arXiv:1107.4294v2 [gr-qc] 4 Oct 2011

Next-to-next-to-leading order post-Newtonian spin(1)-spin(2) Hamiltonian for self-gravitating binaries

Johannes Hartung^{∗1} and Jan Steinhoff^{1,2}

1 Theoretisch–Physikalisches Institut, Friedrich–Schiller–Universität, Max–Wien–Platz 1, 07743 Jena, Germany, EU 2 Centro Multidisciplinar de Astrofísica (CENTRA), Departamento de Física, Instituto Superior Técnico (IST), Universidade Técnica de Lisboa, Avenida Rovisco Pais 1, 1049-001 Lisboa, Portugal, EU

October 5, 2011

Abstract

We present the next-to-next-to-leading order post-Newtonian (PN) spin(1)-spin(2) Hamiltonian for two self-gravitating spinning compact objects. If both objects are rapidly rotating, then the corresponding interaction is comparable in strength to a 4PN effect. The Hamiltonian is checked via the global Poincaré algebra with the center-of-mass vector uniquely determined by an ansatz.

PACS numbers: 04.25.Nx, 04.20.Fy, 04.25.-g, 97.80.-d, 45.50.Jf Keywords: post-Newtonian approximation; canonical formalism; approximation methods; equations of motion; binary stars

1 Introduction

In the present article the next-to-next-to-leading order (NNLO) post-Newtonian (PN) spin(1)-spin(2) Hamiltonian for two self-gravitating spinning compact objects is derived. This Hamiltonian is of the order 4PN if both objects are rapidly rotating. The present article is a continuation of [1].

Spin(1)-spin(2) coupling in the PN approximation to general relativity was tackled by various authors during the last decades. The leading order interaction was calculated, e.g., in [2] with classical spins and in [3, 4] with quantum mechanical spins. A canonical treatment of the next-to-leading order was done in [5] (and its n-body extension in [6]) via the canonical formalism of Arnowitt, Deser, and Misner [7] enhanced from point-masses to linear order in spin in [8, 9]. This formalism was also used to derive the Hamiltonian presented in this article. There were also several noncanonical approaches for the next-to-leading order, namely [10, 11] (and an incomplete result in [12]) which calculated the spin(1)-spin(2) interaction in the effective field theory formalism. For further literature on spin interactions within the PN approximation see [1].

Unfortunately the 4PN point-mass Hamiltonian is not known yet. Thus the Hamiltonian obtained in the present article is currently not very useful within the Taylor-expanded post-Newtonian series, even if both objects are rapidly rotating. Further, the Hamiltonian is at most comparable in size to a 4PN effect, so it is particularly interesting to consider its effect on the motion of compact binaries during the very late inspiral phase. However, during this phase the PN approximation will become increasingly inadequate due to the highly nonlinear behavior of the dynamics. To overcome this problem it is most convenient to

∗Corresponding author E-mail: johannes.hartung@uni-jena.de, Phone: +49 3641 947 106, Fax: +49 3641 947 102

extrapolate to this nonlinear regime by resumming the PN series. Such a resummation was successfully implemented into the effective-one-body (EOB) approach, see, e.g., [13–17], which analytically provides complete binary inspiral gravitational waveforms that are in good agreement with numerical relativity. As the parameter space of spinning binaries is very large, it is invaluable to have such analytic methods at hand for the creation of waveform template banks to be used in future gravitational wave astronomy. For the same reason spin-dependent PN Hamiltonians are expected to be important for calibrating the EOB approach, whereas for the spin-independent part a calibration to numerical relativity already works reasonably well [16, 17] (also for the nonprecessing spinning case [18]). In order to further improve the accuracy of the EOB approach for the spinning case, the Hamiltonian derived in the present article should be valuable. Some of the spin-dependent PN Hamiltonians mentioned in [1] were already implemented in the EOB approach [19–23], see also [18]. Notice that this even includes the NNLO spin-orbit Hamiltonian [22, 23] obtained only very recently in our previous article [1]. But at the PN spin(1)-spin(2) level only the leading order Hamiltonian was incorporated into the EOB approach yet, though an extension to higher order spin(1)-spin(2) couplings is in principle possible [19, 21]. Notice that the EOB Hamiltonians in [21, 23] exactly implements the test-spin Hamiltonian in a Kerr background [24] and thus the corresponding spin(1)-spin(2) coupling through all PN orders.

In a forthcoming publication we will provide much more details on the calculation of the Hamiltonian in the present article and of the one in [1] as well. A comparison of the results given in this article to the recently obtained NNLO spin(1)-spin(2) potential calculated within an EFT approach [25] will be postponed to a later publication due to the very complicated calculations necessary for the conversion.

The article is organized as follows. The next-to-next-to-leading order spin(1)-spin(2) Hamiltonian is presented in Sect. 2. The Hamiltonian is checked via the global Poincaré algebra in Sect. 3, where the center-of-mass vector is uniquely determined from an ansatz.

Three-dimensional vectors are written in boldface and their components are denoted by Latin indices. The scalar product between two vectors a and b is denoted by (ab) ≡ (a · b). Our units are such that c = 1. There is no special convention for Newton’s gravitational constant G. In the results P_a denotes the canonical linear momentum of the ath object, ẑ_a the canonical conjugate position of the object, m_a the mass of the object, Ŝ_a and Ŝ_{a (i)(j)} the spin vector and the spin tensor of the object, r_{ab} = |ẑ_a − ẑ_b| the relative distance between two objects, and n_{ab} = (ẑ_a − ẑ_b)/r_{ab} the direction vector pointing from object b to object a. In the binary case the object labels a, b take only the values 1 and 2. The round brackets around the indices of the canonical spin tensor Ŝ_{a (i)(j)} indicate that its components are given in a local Lorentz basis, which is essential for the canonical formalism, see [8, 9].

2 Result

The derivation of the result followed along the same lines as in the spin-orbit case [1]. In particular we used the free MATHEMATICA [26] package XTENSOR [27] for all computations, especially because of its fast index canonicalizer based on the package XPERM [28]. We also used the package XPERT [29], which is part of XTENSOR, for performing the perturbative part of our calculations. Furthermore we wrote several MATHEMATICA packages ourselves for evaluating integrals. It turns out after using the integration procedures mentioned in [1] that all integrals of the generalized Riesz-type appearing at spin(1)-spin(2) level can be reduced to Gamma functions and Polygamma functions, which can be handled without any problems by MATHEMATICA. Further the d-dimensional UV-analysis described in [30, 31] and in [1] gave contributions to intermediate expressions like in the spin-orbit case, however they again exactly canceled in the final result.

The next-to-next-to-leading order spin(1)-spin(2) Hamiltonian we obtained as a result of the procedures discussed in [1] is given by

H^{NNLO}

SS =

G^3 r^5_{12} [ −(Ŝ_1 Ŝ_2) ( 63 4 m^2_1 + 145 8 m_1m_2 ) + (n_{12} Ŝ_1)(n_{12} Ŝ_2) ( 105 4 m^2_1 + 289 8 m_1m_2 )]

+ G^2 r^4_{12} [ ((n_{12} × P_1) Ŝ_1)((n_{12} × P_1) Ŝ_2) ( 12 m_1 + 9m_2 m^2_1 )

− 81 4m_1

((n_{12} × P_2) Ŝ_1)((n_{12} × P_1) Ŝ_2) − 27 4m_1

((n_{12} × P_1) Ŝ_1)((n_{12} × P_2) Ŝ_2) − 5 2m_1

(P_1 Ŝ_1)(P_2 Ŝ_2) + 29 8m_1

(P_2 Ŝ_1)(P_1 Ŝ_2) − 21 8m_1

(P_1 Ŝ_1)(P_1 Ŝ_2)

+ (n_{12} Ŝ_1)(P_1 Ŝ_2) {( 33 2m_1 + 9m_2 m^2_1 ) (n_{12} P_1) − ( 14 m_1 + 29 2m_2 ) (n_{12} P_2) }

+ (P_1 Ŝ_1)(n_{12} Ŝ_2) { 4 m_1

(n_{12} P_1) − ( 11 m_1 + 11 m_2 ) (n_{12} P_2) }

+ (n_{12} Ŝ_1)(n_{12} Ŝ_2) { − 12 m_1

(n_{12} P_1)^2 − 10 m_1

P^2_1 + 37 4m_1

(P_1 P_2) + 255 4m_1

(n_{12} P_1)(n_{12} P_2) } + (Ŝ_1 Ŝ_2) { − ( 25 2m_1 + 9m_2 m^2_1 ) (n_{12} P_1)^2 + 49 8m_1

P^2_1 + 35 4m_1

(n_{12} P_1)(n_{12} P_2) − 43 8m_1

(P_1 P_2) }]

+ G r^3_{12} [ ((P_1 × P_2) Ŝ_1)((P_1 × P_2) Ŝ_2)

16m^2_1m^2 − 9((P_1 × P_2) Ŝ_1)((n_{12} × P_2) Ŝ_2)(n_{12} P_1) 8m^2_1m^2 − 3((n_{12} × P_2) Ŝ_1)((P_1 × P_2) Ŝ_2)(n_{12} P_1) 2m^2_1m^2

+ ((n_{12} × P_1) Ŝ_1)((n_{12} × P_1) Ŝ_2) ( 9P^2_1 8m^4_1 + 15(n_{12} P_2)^2

4m^2_1m^2 − 3P^2 4m^2_1m^2 )

+ ((n_{12} × P_2) Ŝ_1)((n_{12} × P_1) Ŝ_2) ( − 3P^2_1 2m^3_1m_2 + 3(P_1 P_2) 4m^2_1m^2 − 15(n_{12} P_1)(n_{12} P_2)

4m^2_1m^2 ) + ((n_{12} × P_1) Ŝ_1)((n_{12} × P_2) Ŝ_2) ( 3P^2_1 16m^3_1m_2 − 3(P_1 P_2) 16m^2_1m^2 − 15(n_{12} P_1)(n_{12} P_2) 16m^2_1m^2 )

+ (P_1 Ŝ_1)(P_1 Ŝ_2) ( 3(n_{12} P_2)^2 4m^2_1m^2 − P^2 4m^2_1m^2 )

+ (P_1 Ŝ_1)(P_2 Ŝ_2) ( − P^2_1 4m^3_1m_2 + (P_1 P_2) 4m^2_1m^2 )

+ (P_2 Ŝ_1)(P_1 Ŝ_2) ( 5P^2_1 16m^3_1m_2 − 3(P_1 P_2) 16m^2_1m^2 − 9(n_{12} P_1)(n_{12} P_2) 16m^2_1m^2 )

+ (n_{12} Ŝ_1)(P_1 Ŝ_2) ( 9(n_{12} P_1)P^2_1 8m^4_1 − 3(n_{12} P_2)P^2_1

4m^3_1m_2 − 3(n_{12} P_2)P^2

4m_1m^3_2 )

+ (P_1 Ŝ_1)(n_{12} Ŝ_2) ( − 3(n_{12} P_2)P^2_1 4m^3_1m_2 − 15(n_{12} P_1)(n_{12} P_2)^2

4m^2_1m^2 + 3(n_{12} P_1)P^2 4m^2_1m^2 − 3(n_{12} P_2)P^2

4m_1m^3_2 ) + (n_{12} Ŝ_1)(n_{12} Ŝ_2) ( − 3(P_1 P_2)^2 8m^2_1m^2 + 105(n_{12} P_1)^2(n_{12} P_2)^2 16m^2_1m^2 − 15(n_{12} P_2)^2P^2_1

8m^2_1m^2 + 3P^2_1(P_1 P_2) 4m^3_1m_2 + 3P^2_1P^2 16m^2_1m^2 + 15P^2_1(n_{12} P_1)(n_{12} P_2) 4m^3_1m_2 )

+ (Ŝ_1 Ŝ_2) ( (P_1 P_2)^2 16m^2_1m^2 − 9(n_{12} P_1)^2P^2_1 8m^4_1 − 5(P_1 P_2)P^2_1 16m^3_1m_2 − 3(n_{12} P_2)^2P^2_1 8m^2_1m^2 − 15(n_{12} P_1)^2(n_{12} P_2)^2

16m^2_1m^2 + 3P^2_1P^2 16m^2_1m^2 + 3P^2_1(n_{12} P_1)(n_{12} P_2) 4m^3_1m_2 + 9(P_1 P_2)(n_{12} P_1)(n_{12} P_2)

16m^2_1m^2 )] + (1 ↔ 2) , (1)

Notice that from a combinatorial point of view there are 167 algebraically different possible contributions to the Hamiltonian for all objects (written in terms of the canonical spin tensor), but 75 of them do not appear in the canonical representation used here. The Hamiltonian is valid for any compact objects like black holes or neutron stars.

The matter variables appearing in this Hamiltonian fulfill the standard Poisson bracket relations, namely {ẑ^i_a, P_{a j} } = δ_{ij} , {Ŝ_{a (i)(j)}, Ŝ_{a (k)(ℓ)}} = δ_{ik}Ŝ_{a (j)(ℓ)} − δ_{iℓ}Ŝ_{a (j)(k)} − δ_{jk}Ŝ_{a (i)(ℓ)} + δ_{jℓ}Ŝ_{a (i)(k)} , (2) where the canonical spin tensor Ŝ_{a (i)(j)} is related to the canonical spin vector Ŝ_a via Ŝ_{a (i)(j)} = ε_{ijk}Ŝ_{a (k)} and ε_{ijk} is the Levi-Civita symbol. The appropriate Poisson brackets for the canonical spin vector are given by {Ŝ_{a (i)}, Ŝ_{a (j)}} = ε_{ijk}Ŝ_{a (k)} . (3)

All other Poisson brackets are zero. Notice that the spin length √ Ŝ_{a (i)}Ŝ_{a (i)} is a constant. (This is not necessarily the case if the Hamiltonian would depend on angle-type variables describing the orientation of the object.) Therefore each spin vector has only two dynamical degrees of freedom, which are taken to form the spin part of the phase space, see, e.g., [33]. The PN Hamiltonian H can be used to get the time evolution of an arbitrary phase space function A via dA dt = {A, H} + ∂A ∂t . (4)

3 Approximate Poincaré algebra

As in [1] we utilize the (PN approximate) global Poincaré algebra as a check of our calculation. Total linear momentum P and total angular momentum J^{ij} = −J^{ji} are still given by the same expressions, namely P = ∑ a P_a , J^{ij} = ∑ a [ ẑ^i_aP_{a j} − ẑ^j_aP_{a i} + Ŝ_{a (i)(j)} ] , (5)

see also, e.g., [32, 33]. For the contributions of the propagating field degrees of freedom see, e.g., [9, 34]. As in [1, 32, 33] we use an ansatz for the center-of-mass vector G at next-to-next-to-leading order spin(1)- spin(2) level, since the integrals needed to be evaluated at this order are very hard to solve. This ansatz contains 86 unknown coefficients, whereas the ansatz for the next-to-leading order case contains only 4 coefficients (if one fixes the ẑ_a-parts via the leading order Hamiltonian). At this order the integrals are also still solvable [5]. In contrast, the next-to-next-to-leading order considered here will contain higher linear momentum powers than the next-to-leading order, which leads to a much higher number of irreducible algebraic quantities entering the center-of-mass vector. The ẑ_a-part of the center-of-mass vector can also be fixed by the next-to-leading order spin(1)-spin(2) Hamiltonian due to the {G^i, P^j } Poisson bracket relation appearing in the Poincaré algebra. So there remain only the mentioned 86 coefficients, which were uniquely fixed by evaluating the {G^i, H} Poisson brackets yielding 62 of them to be zero. The consistency of the solution obtained by evaluating the Poisson brackets above was checked by evaluating the {G^i, G^j } Poisson bracket relation and all other relations of the Poincaré algebra.

The center-of-mass vector at next-to-next-to-leading order spin(1)-spin(2) level is given by

G^{NNLO}_{SS} =

G^2 r^3_{12}

((n_{12} × Ŝ_2) × Ŝ_1) ( 17 8 m_1 + m_2 )

+ G r^2_{12} [ P_1 ( − (n_{12} Ŝ_1)(P_2 Ŝ_2) 4m_1m_2 + 3(n_{12} Ŝ_1)(n_{12} Ŝ_2)(n_{12} P_2) 4m_1m_2 )

+ (n_{12} × Ŝ_1) ( − ((P_1 × P_2) Ŝ_2) 4m_1m_2 + 3((n_{12} × P_1) Ŝ_2)(n_{12} P_2) 4m_1m_2 )

− (P_1 × Ŝ_1)

((n_{12} × P_2) Ŝ_2) 8m_1m_2

− (P_2 × Ŝ_1)

((n_{12} × P_1) Ŝ_2) 4m_1m_2

− ((P_1 × Ŝ_2) × Ŝ_1)

(n_{12} P_2) 4m_1m_2

− ((P_2 × Ŝ_2) × Ŝ_1)

(n_{12} P_1) 4m_1m_2 ]

+ ẑ_1 r_{12} ( 2G^2(2m_1 + m_2) r^3_{12} [ (Ŝ_1 Ŝ_2) − 2(n_{12} Ŝ_1)(n_{12} Ŝ_2) ]

+ G r^2_{12} [ − 3((n_{12} × P_1) Ŝ_1)((n_{12} × P_1) Ŝ_2) 2m^2_1 + 3((n_{12} × P_2) Ŝ_1)((n_{12} × P_1) Ŝ_2) 2m_1m_2 + 3((n_{12} × P_1) Ŝ_1)((n_{12} × P_2) Ŝ_2) 8m_1m_2 − (P_2 Ŝ_1)(P_1 Ŝ_2)

8m_1m_2 + (P_1 Ŝ_1)(P_2 Ŝ_2)

4m_1m_2 + 3(P_2 Ŝ_1)(n_{12} Ŝ_2)(n_{12} P_1)

2m_1m_2 − 3(n_{12} Ŝ_1)(P_1 Ŝ_2)(n_{12} P_1)

2m^2_1 + 3(n_{12} Ŝ_1)(P_2 Ŝ_2)(n_{12} P_1) 4m_1m_2 + 3(P_1 Ŝ_1)(n_{12} Ŝ_2)(n_{12} P_2)

4m_1m_2

− (n_{12} Ŝ_1)(n_{12} Ŝ_2) { 15(n_{12} P_1)(n_{12} P_2)

4m_1m_2 + 3(P_1 P_2) 4m_1m_2 }

+ (Ŝ_1 Ŝ_2) { 3(n_{12} P_1)^2 2m^2_1 − 3(n_{12} P_1)(n_{12} P_2) 4m_1m_2 + (P_1 P_2) 8m_1m_2 }]) + (1 ↔ 2) . (6)

From this the boost vector K = G − tP can be obtained, which explicitly depends on time t.

Acknowledgments We thank G. Schäfer for suggesting this interesting research project, for very useful and encouraging discussions, and for strongly supporting this work. We also thank P. Jaranowski for sharing his insight in the calculation of the 3PN point-mass Hamiltonian and for providing several test integrals. We additionally thank M. Levi for pleasant collaboration on the comparison of our result with the potential obtained within the EFT approach, which will be published soon. We further gratefully acknowledge useful discussions with D. Brizuela on XPERT and doing perturbation theory in arbitrary dimensions, with M. Q. Huber on three-body integral related Appell F_4 functions, with S. Hergt on the Poincaré algebra and center-of-mass vector ansätze, with A. Nagar on the inclusion of spin into the EOB approach, with H. Witek on numerical relativity, with M. Tessmer and J. Sperrhake on the manuscript and irreducible algebraic combinations of spin(1)-spin(2) structure. This work is funded by the Deutsche Forschungsgemeinschaft (DFG) through the Research Training Group GRK 1523 “Quanten- und Gravitationsfelder” and the Collaborative Research Center SFB/TR7 “Gravitationswellenastronomie,” and by the FCT (Portugal) through PTDC project CTEAST/098034/2008.

References

[1] J. Hartung and J. Steinhoff, “Next-to-next-to-leading order post-Newtonian spin-orbit Hamiltonian for self-gravitating binaries,” Ann. Phys. (Berlin) 523 (2011) 783–790,

arXiv:1104.3079 [gr-qc].

[2] P. D. D’Eath, “Interaction of two black holes in the slow-motion limit,”

Phys. Rev. D 12 (1975) 2183–2199.

[3] B. M. Barker and R. F. O’Connell, “Gravitational two-body problem with arbitrary masses, spins, and quadrupole moments,” Phys. Rev. D 12 (1975) 329–335.

[4] B. M. Barker and R. F. O’Connell, “The gravitational interaction: Spin, rotation, and quantum effects—a review,” Gen. Relativ. Gravit. 11 (1979) 149–175.

[5] J. Steinhoff, G. Schäfer, and S. Hergt, “ADM canonical formalism for gravitating spinning objects,” Phys. Rev. D 77 (2008) 104018, arXiv:0805.3136 [gr-qc].

J. Steinhoff, S. Hergt, and G. Schäfer, “Next-to-leading order gravitational spin(1)-spin(2) dynamics in Hamiltonian form,” Phys. Rev. D 77 (2008) 081501(R), arXiv:0712.1716 [gr-qc].

[6] J. Hartung and J. Steinhoff, “Next-to-leading order spin-orbit and spin(a)-spin(b) Hamiltonians for n gravitating spinning compact objects,” Phys. Rev. D 83 (2011) 044008,

arXiv:1011.1179 [gr-qc].

[7] R. L. Arnowitt, S. Deser, and C. W. Misner, “The dynamics of general relativity,” in Gravitation: An Introduction to Current Research, L. Witten, ed., pp. 227–265. John Wiley, New York, 1962. R. L. Arnowitt, S. Deser, and C. W. Misner, “Republication of: The dynamics of general relativity,” Gen. Relativ. Gravit. 40 (2008) 1997–2027, arXiv:gr-qc/0405109.

[8] J. Steinhoff and G. Schäfer, “Canonical formulation of self-gravitating spinning-object systems,” Europhys. Lett. 87 (2009) 50004, arXiv:0907.1967 [gr-qc].

[9] J. Steinhoff, “Canonical formulation of spin in general relativity,”

Ann. Phys. (Berlin) 523 (2011) 296–353, arXiv:1106.4203 [gr-qc]. Dissertation. [10] R. A. Porto and I. Z. Rothstein, “Spin(1)spin(2) effects in the motion of inspiralling compact binaries at third order in the post-Newtonian expansion,” Phys. Rev. D 78 (2008) 044012,

arXiv:0802.0720 [gr-qc].

R. A. Porto and I. Z. Rothstein, “Erratum: Spin(1)spin(2) effects in the motion of inspiralling compact binaries at third order in the post-Newtonian expansion,” Phys. Rev. D 81 (2010) 029904(E).

[11] M. Levi, “Next-to-leading order gravitational spin1-spin2 coupling with Kaluza-Klein reduction,” Phys. Rev. D 82 (2010) 064029, arXiv:0802.1508 [gr-qc].

[12] R. A. Porto and I. Z. Rothstein, “Calculation of the first nonlinear contribution to the general-relativistic spin-spin interaction for binary systems,” Phys. Rev. Lett. 97 (2006) 021101,

arXiv:gr-qc/0604099.

[13] A. Buonanno and T. Damour, “Effective one-body approach to general relativistic two-body dynamics,” Phys. Rev. D 59 (1999) 084006, arXiv:gr-qc/9811091.

[14] A. Buonanno and T. Damour, “Transition from inspiral to plunge in binary black hole coalescences,” Phys. Rev. D 62 (2000) 064015, arXiv:gr-qc/0001013.

[15] T. Damour, B. R. Iyer, and A. Nagar, “Improved resummation of post-newtonian multipolar waveforms from circularized compact binaries,” Phys. Rev. D 79 (2009) 064004,

arXiv:0811.2069 [gr-qc].

[16] T. Damour and A. Nagar, “An improved analytical description of inspiralling and coalescing black-hole binaries,” Phys. Rev. D 79 (2009) 081503(R), arXiv:0902.0136 [gr-qc].

[17] A. Buonanno, Y. Pan, H. P. Pfeiffer, M. A. Scheel, L. T. Buchman, and L. E. Kidder, “Effective-one-body waveforms calibrated to numerical relativity simulations: Coalescence of non-spinning, equal-mass black holes,” Phys. Rev. D 79 (2009) 124028,

arXiv:0902.0790 [gr-qc].

[18] Y. Pan, A. Buonanno, L. T. Buchman, T. Chu, L. E. Kidder, H. P. Pfeiffer, and M. A. Scheel, “Effective-one-body waveforms calibrated to numerical relativity simulations: Coalescence of nonprecessing, spinning, equal-mass black holes,” Phys. Rev. D 81 (2010) 084041,

arXiv:0912.3466 [gr-qc].

[19] T. Damour, “Coalescence of two spinning black holes: An effective one-body approach,” Phys. Rev. D 64 (2001) 124013, arXiv:gr-qc/0103018.

[20] T. Damour, P. Jaranowski, and G. Schäfer, “Effective one body approach to the dynamics of two spinning black holes with next-to-leading order spin-orbit coupling,” Phys. Rev. D 78 (2008) 024009, arXiv:0803.0915 [gr-qc].

[21] E. Barausse and A. Buonanno, “Improved effective-one-body Hamiltonian for spinning black-hole binaries,” Phys. Rev. D 81 (2010) 084024, arXiv:0912.3517 [gr-qc].

[22] A. Nagar, “Effective one body hamiltonian of two spinning black-holes with next-to-next-to-leading order spin-orbit coupling,” arXiv:1106.4349 [gr-qc].

[23] E. Barausse and A. Buonanno, “Extending the effective-one-body Hamiltonian of black-hole binaries to include next-to-next-to-leading spin-orbit couplings,” arXiv:1107.2904 [gr-qc].

[24] E. Barausse, É. Racine, and A. Buonanno, “Hamiltonian of a spinning test-particle in curved spacetime,” Phys. Rev. D 80 (2009) 104025, arXiv:0907.4745 [gr-qc].

[25] M. Levi, “Binary dynamics from spin1-spin2 coupling at fourth post-Newtonian order,”

arXiv:1107.4322 [gr-qc].

[26] S. Wolfram, The Mathematica Book. Wolfram Media, Champaign, IL, 5th ed., 2003. [27] J. M. Martín-García, xAct: Efficient Tensor Computer Algebra. http://www.xact.es/. [28] J. M. Martín-García, “xPerm: fast index canonicalization for tensor computer algebra,” Comp. Phys. Commun. 179 (2008) 597–603, arXiv:0803.0862 [cs.SC].

[29] D. Brizuela, J. M. Martín-García, and G. A. Mena Marugán, “xPert: computer algebra for metric perturbation theory,” Gen. Relativ. Gravit. 41 (2009) 2415–2431, arXiv:0807.0824 [gr-qc].

[30] T. Damour, P. Jaranowski, and G. Schäfer, “Dimensional regularization of the gravitational interaction of point masses,” Phys. Lett. B 513 (2001) 147–155, arXiv:gr-qc/0105038.

[31] T. Damour, P. Jaranowski, and G. Schäfer, “Dimensional regularization of the gravitational interaction of point masses in the ADM formalism,” in Proceedings of the 11th Marcel Grossmann Meeting on General Relativity, H. Kleinert, R. T. Jantzen, and R. Ruffini, eds., p. 2490. World Scientific, Singapore, 2008. arXiv:0804.2386 [gr-qc].

[32] T. Damour, P. Jaranowski, and G. Schäfer, “Poincaré invariance in the ADM Hamiltonian approach to the general relativistic two-body problem,” Phys. Rev. D 62 (2000) 021501(R),

arXiv:gr-qc/0003051.

[33] T. Damour, P. Jaranowski, and G. Schäfer, “Hamiltonian of two spinning compact bodies with next-to-leading order gravitational spin-orbit coupling,” Phys. Rev. D 77 (2008) 064032,

arXiv:0711.1048 [gr-qc].

[34] J. Steinhoff and H. Wang, “Canonical formulation of gravitating spinning objects at 3.5 post-Newtonian order,” Phys. Rev. D 81 (2010) 024022, arXiv:0910.1008 [gr-qc].