arXiv:1107.4451v2 [hep-th] 3 Aug 2011

DCPT-11/35

Holography for asymptotically locally Lifshitz spacetimes

Simon F. Ross^∗

Centre for Particle Theory, Department of Mathematical Sciences Durham University, South Road, Durham DH1 3LE, U.K.

Abstract

We give a definition of asymptotically locally Lifshitz spacetimes, with boundary data appropriate for a non-relativistic theory on the boundary. Solutions satisfying these boundary conditions are constructed in an asymptotic expansion. We identify the boundary data with sources for dual field theory operators, and give a prescription for calculating the one-point functions of the field theory operators (including the stress tensor) in the presence of arbitrary sources. The divergences in these one-point functions can be cancelled by holographic renormalization, adding counterterms which are local functions of the boundary data.

1 Introduction

The use of gravitational duals to study strongly-coupled field theories [1, 2] has provided a unique tool which has shed light on a number of important questions, particularly concerning thermodynamics and theories at finite density, which are related to black holes in the bulk. This work has been extended over the last few years to include applications to field theories of interest to condensed matter physics (see [3, 4] for useful reviews). The application to condensed matter throws up new questions; to address these and fully realise the potential of the holographic approach, we need to extend our understanding of the bulk gravitational theories and the holographic dictionary. An important example of this is the appearance of anisotropic scaling symmetries in condensed matter. The low-energy physics near a phase transition may be invariant under t → λ^zt, x^i → λx^i, where z is referred to as the dynamical exponent. We follow [5] in referring to a field theory which has this scaling symmetry (and no boost symmetry) as a Lifshitz field theory. Understanding such symmetries holographically requires us to go beyond the familiar context of asymptotically anti-de Sitter spacetimes on the gravitational side.

∗s.f.ross@durham.ac.uk

A holographic duality for these field theories was proposed in [5]. The proposal is that the dual of the field theory vacuum has a bulk metric

ds^2 = −r^{2z}dt^2 + r^2d⃗x^2 + L^2 dr^2 r^2

, (1)

where L^2 represents the overall curvature scale, and the spacetime has d + 1 dimensions, so there are d_s = d − 1 spatial dimensions ⃗x.^1 This metric is referred to as a Lifshitz geometry. Such a metric can be realised as a solution in a variety of bulk gravitational theories with different matter content. In [5], the bulk theory involved two p-form fields with a Chern-Simons coupling. A simpler theory with a massive vector (which is on-shell equivalent to the previous theory) was introduced in [6]. More recently, (1) was realised as a solution in string theory in a number of different truncations [7, 8, 9, 10, 11] (see [12] for earlier attempts). In this paper, we will focus on the massive vector theory of [6], which provides the simplest context for studying this geometry. The focus is on the differences in structure between geometries of the form (1) and the AdS case, so the key results will not depend too heavily on the specific form of the matter considered.

In the AdS context, there is a well-developed holographic dictionary, starting from the work of [13, 14]. This relates asymptotic boundary conditions for bulk fields to the sources for dual operators in the field theory description. The asymptotic boundary data for the metric is specified by the induced metric on the conformal boundary of the spacetime. The results of [15, 16] show crucially that at least in a neighbourhood of infinity, there is a bulk solution for any arbitrary boundary metric, so we can consider the correspondence for the field theory on an arbitrary background.

The correlation functions for operators in the CFT are then obtained in the saddlepoint approximation by considering the variational derivative of the bulk action with respect to the sources. When this is applied to the naive bulk action, these correlation functions contain divergences. These can be removed by the process of holographic renormalization, adding appropriate local boundary counterterms to the bulk action to ensure that it defines a good variational principle for the asymptotic boundary conditions [17, 18]. An elegant approach based on Hamiltonian evolution in the radial direction and a functional differential was developed by [19, 20].

The aim of the present paper is to develop a general holographic dictionary for the Lifshitz case. Starting with [5], there has been extensive work on the calculation of correlation functions from perturbations in the bulk; but so far, this work has only considered spacetimes which asymptotically approach (1), treating changes in the asymptotic boundary data only perturbatively. Here we extend this to consider arbitrary boundary data, constructing metrics which approach (1) only locally. In the AdS case, this generalisation is achieved by considering an arbitrary conformal class of metrics on the conformal boundary of the spacetime. In addition to enabling us to treat field theories in curved backgrounds, this also provides a more comprehensive (and less coordinate-dependent) perspective on the holographic dictionary, allowing us to understand its essential features.

1We will mostly focus on the case d_s = 2.

In the Lifshitz case, the spacetime (1) does not have a conformal boundary, as the timelike direction is treated differently from the spatial ones. Thus, while a similar correspondence should exist, we need to develop a new approach to describe it. Building on the work of [21] (and similar observations in [22]), in section 2 a definition of asymptotically locally Lifshitz spacetimes is given, in terms of appropriate boundary conditions on a set of frame fields describing the bulk geometry. This enables a coordinate-invariant treatment of the different scaling of the timelike direction. The rescaled boundary values of the frame fields define the boundary data for the geometry; they can be thought of as defining a Galilean geometrical structure on the spacetime boundary. If we impose a further restriction, the boundary admits a notion of absolute time.

In section 3, the interpretation of the boundary data from the dual field theory point of view is discussed. Some general expectations for the behaviour of the stress tensor complex in a Lifshitz theory are reviewed. Then following [21], a prescription for calculating this stress tensor complex is given, considering the variation of an appropriate bulk action with respect to variations in the boundary data for the frames, holding the boundary value of the matter field(s) with tangent space indices fixed.

In section 4, we specialise the discussion to the massive vector model of [6], to enable discussion of more dynamical issues. We review esults of [21] on the solution of the linearized equations of motion on the background (1). We discuss some of the open problems arising from that work, some of which will be addressed here and some of which remain for future work. In particular, we find that a modification of the boundary conditions is required for z > 4; we treat this modification in the linearized regime, but leave a full exploration of the modified boundary conditions for future work.

In section 5, the solution of the equations of motion in a large-distance expansion is considered. We find that asymptotically locally Lifshitz solutions exist for arbitrary boundary data for z < 2. For z ≥ 2, there are restrictions on the boundary data, setting to zero the sources for the irrelevant operators. There are then asymptotically locally Lifshitz solutions for arbitrary sources for the relevant and marginal operators. These are key results, providing an analogue of the Fefferman-Graham expansion [15] for asymptotically Lifshitz boundary conditions.

Finally, the problem of holographic renormalization is considered in section 6. We obtain counterterms rendering the expectation value of the stress tensor finite for arbitrary asymptotically locally Lifshitz spacetimes. The counterterms are obtained using an analogue of the approach introduced for AdS in [19, 20], organising the calculation in eigenvalues of a dilatation operator. This approach efficiently evaluates the counterterms; this is illustrated by an explicit calculation of the first few counterterms. For z > 2, it was observed in [21] that there were divergences in components of the stress tensor even when the sources were set equal to zero; some of the response functions cause divergences in other expectation values. Here we will see that the form of the counterterms is uniquely fixed by requiring cancellation of the divergence coming from the sources, but that this same term also cancels the divergence from the response functions, so that these are “pseudo-non-local” in the terminology of [23].

Note added: After the appearance of this paper, partial results on holographic renormalisation for asymptotically Lifshitz spacetimes were also reported in [24, 25].

2 Asymptotically locally Lifshitz spacetimes

We want to consider spacetimes which asymptotically approach a metric which can locally be written in the form (1). This condition can be most easily implemented by writing the geometry in terms of a set of frame fields. We write the spacetime metric as ds^2 = η_{MN} e^{(M)}e^{(N)} = η_{AB}e^{(A)}e^{(B)} + (e^{(r)})^2, (2)

where spacetime frame indices are written M, N = 0, 1, . . . d, while frame indices omitting the radial direction are A, B = 0, . . . , d_s. We will also sometimes use spatial frame indices I, J running over 1, . . . , d_s (recall d_s = d − 1 is the number of spatial dimensions). Similarly spacetime coordinate indices are μ, ν = t, x_i, r and boundary coordinate indices α, β = t, x_i. We partially fix the gauge freedom by choosing a Gaussian normal radial coordinate such that e^{(r)} = Lr^{−1}dr, and e^{(A)} have no radial components.

For the metric (1), there is a natural set of frame fields where e^{(0)} = r^zdt, e^{(I)} = rdx^i. This motivates defining asymptotically locally Lifshitz boundary conditions by requiring that the spacetime admit a choice of frames e^{(A)} such that as r → ∞,

e^{(0)}_α = r^zê^{(0)}_α (r, x^α), e^{(I)}_α = rê^{(I)}_α (r, x^α), (3)

where ê^{(0)}α (r, x^α), ê^{(I)}α (r, x^α) have some finite non-degenerate limits as r → ∞, which we will also sometimes call ê^{(0)}α (x^α), ê^{(I)}α (x^α). That is, we simply replace the coordinate frame fields dt, dx^i in (1) by some arbitrary non-degenerate frame basis ê^{(A)}α (x^α). This is the most general boundary condition which allows the metric to locally be written as (1) in the asymptotic region.

Note that we have not imposed any specific falloff condition on the subleading parts of ê^{(0)}α (r, x^α), ê^{(I)}α (r, x^α), beyond requiring that they vanish as r → ∞. This is because this boundary condition is meant to be purely kinematical, applying to offshell fluctuations considered in the discussion of the action as well as to asymptotically locally Lifshitz solutions of any bulk theory. As in the AdS case, in solving the equations of motion in section 5, we will find that the dynamics will dictate specific powers of r which appear in the subleading parts of ê^{(0)}α (r, x^α), ê^{(I)}α (r, x^α) and in the matter fields. But the specific fall-offs will depend on the details of the bulk theory (again, as in the AdS case), so we do not wish to introduce them in our definition of the boundary conditions.

The boundary frame fields ê^{(0)}α (x^α), ê^{(I)}α (x^α) define our boundary data; we will see in the next section how these provide sources for the the stress tensor complex. Geometrically, they define the general background structure appropriate for a nonrelativistic field theory on the asymptotic boundary of the spacetime. Such data has been previously defined in terms of what is referred to as a Galilean metric [26, 27], consisting of a timelike covector (one-form) field, and a degenerate contravariant metric orthogonal to the covector. This is equivalent to our frame data, as the rescaled timelike frame field ê^{(0)}α (r, x^α) provides a distinguished timelike covector on the boundary, while the rescaled inverse metric

ĝ^{αβ} = lim_{r→∞} r^2g^{αβ} = ê^{(I)α}ê^β_{(I)} (4)

provides a degenerate boundary contravariant metric, which is obviously orthogonal to the timelike covector, ĝ^{αβ}ê^{(0)}α = 0. We can also note that the anisotropic scaling implies that the bulk freedom to make local Lorentz transformations of the e^{(A)} is reduced to the freedom to make spatial rotations of the ê^{(I)}, again as we would expect for a non-relativistic theory.

However, in a non-relativistic context it seems natural to require that the boundary have a notion of absolute time. That is, the boundary should have a foliation by a family of surfaces defining “moments in time”. This is not satisfied for general boundary data satisfying (3): arbitrary ê^{(0)}α identifies only a preferred family of curves parallel to the distinguished vector field ê^α_{(0)}. To be able to use ê^{(0)}α to identify a preferred foliation by surfaces, we need to require that it is irrotational,

ê^{(0)} ∧ dê^{(0)} = 0. (5)

This condition can be conveniently expressed in terms of the bulk Ricci rotation coefficients Ω^A_{BC} , defined by de^{(A)} = Ω^A_{BC} e^{(B)} ∧ e^{(C)}. Requiring ê^{(0)} to be irrotational requires the leading term in Ω^0_{IJ} to vanish asymptotically. If we impose this condition, we can choose coordinates such that ê^{(0)} = χ(t, x^i)dt for some function χ(t, x^i) (at least in an open neighbourhood). The irrotational condition is also a necessary and sufficient condition for the spatial frame fields ê^{(I)} to be surface forming. Thus, the ê^{(I)} will describe a non-degenerate t-dependent curved metric on the surfaces of constant t.

One might then take (3) and (5) to define asymptotically locally Lifshitz boundary conditions. However, we will see in the next section that assuming that ê^{(0)}α is irrotational corresponds to setting the sources for the boundary energy flux E^i to zero. Thus, to be able to calculate correlation functions involving the energy flux, we need to consider violations of (5) at least perturbatively. In the remainder of the paper, we do not in general impose (5) (for z ≥ 2 however, satisfying (3) turns out to require that we set the sources for E^i to zero, which implies we also satisfy (5)).

3 Field theory sources

We now discuss the interpretation of this boundary data in terms of sources for the field theory stress tensor. We make the central assumption that as in AdS/CFT, asymptotic boundary data for bulk fields should be interpreted as sources for dual operators in the dual field theory. In the case of the metric (frame fields), the appropriate dual operator should be the stress tensor complex, so we first review a few elements of the field theory expectations for its components.

In a non-relativistic theory, the tensor complex should consist of an energy density E and an energy flux E^i, satisfying a conservation equation (in flat space)

∂_tE + ∂_iE^i = 0, (6)

and a momentum density P_i and a spatial stress tensor Π^j_i , satisfying the conservation equations (in flat space) ∂_tP_i + ∂_j Π^j_i = 0. (7)

As in the relativistic case, invariance under the anisotropic scaling symmetry t → λ^zt, x^i → λx^i implies a tracelessness condition zE + Π^i_i = 0. The key difference from the relativistic case is that the momentum density and energy flux in a non-relativistic theory are independent quantities.

In a Lifshitz theory, there are also some differences in the operator dimensions for these quantities. These do not seem to have been discussed earlier in the literature, so it is worth considering them here. Since E is the energy density, and the energy is dimension z with respect to the anisotropic scaling symmetry, it will have dimension z+d_s. This is the marginal dimension for a Lifshitz theory, as it matches the scaling of the volume element. Thus, energy density is a marginal operator, as in the relativistic case. The conservation equation then implies that the energy flux has dimension 2z + d_s − 1. This implies that it is an irrelevant operator for z > 1. Thus, deforming the theory by adding sources for the energy flux will change the UV theory, driving it away from the fixed point, quite unlike the relativistic case.

The momentum density P_i will have dimension d_s + 1, as momentum is dimension 1 with respect to the anisotropic scaling symmetry. This is relevant for z > 1. Since P_i has dimension d_s + 1, the conservation equation implies that Π^j_i has dimension z + d_s, indicating that it is also marginal. This is consistent with the condition zE + Π^i_i = 0, which requires that Π^j_i must have the same dimension as E.

The fact that P_i is relevant has several interesting consequences. First, it implies that we can generate non-trivial renormalization group flows to the IR by adding sources for the momentum density. Secondly, the source for this operator will have dimension z − 1, so for z > d_s + 2, the dimension of the source is greater than the dimension of the operator. From the holographic point of view, this suggests that the boundary data associated with this source will fall off more quickly at large r than the mode giving the source. We will see this explicitly in the linearised analysis in the next section. This is reminiscent of the behaviour of scalar fields in the alternative quantization of [28]. A similar z-dependent crossover between the source and the expectation value was seen for a Maxwell field on a Lifshitz background in [12]. The scalar operator P_iP^i becomes relevant for z > d_s + 2 with the fixed source boundary conditions, implying that there is then a relevant deformation of the theory which preserves the spatial rotation symmetry. The natural endpoint for this flow is a Lifshitz theory with fixed P_i boundary conditions.

How are the components of the stress tensor complex calculated holographically? As argued in [21], the appropriate dictionary is to identify the timelike frame field ê^{(0)} as the boundary data supplying the sources for E, E^i, and the other frame fields ê^{(I)} as the boundary data supplying the sources for P_i, Π^i_j. More explicitly, assume we have a bulk action S[ê^{(A)}, ψ] (where ψ denotes whatever matter fields we consider), which is finite on-shell and provides a good variational principle for our boundary conditions, so δS = 0 for variations satisfying δê^{(A)} = 0.^2 Then writing δS = ∫ ϵ̂(T^α_B δê^{(B)}_α + O_ψδψ̂), (8)

where ϵ̂ is the coordinate-invariant volume density given by ϵ̂ = ê^{(0)} ∧ê^{(1)} ∧...∧ê^{(ds)}, we identify T^α_0 with the vacuum expectation value (vev) of the energy density E and the energy flux E^i, and T^α_I with the vev of the momentum density P_i and the stress tensor Π^i_j. In accordance with the usual holographic dictionary, we also identify O_ψ with the vevs of operators dual to the matter fields. Note that to have the Lifshitz solution (1), the bulk theory will need to include vector or tensor fields which are non-zero in the Lifshitz geometry, which dynamically select the timelike direction as different from the spacelike ones. Following [29, 21] the ψ are then understood to include the tangent space components of these vector or tensor fields. That is, the variation of the frame fields in (8) is with the tangent space components of these quantities fixed, rather than the spacetime components. This is an essential ingredient to ensure that T^i_0 and T^t_I are different, so that they can be identified with the distinct components of the stress tensor complex [30]. It can also be understood physically by arguing that we take the variation with the tangent space indices fixed so that the alignment between the distinguished frame field e^{(0)} and the matter fields that are responsible for singling it out is maintained as we do this variation.

One simple check of this prescription is that these quantities are conserved as required from the field theory point of view. If we assume that the action S is invariant under diffeomorphisms of the boundary coordinates, then as shown in the asymptotically AdS context in [29], this diffeomorphism symmetry implies a conservation equation, ∇_αT^α_β − O_ψ∇_βψ̂ = 0, (9)

so T^α_β is conserved up to the presence of sources. This is the analogue of (6), (7) for general boundary sources.

Note that the sources for the energy flux E^i are ê^{(0)}_i , the dx^i components of the timelike frame field. Thus imposing the irrotational condition, which allows us to set ê^{(0)}_i = 0 by choice of coordinate system, is setting these sources to zero (up to diffeomorphism). Since E^i is an irrelevant operator in the field theory, it is not surprising that allowing arbitrary sources for it leads to a qualitative change in the UV behaviour, violating what we may want to call asymptotically Lifshitz boundary conditions. The precise form of this change is however a little unusual. At least for small z, it is not that some field is growing too quickly (as we will see again in the next section), but rather there is an obstruction to defining an absolute time on the boundary.

2This is a non-trivial assumption, but section 6 shows that we can provide such an action by holographic renormalization.

4 Massive vector theory

Our discussion so far has been very general; we will now turn to the specific example of the massive vector theory of [6], in four bulk spacetime dimensions (so d_s = 2), so that we can consider more dynamical issues. In this section, we will give the definition of this theory and review the previous work of [21] on the linearized equations of motion on the background (1). We will also comment on issues to do with the boundary conditions in light of this linearised analysis. In the next section we construct solutions for arbitrary boundary data in an asymptotic analysis. While we focus on the massive vector model as a specific example, the extension of this analysis to for example the string theory truncations of [7, 9, 10, 8] is in principle straightforward.

The bulk spacetime action for the massive vector theory is S = − 1 16πG_4 ∫ d^4x √ −g(R−2Λ− 1 4 F_{μν} F^{μν} − 1 2 m^2A_μA^μ)− 1 8πG_4 ∫ d^3ξ √ −hK, (10) where we have included the Gibbons-Hawking surface term, so that this is a wellbehaved action principle for manifolds with boundary with Dirichlet boundary conditions. The equations of motion for this theory are

R_{μν} = Λg_{μν} + 1 2 F_{μλ}F^λ_ν − 1 8 F_{λρ}F^{λρ}g_{μν} + 1 2 m^2A_μA_ν (11) and ∇_μF^{μν} = m^2A^ν . (12)

To have the solution (1), we choose Λ = −^1_{2L2} (z^2 + z + 4) and m^2L^2 = 2z. Then the theory has a solution with metric (1) and A = αr^zdt = √ 2(z − 1) z r^zdt. (13) 4.1 Linearized analysis

The linearized analysis in [21] found a general solution of the linearized equations of motion around the pure Lifshitz background (1).^3 From this linearized analysis, one can identify the modes corresponding to an infinitesimal change in the sources given by the boundary values of ê^{(A)}, and the modes corresponding to the part of the solution of the equations of motion which is not locally determined in terms of these boundary values. The essential features can be seen from the analysis of linearized perturbations which are constant along the boundary directions. Written in terms of frame fields, the results of [21] are that

e^{(0)} = r^z(1 + 1 2 f)dt + rv_{1i}dx^i, e^{(i)} = r^zv^i_2dt + r(δ^i_j + 1 2 k^i_j)dx^j , (14)

3A similar analysis also appeared in [31]. Recent extensions appeared in [32, 24].

where

f = c_4 + 4 z + 2 c_1r^{−(z+2)} + 2

(5z − 2 − β_z) (z + 2 + β_z) c_2r^{− 12 (z+2+βz )} − 2

(5z − 2 + β_z) (z + 2 − β_z) c_3r^{− 12 (z+2−βz)}, (15)

v_{1i}(r) = c_{1i}r^{(z−1)} + c_{2i}r^{−3} + c_{3i}r^{−(2z+1)}, (16)

v_{2i}(r) = c_{4i}r^{(1−z)} +

(z^2 − 4) z(z − 4) c_{2i}r^{−3} + 3z (z + 2) c_{3i}r^{−(2z+1)}, and k_{ij} = δ_{ij}k + k^{T T}_{ij} , (17) with

k = c_5 + 2 (z + 2) c_1r^{−(z+2)} −2

(3z − 4 − β_z) (z + 2 + β_z) c_2r^{− 12 (z+2+βz)} +2

(3z − 4 + β_z) (z + 2 − β_z) c_3r^{− 12 (z+2−βz)}, (18) and k^{T T}_{xx} = k^{T T}_{yy} = t_{d1} + t_{d2}r^{−(z+2)}, k^{T T}_{xy} = k^{T T}_{yx} = t_{o1} + t_{o2}r^{−(z+2)}. (19) The massive vector field was taken to be of the form A_A = δ^0_AA_0 by choice of frame, choosing the frame vector e_{(0)} to be aligned with the part of the vector field parallel to the boundary, and A_0 = α + j, with j = − (z + 1) (z − 1) c_1r^{−(z+2)} −

(z + 1) (z − 1) c_2r^{− 12 (z+2+βz)} +

(z + 1) (z − 1) c_3r^{− 12 (z+2−βz )}. (20)

Here β^2_z = 9z^2 −20z +20 = (z +2)^2 +8(z −1)(z −2). Note these results are for generic values of z. For specific even integer values, there will be logarithmic solutions; see [21] for details. Also, here we have redefined v_{1i}, v_{2i} compared to [21] to highlight the field theory interpretation of the bulk modes. We adjusted the explicit powers of r in front of v_{1i}, v_{2i} in e^{(A)} so that all of f, j, v_{1i}, v_{2i}, k_{ij} are unchanged under the dilatation isometry r → λ^{−1}r, t → λ^zt, ⃗x → λ⃗x of the background (1). This ensures that the scaling dimension of the different modes in f, j, v_{1i}, v_{2i}, k_{ij} can simply be read off from the powers of r associated with them.

This is a solution of the linearized equations of motion for arbitrary constant values of the coefficients. If we promote the coefficients to functions of the boundary coordinates, these are still solutions to leading order in an expansion in r, but there will be further subleading terms determined in terms of the derivatives of the coefficients, as described in detail in [21].

The physical significance of these modes can be readily identified:

• The modes c_4, c_{1i} are changes of lim_{r→∞} ê^{(0)}. Accordingly, these are interpreted as sources for E, E^i.

• The modes c_{4i}, c_5, t_{d1}, t_{o1} are changes of lim_{r→∞} ê^{(I)}. Accordingly, these are interpreted as sources for P_i, Π^i_j.

• The modes c_1, t_{d2}, t_{o2} have scaling dimension z + 2. They were shown to give finite contributions to the expectation values of E, Π^i_j in [21].

• The modes c_{2i} have scaling dimension 3 and were shown to give finite contributions to the expectation values of P_i in [21].

• The modes c_{3i} have scaling dimension 2z + 1 and were shown to give finite contributions to the expectation values of expectation values of E^i in [21].

• The remaining modes c_3, c_2 can be interpreted as the source and expectation value of an operator O_ψ associated with the massive vector field. From their scaling dimensions, we can read off the dimension of this operator, Δ_ψ =^1_2 (z + 2 + β_z). Note that this operator will be relevant for z < 2, and irrelevant for z > 2. As one might expect for an irrelevant mode, the source c_3 makes contributions to e^{(0)}, e^{(I)} which violate the boundary conditions when z > 2. The mode c_2 was shown to give finite contributions to the expectation values of O_ψ in [21].

We see that the solutions of the linearized equations of motion divide into source terms and the corresponding response functions, as expected. Note that because of the conservation equations and the conformal constraint relating energy density to spatial stress, the number of independent response functions and the number of sources does not match up. This could be resolved by working with gauge-independent combinations of the sources.^4

One might have expected that we should have a vector operator corresponding to the field A_μ, but this is not correct: because we can choose A_I = 0 by a choice of frame, there is only one piece of boundary data associated with this field, A_0, so there is a single scalar operator dual to changes in this boundary data. Physically, what happened is the spatial vector worth of additional boundary data in A_μ was absorbed by the frame fields, providing the extra information needed to have independent sources for E^i and P_i.

There are a few interesting open issues already at the level of the linearised analysis. In [21], the prescription of section 3 was shown to give finite expectation values for all components of the stress tensor complex, once we added appropriate counterterms to the action. Surprisingly, there were divergences in E^i even when we set the modes associated with changes in the boundary data to zero, which required some derivative counterterms. In section 6, we will see that the counterterms for asymptotically locally Lifshitz boundary conditions are uniquely fixed by cancelling the divergences arising from the boundary data. These counterterms should then also cancel the divergences involving the response functions; we comment on this issue in the discussion.

There was also an issue with a divergence in the expectation value of O_ψ for z ≥ 2. We will not investigate this further here, as this operator is irrelevant for z ≥ 2, so considering sources for it would take us outside the asymptotically locally Lifshitz

4An error in the first version of this paper has been corrected here in light of the discussion in [24].

boundary conditions we are considering in this paper. The analysis could simply be extended by considering this source perturbatively, but we leave this for future work. However, we should note that there is an additional issue here which does not appear for example for irrelevant scalars in AdS: because of the coupled structure of the equations, the source mode c_3 appears linearly in the frame fields as well as in the vector field. Thus, we cannot think of varying c_3 as simply a variation of A_0, even perturbatively; it necessarily involves a variation of the frame fields as well.

The most interesting open issue, however, is the crossover between the source mode c_{4i} and the expectation value c_{2i} in v_{2i}. When z > 4, the linearized mode with coefficient c_{2i} falls off slower at large r than the c_{4i} mode. As a result, turning on non-zero c_{2i} will violate our asymptotically locally Lifshitz boundary conditions. That is, imposing asymptotically locally Lifshitz boundary conditions for z > 4 gives us a smaller space of solutions than expected in the asymptotic regime; this will generically lead to problems satisfying the regularity conditions in the interior of the spacetime for arbitrary sources. We are therefore motivated to find different boundary conditions in this regime. At the linearized level, it is easy to see what we should do: considering the mixed boundary condition

lim_{r→∞} r^{−1}(ė^{(I)}_t − (z − 3)e^{(I)}_t ) = (4 − z)v^I (x^α), (21)

v^I (x^α) would provide a source for the momentum density P_i while leaving the mode with e^{(I)}_t ∼ r^{z−3} free. Or we could continue to impose a Dirichlet boundary condition, but for z > 4 relax this to require that at large r,

e^{(I)}_t ∼ r^{z−3}w^I (x^α). (22)

The mode with e^{(I)}_t ∼ r is then free. This should correspond to a Legendre-transformed theory where we regard P_i as a source current, coupled to a vector operator of dimension z − 1. The value of w^I (x^α) then fixes the value of P_i, thought of as the source. The Dirichlet boundary condition fixes the leading term in e^{(I)}_t , so it is the analogue of the usual quantization for a scalar, while the mixed boundary condition fixing the source for P^i is the analogue of the alternative quantization. As noted in the previous section, for z > 4 the operator P_iP^i generates a flow from the fixed source boundary condition in the UV, which we expect to run to fixed P^i boundary conditions in the IR. Hence the latter are more generic in this range. Extending this analysis beyond the linearised level is an important open question, but we will leave it for future work and focus on the asymptotically locally Lifshitz boundary conditions (3) in this paper.

5 Asymptotic expansion

In this section, we want to go beyond the linearised analysis by showing that solutions of the bulk equations of motion exist for arbitrary boundary data. To do so, we will solve the equations of motion in an asymptotic expansion: that is, we work at large r, and solve the equations in an expansion in powers of r. To treat this large r expansion, it is convenient to rewrite the equations of motion in a radial Hamiltonian framework. If we work in Gaussian normal coordinates, the canonical coordinates on a surface r = r_0 are the induced metric h_{αβ} and the gauge field A_α. The momenta are π_{αβ} = K_{αβ} − h_{αβ} K and π_α = F_{rα}, where K_{αβ} is the extrinsic curvature of the surface.^5

To make contact with the previous section, we may note that the momenta π_{αβ} , π_α can be related to the expectation values of the operators in the dual field theory by observing that on-shell, the variation of the action (10) is δS = ∫ d^3x √ −h(π^{αβ} δh_{αβ} + π^αδA_α). (23) When we do frame variations δe^{(A)}α holding A_A fixed, the variation of the action on-shell is then δS = ∫ d^3x √ −h((2π^α_β + π^αA_β)e^β_{(B)}δe^{(B)}_α + π^AδA_A), (24)

where π^A = π^αe^{(A)}α . Thus, we can define an object related to the boundary stress tensor complex considered in the previous section: T^{(bare)} αB = (2π_{αβ} + π_αA_β )e^β_{(B)}. (25)

Note that the variations in (24) are with respect to bulk fields, whereas the variations in (8) are with respect to the boundary data. Thus this bulk object will differ from the boundary stress tensor by some powers of r. We also call this the “bare” stress tensor because using the naive Dirichlet action (10) gives a divergent stress tensor which will require renormalization. We address this in the next section. The point at this stage is just to note the relation between the momenta and the stress tensor complex. Unlike in the AdS case, we cannot simply trade the stress tensor for π_{αβ} ; the T_{αB} also include information from π_α.

5.1 Gauss-Codazzi equations

To solve the equations of motion in an expansion in powers of r, it is useful to decompose the equations in the radial direction, using the Gauss-Codazzi equations to rewrite them as a pair of dynamical equations, K̇_{αβ} + KK_{αβ} − 2K_{αγ} K^γ_β =R_{αβ} − Λh_{αβ} − 1 2 F_{αγ} F^γ_β + 1 8 h_{αβ} F_{γσ}F^{γσ} − 1 2 π_απ_β + 1 4 h_{αβ} π_γ π^γ − 1 2 m^2A_αA_β , (26)

π̇^α + Kπ^α + ∇_βF^{βα} = m^2A^α, (27)

5Canonical momenta would include a factor of √ −h, but this convention will simplify the relation to the vevs.

and a set of constraints,

∇_αK^α_β − ∇_βK^α_α = 1 2 F_{βα}π^α + 1 2 m^2A_βA_r, (28)

K^2 − K_{αβ} K^{αβ} = R − 2Λ + 1 2 π_απ^α − 1 4 F_{αβ} F^{αβ} + 1 2 m^2A^2_r − 1 2 m^2A_αA^α, (29) and ∇_απ^α = −m^2A_r. (30) Here ˙ denotes r∂_r, and the Ricci tensor R_{αβ} and covariant derivatives ∇_α are with respect to the induced metric h_{αβ} on a surface of constant r. Using (25) and (30), we can see that the constraint equation (28) encodes the conservation equation (9). This is as expected; this is the diffeomorphism constraint in the radial Hamiltonian framework, associated with coordinate transformations on the surfaces of constant r.

With our boundary conditions, the constraints (28) and (29) are automatically satisfied when the dynamical equations are. This is because in general, the dynamical equations imply the r-derivative of the constraints, so the only non-trivial additional information in the constraints is the r-independent term. With asymptotically locally Lifshitz boundary conditions, the r-independent term reduces to the constraint in a Lifshitz spacetime, which is satisfied because this is a solution of the equations of motion. Thus, we need only consider the dynamical equations (26) and (27), substituting (30) for A_r.

Since the asymptotic boundary condition is written in terms of frame fields, it will be convenient to also rewrite these equations in terms of frame fields e^{(A)}. As in the linearized analysis, we partially fix the choice of frame by setting A_I = 0, so that the distinguished timelike frame field is always aligned with the boundary component of the massive vector field. Note that the massive vector field will still have a non-zero radial component, but this is determined algebraically by (30). The relevant data is then the frame e^{(A)}α and the matter field A_0.

For convenience, we define a “frame extrinsic curvature”

K^A_B = e^α_{(B)}ė^{(A)}_α . (31)

Note that this is not a symmetric object, and the usual extrinsic curvature is K_{αβ} = e^{(A)}α e^{(B)}_β K_{(AB)}, where the round brackets denote symmetrisation. The equations of motion written with frame indices are then

K̇_{(AB)} + KK_{(AB)} + 1 2 (K_{CA}K^C_B − K_{AC} K^C_B ) =R_{AB} − Λη_{AB} − 1 2 F_{AC} F^C_B + 1 8 η_{AB}F_{CD}F^{CD} − 1 2 π_Aπ_B + 1 4 η_{AB}π_C π^C , (32)

π̇^A + Kπ^A − K^A_B π^B + ∇_B F^{BA} = m^2A^A, (33) and the constraints K^2 − K_{(AB)}K^{AB} − 1 2 π_Aπ^A = R − 2Λ − 1 4 F_{AB}F^{AB} + 1 2 m^2A^2_r − 1 2 m^2A_AA^A, (34)

∇^AK_{(AB)} − ∇_B K^A_A = 1 2 F_{BA}π^A + 1 2 m^2A_B A_r, (35)

∇^Aπ_A = −m^2A_r. (36)

Here F_{AB} = e^α_{(A)}e^β_{(B)}F_{αβ} , and ∇_A = e^α_{(A)}∇_α, where the covariant derivative ∇_α is a total covariant derivative (covariant with respect to both local Lorentz transformations and diffeomorphisms), determined by requiring ∇_αe^{(A)}_β = 0. The connection ω_{αBC} defined by ∇_αV_B = ∂_αV_B − ω^C_{αB} V_C (37)

is then related to the Ricci rotation coefficients by [33]

ω_{ABC} = −Ω_{ABC} + Ω_{ACB} + Ω_{BCA}, (38)

where as a reminder we define the Ricci rotation coefficients by de^{(C)} = Ω^C_{AB} e^{(A)}∧e^{(B)}. This implies ω^C_{[AB]} = −Ω^C_{AB} , and ω^C_{CD} = 2Ω^C_{CD} . Note that Ω^C_{AB} is antisymmetric in its first two indices, but the orthonormality of the frame fields implies that ω_{ABC} is antisymmetric in its last two indices.

5.2 Asymptotic analysis

We want to study the equations of motion in the asymptotic regime by making an expansion in powers of r. The aim in this section is to analyse the structure of the equations of motion and demonstrate that a solution exists. We will find that asymptotically locally Lifshitz solutions exist for arbitrary values of the sources for z < 2, and if we set some of the sources to zero solutions continue to exist for z ≥ 2. We first consider z < 2 in detail, and then comment on the differences for z ≥ 2.

We recall that e^{(0)} = r^zê^{(0)} and e^{(I)} = rê^{(I)}, and write A_0 = α + ψ. The leading term in ê^{(A)} is independent of r, and gives the boundary data dual to the stress tensor. From the linearized analysis, we see that ψ = r^{−Δ−}ψ̂(r, x^α), where Δ_− = z +2−Δ_ψ = 1 2 (z + 2 − β_z). The asymptotic value lim_{r→∞} ψ̂ corresponds to the source for the dual operator O_ψ. For z < 2, this is a relevant operator, so Δ_− is positive. We want to show that having chosen these leading terms, we can iteratively find a solution of (26), (27) in an expansion in powers of r by adding subleading terms to ê^{(A)} and ψ̂.

It might appear that we have fewer equations than unknowns, since we have nine components ê^{(A)}α plus one ψ̂, and only nine equations. This is because there is a residual freedom to make a local rotation in the choice of the spatial frame vectors e^{(I)}, giving us one pure gauge mode.^6 It is convenient to fix this gauge symmetry by choosing the spatial frames so that K_{IJ} is symmetric.

Although ê^{(A)} and ψ̂ are the fundamental quantities we are solving for, in analysing (26) and (27) it is more convenient to work in terms of K_{AB} and π^A. These are given

6In general dimension, there are d^2 + 1 fields, but the spatial rotations make^1_2 d_s(d_s − 1) = 1 2 (d − 1)(d − 2) of them pure gauge, leaving^1_2 d(d + 1) + d physical fields, matching the number of equations.

by K_{00} = − z + ^̇e_{(0)α}ê^α_{(0)}, (39)

K_{0I} = r^{z−1}^̇e_{(0)α}ê^α_{(I)},

K_{I0} = r^{1−z}^̇e_{(I)α}ê^α_{(0)},

K_{IJ} = δ_{IJ} + ^̇e_{(I)α}ê^α_{(J)},

which implies K = z + 2 + ^̇e_{(A)α}ê^{(A)α}, and

π_0 = ψ̇ − K_{00}(α + ψ) − ∂_0A_r, (40) π_I = − K_{0I} (α + ψ) − ∂_I A_r.

Working in an expansion in powers of r, we can solve (36) at each order to determine A_r. Because of the derivative, this will be determined in terms of contributions at earlier orders.

There is an explicit positive power in K_{0I} ; to have a solution where all quantities involve only negative powers, the dependence of ^̇e_{(0)α}ê^α_{(I)} must be sufficiently suppressed so that the expansion of K_{0I} contains only negative powers. We will see that we can self-consistently find such a solution.

The curvature and field strength terms will also involve explicit powers. The key point is to see that these all involve negative powers, so that the sources produced by considering arbitrary boundary data can be cancelled by adding subleading terms, and the corrections produced by the curvature of the subleading terms are further subleading. This turns out to be true for the Ricci rotation coefficients:

Ω^0_{0I} = r^{−1}(dê^{(0)})_{αβ}ê^{[α}_{(0)}ê^{β]}_{(I)}, (41)

Ω^K_{IJ} = r^{−1}(dê^{(K)})_{αβ}ê^{[α}_{(I)}ê^{β]}_{(J)},

Ω^J_{0I} = r^{−z}(dê^{(J)})_{αβ}ê^{[α}_{(0)}ê^{β]}_{(I)},

Ω^0_{IJ} = r^{z−2}(dê^{(0)})_{αβ}ê^{[α}_{(I)}ê^{β]}_{(J)},

Explicit derivatives will also come with similar factors: ∂_0 = e^α_{(0)}∂_α = r^{−z}ê^α_{(0)}∂_α and ∂_I = e^α_{(I)}∂_α = r^{−1}ê^α_{(I)}∂_α.

We might have expected some positive powers to appear, since we are considering turning on sources for the irrelevant operator E^i, and the breakdown of the UV behaviour associated with irrelevant operators is normally signalled in the bulk through the appearance of growing terms in these equations (see [23] for a recent discussion in the AdS case). The term that comes closest to this expectation is Ω^0_{IJ} , but it has an extra factor of r^{−1} because it involves the derivatives of the source for this operator, rather than the source itself. A constant value of this source corresponds to a diffeomorphism, so only its derivatives will enter into the equations of motion, and thus for z < 2 it will not lead to positive powers in the expansion despite the operator being irrelevant. There is still a change in the UV behaviour when we have non-zero sources for E^i, but it is signalled only by the violation of (5), implying that the boundary does not have a notion of absolute time.

Using (38), we can express the curvature terms in the field strength and the Ricci tensor in terms of the Ricci rotation coefficients. For the field strength,

F_{AB} = ∂_AA_B − ∂_B A_A − ω^C_{AB} A_C + ω^C_{BA} A_C = ∂_AA_B − ∂_B A_A + 2Ω^C_{AB} A_C . (42)

Hence F_{0I} = −∂_I A_0 + 2Ω^0_{0I} A_0 will contain an explicit r^{−1}, and F_{IJ} = 2Ω^0_{IJ} A_0 will contain an explicit r^{z−2}. The covariant derivative term appearing in (33) is

∇^AF_{AB} = ∂^2A_B − ∂^A∂_B A_A + 2∂^A(Ω^C_{AB} A_C ) − 2Ω^{DC}_C F_{DB} − Ω^{AD}_B F_{AD}, (43)

so ∇^AF_{A0} will have terms containing r^{−2} and a term quadratic in Ω^0_{IJ} containing r^{2z−4}, while ∇^AF_{AI} will have terms containing r^{−(1+z)} and a term linear in Ω^0_{IJ} containing r^{z−3}. The Ricci tensor is R_{AB} = − ∂_Aω^C_{C B} − ∂_C ω^C_{AB} + ω_{CDA}ω^{DC}_B + ω_{ABD}ω^{CD}_C , (44) = − 2∂_AΩ^C_{CB} + ∂_C (Ω^C_{AB} + Ω^C_{B A} + Ω^C_{A B} ) − Ω_{CDA}Ω^{CD}_B + Ω_{CAD}Ω^{(C D)}_B − 2Ω^{DC}_C (Ω_{ADB} + Ω_{BDA} + Ω_{ADB}).

As a result, R_{00} and R_{IJ} will contain terms with r^{−2z}, r^{−2}, and a term quadratic in Ω^0_{IJ} containing r^{2z−4}, while R_{0I} will contain terms with r^{−(1+z)} and a term linear in Ω^0_{IJ} containing r^{(z−3)}.

Thus, all the explicit powers are negative, and we can construct a solution by making an expansion in negative powers. Let us write K_{AB} = ∑ Δ r^{−Δ}K^{(Δ)}_{AB} , ψ = ∑ Δ r^{−Δ}ψ^{(Δ)}. (45)

Assuming the sum only involves negative powers, that is Δ ≥ 0, then the terms in (26), (27) of order r^{−Δ0} will involve K^{(Δ)}_{AB} , ψ^{(Δ)} for Δ ≤ Δ_0, and curvature terms. The 00 and IJ components of (26) and the 0 component of (27) can be solved to determine the Δ = Δ_0 components of K_{00}, K_{IJ} and ψ, while the 0I components of (26) and the I components of (27) determine the Δ = Δ_0 components of K_{0I} and K_{I0}. The sources are given by the quadratic terms involving the extrinsic curvature terms and π_A at earlier orders, and the curvature terms which involve the frame fields and ψ at earlier orders.

To determine which powers occur, we work iteratively starting from the leading source terms coming from derivatives of the boundary data. The curvature of the r-independent terms in ê^{(A)}α will give sources in the 00 and IJ components of (32) and the 0 component of (27). These sources go like r^{−2z}, r^{−2}, and r^{2z−4}. Similarly substituting the curvature of the r-independent background values will produce terms in the 0I components of (32) and the I components of (33) which go like r^{−(1+z)} and r^{z−3}. To cancel all of these terms, we need subleading terms in K_{AB}, ψ with these same falloffs. Thus, we would need subleading terms in the frame fields such that ^̇e_{(0)α}ê^α_{(0)} ∼ r^{2z−4}, r^{−2}, r^{−2z}, (46)

^̇e_{(I)α}ê^α_{(J)} ∼ r^{2z−4}, r^{−2}, r^{−2z},

^̇e_{(0)α}ê^α_{(I)} ∼ r^{−2}, r^{−2z},

^̇e_{(I)α}ê^α_{(0)} ∼ r^{2z−4}, r^{−2}, r^{−2z},

Note that because of the explicit r^{z−1} in K_{0I} , the required behaviour for ^̇e_{(0)α}ê^α_{(I)} does not involve the leading r^{2z−4} falloff that appears in all the other terms. That is, the presence of the explicit positive power in K_{0I} has the effect that the behaviour of the subleading terms in ê_{(0)α} obtained by solving these equations will produce a faster falloff for the term contributing to K_{0I} .

If we include the effect of the leading term in ψ, this will give contributions to the equations with powers of r^{−Δ−} . This can appear on its own in the 00 component of (32) and in the 0 component of (33), and in combination with derivative terms in all the equations. Since A_A appears quadratically in (32), there will also be terms going like r^{−2Δ−} . To cancel these contributions, we will need to add additional subleading contributions containing powers r^{−Δ−} . These are negative powers for z < 2.

All of these subleading terms will then in turn contribute to the curvature terms and to the quadratic terms in (26), (27) requiring further subleading terms to cancel these contributions. We will thus need an infinite series of contributions to ê^{(A)}, ψ̂, with powers Δ = 2m + 2nz + (2z − 4)p + Δ_−q, m, n, p, q ∈ 0, 1, 2, . . . (47) We have concentrated above on subleading terms in the large r expansion which are locally determined by the boundary data. However, there will also be independent terms in the expansion which are not locally determined by the boundary data, corresponding to the second set of linearised solutions in section 4.1. These are referred to as the response functions, as they determine the finite part of the expectation values, as can be seen from the linearised analysis of [21]. These appear first at specific characteristic powers of r corresponding to the dual operator dimensions. The leading-order terms will be given precisely by the linearised solution in the previous section, as the x^α dependence of the boundary data does not effect the radial equation for the leading-order part of these modes.

In the asymptotic expansion, we can see the leading r-dependence of these additional contributions by finding the value of Δ where the equations at order Δ have a non-trivial solution with no source contribution. This is most easily illustrated by considering the trace-free part of the IJ components in (26), for which the leading contribution to the equations at e^{−Δr} is simply −ΔK^{(Δ)}_{IJ} + (z + 2)K^{(Δ)}_{IJ} , so that in the absence of sources there is a solution at Δ = z + 2, corresponding to the modes t_{d2} and t_{o2} in section 4.1. This works similarly for the other modes. but the coupling between the equations makes the analysis more complicated. For generic z, these response functions appear at a value of Δ where there is no source contribution. For some z, the Δ determined in this way is one of the values (47), and then there will be a logarithmic solution; we will ignore these cases for simplicity, but it should be easy to include them. The curvature terms arising from the leading part of the response functions will source another infinite series of subleading corrections.

Thus in summary, for z < 2, there are solutions of the bulk equations of motion for arbitrary boundary data, which can be constructed order by order in an expansion in powers of r. There is an infinite series of terms with powers (47) which are determined by the boundary data. The solution in this asymptotic expansion is not unique, as there are additional response functions in the general solution which are not determined locally in terms of the boundary data. One expects these to be fixed in terms of the boundary data by imposing appropriate regularity or inner boundary conditions in the interior of the spacetime. In our analysis of the counterterms in the next section we will assume this is true, so that the bulk solution is uniquely determined by the boundary data, but we will not explore it in detail, as we are restricting to an asymptotic analysis.

5.2.1 Expansion for z > 2

In the above analysis, we assumed that z < 2. If z ≥ 2, then Δ_− < 0, and to have an asymptotically locally Lifshitz solution, we need to set the source term lim_{r→∞} ψ̂ to zero. This is a familiar story from the AdS context; adding a source for an irrelevant operator will change the UV behaviour of the theory, which is reflected in the bulk dual by a violation of the usual asymptotic boundary conditions.

Additionally, the explicit power appearing in Ω^0_{IJ} is now positive, so in order to have a solution with all negative powers, we have to restrict the leading contribution to ê^{(0)}α such that it is irrotational. That is, we now need to set the source for the energy flux E^i to zero to have asymptotically locally Lifshitz solutions satisfying (3).

With this restriction, the leading contributions in the 00 and IJ components of (32) and the 0 component of (27) from the curvature of the boundary data will go like r^{−2z} and r^{−2}, and the leading contributions in the 0I components of (32) and the I components of (33) from curvature of the boundary data will go like r^{−(1+z)}. To cancel these, we need subleading terms in K_{AB}, ψ with these same falloffs. Thus, we would need subleading terms in the frame fields such that

^̇e_{(0)α}ê^α_{(0)} ∼ r^{−2}, r^{−2z}, (48)

^̇e_{(I)α}ê^α_{(J)} ∼ r^{−2}, r^{−2z},

^̇e_{(0)α}ê^α_{(I)} ∼ r^{−2z},

^̇e_{(I)α}ê^α_{(0)} ∼ r^{−2}, r^{−2z},

Again, we see a faster falloff in ^̇e_{(0)α}ê^α_{(I)}. As before, this faster falloff ensures that K_{0I} will involve the same powers as K_{I0}, despite the positive power in the expression for K_{0I} . It also implies that the first non-zero term in Ω^0_{IJ} comes from the terms at Δ = 2z, and hence goes like r^{−4}.

Thus, for z > 2, once we fix the sources for O_ψ and E^i to be zero, the powers appearing in the expansion of (32) and (27) will start with r^{−2} and r^{−2z}, and for arbitrary values of the other boundary data, there will be a solution in a series of negative powers as before, with powers Δ = 2m + 2nz, m, n ∈ N, (49) together with the response function contributions from section 4.1 and their subleading corrections.

Note however that as noted in section 4.1, if we impose asymptotically locally Lifshitz boundary conditions for z ≥ 4, the size of the space of response functions is reduced, because the mode c_{2i} has to be set to zero to satisfy the boundary conditions. We therefore expect that we will not generically have enough freedom to satisfy the inner boundary condition for arbitrary boundary data. That is, for z ≥ 4, while we will have asymptotically locally Lifshitz solutions in the asymptotic regime, to have an appropriate space of regular solutions for arbitrary boundary data we will need to consider a different boundary condition as outlined in section 4.1.

6 Holographic renormalization

Having explored the space of solutions for our boundary conditions, we should now construct an appropriate action principle for arbitrary boundary data to complete the holographic dictionary. To be able to apply the prescription given in section 3, we need an action which is finite on-shell and has vanishing variation on-shell under arbitrary variations satisfying the asymptotic boundary conditions. That is, δS = 0 on-shell if the field variation does not change the boundary data. We will construct such an action by adding appropriate local boundary counterterms to cancel the divergences in the action (10).

We will give an efficient algorithm for obtaining the required counterterms, based on the approach of [19, 20]. This involves expanding in eigenvalues of an appropriate bulk dilatation operator, rather than in powers of r as we did in the previous section. The first step is to take a Hamilton-Jacobi style approach to determining the on-shell action. Assuming that we impose some appropriate boundary or regularity condition in the interior of the spacetime, the on-shell solution of the equations of motion will be uniquely determined in terms of the asymptotic boundary data, so the on-shell action is a function of the boundary data, which we can write as a boundary term, S = ∫ d^3x √ −hλ(e^{(A)}, ψ). (50) Note that we actually write the action as a function of the values of the bulk fields evaluated on the boundary, rather than in terms of the boundary data. For asymptotically locally Lifshitz boundary conditions, the leading asymptotic values of the fields are determined by the boundary data, so this contains equivalent information, but it is better to work in terms of the boundary values of bulk fields, since counterterms added to the action need to be written in terms of the latter.

The variation of the on-shell action is given by (23), and we can use this to replace the dynamical ODEs (32), (33) by functional differential equations, writing π^{αβ} = 1 √ −h δ δh_{αβ} S, π^α = 1 √ −h δ δA_α S. (51)

These relations give the canonical momenta as functions of the boundary data. Assuming that the on-shell action is boundary diffeomorphism invariant will imply that these quantities automatically satisfy the diffeomorphism constraint (28), and if we substitute them into the Hamiltonian constraint (29), this becomes a quadratic equation in the functional derivatives of λ, which can be solved to determine λ in an appropriate expansion. The divergences we need to cancel are determined by applying this procedure to the naive action (10), calculating its on-shell value as a function of the boundary data. Since we are working with divergent quantities, we will need to introduce a regulator. We therefore assume that the boundary integral in (50) is evaluated on a surface r = r_0, and the value of the on-shell action is then a functional of the values of the bulk fields evaluated on this surface; these Dirichlet data determine the value of the action for the bulk solution. Also note that the value of the on-shell action is in general a non-local function of the boundary data, as it involves the response functions, which are only determined once we impose regularity conditions in the interior of the spacetime. An essential point is to see that the divergent terms in the naive on-shell action (10) are local functions of the boundary data, and do not involve the response functions, so they can be cancelled by simply subtracting the same function as a boundary counterterm in our definition of the action.

For the Lifshitz case we need to introduce slightly different variables, defining the functional derivatives

T^A_B = 1 √ −h e^{(A)}_α δ δe^{(B)}α S = 1 √ −h e^{(A)}_α δ δe^{(B)}α 1 16πG_4 ∫ d^3x √ −hλ (52) and π_ψ = 1 √ −h δ δψ S = 1 √ −h δ δψ 1 16πG_4 ∫ d^3x √ −hλ. (53) This change of variables is important because our boundary conditions give definite falloff behaviour for the frame fields, not the boundary metric. From the field theory point of view, (52) and (53) are convenient variables because they will determine the vevs of the corresponding boundary operators (we explain the relation to the vevs in a little more detail below). We will choose a gauge such that T_{IJ} is symmetric, so that the number of quantities in (52) and (53) matches the number of equations we are replacing. From the relation (25), we see that we can obtain the canonical momenta from these new variables, by writing π^0 = π_ψ, using

π_I A_0 = T_{I0} − T_{0I} (54)

to determine π_I , and recovering π_{AB} from π_{AB} = 1 2 (T_{AB} − π_AA_B ). (55)

Thus, the canonical momenta are determined in terms of functional derivatives of the action, and the constraint (34) can be solved in an appropriate expansion to determine the value of the on-shell action density λ.

We want to introduce a functional derivative which agrees at leading order with the radial derivative, which will be used to organise the expansion of the on-shell action. Assuming our asymptotically locally Lifshitz boundary conditions (3), we have that e^{(0)}α at leading order goes like r^z and e^{(I)}α at leading order goes like r, while from the linearized solution, at leading order ψ goes like r^{−Δ−} . Thus, if we introduce the dilatation operator

δ_D = ∫ d^3x ( ze^{(0)}_α δ δe^{(0)}α

+ e^{(I)}_α δ δe^{(I)}α − (z + 2 − Δ_ψ)ψ δ δψ ) , (56)

then acting on any function of e^{(A)}, ψ, this will agree with the radial derivative to leading order at large r, δ_D ∼ r∂_r.^7 We can also see that δ_D can be viewed as a bulk analogue of the field theory dilatation operator; the field theory operator would have the same form as (56), but with the bulk fields replaced by boundary data. From (52) and (53), we can see that if we consider the dilatation operator acting on the on-shell action, we can replace the functional derivatives on the RHS acting on the action by T^A_B, π_ψ. As a result, we have a relationship

(z + 2 − δ_D)λ = zT^0_0 + T^I_I − (z + 2 − Δ_ψ)ψπ_ψ. (57)

We now expand all these quantities in eigenfunctions of the dilatation operator δ_D, writing λ = ∑ Δ≥0 λ^{(Δ)}, δ_Dλ^{(Δ)} = Δλ^{(Δ)}, (58)

and similarly for T^A_B, π_ψ. Note that because of the different scaling weights carried by the frame fields, the components of T^A_B obtained by functionally differentiating λ^{(Δ)} do not all have the same eigenvalue Δ:

λ^{(Δ)} → T^{0 (Δ)}_0 , T^{0 (Δ+1−z)} I , T^{I (Δ+z−1)} 0 , T^{I (Δ)}_J . (59)

Similarly, the fact that ψ carries a non-trivial scaling weight implies

λ^{(Δ)} → π^{(Δ−Δ−)} ψ . (60)

Expanding (57) in dilatation eigenvalues, we have

(z + 2 − Δ)λ^{(Δ)} = zT^{0 (Δ)}_0 + T^{I (Δ)}_I − Δ_−ψπ^{(Δ−Δ−)}_ψ (61)

= 2zπ^{0 (Δ)}_0 + 2π^{I (Δ)}_I + zαπ^{(Δ)}_ψ + (z − Δ_−)ψπ^{(Δ−Δ−)}_ψ .

Note that (61) does not determine λ^{(Δ)} for Δ = z + 2. This is the leading term in the dilatation expansion associated with the response functions; it is also the term which makes a finite contribution to the on-shell action, as it scales like r^{−(z+2)} at leading order, cancelling the scaling of the integration measure √ −h. From the field theory point of view, the expectation values of the operators T_{AB} and O_ψ are the functional derivatives of the on-shell bulk action with respect to the boundary data. Since the boundary data give the leading terms in the bulk fields, the functional derivatives with respect to boundary data can be exchanged for the ones involving

7Note that, as stressed recently in [23], this statement depends crucially on satisfying our asymptotic boundary conditions, and it is difficult to extend this dilatation approach to consider even perturbative violations of the boundary conditions.

e^{(A)}, ψ in (52), (53) up to some overall powers of r. Once we have cancelled the divergent contributions, the leading contribution to the action comes from λ^{(z+2)}, so the expectation values will be given by its functional derivatives, that is,

⟨E⟩ = r^{z+2}T^{0 (z+2)}_0 , ⟨E^i⟩ = r^{2z+1}T^{I (2z+1)}_0 , ⟨P_i⟩ = r^3T^{0 (3)}_I , ⟨Π^i_j ⟩ = r^{z+2}T^{I (z+2)}_J , (62) and ⟨O_ψ⟩ = r^{Δψ} π^{(Δψ )}_ψ (in all these quantities, the limit as r → ∞ should be taken to compute the actual vevs). Note also that for Δ = z + 2 the right-hand side of (61) must vanish. This is precisely the tracelessness condition for the stress tensor complex, generalised to the case where we explicitly break scale invariance by introducing a source ψ̂ for O_ψ.

Our interest is not however primarily in this undetermined part, but in the terms in the dilatation expansion of the on-shell action which are locally determined by the boundary data. These are determined by (61) together with the constraint equation (34), whose expansion in dilatation eigenvalues is ∑ s<Δ/2 [ 2K^{(s)}K^{(Δ−s)} − 2K^{(s)}_{AB}K^{AB(Δ−s)} − π^{(s)}_A π^{A(Δ−s)} − 1 m^2

(∇_Aπ^A)^{(s)}(∇_Aπ^A)^{(Δ−s)} ]

(63) + [ 1 2 K^{(Δ/2)2} − K^{(Δ/2)}_{AB} K^{AB(Δ/2)} − 1 2 π^{(Δ/2)}_A π^{A(Δ/2)} − 1 2m^2

(∇_Aπ^A)^{(Δ/2)2} ] = src^{(Δ)},

where src^{(Δ)} is the source contribution from the right-hand side of (34), which only appears for some particular values of Δ.

We want to manipulate this expression to obtain a formula for the right-hand side of (61). To do so, it is useful to note that the first two terms in (63) can be rewritten as 2K^{(s)}K^{(Δ−s)} − 2K^{(s)}_{AB}K^{AB(Δ−s)} = −2K^{(s)}_{AB} π^{AB(Δ−s)}. Now from the above large r expansion, we can see that

K^{0 (0)}_0 = z, K^{I (0)}_J = δ^I_J . (64)

For the vector momentum, we can write

π_A = Ȧ_A + A_BK^B_A − ∂_AA_r, (65)

which gives π^{(0)}_0 = αK^{0 (0)}_0 = zα (66)

and a constraint on π^{(Δ−)}_0 ,

π^{(Δ−)}_0 = ψ̇ + αK^{0 (Δ−)}_0 + ψK^{0 (0)}_0 = αK^{0 (Δ−)}_0 + (z − Δ_−)ψ. (67)

Note that we can combine these results to obtain

T^{A (0)}_B = −2(z + 1)δ^A_B . (68)

For a generic value of Δ, the terms in (63) with s = 0 and s = Δ_− are then

−2zπ^{0 (Δ)}_0 − 2π^{I (Δ)}_I − zαπ^{0(Δ)} − 2K^{(Δ−)}_{AB} π^{AB(Δ−Δ−)} − π^{(Δ−)}_A π^{A(Δ−Δ−)} (69) = −(zT^{0 (Δ)}_0 + 2T^{I (Δ)}_I ) − (π^{(Δ−)}_0 − zψ − αK^{0 (Δ−)}_0 )π^{0(Δ−Δ−)} −K^{(Δ−)}_{AB} T^{AB(Δ−Δ−)} − π^{(Δ−)}_I π^{I(Δ−Δ−)} + ψK^{0 (Δ−)}_0 )π^{0(Δ−2Δ−)}.

Putting this together with (61) gives

(z + 2 − Δ)λ^{(Δ)} = zT^{0 (Δ)}_0 + T^{I (Δ)}_I − Δ_−ψπ^{(Δ−Δ−)}_ψ = −quad^{(Δ)} − src^{(Δ)}, (70)

where quad^{(Δ)} is the remaining quadratic terms,

quad^{(Δ)} = ∑ 0<s<Δ/2;s≠Δ_− [ 2K^{(s)}_{AB}π^{AB(Δ−s)} + π^{(s)}_A π^{A(Δ−s)} + 1 m^2

(∇_Aπ^A)^{(s)}(∇_Aπ^A)^{(Δ−s)} ]

+ [ K^{(Δ−)}_{AB} T^{AB(Δ−Δ−)} + K^{(Δ−)}_{00} π^{0(Δ−2Δ−)}ψ + π^{(Δ−)}_I π^{I(Δ−Δ−)} ]

+ [ K^{(Δ/2)}_{AB} π^{AB(Δ/2)} + 1 2 π^{(Δ/2)}_A π^{A(Δ/2)} + 1 2m^2

(∇_Aπ^A)^{(Δ/2)2} ] , (71)

and the source terms will be given below. This is the equation we wish to solve to determine the divergent parts of the on-shell action. The advantage of this dilatation expansion, relative to the expansion in powers of r we considered in the previous section, is that the curvature terms in (34), which involved an infinite series of terms in the expansion in powers of r, contribute a finite set of terms with definite dilatation eigenvalues, so we can write them all down explicitly, and the sub-leading terms contribute to further sub-leading terms only through the quadratic terms (71).

Let us first consider the source terms. For the Ricci rotation coefficients Ω^C_{AB} , using the behaviour of the frame fields, the dilatation dimensions are Δ = 1 for Ω^0_{0I} and Ω^K_{IJ} , Δ = z for Ω^J_{0I} , and Δ = 2 − z for Ω^0_{IJ} . For the vector field, ψ has by definition dimension Δ = Δ_−. Hence F_{0I} = −∂_I A_0 +2Ω^0_{0I} A_0 will contain components of dimension 1, 1 + Δ_−, and F_{IJ} = 2Ω^0_{IJ} A_0 will contain components of dimension 2 − z, 2 − z + Δ_−. The Ricci scalar in terms of the Ricci rotation coefficients is

R = −4∂_AΩ^{CA}_C + 4Ω^{CA}_C Ω^B_{AB} − Ω_{ABC} Ω^{ABC} . (72)

This will have contributions at dimensions 2, 2z and 4 − 2z.

Putting all this together, we can obtain the source terms at each order:

• Δ = 0:

src^{(Δ)} = −2Λ + 1 2 m^2α^2 = 2(z + 1)(z + 2). (73)

• Δ = 2:

src^{(Δ)} = R^{(2)}− 1 4 F^{(1)}_{AB} F^{AB(1)} = −4∂_I Ω^{CI}_C +4Ω^{CI}_C Ω^B_{IB} −2Ω_{0I0}Ω^{0I0}−Ω_{IJK} Ω^{IJK} +Ω_{0I0}Ω^{0I0}α^2. (74)

• Δ = 2z:

src^{(Δ)} = R^{(2z)} = −4∂_0Ω^{I0}_I + 4Ω^{I0}_I Ω^{J0}_J − 2Ω_{I0J} Ω^{I0J} . (75)

• Δ = 4 − 2z:

src^{(Δ)} = R^{(4−2z)} − 1 4 F^{(2−z)}_{AB} F^{AB(2−z)} = −Ω_{IJ0}Ω^{IJ0} + Ω_{IJ0}Ω^{IJ0}α^2. (76)

• Δ = Δ_−:

src^{(Δ)} = m^2αψ (77)

• Δ = Δ_− + 2:

src^{(Δ)} = − 1 2 F^{(1)}_{AB}F^{AB(1+Δ−)} = −(∂_I ψ + 2Ω^0_{0I} ψ)Ω^{I0}_0 α. (78)

• Δ = Δ_− + 4 − 2z:

src^{(Δ)} = − 1 2 F^{(2−z)}_{AB} F^{AB(2−z+Δ−)} = 2Ω_{IJ0}Ω^{IJ0}αψ. (79)

• Δ = 2Δ_−: src^{(Δ)} = 1 2 m^2ψ^2 (80)

• Δ = 2Δ_− + 2:

src^{(Δ)} = − 1 4 F^{(1+Δ−)} AB F^{AB(1+Δ−)} = − 1 4 (∂_I ψ + 2Ω^0_{0I} ψ)(∂_J ψ + 2Ω^0_{0J} ψ)δ^{IJ} . (81)

• Δ = 2Δ_− + 4 − 2z:

src^{(Δ)} = − 1 4 F^{(2−z+Δ−)} AB F^{AB(2−z+Δ−)} = Ω_{IJ0}Ω^{IJ0}ψ^2. (82)

We will have contributions from the src^{(Δ)} term in (70) only for these values of Δ.

There is one mixed term in (71) which involves derivatives of the momenta, namely ∇_Aπ^A. This can be written as

∇^Aπ_A = ∂^0π_0 − 2Ω^C_{C0} π^0 + ∂^I π_I − 2Ω^C_{CI} π^I , (83)

so a term in π^0 with dilatation eigenvalue Δ will contribute a term in ∇^Aπ_A with eigenvalue Δ+z, while a term in π_I with eigenvalue Δ will contribute a term in ∇_Aπ^A with eigenvalue Δ + 1.

We casn now verify that we can solve (70) for λ^{(Δ)} at each order in terms of the sources and the functional derivatives of λ^{(Δ′)} at earlier orders Δ^′ < Δ. That is, we want to see that no term coming from Δ^′ ≥ Δ can appear in the quadratic term (71) at order Δ. This is not immediately obvious because as noted in (59) and (60), the functional derivatives can give terms with lower Δ, as λ^{(Δ)} determines T^{0 (Δ+1−z)}_I and π^{(Δ−Δ−)} ψ . The potential problem with π_ψ is easily dealt with; in the explicit quadratic term, the sum only involves π^{(s)}_0 for s > Δ_−, so the contribution to the quadratic at order Δ involves π^{Δ′−Δ−}_ψ for Δ^′ < Δ. π_ψ also contributes to ∇^Aπ_A, but this contribution involves Δ^′ + (z − Δ_−), so since Δ_− < z for all z, this involves only Δ^′ < Δ. For the T_{0I} piece, when T^{Δ′+1−z}_{0I} appears in the quadratic with K^{(s)}_{0I} , this will give Δ^′ < Δ if s < z − 1. For z < 2, the smallest eigenvalue in K_{0I} (coming from λ^{(2)}) is s = 3 − z > z − 1 as z < 2. For z > 2, setting to zero the source terms for E_i implies (as we will see below) that the smallest eigenvalue in K_{0I} is s = z + 1. Thus, all terms in the quadratic piece in (71) are determined by λ^{(Δ′)} for Δ < Δ^′, and we can solve (70) to determine λ^{(Δ)} at each order in terms of the pieces at earlier orders. In particular, this implies that none of the λ^{(Δ)} for Δ < z + 2 depend on the undetermined piece λ^{(z+2)} which is a non-local function of the boundary data. That is, all the divergences in the naive action (10) are local functions of the boundary values of the bulk fields, determined by solving (70) recursively. We can then cancel the divergences λ^{(Δ)} for Δ < z+2 by subtracting these local functions of the boundary values of the bulk fields as a local counterterm in our definition of the action.

The solution for the on-shell action in this dilatation expansion for arbitrary values of the source terms will involve dilatation eigenvalues which are the same as the powers of r appearing in the discussion of the solution of the equations of motion in the previous section, namely Δ = 2n + 2mz + p(4 − 2z) + qΔ_−, n, m, p, q ∈ N. (84) We have p = q = 0 if we set the sources for O_ψ and E^i to zero. There will be additional dilatation eigenvalues which appear in the expansion of the on-shell action if we take a non-zero value for the response function at Δ = z + 2, but the terms which are determined in terms of the boundary data will have the eigenvalues (84).

6.1 Counterterms for z < 2

Let us now demonstrate this approach by constructing the divergent pieces of the action for z < 2, thus identifying the required counterterms. One would like to give a comprehensive survey of the divergent contributions; unfortunately however, for some values of z, there will be a large number of values of p and q in (84) which give Δ < z + 2, so a comprehensive discussion would be long and not very illuminating. We will therefore confine ourselves to the terms with p = 0 and q = 0, 1.

Consider first the terms with m = n = 0, which don’t involve derivatives of the boundary data. The first contribution, at Δ = 0, is determined by the leading falloff of the bulk fields. We have the T^{A (0)}_B given by (68), which gives the leading term in the on-shell action to be

λ^{(0)} = zT^{0 (0)}_0 + T^{I (0)}_I z + 2

= −2(z + 1). (85)

Note that this is consistent with re-obtaining T^0_0 and T^I_J as the functional derivatives of λ using (52). These values are also consistent with the constraint (34), using the value (73) for the sources. At Δ = Δ_−, applying (70) gives

λ^{(Δ−)} = −zαψ. (86)

The functional differential equations (52), (53) can be checked to be consistently satisfied, with T^{A(Δ−)}_B = −zαψδ^A_B . These first two terms reproduce the no-derivatives counterterm given in [21] to the relevant order: there we had

S_{ct} = 4 + zα √ −A_αA^α = 2(z + 1) + zαψ + O(ψ^2). (87)

It is only the terms at linear order that mattered in [21], as there we only considered divergences in the absence of sources. However, the previous calculation has to be corrected at higher orders. For example, at Δ = 2Δ_−, after a little more calculation, we find λ^{(2Δ−)} = − z z + 1

(2z − 1 − Δ_−)ψ^2. (88)

This is consistent with the constraint on π^{(Δ−)}_0 in (67). Note that as the frame fields cannot appear undifferentiated in λ, possible terms in T^I_0 and T^0_I arising from functional derivatives of the no-derivative terms will vanish.

Let us now consider the derivative terms. For λ^{(2)} there are no quadratic contributions, and putting in the source contributions in (70) gives

−zλ^{(2)} = R^{(2)}− 1 4 F^{(1)}_{AB} F^{AB(1)} = −4∂_I Ω^{CI}_C +4Ω^{CI}_C Ω^{BI}_B−2Ω_{0I0}Ω^{0I0}−Ω_{IJK} Ω^{IJK} +2Ω_{0I0}Ω^{0I0}α^2. (89) For λ^{(2z)}, there is also a contribution from the quadratic term involving ∇^Aπ_A, and we have

−(2−z)λ^{(2z)} = R^{(2z)} + 1 2m^2

(∇^Aπ_A)^{(z)2} = −4∂_0Ω^{I0}_I +4(Ω^{I0}_I )^2 −2Ω_{I0J} Ω^{I0J} +α^2(Ω^{I0}_I )^2. (90) On the intermediate steps, the superscripts (2), (2z) etc indicate that we keep only the term of the stated dilatation eigenvalue in the expression. The interesting point to note here is that these expressions are all by construction covariant with respect to coordinate transformations, but because of the different coefficients on the lefthand side, the sum of these two-derivative terms is not covariant with respect to the Lorentz transformations acting on the frame indices. This is as we would expect, given the different scaling dimensions of the frame fields. Put another way, the bulk matter field has singled out a particular direction, so the 0 and I indices are treated differently. Here we see explicitly how this enters into the required counterterms in the on-shell action. For z = 1, the two terms will combine into a Lorentz-covariant expression, and this reduces to the usual AdS counterterm.

By taking functional derivatives of these terms, we can evaluate the corresponding components of the stress tensor. For general λ^{(Δ)}, the functional variation will be complicated to calculate, but because these low-order terms can be written as the components of a given dilatation eigenvalue in a boundary scalar, we can simply calculate the variation of the scalar quantity and then extract the term of the correct dilatation eigenvalue. For λ^{(2)}, this gives

zT^{(2)}_{00} = −[2R_{00} + R + F_{0C} F^C_0 + 1 4 F^2 − α∇_C F^C_0]^{(2)}, (91)

zT^{(2)}_{IJ} = [−2R_{IJ} + δ_{IJ} R − F_{IC} F^C_I + 1 4 δ_{IJ} F^2]^{(2)},

zT^{(3−z)}_{0I} = −2R^{(3−z)}_{0I} , zT^{(1+z)}_{I0} = [−2R_{0I} + α∇_C F^C_I ]^{(1+z)}.

While for λ^{(2z)}, we have

(2 − z)T^{(2z)}_{00} = −[2R_{00} + R + z^2α m^2

∇_0(∇^C A_C )]^{(2z)}, (92)

(2 − z)T^{(2z)}_{IJ} = [−2R_{IJ} + δ_{IJ} R]^{(2z)}, (2 − z)T^{(z+1)}_{0I} = −2R^{(z+1)}_{0I} ,

(2 − z)T^{(3z−1)}_{I0} = [−2R_{0I} − z^2α m^2

∇_I (∇^C A_C )]^{(3z−1)}.

Derivative terms with q ≠ 0 are more involved; to illustrate this, we consider the term at Δ = Δ_− + 2, which will also be useful for determining π^{(2)}_ψ , which will contribute to quadratic terms in the next subsection. This is the first term for which a quadratic term in the stress tensor appears. We have

(z − Δ_−)λ^{(Δ−+2)} = −K^{(Δ−)}_{AB} T^{AB(2)} + 1 2 F^{(1)}_{AB} F^{AB(1+Δ−)}. (93)

Using the values of T^{(Δ−)}_{AB} and π^{(Δ−)}_0 obtained above to evaluate K^{(Δ−)}_{AB} , we can rewrite this as

(z−Δ_−)λ^{(Δ−+2)} = αψ 2(z + 1) [ z(3z − Δ_−)T^{00(2)} + z(2z − 1 − Δ_−)T^{I (2)}_I + (z + 1)Ω_{IJ0}Ω^{IJ0} ] . (94) This gives

(z−Δ_−)π^{(2)}_ψ = α 2(z + 1) [ z(3z − Δ_−)T^{00(2)} + z(2z − 1 − Δ_−)T^{I (2)}_I + (z + 1)Ω_{IJ0}Ω^{IJ0} ] . (95) We see that already at this two derivative level, the form of the counterterms is reasonably complicated. Nonetheless, the conceptual picture is simple: As in the AdS case, the divergent terms are written explicitly in terms of bulk fields evaluated on the boundary. Thus, adding these same expressions to the naive action (10) will cancel the divergences.

6.2 Counterterms for z ≥ 2

In the asymptotic analysis, we saw that our spacetime would be asymptotically locally Lifshitz for z ≥ 2 only if we set to zero the sources for the matter operator O_ψ and the energy flux E^i. We will therefore consider here only the counterterms for divergences which arise with those sources set to zero. To consider correlation functions involving O_ψ or E^i, we would need to consider the corresponding sources at the perturbative level, following the interesting recent analysis in the AdS case in [23, 34]. We leave such consideration for future work.

Setting these sources to zero implies that the dilatation expansion of the action involves only terms with Δ = 2n + 2mz. We want to consider the divergences in the expectation values, and not just the on-shell action, so we should note that setting the source for E^i to zero implies that the terms in T_{0I} with Δ = 2n + 1 − z will necessarily vanish, as there is no local function of the sources with this dilatation dimension when Ω^0_{IJ} = 0. Thus, in the expansion of T_{00}, T_{IJ} there will only be terms with Δ = 2n + 2mz, while in the expansion of T_{0I} , T_{I0} there will only be terms with Δ = 2n + 1 + (2m + 1)z.

Setting the sources for O_ψ and E^i to zero simplifies the expansion, and we can now discuss all the divergent terms: for the action, the divergent terms have Δ = 2n. We obtained λ^{(0)} and λ^{(2)} in the discussion above; we can now consider for example λ^{(4)}, which is the only additional term required for z < 4. There is no source term for Δ = 4, so the relevant term in the on-shell action is just given by quadratic terms,

(z − 2)λ^{(4)} = − K^{(2)}_{AB} π^{AB(2)} − 1 2 π^{(2)}_A π^{A(2)}. (96)

Using the expressions for T^{(2)}_{AB} and π^{(2)}_0 in the previous subsection, one could compute this counterterm explicitly, but the full expression is unenlightening. What’s important about this calculation is not to obtain the explicit forms of the counterterms, but to see that the divergences can be cancelled by adding appropriate counterterms which are local functions of the boundary values of the bulk fields.

7 Discussion

In this paper, a geometrically natural definition of asymptotically locally Lifshitz spacetimes was given. This gives boundary data which act as sources for the stress tensor complex of the dual field theory, and can be interpreted as giving a natural non-relativistic curved geometry on the boundary. We have shown that solutions of the equations of motion for arbitrary values of the boundary data exist for z < 2 in the context of the massive vector theory. For 2 ≤ z < 4, bulk solutions satisfying these boundary conditions exist if we set some of the sources to zero. This is natural from the field theory point of view, as the sources we are setting to zero correspond to irrelevant operators. For z > 4, however, we would have to set one of the response functions to zero to satisfy these boundary conditions, and we argued in section 4.1 that these boundary conditions will have to be appropriately modified.

For arbitrary boundary data, there are divergences in the bulk action. In section 6, we showed that for asymptotically locally Lifshitz boundary conditions, all the divergences are local functions of the boundary values of bulk fields. Thus the divergences can be cancelled by adding appropriate local counterterms to the action. We gave a procedure for explicitly deriving these counterterms, and calculated the first few terms explicitly. The boundary conditions and the construction of counterterms here have a very similar spirit to the familiar AdS calculations; the main message of this work is that dealing with Lifshitz only requires a modest extension of the holographic toolbox.

We should revisit an issue to do with divergences from the previous linearized analysis. In [21], there were divergences in E^i coming from the other response functions for z > 2, and derivative counterterms were introduced to cancel these divergences. In the general analysis we have undertaken here, however, we found that the only divergences in the action came from the terms λ^{(Δ)} for Δ < z + 2, and the required counterterm action was uniquely determined as a function of the boundary values of the bulk fields by cancelling these divergences. This is not a contradiction; as observed in [23], the counterterm action is a function of the boundary values of the bulk fields, not of the boundary data. Evaluated on a cutoff surface of finite r and written in terms of the linearised mode solutions, this will have a subleading part involving the response functions. When we consider irrelevant operators, [23] showed that some of these subleading terms can be divergent. That is, when we write the divergent part of the action in terms of the linearised modes, it can appear to have a divergence involving the response functions, but when we rewrite it in terms of the boundary values of bulk fields, it depends locally on these fields. These were called pseudo-non-local divergences in [23]. Note that the reason that the calculation is simpler here than in [23] is that we have switched off the sources for irrelevant operators, so that we can still apply the dilatation expansion technique.

In the approach taken here, the counterterms are necessarily local functions of the boundary values of bulk fields, so they should automatically cancel the divergences seen in [21]. This can be verified at the two-derivative level by checking that the counterterm needed to cancel λ^{(2)} is essentially the same as the two derivative counterterm introduced in appendix A of [21]^8, for the parameter σ_1 = −^1_z . The calculation there then shows that this counterterm will cancel the k^4 divergence considered there.

The analysis given in this paper is essentially complete for z < 2. For z ≥ 2, our restriction to asymptotically locally Lifshitz spacetimes forces us to set sources for irrelevant operators to zero. It may be interesting to analyse the sources for these irrelevant operators perturbatively, following [23]; this would be important particularly if there were problems where we wanted to consider finite density for the energy flux E^i. There is also an issue with the calculation of the expectation value of the scalar operator for z ≥ 2; the operator becomes irrelevant in this range, but more significantly, the source for this operator appears linearly in the frame fields as well as in the vector field. It would be interesting to see if similar issues arise for the matter content in models which can be embedded in string theory. If so, it would be valuable to understand the correct prescription for calculating this expectation value.

For z ≥ 4, there is a more substantial issue, as asymptotically locally Lifshitz boundary conditions require that one of the response functions vanishes, leaving us without sufficient freedom to satisfy boundary conditions in the interior of the space-

8After correcting a sign error there.

time. In this regime, our asymptotically locally Lifshitz boundary condition will need to be replaced by a different condition. In section 4.1, we saw that at the linearised level we could either adopt a mixed boundary condition for the frame component e^{(I)}_t , which would fix the source for P_i as before, or we could continue to impose a simple Dirichlet boundary condition for e^{(I)}_t , which would now correspond to fixing P_i, and regarding it as a source for a vector operator of dimension z − 1. Understanding the appropriate boundary condition at the non-linear level and extending the analysis performed here to such boundary conditions is perhaps the most important direction for future work here.

Acknowledgements

I am grateful for useful discussions with Alex Maloney, Don Marolf, Mukund Rangamani, and Omid Saremi. This work was supported by STFC; I also thank the Centro de Ciencias de Benasque and the Galileo Galilei Institute for hospitality, and the INFN for partial support during this work.

References

[1] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv.Theor.Math.Phys. 2 (1998) 231–252, hep-th/9711200.

[2] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and Y. Oz, “Large N field theories, string theory and gravity,” Phys.Rept. 323 (2000) 183–386,

hep-th/9905111.

[3] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” Class.Quant.Grav. 26 (2009) 224002, 0903.3246.

[4] J. McGreevy, “Holographic duality with a view toward many-body physics,” Adv.High Energy Phys. 2010 (2010) 723105, 0909.0518.

[5] S. Kachru, X. Liu, and M. Mulligan, “Gravity Duals of Lifshitz-like Fixed Points,” Phys.Rev. D 78 (2008) 106005, 0808.1725.

[6] M. Taylor, “Non-relativistic holography,” 0812.0530.

[7] K. Balasubramanian and K. Narayan, “Lifshitz spacetimes from AdS null and cosmological solutions,” JHEP 1008 (2010) 014, 1005.3291.

[8] R. Gregory, S. L. Parameswaran, G. Tasinato, and I. Zavala, “Lifshitz solutions in supergravity and string theory,” JHEP 1012 (2010) 047, 1009.3445.

[9] A. Donos and J. P. Gauntlett, “Lifshitz Solutions of D=10 and D=11 supergravity,” JHEP 1012 (2010) 002, 1008.2062.

[10] A. Donos, J. P. Gauntlett, N. Kim, and O. Varela, “Wrapped M5-branes, consistent truncations and AdS/CMT,” JHEP 1012 (2010) 003, 1009.3805.

[11] D. Cassani and A. F. Faedo, “Constructing Lifshitz solutions from AdS,” JHEP 1105 (2011) 013, 1102.5344.

[12] S. A. Hartnoll, J. Polchinski, E. Silverstein, and D. Tong, “Towards strange metallic holography,” JHEP 1004 (2010) 120, 0912.1061.

[13] S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys.Lett. B428 (1998) 105–114, hep-th/9802109.

[14] E. Witten, “Anti-de Sitter space and holography,” Adv.Theor.Math.Phys. 2 (1998) 253–291, hep-th/9802150.

[15] C. Fefferman and C. R. Graham, “Conformal invariants,” in Elie Cartan et les Mathémathiques d’aujourd’hui, p. 95. Astérisque, 1985.

[16] C. Graham, “Volume and area renormalizations for conformally compact Einstein metrics,” math/9909042.

[17] V. Balasubramanian and P. Kraus, “A Stress tensor for Anti-de Sitter gravity,” Commun.Math.Phys. 208 (1999) 413–428, hep-th/9902121.

[18] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807 (1998) 023, hep-th/9806087.

[19] I. Papadimitriou and K. Skenderis, “AdS / CFT correspondence and geometry,” hep-th/0404176.

[20] I. Papadimitriou and K. Skenderis, “Correlation functions in holographic RG flows,” JHEP 0410 (2004) 075, hep-th/0407071.

[21] S. F. Ross and O. Saremi, “Holographic stress tensor for non-relativistic theories,” JHEP 0909 (2009) 009, 0907.1846.

[22] P. Horava and C. M. Melby-Thompson, “Anisotropic Conformal Infinity,” Gen.

Relativ. Gravit. (2010) 0909.3841.

[23] B. C. van Rees, “Holographic renormalization for irrelevant operators and multi-trace counterterms,” 1102.2239.

[24] M. Baggio, J. de Boer, and K. Holsheimer, “Hamilton-Jacobi Renormalization for Lifshitz Spacetime,” 1107.5562.

[25] R. Mann and R. McNees, “Holographic Renormalization for Asymptotically Lifshitz Spacetimes,” 1107.5792.

[26] C. W. Misner, K. Thorne, and J. Wheeler, Gravitation. Freeman, 1974.

[27] C. Ruede and N. Straumann, “On Newton-Cartan cosmology,” Helv.Phys.Acta 70 (1997) 318–335, gr-qc/9604054.

[28] I. R. Klebanov and E. Witten, “AdS / CFT correspondence and symmetry breaking,” Nucl.Phys. B556 (1999) 89–114, hep-th/9905104.

[29] S. Hollands, A. Ishibashi, and D. Marolf, “Counter-term charges generate bulk symmetries,” Phys.Rev. D72 (2005) 104025, hep-th/0503105.

[30] M. Guica, K. Skenderis, M. Taylor, and B. C. van Rees, “Holography for Schrodinger backgrounds,” JHEP 1102 (2011) 056, 1008.1991.

[31] G. Bertoldi, B. A. Burrington, and A. Peet, “Black Holes in asymptotically Lifshitz spacetimes with arbitrary critical exponent,” Phys.Rev. D80 (2009) 126003, 0905.3183.

[32] T. Zingg, “Thermodynamics of Dyonic Lifshitz Black Holes,” 1107.3117. [33] T. Ortin, Gravity and Strings. Cambridge University Press, 2004. [34] B. C. van Rees, “Irrelevant deformations and the holographic Callan-Symanzik equation,” 1105.5396.