arXiv:1107.4556v2 [gr-qc] 25 Jul 2011

A solution of the non-uniqueness problem of the Dirac Hamiltonian and energy operators

Mayeul Arminjon

Laboratory “Soils, Solids, Structures, Risks”, 3SR (CNRS and Universités de Grenoble: UJF, Grenoble-INP), BP 53, F-38041 Grenoble cedex 9, France.

Abstract

In a general spacetime, the possible choices for the field of orthonormal tetrads lead (in standard conditions) to equivalent Dirac equations. However, the Hamiltonian operator is got from rewriting the Dirac equation in a form adapted to a particular reference frame, or class of coordinate systems. That rewriting does not commute with changing the tetrad field (u_α). The data of a reference frame F fixes a four-velocity field v, and also fixes a rotation-rate field Ω. It is natural to impose that u_0 = v. We show that then the spatial triad (u_p) can only be rotating w.r.t. F, and that the title problem is solved if one imposes that the corresponding rotation rate Ξ be equal to Ω—or also, if one imposes that Ξ = 0. We also analyze other proposals which aimed at solving the title problem.

1 Introduction

Dirac’s original equation is valid for a Minkowski spacetime in Cartesian coordinates and involves four 4 × 4 complex constant matrices, say γ^{♮α} (α = 0, ..., 3), which play the role of coefficients in this equation. These “Dirac matrices” generate the Clifford algebra associated with the Minkowski metric η^{αβ}. I.e., they are assigned to obey the anticommutation relation: γ^{♮α}γ^{♮β} + γ^{♮β} γ^{♮α} = 2η^{αβ} 1_4, α, β ∈ {0, ..., 3}. (1) Here the matrix (η^{αβ} ) ≡ diag(1, −1, −1, −1), and 1_4 is the identity matrix, 1_4 ≡ diag(1, 1, 1, 1). Any two solutions (γ^{♮α}) and (γ^{♯α}) of the basic relation (1) should be equally valid sets of coefficients for Dirac’s original equation. One can prove that the quantum-mechanical predictions of the Dirac equation in a Minkowski spacetime in Cartesian coordinates are indeed fully independent of the chosen solution (γ^{♮α}) [1].

In a general spacetime manifold V equipped with a Lorentzian metric g, the Dirac equation has to be extended so that the Dirac matrices, say γ^μ (μ = 0, ..., 3), obey the anticommutation relation with this metric g: γ^μγ^ν + γ^ν γ^μ = 2g^{μν} 1_4, μ, ν ∈ {0, ..., 3}, (2) where (g^{μν} ) is the inverse matrix of the matrix (g_{μν} ) made with the components g_{μν} of g in a local coordinate system or chart χ : X → (x^μ), defined on an open subset U of V.^1 Now the metric tensor g depends on the spacetime position X ∈ V, thus it is a tensor field. In Eq. (2), the components g^{μν} depend thus on the spacetime position, and so do the Dirac matrices γ^μ. The dependence of the g^{μν} ’s on the spacetime position implies that there is a vast continuum of different possibilities for the γ^μ field, all being solutions of the basic relation (2). In the standard extension of the Dirac equation to a curved spacetime, which is due to Weyl [11] and to Fock [12], and which will be named the “Dirac-Fock-Weyl” equation (DFW for short), the γ^μ field is defined from an orthonormal tetrad field; see Subsect. 2.2 below. The connection used to define the covariant derivatives in the DFW equation depends on the tetrad field in such a way that the equation is covariant under any smooth change of this tetrad field, i.e., under any “local Lorentz transformation”: X → L(X) ∈ SO(1, 3), depending smoothly on X ∈ V [2, 4].

1 The Dirac matrices γ^μ are thus defined locally and depend on the chart. In this paper, we shall not discuss the relation between the Dirac matrices γ^μ, which are the standard object introduced in the physics literature about the Dirac equation (see e.g. Refs. [2, 3, 4, 5, 6, 7]), and the corresponding global chart-independent object, called “fundamental spinor-tensor” by Lichnerowicz [8] and “spinor-tensor γ” by Dimock [9], which is considered by mathematicians. This relation is discussed in detail in Ref. [10], where that object is called “γ field”.

(Except for spacetimes that are not simply connected [13].)

However, the Hamiltonian operator H and the energy operator E, hence the associated energy states, are got from rewriting the Dirac equation in a form adapted to a particular reference frame. (The operator E coincides with the Hermitian part of H [7, 14].) It is not a priori obvious that this rewriting commutes with changing the coefficients γ^μ in the Dirac equation. For the Dirac equation in a Minkowski spacetime with constant Dirac matrices γ^μ, in Cartesian (or affine) coordinates, it happens to be the case [1], essentially because the change of the matrices γ^μ does not depend on the spacetime position. For a general spacetime, and in fact already if one applies any “curved spacetime Dirac equation” to a Minkowski spacetime—even in Cartesian coordinates—the γ^μ matrices and their admissible changes are allowed to depend on the spacetime position. It follows from this that rewriting the Dirac equation in a form adapted to a particular reference frame does not generally commute with changing the γ^μ matrices in the Dirac equation. This is the source of an actual non-uniqueness problem for the operators H and E. One of the first manifestations of this problem was observed by Ryder [15]. He found that, for spherical coordinates whose azimuth angle ϕ expresses a uniform rotation with respect to an inertial frame in a Minkowski spacetime, the presence or absence of Mashhoon’s “spin-rotation coupling term” [16] in the DFW Hamiltonian depends on the choice of the tetrad field. He “suggest[ed] that it is a general result that the correct way of defining a rotating frame is with reference to Fermi-Walker transport”. He did not mention a non-uniqueness problem, however. Independently of that work, the condition for the general Dirac Hamiltonian operator to be Hermitian was derived in a general curved spacetime in Ref. [17]. It was found that, for DFW, the validity of this hermiticity condition depends on the choice of the γ^μ matrices. It was noted that a uniqueness problem thus arises for the DFW equation, even in a flat spacetime [17]. Thereafter, this problem was studied in detail [14]. It was thus found that, among the admissible changes which may be imposed to the field of Dirac matrices, the vast majority does not lead to an equivalent Hamiltonian operator H, nor to an equivalent energy operator E, whence a lack of uniqueness; and that even the Dirac energy spectrum is not unique in a given coordinate system in a given spacetime (V, g). This was found to apply [14] to the DFW equation, as also to the two alternative Dirac equations in a curved spacetime, proposed previously [18].

In two recent papers, Gorbatenko & Neznamov have proposed an attempt at solving the hermiticity problem and the non-uniqueness problem of the Hamiltonian associated with the standard Dirac equation in a curved spacetime (DFW), first for a stationary gravitational field [19] and then for a general gravitational field [20], by having recourse to pseudo-Hermitian quantum mechanics. They are working in a fixed chart. Let us observe that, for a stationary metric, it is easy to propose a solution of both the hermiticity problem and the non-uniqueness problem: in view of Eq. (2), it is then natural to take for γ^μ field one that does not depend on the time coordinate t. This leads to a Hermitian Hamiltonian [7, 17]. Any two time-independent γ^μ fields are related together by a time-independent local similarity, hence ([14], Eq. (48)) give rise to equivalent Hamiltonian operators. For a general, time-dependent metric, Gorbatenko & Neznamov [20] propose to define a unique Hermitian Hamiltonian operator H_η. It turns out that H_η is just the energy operator obtained with what they call “the Schwinger tetrad”, i.e., an orthonormal tetrad (u_α), of which each among the three “spatial” vectors u_p (p = 1, 2, 3) has a zero “time” component, in the chart considered. (In our notation, this writes a^0_p = 0 (p = 1, 2, 3). Such tetrads were considered in Refs. [14, 17], and their existence proof was outlined in Footnote 8 of Ref. [14]. Note that the notion of a Schwinger tetrad depends thus on the chart considered.) Their calculations are correct but, as is shown in Appendix C, their conclusion that “For any system of tetrad vectors, after the specified operations we will have one and the same Hamiltonian H_η” is incorrect. In short, this is because, in a given chart, there are a lot of different tetrads which are a Schwinger tetrad in that chart; and the energy operator in a given chart still depends on the choice of the Schwinger tetrad, just as it depends on the choice of the general tetrad.

In the present paper, a viable, physically motivated solution is presented to the non-uniqueness problem of the Dirac Hamiltonian and energy operators. This solution works provided that the γ^μ field is defined from a tetrad field and that the Dirac equation is covariant under any change of the tetrad field. Both facts apply to the DFW equation. The proposed solution consists in imposing that, at each spacetime point, the local angular velocity tensor of the spatial triad (u_p), as we will define it in this paper, be equal to the local angular velocity tensor of the reference frame, as it has been defined by Weyssenhoff [21] and Cattaneo [22]. In Section 2, we summarize the framework and the existing non-uniqueness problem. We emphasize there that both the Hamiltonian operator and the energy operator depend necessarily and naturally on the reference frame, not only for the Dirac equation. In contrast, the non-uniqueness problem is specific to the curved-spacetime Dirac equation. It occurs in any given reference frame in any spacetime. We also note that the data of a tetrad field is more than that of a reference frame. In Section 3, we propose our solution. We recall the definition of the local angular velocity tensor of a reference frame [21, 22]. Then we define the local angular velocity tensor of the spatial triad in an orthonormal tetrad. We show that, by restricting the consideration to tetrad fields for which the two rotation rates are equal, one defines unique Hamiltonian and energy operators.

2 The non-uniqueness problem and its cause

2.1 The Hamiltonian operator and its dependence on the reference frame

Consider a linear differential operator P acting on regular “wave functions” ψ, which are defined over a spacetime manifold V, and whose values ψ(X) at each point X ∈ V belong to some vector space E_X of dimension m. (In precise terms: each function ψ is a smooth section of some vector bundle E of dimension m, with base V. We assume that P is an internal operator, i.e., P ψ is a smooth section of the same vector bundle E.) By definition, the Hamiltonian operator associated with the linear PDE

P ψ = 0 (3)

in a certain chart: X → (x^μ), is a linear differential operator H that: i) contains no derivative with respect to the coordinate time t ≡ x^0/c, and ii) is such that (3) rewrites equivalently as the Schrödinger equation: i ∂Ψ ∂t = HΨ, (4)

where Ψ ≡ (Ψ^a)_{a=1,...,m} is the column vector made with the components of ψ in some “frame field”, i.e., a smooth field of bases of E: X → (e_a(X)), with (e_a(X)) a basis of E_X . A such operator H does exist if (3) contains only first-order time derivatives of the components Ψ^a of ψ, in such a way that the corresponding matrix M, entering the term MΨ_{,0} = (M^a_bΨ^b_{,0}) in the local expression of P ψ, is invertible. In that case, the operator H is unique for a given linear equation in a given chart on V, χ : X → X ≡ (x^μ), and in a given frame field on E. In a different chart, say χ^′ : X → X^′ ≡ (x^{′μ}) = F(X), this procedure gives rise to a different operator H^′, which in general is not related simply to H. Usually, the frame field on E is not changed as one changes the chart on V.^2 Then, the column vector Ψ is left invariant in the change of the chart: Ψ^′(F(X)) = Ψ(X), hence Eq. (4) transforms as:

H^′Ψ^′ ≡ i ∂Ψ^′ ∂t^′ = i ∂Ψ ∂x^μ ∂x^μ ∂t^′ = ∂t ∂t^′ HΨ + i ∂Ψ ∂x^j ∂x^j ∂t^′ . (5)

It follows that H and H^′ are independent, inequivalent operators, unless the coordinate change is a purely spatial one [17], i.e., unless

x^{′0} = x^0, x^{′j} = f^j((x^k)). (6)

In that case, one gets from (5) the following invariance relation under the change of chart:

∀X, (H^′Ψ^′)(F(X)) = (HΨ)(X). (7)

In words: the Hamiltonian acts as a unique operator inside any set of charts which exchange by a purely spatial change (6). This is also true when Ψ transforms as a true vector on a coordinate chart [17].

The relation (6) between two charts is an equivalence relation for charts which are all defined on a given open set U ⊂ V [23]. We call reference frame an equivalence class F of charts for this relation, for a given open set U. Indeed, a such class defines a unique reference fluid in the sense of Cattaneo [22], that is a three-dimensional congruence of time-like world lines (observers): in any chart χ belonging to a given class (reference frame) F, these world lines are the lines

x^j = Constant (j = 1, 2, 3), X ≡ (x^μ) ∈ χ(U). (8)

It follows from the relation (6) that a world line x ⊂ V, whose expression is (8) in a chart belonging to a given class F, has the same expression (with

2 However, when E is the complexified tangent bundle T_CV, the frame field on it can be taken to be the natural basis (∂_μ) associated with the chart. Then, on changing the chart, the frame field is changed to the new natural basis (∂^′_μ), and Ψ transforms as a true vector [10]. This corresponds with the “tensor representation of the Dirac fields” [17, 18].

primes, except for U) in any other chart χ^′ ∈ F [23]. Let M be the set of the world lines (8), thus defined from a reference frame F.^3 Let χ ∈ F be any chart belonging to the class F. Consider the mapping which associates with any world line x ∈ M, the triad of its constant spatial coordinates in the chart χ:

~χ : M → R^3, x → x ≡ (x^j ). (10)

The set M is naturally equipped with a structure of three-dimensional differentiable manifold, for which any mapping ~χ, with χ ∈ F, is a global chart of M [23]. We call M the space manifold associated with the reference frame F.

Thus, the Hamiltonian operator naturally depends on the reference frame. The argument given above does not depend on a particular wave equation. This dependence imposes that, if we wish to define a unique Hamiltonian operator for the Dirac equation, then we have first to fix the reference frame. Note that the data of a chart χ, with its domain U (an open set), determines a unique reference frame: the equivalence class F of χ modulo the purely spatial changes (6). If U = V, the chart χ and the associated reference frame F are global. There exists a global chart, iff V is diffeomorphic to an open subset of R^4. This is true even for Gödel’s spacetime, however “pathological” it may look. However, for the sake of generality, we will not assume that there exists a global chart. The price to pay is that, if U ≠ V, a world line (8) is not necessarily a connected set.

2.2 Tetrad fields and spin transformations

As was indicated in the Introduction, the non-uniqueness of the Dirac Hamiltonian comes from the fact that there is a vast continuum of different possibil-

3 The world-lines (8) and their set M are left unchanged, not only under a purely spatial change of the coordinates, Eq. (6), but also under a general change of the time coordinate, x^{′0} = f((x^μ)). Thus, our definition of a reference frame as an equivalence class of charts modulo the purely spatial changes (6) involves fixing a reference fluid and fixing a time coordinate. This additional fixing is imposed by the fact that the Hamiltonian operator (and indeed also a classical Hamiltonian) does depend on the choice of the time coordinate, see Eq. (5). If we are given only a reference fluid, then the charts in which the world lines of the congruence have the form (8) are called adapted to the reference fluid, they exchange by [22]:

x^{′0} = f((x^μ)), x^{′j} = f^j ((x^k )). (9)

ities for the γ^μ field, all being solutions of the basic relation (2). In this paper, we will restrict ourselves to the case where the γ^μ field is defined from an orthonormal tetrad field (u_α). Given some local chart χ : X → (x^μ), U → R^4, one may express the vectors u_α in the natural basis (∂_μ) as u_α = a^μ_α ∂_μ. The definition of the γ^μ field is then written locally (for X ∈ U) as:

γ^μ(X) = a^μ_α(X) γ^{♮α}, (11)

see e.g. Refs. [2, 4]. The orthonormality condition of the tetrad writes

g(u_α, u_β) = g_{μν} a^μ_α a^ν_β = η_{αβ} . (12)

Equations (1) and (12) imply that the γ^μ field defined by (11) satisfies the anticommutation relation (2). The orthonormality condition (12) remains satisfied if we change the tetrad field by applying to the starting one a local (proper) Lorentz transformation L : V → SO(1, 3), X → L(X):

ũ_β = L^α_β u_α = ã^μ_β ∂_μ, ã^μ_β = a^μ_α L^α_β. (13)

The new tetrad field ũ_β is associated by Eq. (11) with a new field of Dirac matrices, ~γ^μ ≡ ã^μ_βγ^{♮β} . Just because that new field also satisfies the anticommutation relation (2), we know that it can be deduced from the former one γ^μ by a local similarity transformation [24], X ∈ V → S(X) ∈ GL(4, C), which is unique up to a complex scalar λ(X) [1]: ~γ^μ = S^{−1}γ^μS, μ = 0, ..., 3. (14) However, here the local similarity S corresponds to a change of the tetrad field by a local Lorentz transformation, Eq. (13). It follows that, at each spacetime point X, we can take the 4 × 4 matrix S(X) in the spin group Spin(1, 3) and such that

(∀X ∈ V) Λ(S(X)) = L(X), (15)

where Λ : Spin(1, 3) → SO(1, 3) is the two-to-one covering map of the special Lorentz group by the spin group. See e.g. [13]. In other words, we can take S(X) = ±S(L(X)), where L → ±S(L) is the spinor representation (which is defined only up to a sign, contrary to the covering map of which it is the “inverse”) [17]. We will call “spin transformation” a smooth local similarity transformation S taking values in Spin(1, 3). With any spin transformation S, Eq. (15) associates a smooth local Lorentz transformation L. Conversely, depending on the topology of the spacetime V, all smooth local Lorentz transformations L, or only a subclass of them, can be “lifted” to a spin transformation S such that Λ ∘ S = L [13].

2.3 Non-uniqueness of the Dirac Hamiltonian

The starting Hamiltonian operator H, before application of a local similarity transformation, is got by rewriting the Dirac equation as the Schrödinger equation (4). Suppose that some form of the Dirac equation is covariant under the local similarity transformation S, which is applied to the Dirac matrices according to Eq. (14), and simultaneously to the wave function ψ (or rather to the column matrix Ψ of its components) according to

~Ψ = S^{−1}Ψ. (16)

Then, the new Hamiltonian operator ~H is got by inserting the change of unknown function (16) into (4) and by rewriting this as a Schrödinger equation for ~Ψ. This gives immediately

~H = S^{−1}HS − i S^{−1}∂_tS. (17)

On the other hand, it is fairly obvious that the two operators H and ~H are mathematically and physically equivalent iff

~H = S^{−1} H S. (18)

It is indeed easy to prove [14] that, under this condition only, all scalar products are equal, i.e., for all Ψ, Φ in the domain D of H

(~H ~Ψ ~| ~φ) = (H Ψ | Φ). (19)

(The relevant scalar product ( | ), Eq. (24) below, is modified by the application of a local similarity transformation, becoming (~| ) [14].) In particular, the operators H and ~H have then the same spectrum.

By comparing (17) and (18), we see that a local similarity transformation S, under which the Dirac equation is covariant, provides us with a Hamiltonian operator that is equivalent to the starting one, iff

∂_tS = 0, (20)

that is, iff the similarity S is independent of the time t ≡ x^0—in the reference frame F which is considered, see the end of Subsect. 2.1. Whence follows the non-uniqueness of the Dirac Hamiltonian [14].

In Ref. [14], Eqs. (17) and (20) were established specifically for the DFW equation, by using the explicit form of the DFW Hamiltonian and its change after a spin similarity. Here, we see that they depend only on the covariance of the Dirac equation under the similarity, or equivalently on the invariance of the corresponding Lagrangian density: l = √ −g i 2 [ Ψγ^μ(D_μΨ) − ( D_μΨ ) γ^μΨ + 2imΨΨ ] , (21)

where Ψ ≡ Ψ^†A, with Ψ^† denoting the complex conjugate transpose of Ψ, and similarly D_μΨ ≡ (D_μΨ)^† A. (Here, A is the hermitizing matrix [24, 1, 17].) Indeed, the DFW equation as well as all alternative forms of the curved spacetime Dirac equation proposed recently [18, 10], all derive from this Lagrangian [10]. One may check that, in order that the Lagrangian (21) be invariant under the similarity (14), (16), it is necessary and sufficient that the connection matrices Γ_μ, which define the covariant derivatives D_μ = ∂_μ + Γ_μ, transform as ~Γ_μ = S^{−1}Γ_μS + S^{−1}(∂_μS). (22)

(The matrices Γ_μ for DFW do follow the rule (22) if the local similarity S is specifically a spin transformation [4].) Therefore, if we impose on some form of the Dirac equation that the connection matrices change according to Eq. (22) after a local similarity, then that form transforms covariantly.^4 So that the new Hamiltonian is (17), thus is equivalent to the starting one iff the similarity does not depend on time.

2.4 Non-uniqueness of the Dirac energy operator

In the case of time-dependent fields, the Dirac Hamiltonian H is generally not Hermitian [7, 17]. Then, the relevant spectrum is that of the Hermitian part of H: E = H^s ≡ 1 2 (H + H^‡), (23)

4 If the local similarity is a passive one, i.e., if it follows from a change of the frame field on the vector bundle E, then the rule (22) is satisfied automatically [10].

where the Hermitian conjugate operator H^‡ is w.r.t. the unique scalar product identified in Ref. [17]:

(Ψ | Φ) ≡ ∫ Ψ^†BΦ √ −g d^3x, B ≡ Aγ^0. (24)

The operator E is called the “energy operator”. The justification for this name is that one can show for the general Dirac equation derived from the Lagrangian (21) that the expected value of the operator E equals the classical field energy as derived from the Lagrangian (21), see Ref. [14]. This has been proved by Leclerc [7] for the DFW equation in the particular case of a “Schwinger tetrad”. From the explicit expression of E − H [14], it is easy to check that the energy operator E transforms like the Hamiltonian H under a purely spatial change (6) of the chart, hence E depends only on the reference frame (for a given γ^μ field, though accounting for its transformation law on a change of the chart). E.g., when the wave function transforms as a scalar under coordinate changes, E is invariant under a change (6), as in Eq. (7) for H.

As with the Hamiltonian operator, the energy operator ~E after a local similarity S is physically equivalent to the starting energy operator E, iff

~E = S^{−1} E S. (25)

The condition on S in order for this to occur, was derived for DFW theory to be [14]:

B(∂_0S)S^{−1} − [ B(∂_0S)S^{−1} ]_† ≡ 2 [ B(∂_0S)S^{−1} ]_a = 0. (26)

This derivation depended only on Eq. (17) (Eq. (47) in Ref. [14]) and on the following one, which results from the explicit expression of the operators H and E for the general Dirac equation [14]:

~E − S^{−1}ES = ~H − S^{−1}HS + i 2 [ S^{−1}B^{−1}(S^†)^{−1}(∂_0S)^†BS + S^{−1}(∂_0S) ] . (27)

Therefore, the condition (26) applies also to the general Dirac equation, provided that it transforms covariantly under the local similarity S, i.e., if Eq. (22) applies. Just like Eq. (20) for H, the condition (26) for the equivalence of E and ~E is generally not satisfied, whence the non-uniqueness of the Dirac energy operator. Note that any time-independent similarity satisfies (26).

2.5 Reference frames vs. tetrad fields

As we have seen in Subsect. 2.1, the Hamiltonian operator depends necessarily and naturally on the reference frame F (the meaning of that expression being defined there), not only for the Dirac equation. The non-uniqueness of H and E occurs in any given reference frame F. Thus, when one defines the γ^μ field from an (orthonormal) tetrad field, the non-uniqueness problem has a relation with the fact that the choice of the tetrad field is not fixed by the choice of F. However, the data of a reference frame, as an equivalence class F of charts modulo the purely spatial changes (6), normally determines a unique four-velocity field v. The tangent vector along a world line (8) is time-like iff g_{00} > 0 [23]. Henceforth, we shall consider only charts χ whose domain U is such that g_{00}(X) > 0 for X ∈ U. This condition is invariant under a change (6), thus it is imposed on the reference frame F. Under this condition, we define v as the normed tangent vector, whose components in any chart χ belonging to F are:

v^0 ≡ 1 √ g_{00}

, v^j = 0. (28)

These are invariant under the purely spatial changes (6). More generally, the vector with components (28) transforms covariantly under the changes (9) of adapted coordinates (when they satisfy ∂x^{′0}/∂x^0 > 0), thus it depends only on the reference fluid associated with F. Thus v is the four-velocity of that reference fluid [22, 23]. Conversely, the data of an orthonormal tetrad field (u_α) contains that of the four-velocity vector field u_0, with g(u_0, u_0) = 1. Hence it is natural to impose on the tetrad field the condition that the timelike vector of the tetrad is the four-velocity of the reference fluid:

u_0 = v. (29)

This condition was proposed by Mashhoon & Muench [26] and by Maluf et al. [28], although these authors considered v as the 4-velocity of an observer and did not link it to a class of coordinate systems. (Also, what Maluf et al. [28] call a “reference frame” is exactly a tetrad field, in contrast with our terminology.) However, of course, the mere data of u_0 does not fix the orthonormal tetrad (u_α). The spatial vectors of the tetrad, u_p (p = 1, 2, 3), are generally not “attached” to F. We will show that the spatial triad (u_p) as a whole can only be rotating w.r.t. F, and we shall fix this rotation by fixing the corresponding angular velocity tensor.

3 A solution of the non-uniqueness problem

3.1 Angular velocity tensor field of a reference frame

Weyssenhoff [21] introduced an antisymmetric spatial tensor field:

ω_{jk} ≡ ∂_j g_k − ∂_kg_j − (g_j∂_0g_k − g_k∂_0g_j) (j, k = 1, 2, 3), g_j ≡ g_{0j} g_{00}

. (30)

One checks easily that ω_{jk} is indeed a spatial (0 2) tensor field, i.e., it transforms as does a usual (0 2) tensor, for purely spatial changes of the chart, Eq. (6).^5 Weyssenhoff introduced it in order to characterize a “normal congruence”, i.e., a reference fluid for which there exists adapted coordinates (Footnote 3) such that g_{0j} = 0 (j = 1, 2, 3): this is the case iff the Weyssenhoff tensor (30) vanishes [21, 22]. Thus, in that case, we can get g_{0j} = 0 by a change (9), in fact by a mere change of the time coordinate (synchronization). However, Cattaneo [22] showed that the tensor (30) has also a precise dynamical meaning. He rewrote the geodesic equation of motion, in the most general case, in the form of Newton’s second law with the proper time τ of the local observer, the velocity v^k, the (velocity-dependent) mass m, etc., as measured in a given reference frame with local clocks and rods. In the dynamical equation thus obtained ([22], Eq. (101)), the tensor (30) contributes a term which has precisely the form of the Coriolis force of Newtonian theory: F_{j Coriolis} = −2mΩ_{jk}v^k, where the spatial tensor Ω_{jk} ≡ 1 2 c √ g_{00} ω_{jk} ≡ 1 2 c √ g_{00} (∂_j g_k − ∂_kg_j − g_j∂_0g_k + g_k∂_0g_j) (31)

plays thus exactly the role played by the angular velocity tensor of a rotating frame in Newtonian theory. This gives a strong argument for calling Ω_{jk} the angular velocity tensor field of the reference frame F. Note that the spatial tensor field Ω_{jk} depends indeed on the reference frame, i.e., it depends on

5 Given a reference frame F, covering some open subset U of the spacetime (Subsect. 2.1), we can define a spatial tensor field (depending, however, on the spacetime position X ∈ U) as a tensor field on the space manifold M associated with F. E.g., a spatial vector field can be defined as a mapping u from U into the tangent bundle TM, such that ∀X ∈ U, u(X) ∈ TM_x, the tangent space to M at x — where, ∀X ∈ U, x = x(X) is the unique world line of M, such that X ∈ x [23]. One defines in the same way a spatial tensor field of any type (p q), by substituting for TM the appropriate tensor product TM ⊗ ... ⊗ TM ⊗ TM^∘ ⊗ ... ⊗ TM^∘ with TM^∘ the cotangent bundle. All spatial tensor fields discussed in this paper, including the tensor (30), are also ones in this geometrical sense.

the reference fluid and on the time coordinate.

As an illustrative example, let us calculate this tensor for the metric which is obtained in a Minkowski space for a uniformly rotating reference frame. That is, starting from an inertial reference frame F^′ defined by Cartesian coordinates t^′, x^′, y^′, z^′, in which the Minkowski metric has the standard form

ds^2 = c^2 dt^{′2} − (dx^{′2} + dy^{′2} + dz^{′2}), (32)

we go from F^′ to a reference frame F having a uniform rotation with constant angular velocity +ω around the z^′ axis w.r.t. F^′ (we mean constant in terms of the coordinate time of F, t = t^′), by setting

t = t^′, x = x^′ cos ωt + y^′ sin ωt, y = −x^′ sin ωt + y^′ cos ωt, z = z^′. (33)

The Minkowski metric writes in the coordinates t, x, y, z [see Eq. (85)]:

ds^2 = [ 1 − (ωρ c )_2] (dx^0)^2 + 2 ω c (y dx − x dy)dx^0 − (dx^2 + dy^2 + dz^2), (34)

where ρ ≡ √ x^2 + y^2 and x^0 = ct. The coordinates t, x, y, z, restricted to the domain U ≡ {X ∈ V; ωρ < c}, define the class F. We have thus here:

(g_j) = ω c ( y 1 −^{ω2ρ2}_{c2} , −x 1 −^{ω2ρ2}_{c2} , 0 ) , (35)

whence

ω_x ≡ Ω_{32} = 0, ω_y ≡ Ω_{13} = 0, ω_z ≡ Ω_{21} = +ω/ [ 1 − ω^2ρ^2 c^2

] 3_2 . (36)

Thus we find that the angular velocity vector field of the uniformly rotating reference frame is the constant “nominal” angular velocity vector ω ≡ ω∂_z, up to a second-order term. The presence of that term is due to the fact that the locally measured time and distances are influenced by special-relativistic effects related with the non-uniform velocity generated by the rotation.

3.2 Angular velocity tensor field of a spatial triad

Consider a smooth curve in spacetime, C : ξ ∈ I → C(ξ) = X ∈ V, with tangent vector T (ξ) ≡^{dC}_{dξ} , where I is an open subset of the real line. (The set I, hence also the set C(I) ⊂ V, is not necessarily connected.) Let U be a smooth vector field defined in a neighborhood of the range C(I). The absolute derivative of U along C is the vector (DU/dξ)_C ≡ D_T U ≡ (DU)(T ), where D is the Levi-Civita connection associated with the metric g.^6 As is well known, given any tetrad field (u_α), any connection D on TV is characterized by coefficients γ^ϵ_{αβ}, such that

D_β u_α ≡ (Du_α)(u_β) = γ^ϵ_{αβ} u_ϵ. (37)

Decomposing the vector field U on the tetrad: U = U^αu_α, we get ( DU dξ ) C = dU^α(T )u_α + U^α × (Du_α)(T ) = [ dU^ϵ dξ + γ^ϵ_{αβ} U^αT^β ] u_ϵ, (38)

just as in the particular case of a coordinate (holonomic) basis, in which case the coefficients γ^ϵ_{αβ} in Eq. (37) are the Christoffel symbols. (We have dU^ϵ dξ ≡ dU^ϵ(T ) =^{∂U ϵ}_{∂xμ}^{dxμ}_{dξ} .) As is well known, (DU/dξ)_C depends only on C and on the mapping ξ → U(ξ) ≡ U(C(ξ)) defined on I. Note that the parameter ξ used to define the curve C is arbitrary. Since the Levi-Civita connection is metric-compatible: Dg = 0, the absolute derivative obeys the Leibniz rule: ( d dξ ) C (g(U, U^′)) = g (( DU dξ ) C , U^′ ) + g ( U, ( DU^′ dξ ) C ) . (39)

For a tetrad field (u_α), let us decompose the vectors Du_α/dξ on the tetrad itself: ( Du_β dξ ) C = Φ^α_β u_α. (40)

Thus, we have for an orthonormal tetrad (u_α): g ( u_α, ( Du_β dξ ) C ) = Φ^ϵ_β η_{αϵ} ≡ Φ_{αβ} . (41)

From Eq. (39) with U = u_α and U^′ = u_β, we see that this is an antisymmetric tensor: Φ_{βα} + Φ_{αβ} = 0. At this stage, this tensor is defined over the

6 A connection D on TV associates with any vector field U (i.e., with any local section of TV), a local section DU of the tensor product bundle TV^∘ ⊗ TV ∼= Hom(TV, TV) [25]. Thus, with any vector field T , DU associates a vector field (DU)(T ). The latter is the contracted product of DU and T corresponding with the unique dual pair (TV^∘, TV).

curve C, i.e., for X = C(ξ) with ξ ∈ I.

We consider henceforth the case that the curve C is a trajectory of the vector field v ≡ u_0, the time-like vector of a global tetrad field (u_α) [26, 27, 28]. Hence v is a global 4-velocity vector field, thus its trajectories make a 3-D congruence of world lines, or reference fluid. We assume that there is at least one chart χ : X → (x^μ), with domain U (with g_{00} > 0 in U), which is adapted to that reference fluid. That is, the world lines of the congruence are described in the chart χ by Eq. (8). The set of these world lines makes then a space manifold M, see Subsect. 2.1. (The equivalence class of the chart χ modulo the relation (6) is a reference frame F.) Then Φ_{αβ} becomes a tensor field defined on U: given X ∈ U, let x(X) be the unique world line x ∈ M, such that X ∈ x [23]. I.e., x(X) is the trajectory of v which passes at X, more exactly it is the intersection of that trajectory with the domain U. The tensor Φ_{αβ} (X) is defined by taking as curve C in Eq. (41), the world line x(X), parameterized by the time coordinate:

t(Y ) ≡ x^0(Y )/c, (42)

say C : t → C(t) = Y ∈ x(X). Hence the tangent vector is

T (t) = dC dt = ds dt v(C(t)). (43)

From (37), (41) and (43), we get directly Φ_{αβ} ≡ g ( u_α, ( Du_β dt ) C ) = c dτ dt g (u_α, (Du_β)(u_0)) = c dτ dt η_{αϵ} γ^ϵ_{β0}, (44)

whence the simple expression (confirming the antisymmetry Φ_{βα} = −Φ_{αβ} , since for an orthonormal tetrad and a metric-compatible connection, the coefficients (37) verify γ_{αβϵ} = −γ_{βαϵ}):

Φ_{αβ} = c dτ dt γ_{αβ0}. (45)

In particular, the field X → Φ_{αβ} (X) is smooth. It depends of course on the orthonormal tetrad field (u_α), and also on the choice of the time coordinate X → t(X) ≡ x^0(X)/c, or rather on the rate dτ/dt, where dτ = ds/c is the proper time increment along the world line x(X) ∈ M—that is, the proper time of the local observer bound with the reference fluid having velocity v.

It may seem natural to use only that proper time to define the tensor Φ_{αβ} , as is done in Ref. [28]. And indeed, whether or not there exists a chart χ, in which the trajectories of the 4-velocity field v ≡ u_0 are described by Eq. (8), one may use the definition (41) with C being that trajectory of v which passes at X, parameterized by the proper time τ. This gives our formula (45) with dτ/dt = 1. However, a priori, the trajectory of v passing at X is defined only in some interval I_X , enclosing the initial time τ_0 such that C(τ_0) = X, and there is no differential structure on the set of these trajectories. Theorem 1 in Appendix A needs that there exists a chart (χ, U), in which the trajectories of v are described by Eq. (8). (In the application right below to the non-uniqueness problem of the Dirac Hamiltonian and energy operators, this existence is guaranteed because we start from a given reference frame.) Under this condition, the set M of the world lines (8) is naturally equipped with a structure of differential manifold [23]. This allows us to define an (antisymmetric) spatial tensor field Φ, i.e., a mapping X ∈ U → Φ(X) ∈ TM^∘_x ⊗ TM^∘_x with x = x(X), whose components are the Φ_{pq} components (p, q = 1, 2, 3) of the tensor field Φ_{αβ} . Otherwise, this subset of components would not have a definite meaning. We show that Φ is the opposite of the angular velocity tensor of the spatial triad (u_p) associated with the tetrad (u_α), Eq. (79) with ξ = t.

3.3 The proposed solution: equating the two rotation rates

The data of a reference frame F determines a unique four-velocity field v, Eq. (28), and also fixes the modified Weyssenhoff angular velocity tensor Ω, Eq. (31), which is a spatial tensor. In addition to the condition u_0 = v, Eq. (29), it is natural to impose on the tetrad field (u_α) the condition that the angular velocity tensor Ξ of the spatial triad (u_p), Eq. (79), be equal to Ω:

Ξ = −Φ = Ω. (46)

(According to the definition in Appendix A: for a given index p ∈ {1, 2, 3}, u_p is the spatial vector whose components, in any chart χ ∈ F, are simply the spatial components a^j_p (j = 1, 2, 3) of the 4-vector u_p in the chart χ.) We now show that this provides a solution to the non-uniqueness problem.

Theorem 2. In the spacetime (V, g), let (u_α) and (~u_α) be two orthonormal direct tetrad fields such that u_0 = ~u_0. Then: (i) The two tetrad fields exchange by a local Lorentz transformation: ~u_β = L^α_β u_α, whose matrix has the form

L = 1 0 0 0 0 0 R 0 (47)

where R is a rotation matrix, R = R(X) ∈ SO(3). (ii) Assume that, in some reference frame F with 4-velocity v = u_0 = ~u_0, the corresponding spatial triad fields (u_p) and (~u_r) have the same angular velocity tensor:

Ξ ≡ Ξ_{pq} θ^p ⊗ θ^q = ~Ξ_{rs} ~θ^r ⊗ ~θ^s, (48)

where (θ^p) and (~θ^r) are the bases of spatial one-forms dual to (u_p) and (~u_r), respectively. Then, the matrix R does not depend on the time coordinate: ∂_tR = 0, thus R = R(x), x ∈ M. (iii) Therefore, the fields of Dirac matrices γ^μ and ~γ^μ deduced respectively from (u_α) and (~u_α) [Eq. (11)] exchange by a time-independent local similarity S = S(x), hence give rise, in the reference frame F, to equivalent Dirac Hamiltonian operators H and ~H, as well as to equivalent Dirac energy operators E and ~E.

Proof. By imposing that u_0 = ~u_0, we get of course that the (local) Lorentz transformation L with ~u_β = L^α_β u_α satisfies L^α_0 = δ^α_0 , similarly we have (L^{−1})^α_0 = δ^α_0 . Since L is a Lorentz transformation, we have L^T ηL = η, or L^T = ηL^{−1}η^{−1}, whence

L^0_α = (L^T )^0_α = η_{αϵ} ( L^{−1} )_ϵ ζ η^{ζ0} = η_{αϵ} ( L^{−1} )_ϵ 0 = η_{αϵ}δ^ϵ_0 = η_{α0} = δ^0_α, (49)

hence the matrix L has the form (47). It follows that R^T = R^{−1}, thus R ∈ O(3). We have det L = 1, because both (u_α) and (~u_α) are direct. It then follows from (47) that det R = 1, hence R ∈ SO(3). This proves (i).

The time evolution of each triad is governed by Eq. (78) with ξ = t, the time coordinate common to any chart χ ∈ F; thus δu_q dt = Ξ^p_q u_p, δ~u_s dt = ~Ξ^r_s ~u_r. (50)

From (47) and the definition (70) of the spatial triad, we have

~u_s(X) ≡ i_X (~u_s(X)) = i_X (R^q_s(X)u_q(X)) = R^q_s(X)u_q(X), (51)

whence by (50):

~Ξ^r_s ~u_r = (∂_tR)^q_s u_q + R^q_s Ξ^p_q u_p (s = 1, 2, 3). (52)

We did not use the assumption (48) until now. In view of (51), that equality of tensors means that the components Ξ_{pq} = Ξ^p_q and ~Ξ_{rs} = ~Ξ^r_s exchange by

~Ξ^r_s = (R^{−1})^r_p Ξ^p_q R^q_s. (53)

From this and (52), we get: ( R^{−1} )_r p Ξ^p_q R^q_s~u_r = Ξ^p_q R^q_s u_p = (∂_tR)^q_s u_q + R^q_s Ξ^p_q u_p, (54)

whence (∂_tR)^q_s u_q = 0 (s = 1, 2, 3), (55)

hence ∂_tR = 0, in any chart χ ∈ F. That is, the expression in the chart χ ∈ F, R̆_χ : X → R(χ^{−1}(X)), of the matrix function on V: X → R(X), depends only on the spatial coordinates—for any chart χ ∈ F. This means, as is easy to check, that R is a function only of x ∈ M, R(X) = R̂(x(X)). This proves (ii).

The fields of Dirac matrices γ^μ and ~γ^μ deduced respectively from (u_α) and (~u_α) [Eq. (11)] exchange by a time-independent local similarity S(x) = ±S(L(x)) where L has the form (47) with R = R(x) (x ∈ M). It then follows from condition (20) [or (26)], that the corresponding Hamiltonian operators H and ~H [and the corresponding energy operators E and ~E] are equivalent. (Note that we do not need that S depend smoothly on the spatial coordinates, hence no topological restriction on the spacetime needs to be imposed.) This proves point (iii), thus completing the proof of Theorem 2.

4 Discussion and examples

Actually, Theorem 2 provides us with two natural solutions to the nonuniqueness problem exposed in Section 2: (i) we may impose that the spatial triad has the same angular velocity tensor as the given reference frame, Eq. (46). Or (ii) alternatively we may impose simply that the spatial triad has zero angular velocity tensor, Ξ = 0. Note that, to use Theorem 2, we have also to impose the condition u_0 = v, hence either solution is valid only in reference frames associated to one fixed reference fluid, given by its four-velocity field v. (Such reference frames may differ by the time coordinate, see Note 3.) That is, if two tetrad fields (u_α) and (~u_α) give rise to the same angular velocity tensor field Ξ = ~Ξ in a reference frame F having four-velocity field v = u_0 = ~u_0, then in a reference frame F^′ having a different four-velocity field v^′ they have no reason to lead to equivalent Dirac Hamiltonians nor to equivalent Dirac energy operators.

To compare the solutions (i) and (ii), let us fix the reference frame and consider two tetrad fields (u_α) and (~u_α): the first one, got from the prescription (i), has rotation rate Ξ = −Ω. The second one, following prescription (ii), has rotation rate ~Ξ = 0. [Both could be obtained concretely by integrating Eq. (50).] From (52), we get

0 = (∂_tR)^q_s u_q − R^q_s Ω^p_q u_p (s = 1, 2, 3), (56)

hence ∂_tR = ΩR, Ω ≡ (Ω^p_q). (57)

Obviously this leads, by integration on a given world line x ∈ M, to a timedependent rotation R = R(t, x). For instance, if the rotation rate field of the reference frame satisfies ∂_tΩ = 0, we get simply

R(t, x) = exp [(t − t_0)Ω(x)] R_0(x) (R(t_0, x) = R_0(x)). (58)

From point (i) in Theorem 2, we know that the two tetrad fields (u_α) and (~u_α) exchange by a local Lorentz transformation of the special form (47). Hence the fields of Dirac matrices γ^μ and ~γ^μ deduced respectively from (u_α) and (~u_α) [Eq. (11)] exchange by a time-dependent local similarity S(t, x) = ±S(L(t, x)), with L deduced from R by Eq. (47). Therefore, the corresponding Hamiltonian operators H and ~H, at least, are definitely not equivalent — and the corresponding energy operators E and ~E have no reason to satisfy the condition of equivalence (26). Thus, the two prescriptions (i) and (ii) are definitely non-equivalent.

This applies to the case of a uniformly rotating reference frame F in a Minkowski spacetime: F is the equivalence class of the coordinate chart χ : X → (x^μ) — the latter being deduced from a global inertial chart χ^′ : X → (x^{′μ}) by the coordinate change (33), restricted to the domain U ≡ {X ∈ V; ω √ x^{′2} + y^{′2} < c}. The angular velocity tensor Ω of that reference frame is given by Eq. (36). It is thus constant at fixed x^1, x^2, x^3, which means it is constant on any world line x that belongs to the corresponding space manifold M. (This should not be confused with the first spatial coordinate x = x^1.) Hence the foregoing paragraph and its Eq. (58) apply, showing that the two prescriptions (i) and (ii) are not equivalent. It is likely that the prescription (i) lead to the presence of a spin-rotation coupling term [16] in the energy operator, and that the prescription (ii) lead to predicting no such term.

Similarly, consider the two tetrad fields studied by Ryder [15]. The first one is given by his Eq. (3):

u_0 = 1 c ∂ ∂t + ωy c ∂ ∂x − ωx c ∂ ∂y , u_1 = ∂ ∂x , u_2 = ∂ ∂y , u_3 = ∂ ∂z , (59)

and this equation is written precisely in the “rotating Cartesian coordinates” (x^μ) = (ct, x, y, z) got by the change (33) here (see Appendix B). Note that, by definition, the four-velocity v of the reference frame F defined by the coordinates (x^μ) = (ct, x, y, z), is given in those coordinates by Eq. (28). From (59)_1, it is clear that v ≠ u_0. As noted by Ryder, the only non-zero coefficients of the Levi-Civita connection, as expressed in that tetrad field (u_α), are:

γ_{120} = −γ_{210} = ω c . (60)

Therefore, the angular velocity tensor field Ξ = −Φ of the spatial triad (u_p) taken from the tetrad field (u_α) is [Eq. (45)]:

Ξ_{32} = 0, Ξ_{13} = 0, Ξ_{21} = +ω dτ dt , (61)

in any reference frame F^{′′}, whose 4-velocity is v = u_0, thus necessarily F^{′′} ≠ F. In fact, Eq. (91) below shows that we can take for F^{′′}, the inertial frame F^′. Ryder’s [15] second tetrad field is [his Eq. (10)]:

~u_0 = 1 c ∂ ∂t − ω c ∂ ∂ϕ , ~u_1 = ∂ ∂r , ~u_2 = 1 r ∂ ∂θ , ~u_3 = 1 r sin θ ∂ ∂ϕ . (62)

It is expressed in “rotating spherical coordinates” t, r, θ, ϕ deduced from spherical coordinates t^′, r^′, θ^′, ϕ^′ bound to the inertial frame F^′, by t = t^′, r = r^′, θ = θ^′, ϕ = ϕ^′ − ωt, leading to the expression of the Minkowski metric in the coordinates t, r, θ, ϕ, Eq. (8) of Ref. [15]. Hence we have

x = r sin θ cos ϕ = x^′ cos ωt + y^′ sin ωt, t = t^′, y = r sin θ sin ϕ = −x^′ sin ωt + y^′ cos ωt, z = r cos θ = z^′, (63)

where (x^μ) = (ct, x, y, z) and (x^{′μ}) = (ct^′ = ct, x^′, y^′, z^′ = z) are the same coordinates as before, which define the reference frames F (the rotating one) and F^′ (the inertial one). It results from (63) that Ryder’s tetrad fields (59) and (62) verify ~u_0 = u_0. (64)

As noted by Ryder, when the Levi-Civita connection is expressed in the tetrad field (62), the only non-zero coefficients are γ_{122} = −γ_{212} = γ_{133} = −γ_{313} and γ_{233} = −γ_{323}. It thus follows from Eq. (45) that, in the inertial reference frame F^′, whose 4-velocity is v = u_0 [Eq. (91)], the angular velocity tensor field of the spatial triad (~u_p) taken from the tetrad field (~u_α) is

~Ξ = 0. (65)

Therefore, here again, we may apply the second paragraph of this Section. In particular, the two tetrads (59) and (62) lead, in the inertial frame F^′, to non-equivalent Hamiltonian operators.

It thus seems that only experiment could tell which of the two natural prescriptions (i) and (ii) is correct.

Acknowledgement. It is a pleasure to thank Frank Reifler for many interesting discussions on this subject, at an earlier stage of this research.

A Appendix: Geometrical definition of the spatial triad and its angular velocity

Theorem 1. Let (u_α) be a global orthonormal tetrad field on the spacetime (V, g), so that v ≡ u_0 is a global 4-velocity vector field. Assuming that there is at least one chart χ of V, with domain U, which is adapted to the reference fluid with 4-velocity v, let M be the corresponding space manifold, whose points are the world lines (8). (i) At each point X ∈ U, there is a canonical isomorphism i_X between the three-dimensional vector spaces TM_{x(X)} and

H_X ≡ {u_X ∈ TV_X ; g(u_X , v(X)) = 0}. (66)

(ii) The Φ_{pq}’s (p, q = 1, 2, 3) in Eq. (41) are the components of an (antisymmetric) spatial (0 2) tensor field Φ, i.e., a mapping X ∈ U → Φ(X) ∈ TM^∘_x ⊗ TM^∘_x, with x = x(X). (See Footnote 5.) (iii) The triad of spatial vector fields (u_p), with u_p(X) ≡ i_X (u_p(X)), is orthonormal w.r.t. the spatial metric tensor field h on M. (iv) We have Φ = −Ξ, where Ξ is the angular velocity tensor (79) of that orthonormal triad (u_p) in the space manifold M equipped with the time-dependent Riemannian metric h.

Proof. Since the tetrad field (u_α) is orthonormal, each of the three vectors u_p(X) (p = 1, 2, 3) at each point X ∈ V belongs to the spatial hyperplane (66). If in fact X ∈ U, and if u_X ∈ H_X , let us define i_X (u_X ) as the vector u_x ∈ TM_{x(X)}, whose components in the chart ~χ of M [Eq. (10)] are u^j (j = 1, 2, 3) — where u^μ (μ = 0, ..., 3) are the components of u_X in the chart χ. If χ^′ is any other chart, with domain U, which is adapted to the same reference fluid, then by definition the transition map F ≡ χ^′ ∘ χ^{−1} satisfies Eq. (9) for X ∈ χ(U). Hence the spatial coordinates of u_X in the charts χ and χ^′ exchange by u^{′j} = ∂x^{′j} ∂x^μ u^μ = ∂x^{′j} ∂x^k u^k, (67)

thus are the respective components of one and the same vector u_x = i_X (u_X ) ∈ TM_{x(X)} in the charts ~χ and ~χ^′. Thus, the linear mapping i_X from H_X to TM_{x(X)} is well defined. With the (+ − −−) signature, the orthogonal projection operator Π_X : TV_X → H_X [29, 30, 31] has components

Π^μ_ν = δ^μ_ν − v^μv_ν . (68)

It follows that, for a vector u_X ∈ H_X , in any adapted chart, the time component u^0 is determined linearly as function of the spatial components u^j by ([31], Eq. (4.7)):

u^0 = −g_{0j} u^j/g_{00}. (69) Therefore, if i_X (u_X ) = 0 for some vector u_X ∈ H_X , then u_X = 0, so that i_X is indeed an isomorphism. This proves point (i).

Using i_X , we associate with the spacetime vector fields u_p (p = 1, 2, 3), such that ∀X ∈ V u_p(X) ∈ H_X , the three spatial vector fields

u_p : X ∈ U → u_p(X) ≡ i_X (u_p(X)), (70)

thus building the spatial triad field (u_p) associated with the tetrad field (u_α). Denoting the dual triad of one-forms over the space manifold M as (θ^p), we define Φ ≡ Φ_{pq}θ^p ⊗ θ^q. (71)

Clearly, this is a (0 2) tensor field Φ over the manifold M. This proves point (ii).

The spatial metric tensor is first defined as a spacetime tensor h^{(ST)}, namely as the projection of the spacetime metric tensor [30, 31]:

∀u_X , v_X ∈ TV_X , h^{(ST)}_X (u_X , v_X ) ≡ −g_X (Π_X (u_X ), Π_X (v_X )) (72) = −g_X (u_X , Π_X (v_X )) = −g_X (Π_X (u_X ), v_X ).

(The two equalities occur because Π_X is symmetric w.r.t. g and idempotent. The minus sign is for the (+ − −−) signature of g.) Then we define the spatial metric tensor as a truly spatial tensor field h by transport with the isomorphism i_X . Thus, given X ∈ U, h_X is the mapping

u, v ∈ TM_{x(X)} → h_X (u, v) ≡ h^{(ST)}_X (i^{−1}_X (u), i^{−1}_X (v)) = −g_X (i^{−1}_X (u), i^{−1}_X (v)). (73) Since Π_X (u_p(X)) = u_p(X) (p = 1, 2, 3), it follows from (70), (72) and (73) that (at any X ∈ U)

h_{pq} ≡ h(u_p, u_q) ≡ h^{(ST)}(u_p, u_q) = −g(u_p, u_q) = δ_{pq} (p, q = 1, 2, 3). (74)

The spatial triad is thus orthonormal for the spatial metric. This proves point (iii).

The Fermi-Walker derivative of a spacetime vector field u along a smooth curve C : ξ → C(ξ) = X ∈ V, can be defined as the projection of its absolute derivative (38) on the hyperplane H_{C(ξ)} [30, 31]: ( Du dξ ) fw ≡ Π_{C(ξ)} ( Du dξ ) , (75) where the hyperplane and the corresponding projection operator refer to a given 4-velocity field v, Eqs. (66) and (68). (We omit the index specifying the curve C.) We may naturally infer from this a time-derivative for spatial vector fields X → u(X) ∈ TM_{x(X)}: δu dξ ≡ i_{C(ξ)} [( Du dξ ) fw ] , u(X) ≡ i^{−1}_X (u(X)). (76)

It is thus the Fermi-Walker derivative of a true “spatial vector”. The Fermi- Walker derivative of a spacetime vector, Eq. (75), obeys the Leibniz rule with the spatial metric in the spacetime form, h^{(ST)}, for vector fields such that u(X) ∈ H_X ([31], Eq. (4.15)). It follows easily from this and from the definition (73) that the time-derivative (76) obeys also the Leibniz rule: d dξ (h(u, u^′)) = h ( δu dξ , u^′ ) + h ( u, δu^′ dξ ) . (77)

We may thus transpose Eqs. (40)–(41): We define a spatial tensor by setting δu_q dξ = Ξ^p_q u_p; (78)

since the triad (u_p) is orthonormal w.r.t. the metric h, we have h ( u_p, ( δu_q dξ )) = Ξ^r_q δ_{pr} ≡ Ξ_{pq}; (79)

it follows then from Eq. (77) with u = u_p and u^′ = u_q that the spatial tensor Ξ = Ξ_{pq}θ^p ⊗ θ^q is antisymmetric. Moreover, Ξ_{pq} = Ξ^p_q from (79). Thus, the tensor Ξ is the angular velocity tensor of the orthonormal triad (u_p). From (75)–(76), (40), (70), we get (with X = C(ξ)): δu_q dξ ≡ i_X ( Π_X ( Du_q dξ )) = i_X ( Π_X ( Φ^α_qu_α )) = i_X ( Φ^p_qu_p ) = Φ^p_qu_p, (80) so that in fact Ξ^p_q = Φ^p_q. However, from (41) we have Φ_{pq} ≡ η_{pϵ}Φ^ϵ_q = −Φ^p_q, (81) hence Φ_{pq} = −Ξ_{pq}, or Φ = −Ξ. The results of this paragraph apply to any curve C in spacetime, with any parameter ξ. To complete the proof of Theorem 1, we need that the tensor Φ = −Ξ be a field defined on U. At any X ∈ U, we take the world line x(X), parameterized by the time coordinate t as in Eq. (43), as the curve C. This proves point (iv).

B Appendix: Rotating Cartesian coordinates

The cotetrad and tetrad used by Ryder [15] in his equations (1) and (3), respectively, are thus given in coordinates t, x, y, z which are related to Cartesian coordinates t^′ = t, x^′, y^′, z^′ = z in an inertial frame in a Minkowski spacetime by a rotation with angular velocity +ω. To check this, consider the line element [32]

ds^2 = [ 1 − (ωρ c )_2]

c^2dt^2 − 2ωρ^2 dφ dt − (dρ^2 + ρ^2dφ^2 + dz^2), (82)

deduced from the Minkowski line element in cylindrical coordinates: ds^2 = c^2dt^{′2} − (dρ^{′2} + ρ^{′2}dφ^{′2} + dz^{′2}), by the coordinate change t = t^′, ρ = ρ^′, φ = φ^′ − ωt, z = z^′. This corresponds to a rotation with angular velocity +ω w.r.t. the inertial frame with cylindrical coordinates t^′, ρ^′, φ^′, z^′, because φ^′ = φ + ωt is indeed the polar angle in the inertial coordinates, corresponding to the polar angle φ in the rotating coordinates. Introducing “rotating Cartesian coordinates”: t, x = ρ cos φ, y = ρ sin φ, z, (83) and noting that x dy − y dx = (ρ^2 cos^2 φ − (−ρ^2 sin^2 φ))dφ = ρ^2dφ, (84) the line element (82) rewrites as Eq. (34):

ds^2 = [ 1 − (ω c )_2 (x^2 + y^2) ] c^2dt^2 + 2ω(y dx − x dy) dt − (dx^2 + dy^2 + dz^2), (85) which is the first line element used by Ryder [15] (with a misprint). One checks trivially that the cotetrad (1) of Ryder is orthonormal for the metric (85) above, i.e., we have with the metric (85): ds^2 ≡ g_{μν} dx^μ dx^ν = η_{αβ} θ^α θ^β. (86) A point with constant spatial coordinates x, y, z given by (83), with φ = φ^′ − ωt, is indeed rotating at +ω w.r.t. the inertial frame defined by the Cartesian coordinates t^′ = t, x^′, y^′, z^′ = z. This is because we get from (83) the relevant formula (33):

x = ρ cos(φ^′ − ωt) = ρ(cos φ^′ cos ωt + sin φ^′ sin ωt) ≡ x^′ cos ωt + y^′ sin ωt, y = ρ sin(φ^′ − ωt) = ρ(sin φ^′ cos ωt − cos φ^′ sin ωt) ≡ −x^′ sin ωt + y^′ cos ωt.

C Appendix: Analysis of the proposals of Gorbatenko & Neznamov

For a general, time-dependent metric, Gorbatenko & Neznamov [20] want to define a unique Hermitian Hamiltonian operator H_η by going from the starting tetrad field with components H^μ_α (used to define the starting field of Dirac matrices noted γ^α) to what they call “the Schwinger tetrad”, i.e., one whose components ~H^μ_α (in the chart which is considered) satisfy ~H^0_k = 0 (k = 1, 2, 3), their Eq. (39). With the Schwinger tetrad, the field of Dirac matrices is ~γ^α. Gorbatenko & Neznamov denote by L a local similarity transformation which transforms γ^α into ~γ^α, their Eq. (52). They compute from L another local similarity transformation η, Eqs. (66) and (72). The Hamiltonian operator which rewrites in Schrödinger form the covariant Dirac equation after the local similarity η, is named H_η, Eq. (71). When the starting tetrad H^μ_α is taken to be “the Schwinger tetrad” ~H^μ_α , we have of course L = 1_4. Then, this process defines a local similarity ~η proportional to the identity matrix, Eq. (67), and a Hamiltonian, say ~H_{~η} . Gorbatenko & Neznamov [20] correctly note that H_η = ~H_{~η}, Eq. (75). In fact, it is easy to check that ~H_{~η} is none other than the energy operator [Eq. (23) in the present paper] got with the Schwinger tetrad ~H^μ_α , i.e., H_η = ~H_{~η} is the energy operator with the Dirac matrices ~γ^α. (This is confirmed by the recent paper [33]: Eq. (1) there.) Gorbatenko & Neznamov [20] conclude that “For any system of tetrad vectors, after the specified operations we will have one and the same Hamiltonian H_η (75), what proves its uniqueness.” However, both H_η and ~H_{~η} are defined with reference to one given Schwinger tetrad. But the choice of a Schwinger tetrad is far from unique. Gorbatenko & Neznamov do not prove that, if in the same chart one takes a second Schwinger tetrad, say H̆^μ_α , then the Hamiltonian provided by their construction for that second Schwinger tetrad, say H̆_{η̆}, is equivalent to the Hamiltonian ~H_{~η} got with the first Schwinger tetrad.

Coming back to our notation for convenience, let (u_α) be a tetrad field which is a Schwinger tetrad in a given chart χ : X → (x^μ). That is:

a^0_p ≡ (u_p)^0 = 0 (p = 1, 2, 3). (87)

[Note from (6) that this remains true for any chart χ^′ in the reference frame F defined by χ.] If one changes by a local Lorentz transformation to a new tetrad: ~u_β ≡ L^α_β u_α, then this will be also a Schwinger tetrad in the same reference frame F iff

~a^0_p ≡ L^α_p a^0_α = 0 (p = 1, 2, 3), (88)

hence, in view of (87), iff

L^0_p = 0 (p = 1, 2, 3). (89)

This does not require that the local Lorentz transformation L be independent of the time coordinate t, nor hence that the associated local similarity S = ±S(L) verify ∂_tS = 0 [condition (20)], so that the two Dirac Hamiltonians deduced from the tetrad fields (u_α) and (~u_α) can be non-equivalent.

For instance, in the inertial frame F^′ in a Minkowski spacetime, considered in Subsect. 3.1 and in Sect. 4, take Ryder’s first tetrad (u_α), Eq. (59), and take the “Minkowski tetrad”, that is the natural basis (e^′_μ) associated with the Cartesian coordinates (x^{′μ}) = (ct^′, x^′, y^′, z^′) which define the reference frame F^′. Using the coordinates (x^ν ) = (ct = ct^′, x, y, z = z^′), Eq. (33), which define the uniformly rotating reference frame F, we may write: e^′_μ ≡ ∂ ∂x^{′μ} = ∂x^ν ∂x^{′μ} ∂ ∂x^ν , (90)

hence from (33):

e^′_0 = ∂ ∂x^0 + ωy c ∂ ∂x − ωx c ∂ ∂y = u_0, (91)

e^′_1 = cos ωt u_1 − sin ωt u_2, e^′_2 = sin ωt u_1 + cos ωt u_2, e^′_3 = u_3. (92)

The Minkowski tetrad (e^′_α) is a Schwinger tetrad in the inertial frame F^′, hence by inverting (92) we see that Ryder’s first tetrad (u_α) is also a Schwinger tetrad in that frame F^′. (Note that Eqs. (91)–(92) allow us to define (u_α) in the global frame F^′.) Therefore, with either of these two tetrad fields, the hermiticity condition of the Dirac Hamiltonian in the frame F^′ is Leclerc’s condition [7]: ∂_0 (√ − g^{00} det(g_{μν} ) ) = 0 (93)

(provided that one takes for the “flat” Dirac matrices γ^{♮α} in Eq. (11), ones for which γ^{♮0} is a hermitizing matrix [17]). Since the Minkowski metric is stationary in the inertial frame F^′, the condition (93) is satisfied in F^′. Thus, each of the Dirac Hamiltonians H and H^′ associated respectively, in the frame F^′, with the Schwinger tetrads (u_α) and (e^′_α), coincides with the corresponding energy operator: H = E and H^′ = E^′. I.e., H (respectively H^′) is the Hermitian Hamiltonian associated with the Schwinger tetrad (u_α) [respectively the Schwinger tetrad (e^′_α)] by the procedure suggested by Gorbatenko & Neznamov [20]. However, from (91)–(92), we have e^′_β = L^α_β u_α, with the time-dependent local Lorentz transformation

L = 1 0 0 0 0 cos ωt sin ωt 0 0 − sin ωt cos ωt 0 0 0 0 1 . (94)

Hence, the associated local similarity S = ±S(L) does not verify ∂_tS = 0, so that the Hamiltonians H and H^′ are not equivalent. However, each of the two non-equivalent Hamiltonians H and H^′ is got from a tetrad which is a Schwinger tetrad in the given coordinates (x^{′ν} ) = (ct^′, x^′, y^′, z^′), by following the procedure suggested by Gorbatenko & Neznamov [20].

In their most recent paper [33], Gorbatenko & Neznamov included in the definition of a “Schwinger tetrad” two additional conditions (with our notation and signature): a) that the time-like vector u_0 of the tetrad be the vector with components

a^0_0 = √ g^{00}, a^k_0 = g^{0k} √ g^{00}

, (95)

Eq. (15) in Ref. [33]. And b) that the spatial components of the spatial triad (u_p) verify [their Eq. (19)]

a^j_p a^k_p = f^{jk}, or a a^T = f [a ≡ (a^j_p), f ≡ (f^{jk})], (96)

where f is the inverse of the 3 × 3 matrix −g ≡ −(g_{jk}), their Eq. (18). Equation (96) is equivalent to a^T (−g) a = 1_3. It thus means that the spatial vector fields u_p(X), with components a^j_p(X), make an orthonormal triad for the “induced metric” h^′ ≡ −g_{jk}dx^j ⊗ dx^k. Actually, both (95) and (96) follow from the definition (87) of a Schwinger tetrad and the orthonormality condition (12) of the tetrad. (This was indeed noted by the authors, respectively before Eq. (79) of Ref. [20], and as Eqs. (50)–(51) of Ref. [33]v1, but it escaped our attention for v1 of the present paper.) However, just as we did with the other spatial metric h defined by Eq. (73), we may define different such triad fields, say (u_p) and (~u_p), having an arbitrary rotation rate w.r.t. one another. In Sect. 4 of Ref. [33] (in v1 but not in v2 and v3), yet another condition was added: c) that the spatial vector fields u_p(X) be eigenvectors of the metric tensor h^′ [g_{mn} in their notation]. The motivation for imposing the Schwinger-tetrad condition (87), or for imposing condition c), looks computational rather than physical. Anyway, these two conditions together do not forbid to define triad fields (u_p) and (~u_p) which exchange by a time-dependent rotation, if some eigenvalues of h^′ are equal. Both Ryder’s first tetrad (u_α) and the “Minkowski tetrad” (e^′_α) satisfy the three additional conditions a), b) and c) in the Cartesian coordinates (x^{′μ}): condition c) is trivial here, since h^′_{jk} = δ_{jk}; and as it has been noted, conditions a) and b) follow generally from (87) and (12). Hence, the same counterexample detailed around (94) applies also with the additional conditions a)-b)-c).

References

[1] M. Arminjon and F. Reifler, “Dirac equation: Representation independence and tensor transformation,” Braz. J. Phys. 38, 248–258 (2008). [arXiv:0707.1829 (quant-ph)]

[2] D. R. Brill and J. A. Wheeler, “Interaction of neutrinos and gravitational fields,” Rev. Modern Phys. 29, 465–479 (1957). Erratum: Rev. Modern Phys. 33, 623–624 (1961).

[3] C. G. de Oliveira and J. Tiomno, “Representations of Dirac equation in general relativity,” il Nuovo Cimento 24, 672–687 (1962).

[4] T. C. Chapman and D. J. Leiter, “On the generally covariant Dirac equation,” Am. J. Phys. 44, No. 9, 858–862 (1976).

[5] F. W. Hehl and W. T. Ni, “Inertial effects of a Dirac particle,” Phys. Rev. D 42, 2045–2048 (1990).

[6] K. Varjú and L. H. Ryder, “The effect of a Schwarzschild field on spin 1/2 particles compared with the effect of a uniformly accelerating frame,” Phys. Lett. A 250, 263–269 (1998).

[7] M. Leclerc, “Hermitian Dirac Hamiltonian in the time-dependent gravitational field,” Class. Quant. Grav. 23, 4013–4020 (2006). [arXiv:gr-qc/0511060]

[8] A. Lichnerowicz, “Champs spinoriels et propagateurs en relativité générale,” Bull. Soc. Math. France 92, 11–100 (1964).

[9] J. Dimock, “Dirac quantum fields on a manifold,” Trans. Am. Math. Soc. 269, 133–147 (1982).

[10] M. Arminjon and F. Reifler, “Four-vector vs. four-scalar representation of the Dirac wave function,” arXiv:1012.2327 (gr-qc).

[11] H. Weyl, “Elektron und Gravitation,” Z. Phys. 56, 330–352 (1929).

[12] V. A. Fock, “Geometrisierung der Diracschen Theorie des Elektrons,” Z. Phys.

57, 261–277 (1929).

[13] C. J. Isham, “Spinor fields in four dimensional space-time,” Proc. Roy. Soc.

London A 364, 591–599 (1978).

[14] M. Arminjon and F. Reifler, “A non-uniqueness problem of the Dirac theory in a curved spacetime,” Ann. Phys. (Berlin) 523, 531–551 (2011). [arXiv:0905.3686 (gr-qc)].

[15] L. Ryder, “Spin-rotation coupling and Fermi-Walker transport,” Gen. Relativ.

Gravit. 40, 1111–1115 (2008).

[16] B. Mashhoon, “Neutron interferometry in a rotating frame of reference,” Phys.

Rev. Lett. 61, 2639–2642 (1988).

[17] M. Arminjon and F. Reifler, “Basic quantum mechanics for three Dirac equations in a curved spacetime,” Braz. J. Phys. 40, 242–255 (2010). [arXiv:0807.0570 (gr-qc)].

[18] M. Arminjon, “Dirac-type equations in a gravitational field, with vector wave function,” Found. Phys. 38, 1020–1045 (2008). [arXiv:gr-qc/0702048]

[19] M. V. Gorbatenko and V. P. Neznamov, “Solution of the problem of uniqueness and hermiticity of Hamiltonians for Dirac particles in gravitational fields,” Phys. Rev. D 82, 104056 (2010). [arXiv:1007.4631 (gr-qc)].

[20] M. V. Gorbatenko and V. P. Neznamov, “Uniqueness and self-conjugacy of Dirac Hamiltonians in arbitrary gravitational fields,” Phys. Rev. D 83, 105002 (2011). [arXiv:1102.4067v1 (gr-qc)].

[21] J. von Weyssenhof, “Metrisches Feld und Gravitationsfeld,” Bull. Acad.

Polon. Sci., Sect. A, 252 (1937). (Quoted by Cattaneo [22].)

[22] C. Cattaneo, “General relativity: relative standard mass, momentum, energy and gravitational field in a general system of reference,” il Nuovo Cimento 10, 318–337 (1958).

[23] M. Arminjon and F. Reifler, “General reference frames and their associated space manifolds,” Int. J. Geom. Meth. Mod. Phys. 8, 155–165 (2011). [arXiv:1003.3521 (gr-qc)]

[24] W. Pauli, “Contributions mathématiques à la théorie des matrices de Dirac,” Ann. Inst. Henri Poincaré 6, 109–136 (1936).

[25] S. S. Chern, W. H. Chen, and K. S. Lam, Lectures on Differential Geometry (Singapore: World Scientific 1999).

[26] B. Mashhoon and U. Muench, “Length measurement in accelerated systems,” Ann. Phys. (Berlin) 11, 532–547 (2002). [arXiv:gr-qc/0206082v1]

[27] B. Mashhoon, “Vacuum electrodynamics of accelerated systems: nonlocal Maxwell’s equations,” Ann. Phys. (Berlin) 12, 586–598 (2003). [arXiv:hep-th/0309124v1]

[28] J. W. Maluf, F. F. Faria, and S. C. Ulhoa, “On reference frames in spacetime and gravitational energy in freely falling frames,” Class. Quant. Grav. 24, 2743–2754 (2007). [arXiv:0704.0986v1 (gr-qc)]

[29] C. Cattaneo, “Problèmes d’interprétation en relativité générale,” in Fluides et Champ Gravitationnel en Relativité Générale (A. Lichnerowicz & M.A. Tonnelat, eds., Editions du CNRS, Paris, 1969), pp. 227–235.

[30] R. T. Jantzen, P. Carini, and D. Bini, “The many faces of gravitoelectromagnetism,” Ann. Phys. (New York) 215, 1–50 (1992). [arXiv:gr-qc/0106043]

[31] M. Arminjon,“On the extension of Newton’s second law to theories of gravitation in curved space-time,” Arch. Mech. 48, 551–576 (1996). [arXiv:gr-qc/0609051]

[32] L. Landau and E. Lifchitz, Théorie des Champs (Fourth French edn., Mir, Moscow 1989), Section 89. (Fourth English edition: Lifshitz, E. M., Landau, L. D.: The Classical Theory of Fields, Butterworth Heinemann, Oxford 1980.)

[33] M. V. Gorbatenko and V. P. Neznamov, “A modified procedure for deriving self-conjugate Dirac Hamiltonians in arbitrary gravitational fields and its application to centrally and axially symmetric gravitational fields”, arXiv:1107.0844 (gr-qc).