arXiv:1107.4714v2 [gr-qc] 21 Jan 2012

Gravitational mass-shift effect in the standard model

P.O. Kazinski^{1, ∗} 1Physics Faculty, Tomsk State University, Tomsk, 634050 Russia (Dated: January 24, 2012)

Abstract

The gravitational mass-shift effect is investigated in the framework of the standard model with the energy cutoff regularization both for stationary and non-stationary backgrounds at the one-loop level. The problem concerning singularity of the effective potential for the Higgs field on the horizon of a black hole, which was reported earlier, is resolved. The equations characterizing the properties of the vacuum state are derived and solved in a certain approximation for the Schwarzschild black hole. The gravitational mass-shift effect is completely described in this case. The masses of the massive particles in the standard model are shown to depend on the value of the Higgs boson mass in the flat spacetime. If the Higgs boson mass in the flat spacetime is less than 263.6 GeV, then the mass of any massive particle approaching a gravitating object grows. If the Higgs boson mass in the flat spacetime is greater than or equal to 278.2 GeV, the masses of all the massive particles decrease in a strong gravitational field. The Higgs boson masses lying in between these two values prove to lead to instability, at least at the one-loop level, and so they are excluded. It turns out that the vacuum possesses the same properties as an ultrarelativistic fluid in a certain approximation. The expression for the pressure, the entropy and enthalpy densities of this fluid are obtained. The sound speed in this fluid is also derived.

∗ E-mail:kpo@phys.tsu.ru

I. INTRODUCTION

Recently, many attempts have been undertaken to verify the prediction of general relativity in its classical formulation. One of these important predictions is the gravitational redshift law. Despite that it was directly tested with a high accuracy [1], several programs are now planned to check the redshift law in the weak field limit to find possible smaller deviation [2]. Small deviations from the standard redshift law arise in the models that do not preserve the local Lorentz-invariance. The latter is believed to be violated on the Planck scale. In this paper we are about to investigate a somewhat different way of possible violations of the standard redshift law. It results from the gravitational mass-shift effect by means of the Higgs mechanism [3].

The standard derivation of the redshift law in the course of general relativity heavily relies on the assumption that the emission spectrum does not depend on the external gravitational field in the reference frame associated with the emitter. However, if the masses of particles (say, the electron mass) change with gravitational field, the spectrum will also change even in this system of coordinates. The masses of all massive particles of the standard model are generated via the Higgs mechanism and determined by a nonzero vacuum expectation value of the Higgs field. This expectation value provides the minimum to the effective potential, while the shape of this potential turns out to depend on the background gravitational field [3]. This leads to the gravitational massshift effect and, as a consequence, to deviations from the standard redshift law. This is a purely quantum effect and it stems from the dependence of the zero-point energy of quantum fields on the background gravitational field.

One of the crucial steps in evaluation of the zero-point energy is a correct definition of the Hamiltonian of the whole system in the Hilbert space. The formal expression for the Hamiltonian diverges and needs an appropriate regularization procedure. Another equivalent formulation of this problem is that we should define the normal ordering for the composite operators [4, 5]. For a stationary gravitational field, we have a distinguished set of the creation-annihilation operators which are associated with the stationary mode functions. The latter are defined as eigenfunctions of the Lie derivative along the Killing vector related to stationarity (for details, see, e.g., [6]). This allows us to define the normal ordering and prescribe a rigorous meaning to composite operators such as the Hamiltonian. As soon as the well-defined Hamiltonian is given, the vacuum state is also defined as the state with minimum energy (in black hole physics this vacuum is called the Boulware vacuum [7]). This approach is equivalent to the so-called physical regularization [8], which, loosely speaking, consists in modification of the particles dispersion laws above a certain cutoff energy in such a way that the loop diagrams become convergent. Both regularization procedures require a Killing vector. It is the square of this Killing vector that enters the effective potential of the Higgs field, changing the shape of the potential in the presence of external gravitational field. For the flat spacetime, this Killing vector “disappears” from the effective action (as its square is a mere constant) and, in the one-loop approximation, the effective potential takes a familiar form of the Coleman-Weinberg potential [9]. So, after renormalization, there is no Lorentz-invariance violation for the flat spacetime according to this approach.

In the non-stationary case, we have to introduce some vector field ξ^μ that allows us to define the physical regularization (the notion of a dispersion law) and the normal ordering just as in the stationary case. This vector field must coincide with the Killing vector in the case of a stationary background. It turns out that this vector field is uniquely defined by the requirement of covariant divergenceless of the matter energy-momentum tensor, provided that the system starts its evolution from some stationary state. The equations describing the evolution of ξ^μ have a hydrodynamic form. In particular, there exists a conserved charge, which can be interpreted as the entropy of the whole system. As we shall see, in a reasonable approximation, these equations can be cast into the form of the Euler equations for an ultrarelativistic fluid with the equations of state determined by the effective potential of the Higgs field. This will allow us to find stationary solutions to these equations for the Schwarzschild black hole. There are two such solutions. The first one is the trivial solution coinciding with the Killing vector. It corresponds to the case of a stable star in a certain approximation, of course. The second solution is nontrivial and describes an “accretion” of the vacuum onto the black hole. In this case the effective potential turns out to be non-singular on the horizon of the black hole. The masses of massive particles of the standard model acquire a finite shift and do not vanish there. In general, the gravitational mass-shift effect is greater for stable stars than for black holes of the same mass at the same distance from the gravitating object.

As long as the vector field ξ^μ enters the effective potential of the Higgs field, it spoils the socalled local position invariance (see, e.g., [10]). Hence, the approach we are going to study can be somewhat considered among the Lorentz-invariance violating models. Let us emphasize the distinctions with the standard methods of introducing the Lorentz-invariance violation [11–15]. The vector field discussed above must always be a background field, i.e., it is not a quantum field or its average. It characterizes the regularization procedure and necessarily appears in the course of defining the composite operators in the Hilbert space. Whatever new particles are introduced into the model, this vector field has to be included to define the physical regularization and accomplish the theory. The equations of motion of ξ^μ do not follow from the action principle and arise as a self-consistency condition of the model. This approach is minimal in the following sense: As we have already mentioned, the Lorentz-invariance is not violated for the flat spacetime after renormalization; There is no additional degrees of freedom or structures in the model. In the stationary case, the vector field ξ^μ is a time-like Killing vector and determined by the metric. In the non-stationary case, this vector field is uniquely defined by the self-consistency condition. This minimality will allow us to describe the gravitational mass-shift effect and make certain predictions rather than just to fit various parameters of the model to the experimental data.

The paper is organized as follows. In Sec. II, we introduce a notation and recall the basic features of the standard model that are necessary for deriving the effective action. As we restrict ourself to the one-loop approximation, we need only the spectrum of masses of the real and fictitious particles of the standard model. It is obtained in this section for the Feynman gauge.

In Sec. III, we derive the one-loop effective potential of the Higgs field on a stationary background in a certain approximation. It has the same form as the effective potential of the Higgs field on the Schwarzschild background for the O(N)-ϕ^4 model [3]. The different regularization prescriptions and the dependence of the final result on them are also discussed in this section. The form of the effective potential obtained is completely fixed by imposing three normalization conditions. Further, the gravitational mass-shift effect on a stationary background is considered for different values of the Higgs boson mass. As expected, there are two scenarios of the mass behavior at small the Killing vector squared. The first one corresponds to the infinitely growing masses of massive particles at small ξ^2. The second scenario describes the decreasing masses. In the latter case, the symmetry of the standard model is restored at sufficiently small the Killing vector squared. Realization of these cases depends on the sign of the undetermined constant resulting from the regularization procedure. The sign of this constant depends, in its turn, on the value of the Higgs boson mass in the flat spacetime. This sign changes at the “critical” value of the Higgs boson mass which is approximately equal to 278.2 GeV. If the Higgs boson mass is less than this critical value, the first scenario is realized. In the opposite case and, in particular, at the critical value of the Higgs boson mass, the second scenario takes place.

Section IV is devoted to the case of a non-stationary background. It begins with derivation of the general equations describing an evolution of the vector field ξ^μ discussed above. Then, in a certain approximation, these equations are reduced to the Euler equations for an ultrarelativistic fluid. The temperature of this fluid is proportional to (ξ^2)^{−1/2}, i.e., to the Tolman temperature [16] on a stationary background. Therefore gravity effectively heats such fluid. Further, the speed of sound for this fluid is introduced. It characterizes the velocity of propagation of small disturbances of the vector field ξ^μ. In the weak field limit, this sound speed is independent of particular details of the standard model and its square equals the Newtonian potential with reversed sign (the first cosmic velocity). The limit of the sound speed at small ξ^2 is also universal and equals 1/ √ 3, as it should be for a fluid at the very high temperature, although this situation seems not to be realized. In a general case, the entropy of this fluid, or the pressure, or the speed of sound cannot be found analytically for an arbitrary ξ^2 in terms of elementary functions. However, if the Higgs boson mass is equal (or close) to the critical value, this can be done with a high accuracy for those ξ^2 that are realized in practice. The formula for the sound speed proves to be independent of the details of the standard model in this case too. In the interval of the Higgs boson masses from 263.3 GeV to the critical value 278.2 GeV, the square of the speed of sound becomes negative for certain ξ^2 and the system is hydrodynamically unstable there. We exclude this region of the Higgs boson masses from our subsequent considerations. Section IV is concluded by consideration of the stationary solutions to the equations of motion of the vector field ξ^μ on the Schwarzschild background. Noteworthily, the problem of a spherically symmetric accretion admits of an analytic solution for the Higgs boson masses close to the critical value.

We use the metric tensor g_{μν} with the signature −2 and the system of units in which ℏ = c = 1. The Greek indices are raised and lowered by this metric. The gravitational field is assumed to be fixed and non-fluctuating. An inclusion of its quantum fluctuations at the one-loop level does not influence the results.

II. ONE-LOOP CORRECTION TO THE EFFECTIVE ACTION

Let us briefly recall some basic features of the standard model that will be relevant for our consideration (see for details [17–19]). The generally covariant action of the standard model can be divided into several parts

S_{SM} = ∫ d^4x √ |g|L_{SM}, L_{SM} = L_{gauge fields} + L_{leptons} + L_{quarks} + L_{Yukawa} + L_{Higgs}, (1)

where the Lagrangian densities for the gauge fields and leptons are

L_{gauge fields} = − 1 4 f_{μν} f^{μν} − 1 4 F^a_{μν} F^{μν}_a − 1 4 F^α_{μν} F^{μν}_α , f_{μν} = ∂_{[μ}B_{ν]}, F^a_{μν} = ∂_{[μ}A^a_{ν]} + gε^a_{bc}A^b_μA^c_ν , F^α_{μν} = ∂_{[μ}A^α_{ν]} + g_sf^α_{βγ} A^β_μA^γ_ν , B ∈ u(1), A^aτ_a ∈ su(2), A^αλ_α ∈ su(3), (2) and L_{leptons} = 3∑ i=1 [ l̄^i_L(i ^∂ + g 2 Â^aτ_a − g^′ 2 B̂)l^i_L + l̄^i_R(i ^∂ − g^′B̂)l^i_R ] . (3)

Here l^i_L are the left-handed SU(2) doublets, l^i_R are the right-handed SU(2) singlets, and g_s, g and g^′ are the coupling constants. The covariant derivative acting on the spinors is defined in the standard way ^∂ = γ^μ(∂_μ + 1 8 ω_{μab}[γ^a, γ^b]), γ^μ = γ^ae^μ_a , (4)

with e^μ_a and ω_{μab} being the tetrad and spin connection, respectively. The quark sector reads

L_{quarks} = 3∑ i=1 ( u^i d^′_i L (i ^∂ + g_s 2 λ^αÂ_α + g 2 Â^aτ_a + g^′ 6 B̂) u^i d^′_i L +

+ ū^i_R(i ^∂ + g_s 2 λ^αÂ_α + 2g^′ 3 B̂)u^i_R + d̄^{′i}_R(i ^∂ + g^s 2 λ^αÂ_α − g^′ 3 B̂)d^{′i}_R ) , d^{′i} = U^{ij}_{CKM}d^j , u^i = (u, c, t), d^i = (d, s, b),

(5)

where U_{CKM} is the Cabibbo-Kobayashi-Maskawa matrix. The masses of the real massive particles of the standard model are generated by the terms

L_{Yukawa} = − 1 √ 2 3∑ i=1 ( f^u_i u^i d^i L ϕu^i_R + f^d_i u^i d^i L ϕ_cd^i_R + f^l_i l̄^i_Lϕl^i_R + h.c. ) , (6)

where f_i are the Yukawa couplings and

L_{Higgs} = 1 2 |(i∂_μ + g 2 A^a_μτ_a + g^′ 2 B_μ)ϕ|^2 − μ^2 2 |ϕ|^2 − λ 4 |ϕ|^4, (7)

where ϕ is the SU(2) doublet, μ^2 is a negative constant, and λ is the Higgs self-interaction coupling constant.

We consider the minimal standard model, that is, the neutrinos entering into the left-handed SU(2) doublets l^i_L are assumed to be massless and the possible non-minimal coupling ξ̄R|ϕ|^2 of the Higgs field with gravity is set to zero. As we shall see, the particles with small masses do not considerably change the effective potential and, consequently, do not affect the gravitational mass-shift effect. As for the non-minimal coupling term, it can be combined with the term μ^2|ϕ|^2 on the Einstein spaces [20]. So, as long as we neglect the back-reaction of the matter on the metric, this term can be omitted. It should be also noted that if we allow for the gravitational field g_{μν} to fluctuate and integrate out the gravitons, the effective Higgs mass is changed by a quantity that depends on ξ̄ (see, for example, [21, 22]). However, on the electroweak scale, this mass-shift is considerable only for the enormous values of the non-minimal coupling ξ̄, where the very applicability of the perturbation theory becomes questionable. Hence, we disregard this term.

We shall study the effective action of the Higgs field under the assumption that the vacuum expectation values of other fields are zero. To this end, we parameterize the Higgs doublet as ϕ = 0 η + χ + iζ^aτ_a 0 1 = ζ_2 + iζ_1 η + χ − iζ_3 , (8) where ζ_a are the Goldstone bosons, η is a vacuum expectation value of the Higgs field, and χ describes the fluctuations of the Higgs field. Then the in-out effective action takes the form e^{iΓ[gμν ,η]} = ∫ 1PI DΦDcDP̄ e^{iStot[gμν ,η,Φ,c,P̄ ]}, 0 η = ⟨out|ϕ|in⟩ ⟨out|in⟩ ,

S_{tot} = S_{SM} + S_{gauge fixing} + S_{ghosts}, (9)

where Φ is the full set of fields including the Goldstone bosons and χ, while c and P̄ are the Faddeev-Popov ghosts. The notation for the path-integral above means that only the one-particle irreducible diagrams are taken into account. The states |in⟩ and |out⟩ denote in- and out-vacua. They differ only by a phase for stationary backgrounds. In the Feynman gauge we shall use, the gauge fixing and ghosts actions are given by L_{gauge fixing} = − 1 2 (∇^μA^a_μ − 1 2 gηζ^a)^2 − 1 2 (∇^μB_μ + 1 2 g^′ηζ^3)^2 − 1 2 (∇^μA^α_μ )^2, L_{ghosts} = c_a(∇^2 + 1 4 g^2η^2)P̄^a + c(∇^2 + 1 4 g^{′2}η^2)P̄ + c_α∇^2P̄^α + vertices,

(10)

where ∇_μ is a covariant derivative and “vertices” denotes the terms of a higher power in the ghost fields. These terms do not contribute to the one-loop effective action.

Now it is not difficult to deduce the spectrum of real and fictitious particles of the standard model in the Feynman gauge. It is presented in Table I. This is the only information about the standard model that we need for the one-loop calculations. Notice that all the masses of massive particles are proportional to η except for the Higgs and Goldstone bosons. Furthermore, small deviations of η result in the linear response of all the masses.

The Killing vector ξ^μ characterizing stationarity of the system can be straighten (ξ^μ = (1, 0, 0, 0)) by an appropriate coordinate change^1. Then the formal expression for the one-loop contribution of one bosonic mode to the effective action on a stationary background can be cast into the form Γ^{(1)}_{1b} = −T ∑ k E^−_k 2 , (11)

1 We use the standard definition for stationary and static spacetimes (see, e.g., [24]). The spacetime is called stationary if it possesses a Killing vector ξ^μ such that ξ^2 = gμν ξ^μξ^ν > 0. The stationary spacetime is said to be (locally) static if ∇_{[μ}(ξ_{ν]}/ξ^2) = 0.

Name Mass squared # Higgs 3λη^2 + μ^2 1 × 1 Goldstone Z m̄^2 + m^2_Z 1 × 1 Goldstone W m̄^2 + m^2_W 2 × 1 Z (g^2 + g^{′2})η^2/4 1 × 4 W g^2η^2/4 2 × 4 Ghosts to SU(2) m^2_W −6 × 1 Photons 0 1 × 4 Ghosts to U(1) m^2_Z − m^2_W −2 × 1 Gluons 0 8 × 4 Ghosts to SU(3) 0 −16 × 1

Name Mass # u_i f^u_i √ 2 η 9 × 4 d_i f^d_i √ 2 η 9 × 4 e, μ, τ f^l_i √ 2 η 3 × 4 ν_i 0 3 × 2

Quantity GeV η_0 247 m_{H0} 129 m_{Z0} 91.2 m_{W 0} 80.4 m_{t0} 171.2 m_{b0} 4.2 m_{c0} 1.27 m_{τ 0} 1.777

TABLE I. The spectrum of particles of the standard model in the Feynman gauge. The bosons and ghosts to them are presented in the left table. The characteristics of the fermionic particles are given in the center table. For brevity, we introduced the notation m̄^2 := λη^2 + μ^2. The last column in these tables contains the number of degrees of freedom for each particle: the number of particles N of a given type multiplied by the number of their polarizations in the Feynman gauge. The ghost fields have a negative number of degrees of freedom by definition. The right table collects the vacuum expectation value of the Higgs field and the masses of particles that are greater than 1 GeV. The experimental data were taken from [23] and correspond to the renormalization scale 2 GeV. The recommended value of the Higgs boson mass is also given.

where T is the time interval and E^−_k is the energy of the mode k corresponding to an antiparticle. This contribution is proportional to the zero-point energy and results from the normal ordering of the creation-annihilation operators. Another equivalent form for the one-loop contribution reads as

Γ^{(1)}_{1b} = −T Sp ∫_∞ 0 dp_0 2 θ(−G^{−1}(−p_0)) = −T Im Sp ∫_∞ 0 dp_0 2π ln(G^{−1}(−p_0)), (12)

where G(p_0) is the Fourier transform in x^0 of Green’s function corresponding to the field considered on a curved background. The Heaviside step function θ(L − λ) of the Hermitian operator L defines the spectral decomposition of unity associated with this operator. As for fermions, they give the same contributions but with an opposite sign in Eq. (11). The complete one-loop contribution to the effective action of the standard model on a stationary background is given by the sum of the contributions (11) over all the species of particles multiplied by their number N presented in Table I.

III. EFFECTIVE POTENTIAL

Now we are in position to calculate the one-loop effective action. To this end, we have to prescribe a rigorous meaning to the formal expressions (11) or (12) and regularize them. One can distinguish two ways, at least, how to do this: we can employ the commonly used regularization methods based on the notion of a Fock proper-time [25–27], or introduce the energy cutoff – the socalled physical regularization (see, e.g., [8]). The first approach uses the heat kernel representation for the complex power of the Feynman propagator

G^λ_F = −

∫_0 −∞ ids Γ(λ) (is)^{λ−1}e^{−isG−1F} , λ ∈ C . (13) As usual, the Feynman propagator G_F is specified by the mass shift m^2 → m^2 − iϵ. The oneloop correction can be expressed in terms of the trace of the operator G^λ (see, e.g., [28–30]). The regularization is achieved by the analytic continuation in λ (the zeta-function regularization), or in the parameter d – the dimension of the spacetime – entering the heat kernel (the dimensional regularization), or by a mere cutoff on the upper integration limit. All these regularizations, which we shall collectively call the proper-time regularizations, give the same answer up to redefinition of the arising infinite constants. This is the general property of regularization schemes depending on one parameter. They are all equivalent in the aforementioned sense provided the multi-dimensional divergent integral (the trace, in our case) is reduced to the one-dimensional divergent integral over the same variable (the proper-time s, in our case). The regularization of one-dimensional integrals is uniquely defined up to the freedom mentioned above [31]. As regards the multi-loop contributions, in the Feynman parameterization, they are all reduced to the one-dimensional integral with respect to the sum of the proper-times.

The second regularization prescription can be conveniently realized by introducing the Fermi- Dirac thermal cutoff. Namely, consider the one-loop Ω-potential for fermionic fields at zero chemical potential (in the system of coordinates where ξ^μ = (1, 0, 0, 0))

Ω = β^{−1}_0 ln Z(β_0) = Sp ∫_∞ 0 dp_0 θ(G^{−1}(−p_0)) e^{β0p0} + 1

= Im Sp ∫_∞ 0 dp_0 π ln(−G^{−1}(−p_0))

e^{β0p0} + 1

, (14)

with β_0 being a reciprocal temperature defining the cutoff. Then the average energy takes a familiar form and reproduces the zero-point energy in the high-temperature limit

E = −∂_{β0} (β_0Ω) = ∑ k E^−_k e^{β0E−}k + 1 −→_{β0→0} ∑ k E^−_k 2 . (15)

This representation allows us to employ the known high-temperature expansions for the partition function of fermions to obtain the one-loop effective action. Other regularization schemes introducing the energy cutoff into the model will lead to the same answer for the effective action up to redefinition of the infinite constants.

In this paper, we shall investigate the second method of regularization – the energy cutoff – for the following reasons (see also [8]). The energy cutoff^2 has a clear physical interpretation in terms of particles: the dispersion laws of particles just deviate from the relativistic dispersion law at very high energies. This method is also natural from the quantum mechanical viewpoint as it is formulated in the quantum mechanical terms. It does not lead to states with a negative norm. This regularization procedure is minimal, i.e., we need not to introduce new entities into the model (as, for example, the proper-time) when the notions of energy and dispersion law are defined. However, this method possesses the well-known drawbacks: it violates the Lorentz- and gauge symmetries and requires a fine-tuning of the coefficients at the counterterms to restore these symmetries in the effective action (see, e.g., [5, 37]); it is awkward in comparison, for example, with the standard proper-time dimensional regularization. As opposed to the energy cutoff, the regularization procedures using the proper-time representation for the Feynman propagator preserve almost all the symmetries of the model since the proper-time is a Lorentz- and gauge invariant quantity. However, the concept of proper-time is purely classical and it cannot be defined in quantum mechanical terms without enlarging the number of degrees of freedom (introducing, for instance, one extra dimension for it).

On a flat background, these two approaches to regularization are equivalent (see, e.g., [8, 32– 35]) in the sense that we can adjust the coefficients at counterterms so as to make the effective actions equal. However, as we shall see, these two schemes (13) and (15) give inequivalent results on a curved background. The divergent and finite parts of the effective actions will differ. At that, as for the finite part, this inequivalence is nonpolymomial in fields and cannot be removed by counterterms or field redefinitions.

The high-temperature expansions of one-loop contributions to the Ω-potential on an arbitrary curved background are rather huge (see, e.g., [36]). That is why we restrict ourself to finding only the effective potential of the Higgs field. We neglect all the derivatives of the Higgs field. Furthermore, we also discard all the terms proportional to the derivatives of the metric field. The former approximation is adequate when the Higgs field changes slowly on the scales characterizing the metric field, while the latter approximation is appropriate when the background metric is approximately Ricci-flat. In this case, most of the relevant terms of the high-temperature expansion

2 Strictly speaking, we need to cut out a finite dimensional subspace from the one-particle Hilbert space. Only in this case do we remove all the divergencies. To this aim, we can confine the particle into a sufficiently large “box” making its spectrum discrete and then single out the subspace in the one-particle Hilbert space. This subspace spans the mode functions with the energies not higher than the energy cutoff.

proportional to the derivatives of the metric vanish. The only possible nonvanishing combinations containing derivatives and having appropriate dimensions are (the total derivatives are also omitted, cf. [29], Eqs. (4.27), (4.28))

∇_μ ln √ ξ^2∇^μ ln √ ξ^2, R_{μνρσ} R^{μνρσ}, (∇_μ ln √ ξ^2∇^μ ln √ ξ^2)^2, ∇_{[μ}(ξ_{ν]}/ξ^2)∇^{[μ}(ξ^{ν]}/ξ^2), (16)

where ξ^2 = g_{μν} ξ^μξ^ν . The last term in (16) vanishes for static metrics. We discard these terms and shall obtain thereby the leading contribution to the derivative expansion of the effective action. As we shall see, this approximation is quite reasonable for the metrics of stars and macroscopic black holes. Every derivative of the metric or Higgs field diminishes, effectively, the contribution of the term to the effective action by the factor (mr)^{−1}, where the massive parameter m is of the order of 1 − 100 GeV (electroweak scale) and r is a distance from the gravitating body.

Bearing these assumptions in mind, it is easy to calculate the Ω-potential (14). The simplest way to do this is to use the representation for the trace of an operator in terms of its symbol (see, e.g., [38–41]). If we neglect all the derivatives of the fields, then the symbol of the operator entering (14) is given by

θ(g^{μν} (x)p_μp_ν − m^2), (17)

for a scalar field. Hence, the partition function takes the form

ln Z(β_0) ≈ β_0 ∫_∞ 0 dp_0 ∫ dxdp (2π)^3 θ(g^{00}p^2_0 − 2g^{0i}p_0p_i + g^{ij} p_ip_j − m^2) e^{β0p0} + 1

= β_0 ∫_∞ 0 dp_0 ∫ dxdp (2π)^3 θ ( (g^{00} − ḡ_{ij}g^{0i}g^{0j} )p^2_0 + g^{ij} p_ip_j − m^2 ) e^{β0p0} + 1

= β_0 ∫_∞ 0 dp_0 ∫ dxdp (2π)^3 θ ( p^2_0 + g_{00}(g^{ij} p_ip_j − m^2) ) e^{β0p0} + 1 = ∫ dxdp (2π)^3 ( |g| g_{00} )_{1/2} ln ( 1 + e^{−β0g1/200}

√_{p2+m2} ) ,

(18)

where we have used the relations [42, 43]

ḡ_{ik}g^{kj} = δ^j_i , g_{00} det ḡ_{ij} = g, g^{00} − ḡ_{ij} g^{0i}g^{0j} = (g_{00})^{−1}. (19)

Thus, the contribution of one bosonic mode to the effective potential has the form

− Γ^{(1)}_{1b} = −T ∫ dx √ |g|∂_β [∫ dp (2π)^3 ln ( 1 + e^{−β} √_{p2+m2} )]

β_0→0

, (20)

where β := β_0 √ ξ^2 is the Tolman reciprocal temperature. The contribution of the spin degrees of freedom just multiplies (20) by the corresponding factor. We have derived the well-known result

[16, 36] that, in the leading quasiclassical order, the influence of gravity on thermal contributions reduces to the substitution of the temperature by the Tolman temperature. Now we can use the high-temperature expansion of the Fermi-Dirac Ω-potential on a flat background (see, e.g., [18, 44])

− Γ^{(1)}_{1b} = T ∫ dx √ |g| [ 7π^2 240β^4_0 ξ^4 − m^2 48β^2_0 ξ^2 + m^4 64π^2 ( ln β^2_0 m^2ξ^2 π^2

+ 2γ + 1 2 )] β_0→0

, (21)

where γ is the Euler constant. The same answer would be obtained if we used the point-splitting regularization procedure ([6], Eq. (247)). The one-loop correction (21) to the effective potential is generally covariant and represents the leading term in the derivative expansion of the effective action. The Killing vector entering the effective potential is not an external structure on the spacetime. It is determined by the metric through the Killing equations. Formula (21) on a spherically symmetric background can be also derived using the explicit quasiclassical representation of the mode functions [3]. The total one-loop contribution to the effective potential is obtained by summing over all particles.

If we employed the proper-time regularization we would obtain the same result (21), but with ξ^2 replaced by one. This fact is quite expectable as the rate of the proper-time of a particle moving along the Killing vector ξ^μ is proportional to √ ξ^2: ds = √ ξ^2dt, (22)

where t is the variable dual to the energy (time). Loosely speaking, when we use the energy cutoff, the regularization parameter becomes blue-shifted (in comparison with the proper-time regularization) by the gravitational field. This observation suggests a simple way how to modify the results obtained by means of the proper-time regularization to the energy cutoff regularization. An accurate inspection of this observation will be given elsewhere.

So, as we see, there are three type of divergencies in the effective potential. They have to be canceled by adding appropriate counterterms to the initial action of the standard model. This, in essence, reduces to replacement of the infinite constants β^{−4}_0 , β^{−2}_0 , and ln β_0 by some finite quantities; and all other quantities entering the effective potential are replaced by their renormalized values. After that, we should impose certain normalization conditions in order to fix five unknown constants λ, μ^2, Λ̃, A_0, and A_2, where Λ̃ is related to the cosmological constant, while A_0 and A_2 are the dimensional constants at ξ^{−4} and ξ^{−2}, respectively.

The first normalization condition we choose is that the effective potential reduces to the wellknown Coleman-Weinberg potential [9] for the flat spacetime, i.e., at ξ^2 = 1, and the masses of particles take their experimental values there. It is convenient to take the values of masses on the scale 2 GeV (see Table I) where the standard model is in perturbative regime and the one-loop approximation is reasonable. This normalization condition implies

V = Λ̃ + μ^2 2 η^2 + λ 4 η^4 − 1 64π^2 (∑ f m^4_f ln m^2_f ξ^2 m^2_{f0} − ∑ b m^4_b ln m^2_b ξ^2 m^2_{b0} )

+ A_0[(ξ^2)^{−2} − 1] (∑ f − ∑ b ) + A_2[(ξ^2)^{−1} − 1] (∑ f m^2_f − ∑ b m^2_b ) . (23)

where the indices f and b indicate statistics and m_0’s denote the values of the masses of the particles at ξ^2 = 1. The coupling constants μ^2 and λ are determined by the equations

μ^2 = −λη^2_0 + 1 32π^2 (∑ f α_f m^2_{f0} − ∑ b α_bm^2_{b0} ) , m^2_{H0} = 3λη^2_0 + μ^2, (24)

where α’s are defined by δm^2 =: αδη^2. This system of equations can easily be solved exactly, but its solution is rather awkward. For a rough estimate, the term in parenthesis in the right-hand side of the first equation can be omitted.

As for the second normalization condition, we demand that the energy-momentum tensor following from (23) vanishes at ξ^2 = 1 (henceforward, we neglect the cosmological constant). It follows from this condition that

V (ξ^2, η^2) | |_{ξ2=1} = 0, ∂V (ξ^2, η^2) ∂ξ^2 | | ξ^2=1

= 0, (25)

where η is taken at the minimum of the effective potential V . These equalities fix the constant Λ̃ and relate the constants A_0 and A_2: Λ̃ = −μ^2 2 η^2_0 − λ 4 η^4_0 , A_0 (∑ f − ∑ b ) = − 1 128π^2 (∑ f m^4_{f0} − ∑ b m^4_{b0} ) − A_2 2 (∑ f m^2_{f0} − ∑ b m^2_{b0} ) . (26) Thus, we ascertain in our particular case that the energy cutoff and the proper-time regularizations give equivalent results for the effective action on a flat background (ξ^2 = 1, in our case) and are inequivalent in a curved spacetime.

The only undetermined constant can be fixed imposing the third normalization condition. Namely, the deviation of the vacuum expectation value η due to change of ξ^2 leads to the deviation of masses of all the massive particles and, as a consequence, to the deviation from the standard redshift law. Recall that in general relativity the redshift law is usually derived under the assumption that the emission spectrum does not depend on gravity in the reference frame associated with the emitter. However, if the masses of massive particles (for example, the electron mass) change with the gravitational field, the spectrum will also change even in this system of coordinates.

FIG. 1. The dependence of the constant A2 on the Higgs boson mass according to the normalization condition (28). Thickness of the line depicts the error related to the unknown constant a. Notice that A2 is almost uniquely determined and can be approximated by its value at a = 0. The inset represents the dependence of the Higgs self-interaction coupling constant on the Higgs boson mass.

It should be noted that the null redshift experiment [10] cannot apparently detect the mass-shift effect, at least in the linear order in gravitational perturbations. The additional corrections due to mass-shift to the emission spectra are the same as the changes of the linear sizes of the resonator in superconducting-cavity stabilized oscillator clocks. The sizes of the resonator vary in the same way as the Bohr radius of the hydrogen atom. So, the direct experiments are necessary. The direct tests of general relativity impose stringent constraints on the deviation from the standard redshift law in the weak field limit [1, 10]: δω ω = (1 + a)φ_N , |a| < 2 × 10^{−4}, (27)

where φ_N is the Newtonian potential and ω is the frequency of radiation. It is not difficult to brought this condition into the form δη^2 η^2_0 | | |_{ξ2=1} = aδξ^2, (28)

where η is taken at the minimum of the effective potential as before and δξ^2 ≈ 2φ_N . This condition fixes the last undetermined constant in the effective potential (23). Making a negligible error, we can set a = 0 (see Fig. 1). Then ∂V (ξ^2, η^2) ∂ξ^2∂η^2 | | |_{ξ2=1} = 0 ⇒ A^2 = − 1 32π^2 ∑ f α_f m^2_{f0} − ∑ b α_bm^2_{b0} ∑ f α_f − ∑ b α_b . (29)

As a result, we can completely describe the gravitational mass-shift effect in the standard model on a stationary background.

The standard model is not an accomplished theory. The Higgs boson has not yet been found and its mass is a free parameter of the model. Therefore several possible scenarios are presented in Fig.

2. They are the same as for O(N)-ϕ^4-model considered in [3], but “inverted”, because the fermionic degrees of freedom dominate in the standard model. There is a critical value of the Higgs boson mass m^{cr}_{H0} ≈ 278.2 GeV where the constant A_2 vanishes. When the Higgs boson mass is equal to or greater than m^{cr}_{H0}, the masses of all the massive particles decrease with the gravitational field and, eventually, go to zero at sufficiently small ξ^2. The broken symmetry of the standard model is restored. The system passes through the phase transition of the second order for m_{H0} > m^{cr}_{H0}. In case m_{H0} = m^{cr}_{H0}, it passes through the phase transition of the first order and then of the second order (see Fig. 2). When the expectation value η decreases, the masses squared of the Goldstone and Higgs bosons become negative. This leads to an appearance of the imaginary part in the effective potential and says that the vacuum state gets unstable. The values of the logarithms entering the effective potential taken on their cuts are uniquely specified by the prescription m^2 → m^2 − iϵ. Strictly speaking, in this case we have to use the in-in formalism for systems with a non-stationary vacuum state. However, if the imaginary correction to the expectation value is rather small, | | | Im V^′_{η2} (ξ^2, η^2) Re(η^2V^{′′}_{η2η2} (ξ^2, η^2)) | | | ≪ 1, (30)

we can still use the in-out effective action for the approximate evaluation of averages. The rate of decay of the vacuum state [27], i.e., the probability, per unit time per unit volume, that a pair is created, is approximately given by the imaginary part of the effective Lagrangian doubled. In our case, it is nonnegative, as it should be, and is written as

− 2 Im V = 1 32π [ m^4_H θ(−m^2_H ) + 2m^4_{GW} θ(−m^2_{GW} ) + m^4_{GZ} θ(−m^2_{GZ}) ] , (31)

where m_{GW} and m_{GZ} are the masses of the corresponding Goldstone bosons. The imaginary part arises when

η^2/η^2_0 ≲ (1 + 2m^2_{W 0}/m^2_{H0})^{−1}. (32)

The numerical analysis shows that condition (30) is fulfilled for any ξ^2 at which the phase transition occurs and, of course, for larger ξ^2 (see Fig. 2).

In the opposite case, i.e., when m_{H0} ≤ m^{cr}_{H0}, and, in particular, for the recommended value of the Higgs boson mass m_{H0} = 129 GeV, the masses of massive particles grow, when ξ^2 decreases, and tend to infinity at ξ^2 → 0. At small ξ^2, the asymptotics of the expectation value of the Higgs field is given by

η^2/η^2_0 ≈ c/ξ^2, (33)

FIG. 2. Left top panel: The dependence of the vacuum expectation value of the Higgs field on ξ^2 at the recommended value of the Higgs boson mass. The left inset represents the same dependence, but at smaller ξ^2. The right inset depicts the relative error 1 − ηas/η of the asymptotics (33). Right top panel: The dependence of the vacuum expectation value of the Higgs field on lg ξ^2 at mH0 = 279 GeV. The left inset represents the dependence of the imaginary part of the Lagrangian doubled. The right inset provides the dependence of the quantity (30) on lg ξ^2. This quantity characterizes the applicability of the in-out formalism in the case at issue. Left bottom panel: The same as for the right top panel, but for the critical value of the Higgs boson mass m^{cr}_{H0} ≈ 278.2 GeV. Notice that the masses do not almost change in this case provided ξ^2 is not extremely small. Right bottom panel: The shape of the real part of the effective potential is shown in a vicinity of the phase transition for the critical value of the Higgs boson mass (the value of the real part of the effective potential at η = 0 is subtracted). The solid line corresponds to lg ξ^2 = −16.785, the dotted line is for lg ξ^2 = −16.75, and the dashed line represents the case lg ξ^2 = −16.8. It is clearly seen from these plots that the first phase transition is of the first order.

where the dimensionless constant c is found from the equation (∑ f α_f − ∑ b α_b ) 2A_2 η^2_0 + { λ − (∑ f α^2_f − ∑ b α^2_b ) 1 + ln c^2 32π^2 − 1 16π^2 [ α^2_H ln m^2_{H0} α_H η^2_0

+ 2α^2_{GW} ln m^2_{GW 0} α_{GW} η^2_0

+ α^2_{GZ} ln m^2_{GZ0} α_{GZ} η^2_0 ]} c = 0. (34) It has the solution c ≈ 9.75 × 10^{−2} at the recommended value of the Higgs boson mass. In Fig. 2, this asymptotics is presented in comparison with the exact expectation value.

Some comments on these scenarios are in order. At small ξ^2, the quantum correction becomes large and the gradients of the fields ξ^2 and η increase too. Therefore we need to take into account the higher-loop corrections, the gradient terms, and back-reaction when ξ^2 tends to zero. Moreover, the Higgs field self-interaction coupling is large at large the Higgs boson mass m_{H0}: λ ≈ 0.63 at the critical value of the Higgs boson mass. Hence, the critical value given above is just an estimate, and the scenarios described for large m_{H0} are rather qualitative than quantitative. The lattice simulations and higher-loop calculations for the standard model at finite temperature nevertheless show that such one-loop results are quite reasonable (see, e.g., [18, 45]). In the next section we shall see that very small values of ξ^2 seem not to realize even for black holes. Also notice that the effective potential (23) evidently depends on the spectrum of masses of particles of the standard model. It will change if some new heavy particles are discovered.

IV. NON-STATIONARY CASE

In the previous sections, we considered the standard model on a stationary background when the Killing vector ξ^μ is defined. In the long run, the square of this vector entered the effective potential of the Higgs field. A natural question arises how to generalize the above results to non-stationary backgrounds. It turns out that this generalization is essentially unique under certain reasonable assumptions.

To investigate the dynamics of quantum field on a non-stationary background we have to use the in-in formalism and the in-in effective action (see [28, 46–49]). This approach doubles the number of the quantum and background fields (g_{μν} , Φ̃) → (g^±_{μν} , Φ̃^±), where Φ̃ = (Φ, c, P̄ ). Further, we must prescribe the exact meaning to the operators entering the Heisenberg equations and introduce an appropriate regularization. The self-consistent definition of operators in the Fock space needs the definition of the normal ordering [4, 5, 38]. Different prescriptions for the normal ordering lead to inequivalent theories on a curved background (see, e.g., [6]), while the formal manipulations with divergent operators may give rise to incorrect results like the absence of anomalies (whereas they are known to exist). On a stationary background, we have a preferred set (or sets) of the creation-annihilation operators and, consequently, a preferred prescription for the normal ordering. These creation-annihilation operators are associated with the stationary mode functions that are eigenfunctions of the Lie derivative with respect to ξ^μ. In the case of a degenerate one-particle energy spectrum, there is a freedom to combine the mode functions corresponding to the same energy, but this freedom does not affect the observables. It just results in a unitary transform in the finite dimensional subspace of the one-particle Hilbert space provided the particle is confined into a large “box”. Generalizing this construction to non-stationary backgrounds, we introduce the background vector field ξ^μ as well and require that this vector coincides with the Killing vector in the case of a stationary background. As before, it is normalized on unity for the flat spacetime: ξ^2 = 1. This vector field allows us to define the normal ordering and the physical regularization.

The regularized in-in effective action becomes the functional of the form

Γ[g^+_{μν} , ξ^+_μ , Φ̃^+; g^−_{μν} , ξ^−_μ , Φ̃^−]. (35)

It is generally covariant with respect to the first and second arguments, separately. This implies

∇^ν T_{μν} ≈ L_ξΓ_μ + ∇^ν ξ_ν Γ_μ, √ |g|T^{μν} := −2 δΓ δg^+_{μν} | | |_{+=−} , √ |g|Γ_μ := − δΓ δξ^{+μ} | | |_{+=−} . (36)

Here the approximate equality means that the equations of motion for the fields Φ̃ are taken into account and we identify the “plus” and “minus” fields upon variation. We see that covariant divergenceless of the energy-momentum tensor (the average of the energy-momentum tensor operator) is violated by the terms depending on the vector field ξ^μ. In the stationary case, these terms disappear since ξ^μ is the Killing vector (see Eq. (36)), and the energy-momentum tensor is covariantly nondivergent. In the non-stationary case, we just impose this condition on the energy-momentum tensor and fix thereby the vector field ξ^μ. Recall that the divergenceless of the energy-momentum tensor follows from the Einstein equations and so the latter requirement is a mere self-consistency condition (a Ward identity). The equations of motion for the vector field ξ^μ can be cast into the hydrodynamic form

∇_μ(ξ^μw) = 0, ξ^μ∇_{[μ}(Γ_{ν]}/w) = L_ξ(Γ_ν /w) = 0, (37)

where w := ξ^ρΓ_ρ. These equations should be supplemented by the initial and boundary conditions discussed above. It follows from the first equation that there exists a conserved charge in the system. Matching Eqs. (37) with the equations of motion of the relativistic fluid (see, e.g., [50]), it is natural to identify this charge with the entropy of the system. The second equation implies that if the 1- form ω^{−1}Γ_μ was initially exact, it remains exact along the integral curves of the vector field ξ^μ. In this case, the spacetime is foliated by the hypersurfaces associated with this integrable 1-form. This provides a preferred definition of the energy of the system on a non-stationary background as a flux of the vector field T^{μν} ξ_ν through one of these hypersurfaces. Of course, this energy is not generally conserved as long as the background is non-stationary.

In a certain sense, the vector field ξ^μ spoils the so-called local position invariance (see, e.g., [10]). Hence, the approach we are considering can be placed among the Lorentz-invariance violating theories (for a review, see [13, 14]). Notice, however, a distinction of this approach with the standard

Lorentz-invariance violating models like, for example, the minimal Lorentz-invariance violating standard model extension [13]. The vector field ξ^μ we have introduced is always a background field, i.e., it does not represent a quantum field or its average. It characterizes the regularization procedure and is necessary for a proper definition of the composite field operators in the Hilbert space. Whatever new particles are introduced into the theory, this vector field has to be included when it comes to define the physical regularization. Therefore its dynamics do not follow from the action principle, at least immediately, but arise as a self-consistency condition. Moreover, this approach is minimal: i) There is no Lorentz-invariance violation for a flat background; ii) There is no new additional structures or fields in the effective action on a stationary background. The vector field ξ^μ is just the Killing vector of the metric. In the non-stationary case, this vector field is uniquely determined by the self-consistency condition (37) with the initial and boundary conditions described above; iii) The number of new parameters entering the effective action is minimal, which allows us to make predictions rather than just to fit the model to the experimental data.

As an example, we consider the Schwarzschild black hole. Despite the fact that it is described by a static metric except for the small region near the horizon where the matter accretes, it should be thought of as an infinitely lasting collapse, i.e., as a non-stationary system. Later, this observation will be relevant for the analysis of the solutions to (37).

Now we should make certain approximations in order to solve the equation of motion for the vector field ξ^μ. First, we assume that the system is in a vacuum state, i.e., there are no particles in it, or their back-reaction on the vacuum is marginal, and the Hawking particle production [51] is also negligible for the averages of quantum fields. Then the in-in effective action entering (37) can be approximated by the in-out effective action for the vacuum:

Γ[g^+_{μν} , ξ^+_μ , Φ̃^+; g^−_{μν} , ξ^−_μ , Φ̃^−] ≈ Γ[g^+_{μν} , ξ^+_μ , Φ̃^+] − Γ^∗[g^−_{μν} , ξ^−_μ , Φ̃^−]. (38)

Second, we use the same assumptions which we made in deriving the effective potential in the previous section. That is, we replace the effective action entering (37) by the effective action constructed from the effective potential (23). Then we have

Γ_μ = 2ξ_μ

∂V (ξ^2, η^2) ∂ξ^2 , w = 2ξ^2

∂V (ξ^2, η^2) ∂ξ^2 , Γ_μ/w = ξ_μ/ξ^2, (39)

where η is taken at the minimum of the effective potential. The last relation in (39) holds in a general case provided that the vector field ξ^μ appears in the in-in effective action as ξ^2. The combination ξ_μ/ξ^2 is nothing but the Tolman reciprocal temperature 1-form when ξ^μ is the Killing vector. It is closed when the metric is static and, hence, it is exact provided the fundamental group of the spacetime is trivial. So, if the system starts its evolution from the state with a static metric, the 1-form w^{−1}Γ_μ will be exact over all the spacetime in this case.

The equations of motion (37) together with (39) are exactly the equations describing a hot ultrarelativistic fluid [50],

β := √ ξ^2, σ := βw, p := −V, (40) being the reciprocal temperature, the entropy density, and the pressure, respectively, and w =: ε+p being the enthalpy density (for the other hydrodynamic descriptions of a vacuum, see, e.g., [52]). As usual, the energy density is denoted by ε. The temperature scale is chosen such that the temperature (ξ^2)^{−1/2} is equal to unity for the flat spacetime. As a result, this temperature is dimensionless and the entropy density has the dimension of the energy density. These quantities can be also obtained from the standard definition of the energy-momentum tensor if we vary the effective action with the potential V (ξ^2, η^2) with respect to the metric. The normalization conditions (25) imply that the entropy, enthalpy, and energy densities, as well as the pressure of the vacuum state vanish for the flat spacetime.

In the stationary case, we have already seen that the physical regularization can be achieved by introducing a thermal cutoff as if the system were at the very high temperature characterized by the energy cutoff. Therefore it is not surprising that, in the non-stationary case, a vacuum acquires the properties of an ultrarelativistic fluid. According to this interpretation, one can think of the particle-antiparticle virtual pairs as some particles created at the expense of the energy of a thermostat heated up to the cutoff temperature. This energy is given back to the thermostat when these particles annihilate. All the charges are conserved during this process and the average energy is also conserved in the stationary case. Of course, this is just one of the possible ways of thinking of the vacuum and particle-antiparticle virtual pairs likewise the notion of Dirac’s “sea”. One may say that this sea is heated up to the cutoff temperature.

Inasmuch as the vacuum possesses the same properties as an ultrarelativistic fluid, we can define, in particular, the speed of sound in it

c^2_s := ∂p ∂ε = − ( d ln σ d ln β )_{−1} , (41)

i.e., the speed of propagation of small perturbations of the vector field ξ^μ. Bearing in mind the normalization condition (25), we can easily find the expression for this speed in the weak field limit ξ^2 → 1:

c^2_s ≈

1 − ξ^2 2 ≈ −φ_N , (42) where we have assumed that

σ^′(ξ^2) | |_{ξ2=1} = −2 p^{′′}(ξ^2) | |_{ξ2=1} = −1 16π^2 [∑ f m^4_{f0} − ∑ b m^4_{b0} − (∑ f m^2_{f0} − ∑ b m^2_{b0}

)∑_f α_f m_{2f0} − ∑_b α_bm_{2b0} ∑ f α_f − ∑ b α_b ] (43)

is not zero. The last formula is easily derived if one takes into account the normalization condition (29). It is remarkable that the speed of sound is independent of details of the standard model in the weak field limit. It is solely determined by the Newtonian potential φ_N and equals the so-called first cosmic velocity. One may say that the virial theorem is fulfilled for this fluid. In the case when σ^′(1) = 0, while σ^{′′}(1) ≠ 0, the sound speed squared in the weak field limit is given by (42) divided by 2. This occurs at the Higgs boson mass m̄_{H0} ≈ 263.6 GeV, but it is hard to imagine that this degenerate case is realized indeed. It is this case when the components of the energy-momentum tensor of the vacuum tend to zero as 1/r^2 and not as 1/r, where r is a distance from the gravitating object.

At small ξ^2, the massless contribution to the entropy density dominates. This is not difficult to see from the asymptotics (33) when the masses of particles grow with decreasing ξ^2. In the opposite case (A_2 ≥ 0), the masses tend to zero and, of course, the massless contribution also dominates. In both cases, σ ≈ β^{−3} [ 1 32π^2 (∑ f m^4_{f0} − ∑ b m^4_{b0} ) + 2A_2 (∑ f m^2_{f0} − ∑ b m^2_{b0} )] , c_s ≈ 1 √ 3 , (44)

as one would expect for a gas of massless particles.

As seen from Fig. 2, the masses of particles at the critical value of the Higgs boson mass (A_2 = 0) do not almost change down to extremely small values of ξ^2. This allows us to find exact expressions for the entropy density and the speed of sound for sufficiently large ξ^2: σ = (∑ f m^4_{f0} − ∑ b m^4_{b0} ) β^{−3} − β 32π^2

, c^2_s =

1 − ξ^4 3 + ξ^4

. (45)

Note that this speed does not depend on the parameters of the standard model. Its weak field limit coincides with (42), and it turns into (44) at ξ^2 → 0. The plots of c^2_s versus ξ^2 are presented in Fig. 3 for different values of the Higgs boson mass. In the interval of the Higgs masses m_{H0} ∈ (m̄_{H0}, m^{cr}_{H0}), there is a range of the values of ξ^2 where the sound speed squared is negative and the entropy density changes its sign (see Fig. 3). This signalizes that the system becomes hydrodynamically unstable, i.e., small fluctuations of the vector field ξ^μ grow exponentially with time. Since this occurs at large values of the Higgs boson mass m_{H0}, such a behavior may be a mere artefact of the approximations

FIG. 3. Left panel: The dependence of the sound speed squared on 1 − ξ^2. The solid line represents the sound speed at the recommended value of the Higgs boson mass. The dashed line corresponds to the critical value of the Higgs boson mass m^{cr}_{H0}. This plot coincides with the plot of the function (45). The dotted line depicts the sound speed squared at the Higgs boson mass mH=0 ≈ 264.6 GeV belonging to the interval of hydrodynamical instability (m̄H0, m^{cr}_{H0}). The inset represents the plot of the relation cs0/cs − 1, where cs0 is given by formula (45) and cs is the sound speed at the recommended value of the Higgs boson mass. Right panel: The dependence of the entropy density of the vacuum state on the reciprocal Tolman temperature squared ξ^2. The solid, dotted, and dashed lines correspond to the same cases as on the left panel. The inset depicts the same dependence, but for smaller ξ^2. We see that the entropy density is positive in the case A2 ≥ 0 and is mostly negative otherwise. The entropy density changes its sign with ξ^2 at the Higgs boson masses lying in the “instability” interval (m̄H0, m^{cr}_{H0}). In particular, the entropy density is nonpositive at the recommended value of the Higgs boson mass.

made and could be cured by higher-loop and derivative corrections to the effective action. However, this question needs a further investigation. Henceforth, we assume that the Higgs boson mass does not fall into this interval and the system considered is hydrodynamically stable.

Now we consider in detail the solution to the equations of motion (37) for the Schwarzschild black hole. Upon the approximations made, we have just to describe a spherically symmetric accretion of an ultrarelativistic fluid onto a black hole. This is a well-studied subject (see, e.g., [53–56]) and we consider only the main steps. In this case, the self-consistency condition (37) is reduced to two equations 1 − r_g r + u^2 = ξ^2, r^2uσ(ξ^2) = k, (46) where r_g is the gravitational radius, k is some constant characterizing the entropy flux, and u := ξ^r/ √ ξ^2 is a radial component of the 4-velocity. We have also used the normalization condition ξ^2 → 1 at spatial infinity. The system of equations (46) has the trivial solution k = 0, u = 0, ξ^2 = 1 − r_g r . (47) It corresponds to the static system studied in the previous section or, physically, to a stable star (in a certain approximation, of course). Stability of the star means here that it does not appreciably change its gravitational field on the time scale of the order of L/c_s, where L is a characteristic size of the star. A black hole represents an infinitely lasting collapse and so the entropy flux and the radial velocity u are not zero in this case. We see that the Tolman reciprocal temperature β for a black hole is greater than the reciprocal temperature for a static star at the same coordinate r. In particular, the reciprocal temperature is not equal to zero at r = r_g for a black hole. Therefore the gravitational mass-shift effect is greater for a static star rather than for a black hole at the same r.

The system of equations (46) has a unique nontrivial (k ≠ 0) nonsingular solution u(r) satisfying the boundary condition

lim_{r→∞} u = 0. (48)

It possesses the weak field asymptotics u ≈ − k σ^′(1)r_gr

, (49)

provided m_{H0} ≠ m̄_{H0}. The constant k is uniquely defined by the regularity condition. A regular solution u(r) should pass through the so-called critical point where, roughly speaking, the velocity of the accretion flow becomes equal to the speed of sound in it:

u^2_∗ = ξ^2_∗ c^2_s(ξ^2_∗ ) = r_g 4r_∗ . (50)

The asterisk distinguishes the quantities taken at the critical point. The equations for the critical point follow from (46). If we differentiate (46) then

(σ + 2u^2σ^′) du u + (2rσ + r_gσ^′) dr r^2

= 0. (51)

The quantity,

σ + 2u^2σ^′ = σ ( 1 − u^2 ξ^2c^2_s ) , (52)

changes its sign when r runs from r_g to +∞ since σ ( 1 − u^2 ξ^2c^2_s ) −→_{r→rg} σ(1 − c^{−2}_s ), σ ( 1 − u^2 ξ^2c^2_s ) −→_{r→∞} σ. (53) The entropy density has the same sign for any ξ^2 ∈ (0, 1) and the sound speed is always less than unity provided the Higgs boson mass for the flat spacetime does not fall into the “instability” interval (m̄_{H0}, m^{cr}_{H0}). The requirement that the radial velocity has a finite derivative at the point, where the quantity (52) vanishes, leads to equations (50) for the critical point. Equations (50) allow us to find r_∗, u_∗, and ξ^2_∗ , and, hence, the constant k from the second equation in (46).

Unfortunately, the critical point cannot be found analytically with the exception of the case where the Higgs boson mass m_{H0} is equal (or close) to the critical mass m^{cr}_{H0}. However, the accretion problem can be easily analyzed numerically. The plots of the accretion velocity and the Tolman temperature are presented in Fig. 4 for the different Higgs boson masses. The critical point for the recommended Higgs boson mass is found to be

ξ^2_∗ ≈ 0.90, u_∗ ≈ −0.18, r_∗/r_g ≈ 7.73, k/r^2_g ≈ 1.02 × 10^7GeV^4. (54)

As far as the critical value of the Higgs boson mass is concerned, we know explicit expressions for the entropy density and the sound speed (45) in this case. Substitution of the sound speed to the equations for the critical point gives the result

ξ^2_∗ = √ 33 − 3 4 , u^2_∗ = 7 − √ 33 12 , r_∗ = 3r_g 7 − √ 33 . (55)

Then the equation for the entropy flux conservation takes the form

r^2_∗u_∗(ξ^{−3}_∗ − ξ_∗) = r^2_g 8 √ 3 2 (63 + 11 √ 33) = r^2 √ ξ^2 − 1 + r_g/r(ξ^{−3} − ξ). (56)

This equation can be reduced to the fourth order polynomial equation on 1/r. Only one root of this equation has physical meaning and satisfies the boundary condition (48). The explicit expression for r(ξ^2) is rather huge and we do not write it here, but it is remarkable that the accretion problem admits of an analytical solution.

We see from the plots presented in Fig. 4 that the singularities arising in the effective potential at ξ^2 = 0 are not actually realized. In particular, when A_2 = 0, the minimal value of the reciprocal temperature squared, which it takes on the horizon r = r_g, becomes

ξ^2 | |_{r=rg} = 1 32 (√ 1402 + 66 √ 33 − √ 378 + 66 √ 33 ) ≈ 0.46. (57)

As for the recommended Higgs boson mass, the numerical analysis shows that ξ^2 ≈ 0.62 at r = r_g. This corresponds to the relative change of the vacuum expectation value δη/η_0 ≈ 9.2 × 10^{−3}. Taken on the horizon, the Tolman reciprocal temperature squared ξ^2 decreases, when the Higgs boson mass m_{H0} increases till m_{H0} ≈ 232 GeV. The reciprocal temperature squared is equal approximately to 0.56 at this value of the Higgs boson mass. Then it increases up to unity at m̄_{H0}. After the instability interval, the reciprocal temperature squared increases with m_{H0} starting from (57). At very large Higgs boson masses, applicability of the perturbation theory and the one-loop approximation becomes questionable and so we exclude this region from our consideration.

FIG. 4. The dependence of ξ^2 on the Schwarzschild coordinate r. Two branches of the solution to the accretion equations (46) are presented. One branch corresponds to the “infall” solution, another one being the “outflow” solution. These branches intersect at the critical point. The insets depict the moduli of the accretion velocities. Only that branch of the general solution which does not vanish on the horizon represents the solution satisfying the boundary condition (48). This is the infall solution. The case of the recommended Higgs boson mass is presented on the left panel and the case of the critical Higgs boson mass m^{cr}_{H0} is given on the right panel. These plots together with the plots in Fig. 2 provide a complete description of the gravitational mass-shift effect for a Schwarzschild black hole.

V. DISCUSSION

In this paper we obtained the one-loop effective potential of the Higgs field both for stationary and non-stationary gravitational backgrounds. The crucial point was the use of the energy cutoff regularization or the normal ordering in prescribing a rigorous meaning to the Hamiltonian of the standard model and to the other composite operators. Having imposed physically reasonable normalization conditions, we completely specified the effective potential and described thereby the vacuum state at the one-loop level. This, in turn, allowed us to obtain a complete description of the gravitational mass-shift effect on the Schwarzschild background in a certain approximation.

In particular, it appeared that the gravitational mass-shift effect is greater for static stars than for Schwarzschild black holes. For the non-rotating neutron star with the radius of 2r_g this effect gives the relative mass-shift δη/η_0 ≈ 2.0 × 10^{−2} (for the recommended value of the Higgs boson mass) on the surface of the star, while for the black hole it leads to δη/η_0 ≈ 9.2 × 10^{−3} on the horizon. A proper generalization of the approach to the non-stationary case allowed us to get rid of the divergences of the effective potential on the black hole horizon.

Besides, the properties of the vacuum proved to be similar to the properties of an ultrarelativistic fluid. It possesses the entropy and enthalpy densities, the pressure etc. The entropy density and the pressure of the vacuum turn out to be negative, when the Higgs boson mass is less than 263.6 GeV, and they become positive for the Higgs boson masses greater than the critical value 278.2 GeV. This implies the existence of a small screening of a gravitating object in the former case and a small anti-screening in the latter case. Although these effects are rather small, they become relevant on cosmic scales. The vacuum energy density tends to zero as −σ^′(1)r_g /r and the pressure behaves like p^{′′}(1)r^2_g /2r^2 at sufficiently large distance r from the object. Therefore the energy of the vacuum state diverges in the limit of infinite space. Of course, this contribution to the vacuum energy is only relevant on the distances less than |σ^′(1)|r_g /Λ as the contribution from the cosmological constant Λ dominates above this scale.

The results of this paper can be generalized in several directions. It would be interesting to investigate the properties of the vacuum state for the Kerr-Newman background. A naive substitution of the Kerr-Newman metric to the effective potential (23) gives rise to the divergence on the ergosphere. This problem seems to be resolved by solving the self-consistency condition (37) as we have done for the Schwarzschild black hole. Another evident generalization is to include backreaction and derivative corrections to the one-loop effective action, although, to all appearance, these corrections are small for macroscopic gravitating objects. It is also interesting to investigate the loop corrections to other observables, such as the electron form factors on a curved background using the energy cutoff. An evident generalization of the flat spacetime results suggested by the form of the effective potential (23) consists in replacement of the massive parameter μ of the dimensional regularization (or the cutoff parameter) by its blue-shifted counterpart μ(ξ^2)^{−1/2} provided the derivatives of ξ^2 are negligible. This will lead to small variations of the coupling constants with gravity (see for recent tests, e.g., [57]). However, this guess needs a further exploration. When this problem will be solved, the higher loop corrections to the effective potential of the Higgs field on a curved background can be studied making use of the energy cutoff regularization.

ACKNOWLEDGMENTS

The work is supported by the RFBR grant 09-02-00723-a. I appreciate the anonymous referees for valuable comments. I am also grateful to Professor A. A. Sharapov for careful reading of the manuscript.

[1] R. F. C. Vessot, et al., Test of relativistic gravitation with a space-borne hydrogen maser, Phys. Rev.

Lett. 45, 2081 (1980).

[2] The ESA program Atomic Clock Ensemble in Space (ACES). It will be ready for launch in 2013; The US-European joint program the Satellite Test of the Equivalence Principle (STEP). It is planned for launch in 2013.

[3] P. O. Kazinski, One-loop effective potential of the Higgs field on the Schwarzschild background, Phys.

Rev. D 80, 124020 (2009).

[4] J. H. Lowenstein, Normal-product quantization of currents in the Lagrangian field theory, Phys. Rev.

D 4, 2281 (1971).

[5] N. N. Bogolyubov, D. V. Shirkov, Introduction to the Theory of Quantized Fields (Wiley, New York, 1980).

[6] B. S. DeWitt, Quantum field theory in curved spacetime, Phys. Rep. 19, 295 (1975). [7] D. G. Boulware, Quantum field theory in Schwarzschild and Rindler spaces, Phys. Rev. D 11, 1404 (1975).

[8] J. Collins, A. Perez, D. Sudarsky, L. Urrutia, and H. Vucetich, Lorentz invariance and Quantum Gravity:

An additional fine-tuning problem?, Phys. Rev. Lett. 93, 191301 (2004); J. Collins, A. Perez, and D. Sudarsky, Lorentz invariance violation and its role in quantum gravity phenomenology, hep-th/0603002; J. C. Collins, Renormalization (Cambridge University Press, Cambridge, 1984).

[9] S. Coleman, E. Weinberg, Radiative corrections as the origin of spontaneous symmetry breaking, Phys.

Rev. D 7, 1888 (1973).

[10] C. M. Will, The confrontation between General Relativity and experiment, Living Rev. Relativity 9, (2006).

[11] J. Bjorken, Emergent gauge bosons, arXiv:hep-th/0111196.

[12] S. Coleman, Sh. L. Glashow, High-energy tests of Lorentz invariance, Phys. Rev. D 59, 116008 (1999). [13] V. A. Kostelecký, J. D. Tasson, Prospects for large relativity violations in matter-gravity couplings, Phys. Rev. Lett. 102, 010402 (2009); Matter-gravity couplings and Lorentz violation, Phys. Rev. D 83, 016013 (2011); V. A. Kostelecký, N. Russell, Data tables for Lorentz and CPT violation, Rev. Mod. Phys. 83, 11 (2011).

[14] Sh. Nojiri, S. D. Odintsov, Unified cosmic history in modified gravity: from F (R) theory to Lorentz non-invariant models, Phys. Rep. 505, 59 (2011).

[15] J. Alfaro, A. A. Andrianov, M. Cambiaso, P. Giacconi, and R. Soldati, Bare and induced Lorentz & CPT invariance violations in QED, Int. J. Mod. Phys. A 25, 3271 (2010).

[16] R. C. Tolman, Relativity, Thermodynamics, and Cosmology (Claredon Press, Oxford, 1934). [17] M. E. Carrington, Effective potential at finite temperature in the standard model, Phys. Rev. D 45, 2933 (1992).

[18] J. I. Kapusta, Ch. Gale, Finite-Temperature Field Theory (Cambridge University Press, Cambridge, 2006).

[19] L. B. Okun, Leptons and Quarks (North Holland, New York, 1982). [20] A. Z. Petrov, Einstein Spaces (Pergamon, Oxford, 1969).

[21] F. Bezrukov, M. Shaposhnikov, Standard model Higgs boson mass from inflation: two loop analysis, JHEP 07, 089 (2009).

[22] A. O. Barvinsky, A. Yu. Kamenshchik, C. Keifer, A. A. Starobinsky, C. F. Steinwachs, Higgs boson, renormalizaition group, and naturalness in cosmology, arXiv:0910.1041.

[23] K. Nakamura, et al. (Particle Data Group), Review of particle physics, J. Phys. G 37, 075021 (2010). [24] R. M. Wald, General Relativity (University of Chicago Press, Chicago, 1984). [25] V. A. Fock, The proper time in classical and quantum mechanics, Physik Z. Sowjetunion 12, 404 (1937). [26] R. P. Feynman, Mathematical formulation of the quantum theory of electromagnetic interaction, Phys.

Rev. 80, 440 (1950).

[27] J. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82, 664 (1951). [28] B. S. DeWitt, The Global Approach to Quantum Field Theory Vol. 2 (Claredon Press, Oxford, 2003). [29] D. V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rep. 388, 279 (2003). [30] I. G. Avramidi, Covariant methods for the calculation of the effective action in quantum field theory and investigation of higher-derivative quantum gravity, Ph.D. thesis, Moscow State University, 1986, hep-th/9510140.

[31] I. M. Gel’fand, G. E. Shilov, Generalized Functions Vol. 1: Properties and Operations (Academic Press, New York, 1964).

[32] N. F. Svaiter, B. F. Svaiter, The analytic regularization zeta function method and the cut-off method in the Casimir effect, J. Phys. A: Math. Gen. 25, 979 (1992).

[33] G. Cognola, L. Vanzo, and S. Zerbini, Regularization dependence of vacuum energy in arbitrarily shaped cavities, J. Math. Phys. 33, 222 (1992).

[34] S. A. Fulling, Systematics of the relationship between vacuum energy calculations and heat-kernel coefficients, J. Phys. A: Math. Gen. 36, 6857 (2003).

[35] P. O. Kazinski, M. A. Shipulya, One-loop omega-potential of quantum fields with ellipsoid constantenergy surface dispersion law, Ann. Phys. (NY) 326, 2658 (2011).

[36] J. S. Dowker, G. Kennedy, Finite temperature and boundary effects in static space-times, J. Phys. A:

Math. Gen. 11, 895 (1978).

[37] A. D. Sukhanov, On the interaction Hamiltonian in the quantum field theory, Zh. Eksp. Teor. Fiz. 41, 1915 (1961).

[38] F. A. Berezin, Method of Second Quantization (Academic Press, New York, 1966); Feynman path integrals in a phase space, Sov. Phys. Usp. 23, 763 (1980).

[39] J. Underhill, Quantization on a manifold with connection, J. Math. Phys. 19, 1932 (1978). [40] M. Bordemann, N. Neumaier, and S. Waldmann, Homogeneous Fedosov star products on cotangent bundles I: Weyl and standard ordering with differential operator representation, Commun. Math. Phys. 198, 363 (1998); Homogeneous Fedosov star products on cotangent bundles II: GNS representation, the WKB expansion, and applications, J. Geom. Phys. 29, 199 (1999).

[41] L. L. Salcedo, The method of covariant symbols in curved space-time, Eur. Phys. J. C 49, 831 (2007).

[42] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (W. H. Freeman, San Francisco, 1973), Sec. 21.4.

[43] L. D. Landau, E. M. Lifshitz, The Classical Theory of Fields (Butterworth-Heinemann, San Francisco, 1994), Sec. 84.

[44] L. Dolan, R. Jackiw, Symmetry behavior at finite temperature, Phys. Rev. D 9, 3320 (1974). [45] A. Gynther, M. Vepsäläinen, Pressure of the standard model at high temperatures, JHEP 01, 060 (2006).

[46] J. Schwinger, Brownian motion of a quantum oscillator, J. Math. Phys. 2, 407 (1960). [47] L. V. Keldysh, Diagram technique for nonequilibrium processes, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov. Phys. JETP 20, 1018 (1965)].

[48] E. Calzetta, B. L. Hu, Closed-time-path functional formalism in curved spacetime: Application to cosmological back-reaction problems, Phys. Rev. D 35, 495 (1987); Nonequilibrium quantum fields: Closed-time-path effective action, Wigner function, and Boltzmann equation, Phys. Rev. D 37, 2878 (1988).

[49] E. S. Fradkin, D. M. Gitman, and Sh. M. Shvartsman, Quantum Electrodynamics with Unstable Vacuum (Springer, Berlin, 1991).

[50] L. D. Landau, E. M. Lifshitz, Fluid Mechanics (Pergamon, Oxford, 1987). [51] S. W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43, 199 (1975). [52] S. G. Chefranov, E. A. Novikov, Hydrodynamic vacuum sources of dark matter self-generation in an accelerating Universe without a Big Bang, Zh. Eksp. Teor. Fiz. 138, 830 (2010) [J. Exp. Theor. Phys. 111, 731 (2010)]; E. A. Lim, I. Sawicki, and A. Vikman, Dust of dark energy, JCAP 05, 012 (2010).

[53] H. Bondi, On sperically symmetrical accretion, Mon. Not. Roy. Astron. Soc. 112, 195 (1952). [54] F. C. Michel, Accretion of matter by condensed objects, Astrophys. Space Sci. 15, 153 (1972). [55] L. Shapiro, S. A. Teukolsky, Black Holes, White Dwarfs, and Neutron Stars: the Physics of Compact Objects (Wiley, New York, 1983).

[56] E. Babichev,V. Dokuchaev, and Yu. Eroshenko, Black hole mass decreasing due to phantom energy accretion, Phys. Rev. Lett. 93, 021102 (2004); Perfect fluid and scalar field in the Reissner-Nordström metric, J. Exp. Theor. Phys. 112, 784 (2011).

[57] S. Blatt, et al., New limits on coupling of fundamental constants to gravity using^{87}Sr optical lattice clocks, Phys. Rev. Lett. 100, 140801 (2008).