients which are complex conjugate to the coefficients of C_2 . Let us show that the algebra^∗C_2 is derived from C_2 under action of the automorphism A → A^⋆ or antiautomorphism A → ~A. Indeed, in virtue of an isomorphism C_2 ≃ Cℓ_{3,0} a general element

A = a^0e_0 + 3∑ i=1 a^ie_i + 3∑ i=1 3∑ j=1 a^{ij} e_{ij} + a^{123}e_{123}

of the algebra Cℓ_{3,0} can be written in the form

A = (a^0 + ωa^{123})e_0 + (a^1 + ωa^{23})e_1 + (a^2 + ωa^{31})e_2 + (a^3 + ωa^{12})e_3, (23)

where ω = e_{123}. Since ω belongs to a center of the algebra Cℓ_{3,0} (ω commutes with all the basis elements) and ω^2 = −1, then we can to suppose ω ≡ i. The action of the automorphism ⋆ on the homogeneous element A of the degree k is defined by the formula A^⋆ = (−1)^kA. In accordance with this the action of the automorphism A → A^⋆, where A is the element (23), has the form

A −→ A^⋆ = −(a^0 − ωa^{123})e_0 − (a^1 − ωa^{23})e_1 − (a^2 − ωa^{31})e_2 − (a^3 − ωa^{12})e_3. (24)

Therefore, ⋆ : C_2 → −^∗C_2. Correspondingly, the action of the antiautomorphism A → ~A on the homogeneous element A of the degree k is defined by the formula ~A = (−1)^{k(k−1)}2 A. Thus, for the element (23) we obtain

A −→ ~A = (a^0 − ωa^{123})e_0 + (a^1 − ωa^{23})e_1 + (a^2 − ωa^{31})e_2 + (a^3 − ωa^{12})e_3, (25)

that is, ~ : C_2 →^∗C_2. This allows us to define an algebraic analogue of the Wigner’s representation doubling: C_2 ⊕^∗C_2. Further, from (23) it follows that A = A_1 + ωA_2 = (a^0e_0 + a^1e_1 + a^2e_2 + a^3e_3) + ω(a^{123}e_0 + a^{23}e_1 + a^{31}e_2 + a^{12}e_3). In general case, by virtue of an isomorphism C_{2k} ≃ Cℓ_{p,q}, where Cℓ_{p,q} is a real Clifford algebra with a division ring K ≃ C , p − q ≡ 3, 7 (mod 8), we have for the general element of Cℓ_{p,q} an expression A = A_1 + ωA_2, here ω^2 = e^2_{12...p+q} = −1 and, therefore, ω ≡ i. Thus, from C_{2k} under action of the automorphism A → A^⋆ we obtain a general algebraic doubling C_{2k} ⊕^∗C_{2k}. (26)

The tensor product^∗C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2 ≃^∗C_{2r} of the r algebras^∗C_2 induces the tensor product of the r spinspaces Ṡ_2: Ṡ_2 ⊗ Ṡ_2 ⊗ · · · ⊗ Ṡ_2 = Ṡ_{2r}.

Vectors of the spinspace Ṡ_2r has the form s^{α̇1α̇2···α̇r} = ∑ s^{α̇1} ⊗ s^{α̇2} ⊗ · · · ⊗ s^{α̇r} , (27)

where the each cospinor s^{α̇i} from (27) is transformed by the rule^′s^{α̇′i} = σ^{α̇′i}_{α̇i} s^{α̇i} . Therefore, ′s^{α̇′1α̇′2···α̇′r} = ∑ σ^{α̇′1}_{α̇1} σ^{α̇′2}_{α̇2} · · · σ^{α̇′r}_{α̇r} s^{α̇1α̇2···α̇r} . (28) The representation (28) is called a dotted spintensor representation of the proper Lorentz group of the rank r.

In general case we have a tensor product of the k algebras C_2 and the r algebras^∗C_2:

C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 ⨂ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2 ≃ C_{2k} ⊗^∗C_{2r},

which induces a spinspace

S_2 ⊗ S_2 ⊗ · · · ⊗ S_2 ⨂ Ṡ_2 ⊗ Ṡ_2 ⊗ · · · ⊗ Ṡ_2 = S_{2k+r}

with the vectors s^{α1α2···αkα̇1α̇2···α̇r} = ∑ s^{α1} ⊗ s^{α2} ⊗ · · · ⊗ s^{αk} ⊗ s^{α̇1} ⊗ s^{α̇2} ⊗ · · · ⊗ s^{α̇r} . (29) In this case we have a natural unification of the representations (22) and (28): ′s^{α′1α′2···α′kα̇′1α̇′2···α̇′r} = ∑ σ^{α′1}_{α1} σ^{α′2}_{α2} · · · σ^{α′k}α_k σ^{α̇′1}_{α̇1} σ^{α̇′2}_{α̇2} · · · σ^{α̇′r}_{α̇r} s^{α1α2···αkα̇1α̇2···α̇r} . (30) So, a representation (30) is called a spintensor representation of the proper Lorentz group of the rank (k, r).

Further, let g → T_g be an arbitrary linear representation of the proper orthochronous Lorentz group G_+ = SO_0(1, 3) and let A_i(t) = T_{ai(t)} be an infinitesimal operator corresponding to the rotation a_i(t) ∈ G_+. Analogously, let B_i(t) = T_{bi(t)}, where b_i(t) ∈ G_+ is the hyperbolic rotation. The operators A_i and B_i satisfy to the following relations:

[A_1, A_2] = A_3, [A_2, A_3] = A_1, [A_3, A_1] = A_2, [B_1, B_2] = −A_3, [B_2, B_3] = −A_1, [B_3, B_1] = −A_2, [A_1, B_1] = 0, [A_2, B_2] = 0, [A_3, B_3] = 0, [A_1, B_2] = B_3, [A_1, B_3] = −B_2, [A_2, B_3] = B_1, [A_2, B_1] = −B_3, [A_3, B_1] = B_2, [A_3, B_2] = −B_1.

(31)

Denoting I^{23} = A_1, I^{31} = A_2, I^{12} = A_3, and I^{01} = B_1, I^{02} = B_2, I^{03} = B_3 we write the relations (31) in a more compact form: [ I^{μν} , I^{λρ} ] = δ_{μρ}I^{λν} + δ_{νλ}I^{μρ} − δ_{νρ}I^{μλ} − δ_{μλ}I^{νρ}. As is known [21], finite-dimensional (spinor) representations of the group SO_0(1, 3) in the space of symmetrical polynomials Sym_{(k,r)} have the following form:

T_gq(ξ, ξ) = (γξ + δ)^{l0+l1−1}(γξ + δ)^{l0−l1+1}q ( αξ + β γξ + δ ; αξ + β γξ + δ ) , (32)

where k = l_0 + l_1 − 1, r = l_0 − l_1 + 1, and the pair (l_0, l_1) defines some representation of the group SO_0(1, 3) in the Gel’fand-Naimark basis: H_3ξ_{kν} = mξ_{kν} , H_+ξ_{kν} = √ (k + ν + 1)(k − ν)ξ_{k,ν+1}, H_−ξ_{kν} = √ (k + ν)(k − ν + 1)ξ_{k,ν−1}, F_3ξ_{kν} = C_l √ k^2 − ν^2ξ_{k−1,ν} − A_lνξ_{k,ν} − C_{k+1} √ (k + 1)^2 − ν^2ξ_{k+1,ν},

F_+ξ_{kν} = C_k √ (k − ν)(k − ν − 1)ξ_{k−1,ν+1} − A_k √ (k − ν)(k + ν + 1)ξ_{k,ν+1}+ + C_{k+1} √ (k + ν + 1)(k + ν + 2)ξ_{k+1,ν+1},

F_−ξ_{kν} = −C_k √ (k + ν)(k + ν − 1)ξ_{k−1,ν−1} − A_k √ (k + ν)(k − ν + 1)ξ_{k,ν−1}− − C_{k+1} √ (k − ν + 1)(k − ν + 2)ξ_{k+1,ν−1},

A_k = il_0l_1 k(k + 1)

, C_k = i k √ (k^2 − l^2_0)(k^2 − l^2_1) 4k^2 − 1

, (33) ν = −k, −k + 1, . . . , k − 1, k, k = l_0 , l_0 + 1, . . . , where l_0 is positive integer or half-integer number, l_1 is an arbitrary complex number. These formulae define a finite–dimensional representation of the group SO_0(1, 3) when l^2_1 = (l_0 + p)^2, p is some natural number. In the case l^2_1 ≠ (l_0 + p)^2 we have an infinite-dimensional representation of SO_0(1, 3). The operators H_3, H_+, H_−, F_3, F_+, F_− are

H_+ = iA_1 − A_2, H_− = iA_1 + A_2, H_3 = iA_3, F_+ = iB_1 − B_2, F_− = iB_1 + B_2, F_3 = iB_3.

Let us consider the operators

X_l = 1 2 i(A_l + iB_l), Y_l = 1 2 i(A_l − iB_l), (34)

(l = 1, 2, 3).

Using the relations (31), we find that

[X_k, X_l] = iε_{klm}X_m, [Y_l, Y_m] = iε_{lmn}Y_n, [X_l, Y_m] = 0. (35)

Further, introducing generators of the form

X_+ = X_1 + iX_2, X_− = X_1 − iX_2, Y_+ = Y_1 + iY_2, Y_− = Y_1 − iY_2, } (36)

we see that in virtue of commutativity of the relations (35) a space of an irreducible finite– dimensional representation of the group SL(2, C ) can be spanned on the totality of (2l + 1)(2l̇ + 1) basis vectors | l, m; l̇, ṁ⟩, where l, m, l̇, ṁ are integer or half–integer numbers, −l ≤ m ≤ l, −l̇ ≤ ṁ ≤ l̇. Therefore, X_− | l, m; l̇, ṁ⟩ = √ (l + m)(l − m + 1) | l, m − 1, l̇, ṁ⟩ (m > −l), X_+ | l, m; l̇, ṁ⟩ = √ (l − m)(l + m + 1) | l, m + 1; l̇, ṁ⟩ (m < l), X_3 | l, m; l̇, ṁ⟩ = m | l, m; l̇, ṁ⟩, Y_− | l, m; l̇, ṁ⟩ = √ (l̇ + ṁ)(l̇ − ṁ + 1) | l, m; l̇, ṁ − 1⟩ (ṁ > −l̇), Y_+ | l, m; l̇, ṁ⟩ = √ (l̇ − ṁ)(l̇ + ṁ + 1) | l, m; l̇, ṁ + 1⟩ (ṁ < l̇), Y_3 | l, m; l̇, ṁ⟩ = ṁ | l, m; l̇, ṁ⟩. (37) From the relations (35) it follows that each of the sets of infinitesimal operators X and Y generates the group SU(2) and these two groups commute with each other. Thus, from the relations (35) and (37) it follows that the group SL(2, C ), in essence, is equivalent locally to the group SU(2)⊗SU(2). In contrast to the Gel’fand–Naimark representation for the Lorentz group [21, 36], which does not find a broad application in physics, a representation (37) is a most useful in theoretical physics (see, for example, [1, 44, 41, 42]). This representation for the Lorentz group was first given by Van der Waerden in [62]. It should be noted here that the representation basis, defined by the formulae (34)–(37), has an evident physical meaning. For example, in the case of (1, 0) ⊕ (0, 1)– representation space there is an analogy with the photon spin states. Namely, the operators X and Y correspond to the right and left polarization states of the photon. The following relations between generators Y_±, X_±, Y_3, X_3 and H_±, F_±, H_3, F_3 define a relationship between the Van der Waerden and Gel’fand-Naimark bases:

Y_+ = − 1 2 (F_+ + iH_+),

Y_− = − 1 2 (F_− + iH_−),

Y_3 = − 1 2 (F_3 + iH_3),

X_+ = 1 2 (F_+ − iH_+),

X_− = 1 2 (F_− − iH_−),

X_3 = 1 2 (F_3 − iH_3).

The relation between the numbers l_0, l_1 and the number l (the weight of representation in the basis (37)) is given by the following formula:

(l_0, l_1) = (l, l + 1) .

Whence it immediately follows that l = l_0 + l_1 − 1 2 . (38)

As is known [21], if an irreducible representation of the proper Lorentz group SO_0(1, 3) is defined by the pair (l_0, l_1), then a conjugated representation is also irreducible and is defined by a pair ±(l_0, −l_1). Therefore, (l_0, l_1) = ( −l̇, l̇ + 1 ) . Thus, l̇ = l^0 − l^1 + 1 2 . (39)

Further, representations τ_{s1,s2} and τ_s′_{1,s}′_2 are called interlocking irreducible representations of the Lorentz group , that is, such representations that s^′_1 = s_1 ±^1_2 , s^′_2 = s_2 ±^1_2 [20]. The two most full schemes of the interlocking irreducible representations of the Lorentz group (Gel’fand-Yaglom chains) for integer and half-integer spins are shown on the Fig. 1 and Fig. 2. As follows from (s, 0) · · ·

. .

(2, 0) · · · ( s + 2 2 , s − 2 2 ) · · ·

(1, 0) ( 3 2 , 1 2 ) · · · ( s + 1 2 , s − 1 2 ) · · ·

(0, 0) ( 1 2 , 1 2 ) (1, 1) · · · ( s 2 , s 2 ) · · ·

(0, 1) ( 1 2 , 3 2 ) · · · ( s − 1 2 , s + 1 2 ) · · ·

(0, 2) · · · ( s − 2 2 , s + 2 2 ) · · ·

. .

(0, s) · · · Fig. 1: Interlocking representation scheme for the fields of integer spin (Bose-scheme).

Fig. 1 the simplest field is the scalar field (0, 0).

(s, 0) · · ·

. . ( 3 2 , 0 ) · · · ( 2s + 3 4 , 2s − 3 4 ) · · · ( 1 2 , 0 ) ( 1, 1 2 ) · · · ( 2s + 1 4 , 2s − 1 4 ) · · · ( 0, 1 2 ) ( 1 2 , 1 ) · · · ( 2s − 1 4 , 2s + 1 4 ) · · · ( 0, 3 2 ) · · · ( 2s − 3 4 , 2s + 3 4 ) · · ·

. .

(0, s) · · · Fig. 2: Interlocking representation scheme for the fields of half-integer spin (Fermi-scheme).

This field is described by the Fock-Klein-Gordon equation. In its turn, the simplest field from the Fermi-scheme (Fig. 2) is the electron-positron (spinor) field corresponding to the following interlocking scheme: ( 1 2 , 0 ) ( 0, 1 2 ) u w .

This field is described by the Dirac equation. Further, the next field from the Bose-scheme (Fig. 1) is a photon field (Maxwell field) defined within the interlocking scheme

(1, 0) ( 1 2 , 1 2 ) (0, 1)

u w u w .

This interlocking scheme leads to the Maxwell equations. The fields (1/2, 0) ⊕ (0, 1/2) and (1, 0) ⊕ (0, 1) (Dirac and Maxwell fields) are particular cases of fields of the type (l, 0) ⊕ (0, l). Wave equations for such fields and their general solutions were found in the works [54, 56, 59].

It is easy to see that the interlocking scheme, corresponded to the Maxwell field, contains the field of tensor type: ( 1 2 , 1 2 ) .

Further, the next interlocking scheme (see Fig. 2) ( 3 2 , 0 ) ( 1, 1 2 ) ( 1 2 , 1 ) ( 0, 3 2 ) u w u w u w ,

corresponding to the Pauli-Fierz equations [19], contains a chain of the type ( 1, 1 2 ) ( 1 2 , 1 ) u w .

In such a way we come to wave equations for the fields ψ(α) = ⟨x, g |ψ⟩ of tensor type (l_1, l_2) ⊕ (l_2, l_1). Wave equations for such fields and their general solutions were found in the work [61].

A relation between the numbers l_0, l_1 of the Gel’fand-Naimark representation (33) and the number k of the factors C_2 in the product C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 is given by the following formula:

(l_0, l_1) = ( k 2 , k 2 + 1 ) , Hence it immediately follows that k = l_0 +l_1 −1. Thus, we have a complex representation C^{l0+l1−1,0} of the group Spin_+(1, 3) in the spinspace S_2k. If the representation C^{l0+l1−1,0} is reducible, then the space S_2k is decomposed into a direct sum of irreducible subspaces, that is, it is possible to choose in S_2k such a basis, in which all the matrices take a block-diagonal form. Then the field ψ(α) is reduced to some number of the fields corresponding to irreducible representations of the group Spin_+(1, 3), each of which is transformed independently from the other, and the field ψ(α) in this case is a collection of the fields with more simple structure. It is obvious that these more simple fields correspond to irreducible representations C.

Analogously, a relation between the numbers l_0, l_1 of the Gel’fand-Naimark representation (33) and the number r of the factors^∗C_2 in the product^∗C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2 is given by the following formula: (−l_0, l_1) = ( − r 2 , r 2 + 1 ) . Hence it immediately follows that r = l_0 −l_1 +1. Thus, we have a complex representation C^{0,l0−l1+1} of Spin_+(1, 3) in the spinspace S_2r.

As is known [36, 21, 41], a system of irreducible finite-dimensional representations of the group G_+ is realized in the space Sym_{(k,r)} ⊂ S_2k+r of symmetric spintensors. The dimensionality of Sym_{(k,r)} is equal to (k + 1)(r + 1). A representation of the group G_+, defined by such spintensors, is irreducible and denoted by the symbol D^{(l,l̇)}(σ), where 2l = k, 2l̇ = r, the numbers l and l̇ are integer or half-integer. In general case, the field ψ(α) is the field of type (l, l̇). As a rule, in physics there are two basic types of the fields:

1) The field of type (l, 0). The structure of this field (or the field (0, l̇)) is described by the representation D^{(l,0)}(σ) (D^{(0,l̇)}(σ)), which is realized in the space S_2k (S_2r). At this point, the algebra C_{2k} ≃ C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 (correspondingly,^∗C_{2k} ≃^∗C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2) is associated with the field of the type (l, 0) (correspondingly, (0, l̇)). The trivial case l = 0 corresponds to a Pauli-Weisskopf field describing the scalar particles. Further, at l = l̇ = 1/2 we have a Weyl field describing the neutrino. At this point the antineutrino is described by a fundamental representation D^{(1/2,0)}(σ) = σ of the group G_+ and the algebra C_2 . Correspondingly, the neutrino is described by a conjugated representation D^{(0,1/2)}(σ) and the algebra^∗C_2. In essence, one can say that the algebra C_2 (^∗C_2) is the basic building block, from which other physical fields built by means of direct sum or tensor product. One can say that this situation looks like the de Broglie fusion method [8]

2) The field of type (l, 0)⊕(0, l̇). The structure of this field admits a space inversion and, therefore, in accordance with a Wigner’s doubling [63] is described by a representation D^{(l,0)} ⊕ D^{(0,l̇)} of the group G_+. This representation is realized in the space S_22k. The Clifford algebra, related with this representation, is a direct sum C_{2k} ⊕^∗C_{2k} ≃ C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 ⨁^∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2. In the simplest case l = 1/2 we have bispinor (electron–positron) Dirac field (1/2, 0) ⊕ (0, 1/2) with the algebra C_2 ⊕^∗C_2. It should be noted that the Dirac algebra C_4 , considered as a tensor product C_2 ⊗ C_2 (or C_2 ⊗^∗C_2) in accordance with (21) (or (29)) gives rise to spintensors s^{α1α2} (or s^{α1α̇1} ), but it contradicts with the usual definition of the Dirac bispinor as a pair (s^{α1} , s^{α̇1} ). Therefore, the Clifford algebra, associated with the Dirac field, is C_2 ⊕^∗C_2, and a spinspace of this sum in virtue of unique decomposition S_2 ⊕ Ṡ_2 = S_4 is a spinspace of C_4 .

Spinor representations of the units of C_n we will define in the Brauer-Weyl representation [7]:

E_1 = σ_1 ⊗ 1_2 ⊗ · · · ⊗ 1_2 ⊗ 1_2 ⊗ 1_2, E_2 = σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ · · · ⊗ 1_2 ⊗ 1_2, E_3 = σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ · · · ⊗ 1_2, . . . . . . . . . . . . . . . . . . . . . . . . . . . . E_m = σ_3 ⊗ σ_3 ⊗ · · · ⊗ σ_3 ⊗ σ_1, E_{m+1} = σ_2 ⊗ 1_2 ⊗ · · · ⊗ 1_2, E_{m+2} = σ_3 ⊗ σ_2 ⊗ 1_2 ⊗ · · · ⊗ 1_2, . . . . . . . . . . . . . . . . . . . . . . . . . . . . E_{2m} = σ_3 ⊗ σ_3 ⊗ · · · ⊗ σ_3 ⊗ σ_2,

(40)

where σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( i 0 0 −i )

are spinor representations of the units of C_2 , 1_2 is the unit 2 × 2 matrix.

3) Tensor fields (l^′, l^{′′}) ⊕ (l̇^{′′}, l̇^′). The fields (l^′, l^{′′}) and (l̇^{′′}, l̇^′) are defined within the arbitrary spin chains (see Fig. 1 and Fig. 2). Universal coverings of these spin chains are constructed within the representations C^{l0+l1−1,l0−l1+1} and C^{l0−l1+1,l0+l1−1} of Spin_+(1, 3) in the spinspaces S_2k+r associated with the algebra C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 ⨂^∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2. A relation between the numbers l_0, l_1 of the Gel’fand-Naimark basis (33) and the numbers k and r of the factors C_2 and^∗C_2 is given by the following formula: (l_0, l_1) = ( k − r 2 , k + r 2 + 1 ) . Finally, extended automorphisms groups Ext(C_{2k} ⊕^∗C_{2k}) and Ext(C_{2k} ⊗^∗C_{2k}) (correspondingly, CP T groups) can be derived via the same procedure that described in detail in our previous work [55].

4 The CP T group of the spin-1/2 field

In accordance with the general Fermi-scheme (Fig. 1) of the interlocking representations of G_+ the field (1/2, 0) ⊕ (0, 1/2) is defined within the following chain: ( 1 2 , 0 ) ( 0, 1 2 ) u w .

A double covering of the representation associated with the field (1/2, 0) ⊕ (0, 1/2) is realized in the spinspace S_2 ⊕ Ṡ_2. This spinspace is a space of the representation C^{1,0} ⊕ C^{0,−1} of Spin_+(1, 3). Further, the algebra C_2 ⊕^∗C_2 corresponds to C^{1,0} ⊕C^{0,−1} and the automorphisms of this algebra are realized within the representations of Pin(1, 3), that is, they are outer automorphisms with respect to the transformations of the group Spin_+(1, 3). The spinor representations of the automorphisms, defined on the spinspace S_2 ⊕ Ṡ_2, are constructed via the Brauer-Weyl representation (40). The spinbasis of the algebra C_2 ⊕^∗C_2 is defined by the following 4 × 4 matrices:

E_1 = σ_1 ⊗ 1_2 = ( 0 1_2 1_2 0 ) , E_2 = σ_3 ⊗ σ_1 = ( iσ_1 0 0 −iσ_1 ) , E_3 = σ_2 ⊗ 1_2 = ( 0 −i1_2 i1_2 ) , E_4 = σ_3 ⊗ σ_2 = ( iσ_2 0 0 −iσ_2 ) . (41)

In accordance with (7) we have for the matrix of the automorphism A → A^⋆ the following expression:

W = E_1E_2E_3E_4 = E_{1234} ∼ P.

Further, it is easy to see that among the matrices of the basis (41) there are symmetric and skewsymmetric matrices:

E^T_1 = E_1, E^T_2 = E_2, E^T_3 = −E_3, E^T_4 = −E_4.

In accordance with ~A = EA^TE^{−1} (see (8)) we have E_1 = EE_1E^{−1}, E_2 = EE_2E^{−1}, E_3 = −EE_3E^{−1}, E_4 = −EE_4E^{−1}.

Hence it follows that E commutes with E_1 and E_2 and anticommutes with E_3 and E_4, that is, E = E_3E_4 ∼ T . From the definition C = EW (see (9)) we find that the matrix of the antiautomorphism A → ~A^⋆ has the form C = E_1E_2 ∼ P T . The basis (41) contains both complex and real matrices: E^∗_1 = E_1, E^∗_2 = −E_2, E^∗_3 = −E_3, E^∗_4 = E_4.

Therefore, from A = ΠA^∗Π^{−1} (see (10)) we have E_1 = ΠE_1Π^{−1}, E_2 = −ΠE_2Π^{−1}, E_3 = −ΠE_3Π^{−1}, E_4 = ΠE_4Π^{−1}.

From the latter relations we obtain Π = E_2E_3 ∼ C. Further, in accordance with K = ΠW (the definition (11)) for the matrix of the pseudoautomorphism A → A^⋆ we have K = E_1E_4 ∼ CP . Finally, for the pseudoantiautomorphisms A → ~A and A → ~A^⋆ from the definitions S = ΠE and F = ΠC (see (12) and (13)) it follows that S = E_2E_3E_3E_4 = E_2E_4 ∼ CT and F = E_2E_3E_1E_2 = E_1E_3 ∼ CP T . Thus, we come to the following automorphism group: Ext(C_4 ) = {I, W, E, C, Π, K, S, F} ≃ {1, P, T, P T, C, CP, CT, CP T } ≃ {1_4, E_1E_2E_3E_4, E_3E_4, E_1E_2, E_2E_3, E_1E_4, E_2E_4, E_1E_4}.

The multiplication table of this group is shown in Tab. 4. From this table it follows that Ext(C_4 ) ≃ D_4, and for the CP T group we have the following isomorphism: C^{+,+,+,+,+,−,−} ≃ D_4 ⊗ Z_2.

1_4 E_{1234} E_{34} E_{12} E_{23} E_{14} E_{24} E_{13}

1_4 1_4 E_{1234} E_{34} E_{12} E_{23} E_{14} E_{24} E_{13} E_{1234} E_{1234} 1_4 E_{12} E_{34} E_{14} E_{23} E_{13} E_{24} E_{34} E_{34} −E_{12} 1_4 E_{1234} −E_{24} −E_{13} −E_{23} −E_{14} E_{12} E_{12} E_{34} E_{1234} 1_4 −E_{13} −E_{24} −E_{14} −E_{23} E_{23} E_{23} E_{14} E_{24} E_{13} 1_4 E_{1234} E_{34} E_{12} E_{14} E_{14} E_{23} E_{13} E_{24} E_{1234} 1_4 E_{12} E_{34} E_{24} E_{24} E_{13} E_{23} E_{14} −E_{34} −E_{12} −1_4 −E_{1234} E_{13} E_{13} E_{24} E_{14} E_{23} −E_{12} −E_{34} −E_{1234} −1_4

Tab. 4: The multiplication table of the CP T/Z_2 group of the field (1/2, 0) ⊕ (0, 1/2).

5 The CP T group of the spin-1 field

In accordance with the general Bose-scheme of the interlocking representations of G_+ (see Fig. 1), the field (1, 0) ⊕ (0, 1) is defined within the following interlocking scheme:

(1, 0) ( 1 2 , 1 2 ) (0, 1)

u w u w .

A double covering of the representation, associated with the field (1, 0) ⊕ (0, 1), is realized in the spinspace S_2 ⊗ S_2 ⨁ Ṡ_2 ⊗ Ṡ_2, (42)

This spinspace is a space of the representation C^{2,0} ⊕ C^{0,−2} of the group Spin_+(1, 3). The algebra

C_2 ⊗ C_2 ⨁ ∗ C_2 ⊗^∗C_2. (43)

is associated with C^{2,0} ⊕ C^{0,−2}. The automorphisms of this algebra are realized within representations of the group Pin(1, 3), that is, they are outer automorphisms with respect transformations of the group Spin_+(1, 3). Spinor representations of the automorphisms, defined on the spinspace (42), are constructed via the Brauer-Weyl representation (40). A spinbasis of the algebra (43) is defined by the following 8 × 8 matrices:

E_1 = σ_1 ⊗ 1_2 ⊗ 1_2 =

0 0 1_2 0 0 0 0 1_2 1_2 0 0 0 0 1_2 0 0 ,

E_2 = σ_3 ⊗ σ_1 ⊗ 1_2 =

0 i1_1 0 0 i1_2 0 0 0 0 0 0 −i1_2 0 0 −i1_2 0 ,

E_3 = σ_3 ⊗ σ_3 ⊗ σ_1 =

−σ_1 0 0 0 0 σ_1 0 0 0 0 σ_1 0 0 0 0 −σ_1 ,

E_4 = σ_2 ⊗ 1_2 ⊗ 1_2 =

0 0 −i1_2 0 0 0 0 −i1_2 i1_2 0 0 0 0 i1_2 0 0 ,

E_5 = σ_3 ⊗ σ_2 ⊗ 1_2 =

0 1_2 0 0 −1_2 0 0 0 0 0 0 −1_2 0 0 1_2 0 ,

E_6 = σ_3 ⊗ σ_3 ⊗ σ_2 =

−σ_2 0 0 0 0 σ_2 0 0 0 0 σ_2 0 0 0 0 −σ_2 . Using these matrices, we construct CP T group for the field (1, 0) ⊕ (0, 1). At first, the matrix of the automorphism A → A^⋆ has the form

W = E_1E_2E_3E_4E_5E_6 = E_{123456} ∼ P.

Further, since

E^T_1 = E_1, E^T_2 = E_2, E^T_3 = E_3, E^T_4 = −E_4, E^T_5 = −E_5, E^T_6 = −E_6,

then in accordance with ~A = EA^TE^{−1} we have

E_1 = EE_1E^{−1}, E_2 = EE_2E^{−1}, E_3 = EE_3E^{−1}, E_4 = −EE_4E^{−1},

E_5 = −EE_5E^{−1}, E_6 = −EE_6E^{−1}.

Hence it follows that E commutes with E_1, E_2, E_3 and anticommutes with E_4, E_5, E_6, that is, E = E_{456} ∼ T . From the definition C = EW we find that a matrix of the antiautomorphism A → ~A^⋆ has the form C = E_{123} ∼ P T . The basis {E_1, E_2, E_3, E_4, E_5, E_6} contains both complex and real matrices:

E^∗_1 = E_1, E^∗_2 = −E_2, E^∗_3 = E_3, E^∗_4 = −E_4, E^∗_5 = E_5, E^∗_6 = −E_6.

Therefore, from A = ΠA^∗Π^{−1} we have

E_1 = ΠE_1Π^{−1}, E_2 = −ΠE_2Π^{−1}, E_3 = ΠE_3Π^{−1}, E_4 = −ΠE_4Π^{−1},

E_5 = ΠE_5Π^{−1}, E_6 = −ΠE_6Π^{−1}.

From the latter relations we obtain Π = E_{246} ∼ C. Further, in accordance with K = ΠW for the matrix of the pseudoautomorphism A → A^⋆ we have K = E_{135} ∼ CP . Finally, for the pseudoantiautomorphisms A → ~A, A → ~A^⋆ from the definitions S = ΠE, F = ΠC it follows that S = E_{25} ∼ CT , F = E_{1346} ∼ CP T . Thus, we come to the following automorphism group: Ext(C_6 ) ≃ {I, W, E, C, Π, K, S, F} ≃ {1, P, T, P T, C, CP, CT, CP T } ≃ {1_8, E_{123456}, E_{456}, E_{123}, E_{246}, E_{135}, E_{25}, E_{1346}}.

The multiplication table of this group is given in Tab. 5. From this table it follows that Ext(C_6 ) ≃ D_4, and for the CP T group we have the following isomorphism: C^{−,+,+,+,+,−,+} ≃ D_4 ⊗ Z_2.

1_8 E_{123456} E_{456} E_{123} E_{246} E_{135} E_{25} E_{1346}

1_8 1_8 E_{123456} E_{456} E_{123} E_{246} E_{135} E_{25} E_{1346} E_{123456} E_{123456} −1_8 E_{123} −E_{456} −E_{135} E_{246} −E_{1346} E_{25} E_{456} E_{456} −E_{123} 1_8 −E_{123456} −E_{25} E_{1346} −E_{246} E_{135} E_{123} E_{123} E_{456} E_{123456} 1_8 E_{1346} E_{25} E_{135} E_{246} E_{246} E_{246} E_{135} E_{25} E_{1346} 1_8 E_{123456} E_{456} E_{123} E_{135} E_{135} −E_{246} E_{1346} −E_{25} −E_{123456} 1_8 −E_{123} E_{456} E_{25} E_{25} −E_{1346} E_{246} −E_{135} −E_{456} E_{123} −1_8 E_{123456} E_{1346} E_{1346} E_{25} E_{135} E_{246} E_{123} E_{456} E_{123456} 1_8

Tab. 5: The multiplication table of the CP T/Z_2 group of the field (1, 0) ⊕ (0, 1).

6 The CP T group of the spin-3/2 field

In accordance with the general Fermi-scheme of the interlocking representations of G_+ (see Fig. 2), the field (3/2, 0) ⊕ (0, 3/2) is defined within the following interlocking scheme: ( 3 2 , 0 ) ( 1, 1 2 ) ( 1 2 , 1 ) ( 0, 3 2 ) u w u w u w .

A double covering of the representation, associated with the field (3/2, 0) ⊕ (0, 3/2), is realized in the spinspace S_2 ⊗ S_2 ⊗ S_2 ⨁ Ṡ_2 ⊗ Ṡ_2 ⊗ Ṡ_2, (44)

This spinspace is a space of the representation C^{3,0} ⊕ C^{0,−3} of the group Spin_+(1, 3). The algebra

C_2 ⊗ C_2 ⊗ C_2 ⨁ ∗ C_2 ⊗^∗C_2 ⊗^∗C_2 (45)

is associated with the representation C^{3,0} ⊕ C^{0,−3}. Spinor representations of the automorphisms, defined on the spinspace (44), are constructed via the Brauer-Weyl representation (40). A spinbasis of the algebra (45) is defined by the following 16 × 16 matrices:

E_1 = σ_1 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 =

0 0 0 0 1_2 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 1_2 1_2 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 1_2 0 0 0 0

,

E_2 = σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ 1_2 =

0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0

,

E_3 = σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ 1_2 =

0 −1_2 0 0 0 0 0 0 −1_2 0 0 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 0 0 1_2 0 0 0 0 0 0 1_2 0 0 0 0 0 0 0 0 0 0 −1_2 0 0 0 0 0 0 −1_2 0

,

E_4 = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_1 =

−iσ_1 0 0 0 0 0 0 0 0 iσ_1 0 0 0 0 0 0 0 0 iσ_1 0 0 0 0 0 0 0 0 −iσ_1 0 0 0 0 0 0 0 0 iσ_1 0 0 0 0 0 0 0 0 −iσ_1 0 0 0 0 0 0 0 0 −iσ_1 0 0 0 0 0 0 0 0 iσ_1

,

E_5 = σ_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 =

0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0

,

E_6 = σ_3 ⊗ σ_2 ⊗ 1_2 ⊗ 1_2 =

0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 i1_2 0 0

,

E_7 = σ_3 ⊗ σ_3 ⊗ σ_2 ⊗ 1_2 =

0 i1_2 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 0 0 −i1_2 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 0 0 0 0 i1_2 0 0 0 0 0 0 −i1_2 0

,

E_8 = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_2 =

−iσ_2 0 0 0 0 0 0 0 0 iσ_2 0 0 0 0 0 0 0 0 iσ_2 0 0 0 0 0 0 0 0 −iσ_2 0 0 0 0 0 0 0 0 iσ_2 0 0 0 0 0 0 0 0 −iσ_2 0 0 0 0 0 0 0 0 −iσ_2 0 0 0 0 0 0 0 0 iσ_2

.

Using this spinbasis, we construct CP T group for the field (3/2, 0) ⊕ (0, 3/2). At first, the matrix of the automorphism A → A^⋆ has the form

W = E_1E_2E_3E_4E_5E_6E_7E_8 = E_{12345678} ∼ P.

Further, since

E^T_1 = E_1, E^T_2 = E_2, E^T_3 = E_3, E^T_4 = E_4, E^T_5 = −E_5, E^T_6 = −E_6, E^T_7 = −E_7, E^T_8 = −E_8,

then in accordance with ~A = EA^TE^{−1} we have

E_1 = EE_1E^{−1}, E_2 = EE_2E^{−1}, E_3 = EE_3E^{−1}, E_4 = EE_4E^{−1},

E_5 = −EE_5E^{−1}, E_6 = −EE_6E^{−1}, E_7 = −EE_7E^{−1}, E_8 = −EE_8E^{−1}.

Hence it follows that E commutes with E_1, E_2, E_3, E_4 and anticommutes with E_5, E_6, E_7, E_8, that is, E = E_{5678} ∼ T . From the definition C = EW we find that a matrix of the antiautomorphism A → ~A^⋆ has the form C = E_{1234} ∼ P T . The basis {E_1, E_2, E_3, E_4, E_5, E_6, E_7, E_8} contains both complex and real matrices:

E^∗_1 = E_1, E^∗_2 = −E_2, E^∗_3 = E_3, E^∗_4 = −E_4, E^∗_5 = −E_5, E^∗_6 = −E_6, E^∗_7 = −E_7, E^∗_8 = E_8.

Therefore, from A = ΠA^∗Π^{−1} we have

E_1 = ΠE_1Π^{−1}, E_2 = −ΠE_2Π^{−1}, E_3 = ΠE_3Π^{−1}, E_4 = −ΠE_4Π^{−1},

E_5 = −ΠE_5Π^{−1}, E_6 = −ΠE_6Π^{−1}, E_7 = −ΠE_7Π^{−1}, E_8 = ΠE_8Π^{−1}.

From the latter relations we obtain Π = E_{24567} ∼ C. Further, in accordance with K = ΠW for the matrix of the pseudoautomorphism A → A^⋆ we have K = E_{138} ∼ CP . Finally, for the pseudoantiautomorphisms A → ~A and A → ~A^⋆ from the definitions S = ΠE and F = ΠC it follows that S = E_{248} ∼ CT , F = E_{13567} ∼ CP T . Thus, we come to the following automorphism group: Ext(C_8 ) ≃ {I, W, E, C, Π, K, S, F} ≃ {1, P, T, P T, C, CP, CT, CP T } ≃ {1_{16}, E_{12345678}, E_{5678}, E_{1234}, E_{24567}, E_{138}, E_{246}, E_{13567}}.

The multiplication table of this group is given in Tab. 6. From this table it follows that Ext(C_8 ) ≃ D_4, and for the CP T group we have the following isomorphism: C^{−,−,+,+,+,+,+} ≃ D_4 ⊗ Z_2.

1_{16} W E_{5678} E_{1234} E_{24567} E_{138} E_{248} E_{13567}

1_{16} 1_{16} W E_{5678} E_{1234} E_{24567} E_{138} E_{248} E_{13567} W W −1_{16} −E_{1234} E_{5678} E_{138} −E_{24567} −E_{13567} −E_{248} E_{5678} E_{5678} −E_{1234} −1_{16} W E_{248} −E_{13567} −E_{24567} E_{138} E_{1234} E_{1234} E_{5678} W 1_{16} E_{13567} E_{248} E_{138} E_{24567} E_{24567} E_{24567} −E_{138} −E_{248} E_{13567} 1_{16} −W −E_{5678} E_{1234} E_{138} E_{138} E_{24567} E_{13567} E_{248} W 1_{16} E_{1234} E_{5678} E_{248} E_{248} E_{13567} E_{24567} E_{138} E_{5678} E_{1234} 1_{16} W E_{13567} E_{13567} −E_{248} −E_{138} E_{24567} E_{1234} −E_{5678} −W 1_{16}

Tab. 6: The multiplication table of the CP T/Z_2 group of the field (3/2, 0) ⊕ (0, 3/2).

7 CP T groups of the tensor fields

As it is shown in the section 3 double coverings of the representations associated with the tensor fields are constructed within the product C_2 ⊗ C_2 ⊗ · · · ⊗ C_2 ⨂^∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2, where we have k algebras C_2 and r algebras^∗C_2. A relation between the number l (a weight of the representation in the Van der Waerden basis (37)) and the numbers k and r is given by the formula l = k − r 2 . (46)

It is easy to see that a central row in the scheme shown on the Fig. 1,

(0, 0) ( 1 2 , 1 2 ) (1, 1) · · · ( s 2 , s 2 ) · · · (47)

in virtue of (46) is equivalent to the following row:

[0, 0] [0, 0] [0, 0] · · · [0, 0] · · ·

Analogously, the row shown on the Fig. 2, ( 1 2 , 0 ) ( 1, 1 2 ) · · · ( 2s + 1 4 , 2s − 1 4 ) · · · (48)

is equivalent to [ 1 2 , 0 ] [ 1 2 , 0 ] · · · [ 1 2 , 0 ] · · · Therefore, all the representations of Spin_+(1, 3) can be divided on the equivalent rows which we show on the Fig. 3 and Fig. 4. On the other hand, the row (47) corresponds to the following chain

[s, 0] · · · . . [2, 0] · · · [2, 0] · · · [1, 0] [1, 0] · · · [1, 0] · · · [0, 0] [0, 0] [0, 0] · · · [0, 0] · · · [0, 1] [0, 1] · · · [0, 1] · · · [0, 2] · · · [0, 2] · · · . . [0, s] · · · Fig. 3: Integer spin representations of the group Spin_+(1, 3).

of the algebras:

1 −→ C_2 ⊗^∗C_2 −→ C_2 ⊗ C_2 ⨂ ∗ C_2 ⊗^∗C_2 −→ . . . −→ −→ C_2 ⊗ C_2 ⊗ · · · ⊗ C_2

s times ⨂ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2

s times −→ . . . In its turn, the row (48) corresponds to the chain

C_2 −→ C_2 ⊗ C_2 ⨂ ∗ C_2 −→ . . . −→ C_2 ⊗ C_2 ⊗ · · · ⊗ C_2

(2s+1)/2 times ⨂ ∗ C_2 ⊗^∗C_2 ⊗ · · · ⊗^∗C_2

(2s−1)/2 times −→ . . .

Moreover, these chains induces the following chains of the spinspaces: S_0 −→ S_4 −→ S_{16} −→ . . . −→ S_22s −→ . . . and S_2 −→ S_8 −→ . . . −→ S_22s −→ . . . Thus, the row (47) (or (48)) induces a sequence of the fields of the spin 0 (or 1/2) realized in the spinspaces of different dimensions. In general case presented on the Fig. 3 and Fig. 4 we have sequences of the fields of the same spin realized in the different representation spaces of Spin_+(1, 3). One can say that this situation corresponds to particles of the same spin with different masses, like proton −→ electron −→ . . . (spin 1/2). With the aim to give more detailed explanation for this statement let us consider a Gel’fand-Yaglom mass spectrum formula [21]: μ^{(l)} = κ l +^1_2 = 2κ 2l + 1

, (49)

[s, 0] · · ·

. . [ 3 2 , 0 ] · · · [ 3 2 , 0 ] · · ·

[ 1 2 , 0 ] [ 1 2 , 0 ] · · · [ 1 2 , 0 ] · · ·

[ 0, 1 2 ] [ 0, 1 2 ] · · · [ 0, 1 2 ] · · ·

[ 0, 3 2 ] · · · [ 0, 3 2 ] · · ·

. .

[0, s] · · · Fig. 4: Half-integer spin representations of the group Spin_+(1, 3).

where the mass μ^{(l)} corresponds the spin l, κ is a constant. It is easy to see that the denominator 2l + 1 in (49) is equal to a dimensionality of the representation space Sym_{(k,0)} corresponding to the field ψ(α) of type (l, 0) (or (0, l̇) and Sym_{(0,r)}). For the tensor fields ψ(α) of type (ll̇) we have

μ^{(s)} = κ (k + 1)(r + 1)

, (50)

where s = |k − r|/2 is a spin of the field ψ(α). In this case, the denominator in (50) is equal to a dimensionality of the representation space Sym_{(k,r)} corresponding to the tensor field. Mass spectrum formulas (49) and (50) give a relationship between dimensions of the representation spaces of Spin_+(1, 3) and particle masses. From the formula (50) it follows directly that on the parallel rows presented on the Fig. 3 and Fig. 4 we have particles of the same spin with different masses. When l → ∞ (or (k + 1)(r + 1) → ∞) we come to particles with zero mass (like a photon). In this case, finite-dimensional representation spaces Sym_{(k,0)} and Sym_{(k,r)} should be replaced by a Hilbert space, and such (massless) particles should be described within principal series of infinite-dimensional representations of the group Spin_+(1, 3).

CP T groups of the tensor fields are constructed via the same procedure that considered in the sections 4–6. For example, the tensor field of the spin 1/2 corresponding to the interlocking scheme ( 3 2 , 1 ) ( 1, 3 2 ) u w (which is equivalent to (1/2, 0) ⊕ (0, 1/2)), is constructed within the algebra

C_2 ⊗ C_2 ⊗ C_2 ⨂ ∗ C_2 ⨁ ∗ C_2 ⊗^∗C_2 ⨂ C_2 ⊗ C_2 ⊗ C_2 . (51)

This algebra induces the spinspace

S_2 ⊗ S_2 ⊗ S_2 ⨂ Ṡ_2 ⊗ Ṡ_2 ⨁ Ṡ_2 ⊗ Ṡ_2 ⨂ S_2 ⊗ S_2 ⊗ S_2 ≃ S_{64}.

The spinbasis of the algebra (51) is defined by the following 64 × 64 matrices:

E_1 = σ_1 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2, E_2 = σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2,

E_3 = σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2, E_4 = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ 1_2 ⊗ 1_2,

E_5 = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ 1_2, E_6 = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_1,

E_7 = σ_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2, E_8 = σ_3 ⊗ σ_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2,

E_9 = σ_3 ⊗ σ_3 ⊗ σ_2 ⊗ 1_2 ⊗ 1_2 ⊗ 1_2, E_{10} = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_2 ⊗ 1_2 ⊗ 1_2,

E_{11} = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_2 ⊗ 1_2, E_{12} = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ σ_2.

The extended automorphism group Ext(C_{12} ) can be derived from this spinbasis via the same calculations that presented in the sections 4–6.

8 Summary

We have presented a group theoretical method for description of discrete symmetries of the fields ψ(α) = ⟨x, g |ψ⟩, where x ∈ T_4 and g ∈ Spin_+(1, 3), in terms of involutive automorphisms of the subgroup Spin_+(1, 3) ≃ SU(2) ⊗ SU(2). We have shown that an extended automorphism group Ext(C_n ), where C_n is a complex Clifford algebra, lead to CP T groups of the fields ψ(α) = ⟨x, g |ψ⟩ of any spin defined on the representation spaces (spinspaces) of Spin_+(1, 3). We considered in detail CP T groups for the fields of the type (l, 0) ⊕ (0, l) (for example, (1/2, 0) ⊕ (0, 1/2), (1, 0) ⊕ (0, 1) and (3/2, 0) ⊕ (0, 3/2)). Also we discussed CP T groups for the fields of tensor type and their relations to particles of the same spin with different masses. It would be interesting to consider extended automorphism groups Ext(Cℓ_{p,q}), where Cℓ_{p,q} is a real Clifford algebra, defined on the real representations of Spin_+(1, 3). It would be interesting also to consider CP T groups for the fields ψ(α) = ⟨x, q |ψ⟩ on the de Sitter group, where x ∈ T_5 and q ∈ Spin_+(1, 4) ≃ Sp(1, 1), and for the fields ψ(α) = ⟨x, c |ψ⟩ on the conformal group, where x ∈ T_6 and c ∈ Spin_+(2, 6) ≃ SU(2, 2). Our next paper will be devoted to these questions.

References

[1] Akhiezer, A. I., Berestetskii, V. B.: Quantum Electrodynamics. John Wiley & Sons, New York (1965).

[2] Altaisky, M. V.: Quantum field theory without divergences. Phys. Rev. D. 81, 125003 (2010);

arXiv:1002.2566 [hep-th] (2010).

[3] Arodź, H.: Metric tensors, Lagrangian formalism and Abelian gauge field on the Poincaré group. Acta Phys. Pol. B. 7, 177–190 (1976).

[4] Biedenharn, L. C., Braden, H. W, Truini, P., van Dam, H.:Relativistic wavefunctions on spinor spaces. J. Phys. A: Math. Gen. 21, 3593–3610 (1988).

[5] Boyer, C. P., Fleming, G. N.: Quantum field theory on a seven-dimensional homogeneous space of the Poincaré group. J. Math. Phys. 15, 1007–1024 (1974).

[6] Braden, H. W.: N-dimensional spinors: Their properties in terms of finite groups. J. Math.

Phys. 26, 613–620 (1985).

[7] Brauer, R., Weyl, H.: Spinors in n dimensions. Amer. J. Math. 57, 425–449 (1935). [8] de Broglie L.: Theorie Generale des Particules a Spin (Methode de Fusion). Gauthier-Villars, Paris (1943).

[9] Buchbinder, I. L., Gitman, D. M., Shelepin, A. L.: Discrete symmetries as automorphisms of proper Poincaré group. Int. J. Theor. Phys. 41, 753–790 (2002); arXiv:hep-th/0010035 (2000).

[10] Cabo, A., Cervantes, D. B., Perez Rojas, H., Socolovsky, M.: Remark on charge conjugation in the non relativistic limit. Int. J. Theor. Phys. 45, 1965–1976 (2006); arXiv:hep-th/0504223 (2005).

[11] Carballo Perez, B., Socolovsky, M.: Charge Conjugation from Space-Time Inversion. Int. J.

Theor. Phys. 48, 1712–1716 (2009); arXiv:0811.0842 [hep-th] (2008).

[12] Carballo Perez, B., Socolovsky, M.: Irreducible representations of the CPT groups in QED.

arXiv: 0906.2381 [math-ph] (2009).

[13] Carballo Perez, B., Socolovsky, M.: The CPT group of the spin-3/2 field. arXiv: 1001.0751 [hep-ph] (2010).

[14] Chevalley, C.: The construction and study of certain important algebras. Publications of Mathematical Society of Japan, 1, Herald Printing, Tokyo (1955).

[15] Crumeyrolle, A.: Orthogonal and Symplectic Clifford Algebras, Spinor Structures. Kluwer Acad. Publ., Dordrecht (1991).

[16] Da̧browski, L.: Group Actions on Spinors. Bibliopolis, Naples (1988). [17] Drechsler, W.: Geometro-stohastically quantized fields with internal spin variables. J. Math.

Phys. 38, 5531–5558 (1997); arXiv:gr-qc/9610046 (1996).

[18] Finkelstein, D.: Internal Structure of Spinning Particles // Phys. Rev. 100, 924–931 (1955).

[19] Fierz, M., Pauli, W.: On Relativistic Wave Equations of Particles of Arbitrary Spin in an Electromagnetic Field. Proc. Roy. Soc. (London) A. 173, 211–232 (1939).

[20] Gel’fand, I, M., Yaglom, A. M.: General relativistic-invariant equations and infinitedimensional representations of the Lorentz group. Zh. Ehksp. Teor. Fiz. 18, 703–733 (1948).

[21] Gel’fand, I. M., Minlos, R. A., Shapiro, Z. Ya.: Representations of the Rotation and Lorentz Groups and their Applications. Pergamon Press, Oxford (1963).

[22] Ginzburg, V. L., Tamm, I. E.: On the theory of spin. Zh. Ehksp. Teor. Fiz. 17, 227–237 (1947). [23] Gitman, D. M., Shelepin, A. L.: Fields on the Poincaré Group: Arbitrary Spin Description and Relativistic Wave Equations. Int. J. Theor. Phys. 40, 3, 603–684 (2001); arXiv:hep-th/0003146 (2000).

[24] Gitman, D. M., Shelepin, A. L.: Field on the Poincaré group and quantum description of orientable objects. Eur. Phys. J. C. 61, 111-139 (2009); arXiv:0901.2537 [hep-th] (2009).

[25] Gitman, D. M., Shelepin, A. L.: Classification of quantum relativistic orientable objects. Phys.

Scr. 83, 015103 (2011);arXiv: 1001.5290 [hep-th] (2010).

[26] Grandpeix, J.-Y., Lurçat, F.: Particle description of zero energy vacuum. Found. Phys. 32, 109–158 (2002); arXiv:hep-th/0106229 (2001).

[27] Kaiser, G.: Quantum Physics, Relativity, and Complex Spacetime: Towards a New Synthesis.

arXiv: 0910.0352 [math-ph] (2009).

[28] Kihlberg, A.: Fields on a homogeneous space of the Poincaré group. Ann. Inst. Henri Poincaré.

13, 57–76 (1970).

[29] Kuo, T. K.: Internal-symmetry groups and their automorphisms. Phys. Rev. D. 4, 3620–3637 (1971).

[30] Kuzenko, S. M., Lyakhovich, S. L., Segal, A. Yu.: A geometric model of the arbitrary spin massive particle Int. J. Mod. Phys. A. 10, 1529–1552 (1995); arXiv:hep-th/9403196 (1994).

[31] Lipschitz, R.: Untersuchungen über die Summen von Quadraten. Max Cohen und Sohn, Bonn (1886).

[32] Lounesto, P.: Clifford Algebras and Spinors. Cambridge Univ. Press, Cambridge (2001). [33] Lurçat, F.: Quantum field theory and the dynamical role of spin. Physics. 1, 95 (1964). [34] Lyakhovich, S. L., Segal, A. Yu., Sharapov, A. A.:Universal model of a D = 4 spinning particles. Phys. Rev. D. 54, 5223–5238 (1996); arXiv:hep-th/9603174 (1996).

[35] Michel, L.: Invariance in quantum mechanics and group extension. Group Theoretical Concepts and Methods in Elementary Particle Physics. Gordon & Breach, New York, 1964. – P. 135–200.

[36] Naimark, M. A.: Linear Representations of the Lorentz Group. Pergamon, London (1964). [37] Planat, M.: Three-qubit entangled embeddings of CPT and Dirac groups within E_8 Weyl group. Int. J. Theor. Phys. 49, 1044–1054 (2010); arXiv: 0906.1063 [quant-ph] (2009).

[38] Porteous, I. R.: Clifford Algebras and Classical Groups. Cambridge University Press, Cambridge (1995).

[39] Rashevskii, P. K.: The Theory of Spinors. Uspekhi Mat. Nauk. 10, 3–110 (1955); English translation in Amer. Math. Soc. Transl. (Ser. 2). 6, 1 (1957).

[40] Rashevskii, P. K.: About Mathematical Foundations of Quantum Electrodynamics. Uspekhi Mat. Nauk. 13, 3–110 (1958).

[41] Rumer, Yu. B., Fet, A. I.: Group Theory and Quantized Fields. — Nauka, Moscow (1977) [in Russian].

[42] Ryder, L.: Quantum Field Theory. Cambridge University Press, Cambridge (1985).

[43] Salingaros, N.: The relationship between finite groups and Clifford algebras. J. Math. Phys.

25, 738–742 (1984).

[44] Schweber, S. S.: An Introduction to Relativistic Quantum Field Theory. Harper & Row, New York (1961).

[45] Segal, I. E., Zhou, Z.: Convergence of nonlinear massive quantum field theory in the Einstein universe. Ann. Phys. 218, 2, 279–292 (1992).

[46] Segal, I. E., Zhou, Z.: Convergence of Quantum Electrodynamics in a Curved Deformation of Minkowski Space. Ann. Phys. 232, 1, 61–87 (1994).

[47] Shirokov, Yu. M.: Group theoretical analysis of the foundations of relativistic quantum mechanics. IV, V . Zh. Ehksp. Teor. Fiz. 34, 717–724 (1958); 36, 879–888 (1959).

[48] Shirokov, Yu. M.: Spacial and time reflections in the relativistic theory. Zh. Ehksp. Teor. Fiz.

38, 140–150 (1960).

[49] Silagadze, Z. K.: On the internal parity of antiparticles. Sov. J. Nucl. Phys. 55, 392–396 (1992).

[50] Socolovsky, M.: The CPT group of the Dirac field. Int. J. Theor. Phys. 43, 1941–1967 (2004);

arXiv:math-ph/0404038 (2004).

[51] Toller, M.: Free quantum fields on the Poincaré group. J. Math. Phys. 37, 2694–2730 (1996);

arXiv:gr-qc/9602031 (1996).

[52] Varlamov, V. V.: Fundamental Automorphisms of Clifford Algebras and an Extension of Da̧browski Pin Groups. Hadronic J. 22,497–535 (1999); arXiv:math-ph/9904038 (1999).

[53] Varlamov, V. V.: Discrete Symmetries and Clifford Algebras. Int. J. Theor. Phys. 40, 4, 769–805 (2001); arXiv:math-ph/0009026 (2000).

[54] Varlamov, V. V.: General Solutions of Relativistic Wave Equations. Int. J. Theor. Phys. 42, 3, 583–633 (2003); arXiv:math-ph/0209036 (2002).

[55] Varlamov, V. V.: Group Theoretical Interpretation of the CPT-theorem. Mathematical Physics Research at the Cutting Edge (Ed. C. V. Benton) New York, Nova Science Publishers (2004) P. 51–100; arXiv:math-ph/0306034 (2003).

[56] Varlamov, V. V.: Relativistic wavefunctions on the Poincare group. J. Phys. A: Math. Gen.

37, 5467–5476 (2004); arXiv:math-ph/0308038 (2003).

[57] Varlamov, V. V.: Universal Coverings of Orthogonal Groups. Adv. Appl. Clifford Algebras.

14, 81–168 (2004); arXiv:math-ph/0405040 (2004).

[58] Varlamov, V. V.: The CPT Group in the de Sitter Space. Annales de la Fondation Louis de Broglie. 29, 969–987 (2004); arXiv:math-ph/0406060 (2004).

[59] Varlamov, V. V.: Maxwell field on the Poincaré group. Int. J. Mod. Phys. A. 20, 17, 4095– 4112 (2005); arXiv:math-ph/0310051 (2003).

[60] Varlamov, V. V.: CP T groups for spinor field in de Sitter space. Phys. Lett. B. 631, 187–191 (2005); arXiv:math-ph/0508050 (2005).

[61] Varlamov, V. V.: General Solutions of Relativistic Wave Equations II: Arbitrary Spin Chains.

Int. J. Theor. Phys. 46, 4, 741–805 (2007); arXiv:math-ph/0503058 (2005).

[62] van der Waerden, B. L.: Die Gruppentheoretische Methode in der Quantenmechanik.

Springer, Berlin (1932).

[63] Wigner, E. P.: Unitary Representations of the Inhomogeneous Lorentz Group Including Reflections in Group Theoretical Concepts and Methods in Elementary Particle Physics, Ed. F. Gürsey, Gordon & Breach, New York (1964).