arXiv:1107.4763v1 [cs.CV] 24 Jul 2011

Diffeomorphic Metric Mapping of High Angular Resolution Diffusion Imaging based on Riemannian Structure of Orientation Distribution Functions

Jia Du, Alvina Goh, Member, IEEE, and Anqi Qiu

Abstract

In this paper, we propose a novel large deformation diffeomorphic registration algorithm to align high angular resolution diffusion images (HARDI) characterized by orientation distribution functions (ODFs). Our proposed algorithm seeks an optimal diffeomorphism of large deformation between two ODF fields in a spatial volume domain and at the same time, locally reorients an ODF in a manner such that it remains consistent with the surrounding anatomical structure. To this end, we first review the Riemannian manifold of ODFs. We then define the reorientation of an ODF when an affine transformation is applied and subsequently, define the diffeomorphic group action to be applied on the ODF based on this reorientation. We incorporate the Riemannian metric of ODFs for quantifying the similarity of two HARDI images into a variational problem defined under the large deformation diffeomorphic metric mapping (LDDMM) framework. We finally derive the gradient of the cost function in both Riemannian spaces of diffeomorphisms and the ODFs, and present its numerical implementation. Both synthetic and real brain HARDI data are used to illustrate the performance of our registration algorithm.

Index Terms

J. Du is with the Division of Bioengineering, National University of Singapore, Singapore. A. Goh is with the Department of Mathematics,, National University of Singapore, Singapore. A. Qiu is with the Division of Bioengineering and Clinical Imaging Research Center, National University of Singapore, Singapore and the Singapore Institute for Clinical Sciences, Agency for Science, Technology and Research e-mail: bieqa@nus.edu.sg.

Manuscript received June 2011.

Orientation distribution function (ODF), diffeomorphic group action on ODF, large deformation diffeomorphic metric mapping, ODF reorientation.

I. INTRODUCTION Diffusion weighted magnetic resonance imaging (DW-MRI) is a unique in vivo imaging technique that allows us to visualize the three-dimensional architecture of neural fiber pathways in the human brain. Several techniques may be used to reconstruct the local orientation of brain tissue from DW-MRI data. A classical method is known as Diffusion Tensor Imaging (DTI) [1], which characterizes the diffusivity profile of water molecules in brain tissue by a single oriented 3D Gaussian probability distribution function (PDF). In DTI, the diffusivity profile is often represented mathematically by a symmetric positive definite (SPD) tensor field D : R^3 → SPD(3) ⊂ R^{3×3} that measures the extent of diffusion in any direction v ∈ R^3 as v^⊤Dv. The geometry of SPD(3) is well-studied and several metrics for comparing tensors have been proposed [2], [3], [4], [5]. Based on these metrics, statistical tests such as voxel-based analysis of diffusion tensors have been developed [6], [7], [8], [9]. Before such population studies can been carried out, there is a essential need to perform DTI registration, that is, to align tensor data across subjects to a standard coordinate space.

Compared to the classical image registration problem, the registration of DTI fields is more complicated since DTI data contains structural information affected by the transformation. Two key transformations need to be defined: a transformation to spatially align anatomical structures between two brains in a 3D volume domain, and a transformation to align the local diffusivity profiles defined at each voxel of two brains. More precisely, a transformation ϕ of the image domain induces a reorientation of the DTI as the direction of diffusion depends on the coordinate system. Thus, for two diffusion tensors D_1(x) and D_2(x) at voxel x, it is no longer true that D_1(x) ≈ D_2(ϕ(x)) and each tensor must be reoriented in such a way that it remains consistent with the surrounding anatomical structure. There exist several approaches for reorientation that are used in DTI [10]. For instance, the Finite Strain (FS) scheme decomposes an affine transformation matrix A into A = RS, where R is the rigid rotation and S is the deformation, and reorients the tensor D as RDR^⊤. An alternative strategy is the Preservation of Principal Direction (PPD), in which the reoriented tensor keeps its eigenvalues, yet its principal eigenvector v_1 is transformed as Av_1/‖Av_1‖. The reader is referred to [11], [12], [13], [14], [15], [16] and references therein for the existing DTI registration methods.

While it has been demonstrated that DTI is valuable for studying brain white matter development in children and detecting abnormalities in patients with neuropsychiatric disorders and neurodegenerative diseases, a major shortcoming of DTI is that it can only reveal one dominant fiber orientation at each location, when between one and two thirds of the voxels in the human brain white matter are thought to contain multiple fiber bundles crossing each other [17]. High angular resolution diffusion imaging (HARDI) [18] addresses this well-known limitation of DTI. HARDI measures diffusion along n uniformly distributed directions on the sphere and can characterize more complex fiber geometries. Several reconstruction techniques can be used to characterize diffusion based on the HARDI signals. One class is based on higherorder tensors [19], [20] and leverage prior work on DTI. Another method is Q-ball Imaging, which uses the Funk-Radon transform to reconstruct an orientation distribution function (ODF). The model-free ODF is the angular profile of the diffusion PDF of water molecules and has been approximated using different sets of basis functions such as spherical harmonics (SH) [21], [22], [23], [24], [25]. Such methods are relatively fast to implement because the ODF is computed analytically. By quantitatively comparing fiber orientations retrieved from ODFs against histological measurements, Leergaard et al. [26] shows that accurate fiber estimates can be obtained from HARDI data, further validating its usage in brain studies.

Similar to the case of DTI, an open challenge in the analysis of mathematically complex HARDI data is registration. Several HARDI registration algorithms have been recently proposed under a specific model of local diffusivity. Chiang et al. [27] proposes an information-theoretic approach for fluid registration of ODFs. An inverse-consistent fluid registration algorithm that minimizes the symmetrized Kullback-Leibler divergence (sKL) or J-divergence of the two DT images [16] is first performed and the ODF fields are registered by applying the corresponding DTI mapping. The ODFs are reoriented using the PPD method where the principal direction of the ODF is determined by principal component analysis. Cheng et al. [28] takes the approach of representing HARDI by Gaussian mixture fields (GMF) and assumes a thin-plate spline deformation. The L^2 metric of GMFs is minimized, and reorientation is performed on the individual Gaussian components, each representing a major fiber direction. Barmpoutis et al. [29] uses a 4th order tensor model and assumes a region-based nonrigid deformation. The rotationally invariant Hellinger distance is considered and an affine tensor reorientation, which accounts for rotation, scaling and shearing effects, is applied. Geng et al. [30] performs a diffeomorphic registration is performed with the L^2 metric on ODFs represented by spherical harmonics. Reorientation is done by altering the SH coefficients in a manner similar to the FS method in DTI where only the rotation is extracted and applied. Bloy et al. [31] performs alignment of ODF fields by using a multi-channel diffeomorphic demons registration algorithm on rotationally invariant feature maps and uses the FS scheme in reorientation. Yap et al. [32] uses the SHbased ODF representation and proposes a hierarchical registration scheme, where descriptors are extracted at each level and the alignment is updated by using features extracted from the increasing order of the SH representation. Reorientation is done by tilting the gradient directions via multiplying with the local affine transform and normalizing.

Paper Contributions. Unlike a majority of the above-mentioned HARDI registration approaches that seek small deformation between two brains, we present a novel registration algorithm for HARDI data represented by ODFs under the framework of large deformation diffeomorphic metric mapping (LDDMM) such that the deformation of two brains is diffeomorphic (one-to-one, smooth, and invertible) and can be in a large scale. Previous studies [33] suggest that the transformation from one brain to another can be really large and therefore small deformation models may not be enough. Our proposed algorithm seeks an optimal diffeomorphism of large deformation between two ODF fields across a spatial volume domain and at the same time, locally reorients an ODF in a manner that it remains consistent with the surrounding anatomical structure. We define the reorientation of an ODF when an affine transformation is applied and subsequently, define the diffeomorphic group action to be applied on the ODF based on this reorientation. The ODF reorientation used in this paper ensures that the transformed ODF remains consistent with the surrounding anatomical structure and at the same time, not solely dependent on the rotation. Rather, the reorientation takes into account the effects of the affine transformation and ensures the volume fraction of fibers oriented toward a small patch must remain the same after the patch is transformed. The Riemannian metric for the similarity of ODFs is then incorporated into a variational problem in LDDMM. Finally, we derive the gradient of the cost function in both Riemannian spaces of diffeomorphisms and the ODFs and present its numerical implementation. Even though this paper is based on our previous work [34], one major fundamental difference is that the gradient derivation in this paper account for orientation differences in the ODFs while

[34] does not. We will elaborate how the proposed algorithm outperforms that in [34] while we discuss the gradient derivation in in §II-E. Our experiments are shown on synthetic and real HARDI brain data in §III.

II. METHODS A. Review: the Riemannian Manifold of ODFs

As mentioned in §I, HARDI measurements can be used to reconstruct the ODF, the angular profile of the diffusion probability density function (PDF) of water molecules. The ODF is actually a PDF defined on a unit sphere S^2 and its space is defined as

P = {p : S^2 → R^+ |∀s ∈ S^2, p(s) ≥ 0; ∫ s∈S^2 p(s)ds = 1} .

The space of p forms a Riemannian manifold, also known as the statistical manifold, which is well-known from the field of information geometry [35]. Rao [36] introduced the notion of the statistical manifold whose elements are probability density functions and composed the Riemannian structure with the Fisher-Rao metric. [37] showed that the Fisher-Rao metric is the unique intrinsic metric on the statistical manifold P and therefore invariant to re-parameterizations of the functions. There are many different parameterizations of PDFs that are equivalent but with different forms of the Fisher-Rao metric, leading to the Riemannian operations having different computational complexity. In this paper, we choose the square-root representation, which is used recently in ODF processing [38], [39]. The square-root representation is one of the most efficient representations found to date as the various Riemannian operations such as geodesics, exponential maps, logarithm maps are available in closed form.

The square-root ODF ( √ ODF) is defined as ψ(s) = √ p(s), where ψ(s) is assumed to be non-negative to ensure uniqueness. The space of such functions is defined as

Ψ = {ψ : S^2 → R^+ |∀s ∈ S^2, ψ(s) ≥ 0; ∫ s∈S^2 ψ^2(s)ds = 1}. (1)

We see that from Eq. (1), the functions ψ lie on the positive orthant of a unit Hilbert sphere, a well-studied Riemannian manifold. It can be shown [40] that the Fisher-Rao metric is simply the L^2 metric, given as ⟨ξ_j, ξ_k⟩_{ψi} = ∫ s∈S^2 ξ_j(s)ξ_k(s)ds, (2) where ξ_j, ξ_k ∈ T_{ψi} Ψ are tangent vectors at ψ_i. The geodesic distance between any two functions ψ_i, ψ_j ∈ Ψ on a unit Hilbert sphere is the angle

dist(ψ_i, ψ_j) = ‖ log_{ψi} (ψ_j)‖_{ψi} = cos^{−1}⟨ψ_i, ψ_j⟩ = cos^{−1} (∫ s∈S^2 ψ_i(s)ψ_j (s)ds ) , (3)

where ⟨·, ·⟩ is the normal dot product between points in the sphere under the L^2 metric. For the sphere, the exponential map has the closed-form formula

exp_{ψi} (ξ) = cos(‖ξ‖_{ψi} )ψ_i + sin(‖ξ‖_{ψi} ) ξ ‖ξ‖_{ψi} , (4)

where ξ ∈ T_{ψi} Ψ is a tangent vector at ψ_i and ‖ξ‖_{ψi} = √ ⟨ξ, ξ⟩_{ψi} . By restricting ‖ξ‖_{ψi} ∈ [0,^π_2 ], we ensure that the exponential map is bijective. The logarithm map from ψ_i to ψ_j has the closed-form formula −−−→ ψ_iψ_j = log_{ψi} (ψ_j) = ψ_j − ⟨ψ_i, ψ_j⟩ψ_i √ 1 − ⟨ψ_i, ψ_j⟩^2 cos^{−1}⟨ψ_i, ψ_j⟩. (5)

B. Affine Transformation on Square-Root ODFs

In this section, we discuss the reorientation of the √ ODF, ψ(s), when an affine transformation A is applied. We denote the transformed √ ODF as ^ψ(^s) = Aψ(s), reflecting the fact that an affine transformation induces changes in both the magnitude of ψ and the gradient directions of s. We will now illustrate how the reorientation is done.

First of all, we discuss the change in the gradient directions of s. We assume that the change of the gradient directions due to affine transformation A is

^s =

A^{−1}s ‖A^{−1}s‖ , (6)

where the transformed gradient directions ^s are normalized back into the unit sphere S^2. Notice that for s ∈ S^2, Eq. (6) defines an invertible function of s and therefore, we can find the ODF Aψ(s) using the change-of-variable technique of PDF. This will give us the following theorem.

Theorem II.1. Reorientation of ψ based on affine transformation of A. Let Aψ(s) be the result of an affine transformation A acting on a √ ODF ψ(s). The following analytical equation holds true

Aψ(s) = √ det A^{−1} ‖A^{−1}s‖^3 ψ ( A^{−1}s ‖A^{−1}s‖ ) , (7) where ‖·‖ is the norm of a vector.

The ODF reorientation used in this paper ensures that the transformed ODF remains consistent with the surrounding anatomical structure and at the same time, not solely dependent on the rotation. Rather, by constructing the change-of-variable technique, the reorientation takes into account the effects of the affine transformation and ensures the volume fraction of fibers oriented toward a small patch must remain the same after the patch is transformed. Figure 1 illustrates how Aψ(s) varies when A is a rotation, shearing, or scaling and ψ(s) contains a single fiber or crossing fibers. By construction, Aψ(s) fulfills the definition of the √ ODF. Hence, the similarity of Aψ(s) to the square-root ODFs can be quantified in the Riemannian structure given in §II-A for the HARDI registration.

C. Diffeomorphic Group Action on Square-Root ODF

We have shown in §II-B how to reorient ψ located at a fixed spatial position x in the image volume Ω ⊂ R^3 through an affine transformation. In this section, we define an action of diffeomorphisms ϕ : Ω → Ω on ψ, which takes into consideration the reorientation of ψ as well as the transformation of the spatial volume in Ω ⊂ R^3 . Denote ψ(s, x) as the √ ODF with the orientation direction s ∈ S^2 located at x ∈ Ω. We define the action of diffeomorphisms on ψ(s, x) in the form of

ϕ · ψ(s, x) = A_ϕ−1_{(x)}ψ(s, ϕ^{−1}(x)),

where the local affine transformation A_x at spatial coordinates x is defined as the Jacobian matrix of ϕ evaluated at x, i.e., A_x = D_xϕ. According to Eq. (7), the action of diffeomorphisms on ψ(s, x) can be computed as ϕ · ψ(s, x) = det ( D_ϕ−1 ϕ )_{−1} ‖ ‖ ‖ ( D_ϕ−1 ϕ )_{−1} s ‖ ‖ ‖^3 ψ ( (D_ϕ−1 ϕ )_{−1} s ‖(D_ϕ−1 ϕ )_{−1} s‖ , ϕ^{−1}(x) ) . (8)

For the sake of simplicity, we denote ϕ · ψ(s, x) as ϕ · ψ(s, x) = Aψ ∘ ϕ^{−1}(x) , (9) where it will be used in the rest of the paper.

Fig. 1: Examples of local affine transformations on ODFs with a single orientation fiber (panel (a)) and crossing fibers (panel (b)). From top to bottom of each panel, three types of affine transformations, A, on the ODFs are demonstrated: a rotation with angle θz , where A = [cos θz − sin θz 0; sin θz cos θz 0; 0 0 1]; a vertical shearing with factor ρy, where A = [1 0 0; −ρy 1 0; 0 0 1]; and a vertical scaling with factor ςy where A = [1 0 0; 0 ςy 0; 0 0 1] .

Since ϕ · ψ(s, x) is in the space of √ ODF, the Riemannian distance given in §II-A can be directly used to quantify the similarity of ϕ · ψ(s, x) to other √ ODFs, which we employ in the HARDI registration described in the following section.

D. Large Deformation Diffeomorphic Metric Mapping for ODFs

The previous sections equip us with an appropriate representation of the ODF and its diffeomorphic action. Now, we state a variational problem for mapping ODFs from one volume to another. We define this problem in the “large deformation” setting of Grenander’s group action approach for modeling shapes, that is, ODF volumes are modeled by assuming that they can be generated from one to another via flows of diffeomorphisms ϕ_t, which are solutions of ordinary differential equations ϕ̇_t = v_t(ϕ_t), t ∈ [0, 1], starting from the identity map ϕ_0 = Id. They are therefore characterized by time-dependent velocity vector fields v_t, t ∈ [0, 1]. We define a metric distance between a target volume ψ_{targ} and a template volume ψ_{temp} as the minimal length of curves ϕ_t · ψ_{temp}, t ∈ [0, 1], in a shape space such that, at time t = 1, ϕ_1 · ψ_{temp} = ψ_{targ}. Lengths of such curves are computed as the integrated norm ‖v_t‖_V of the vector field generating the transformation, where v_t ∈ V , where V is a reproducing kernel Hilbert space with kernel k_V and norm ‖ · ‖_V .

To ensure solutions are diffeomorphisms, V must be a space of smooth vector fields [41]. Using the duality isometry in Hilbert spaces, one can equivalently express the lengths in terms of m_t, interpreted as momentum such that for each u ∈ V ,

⟨m_t, u ∘ ϕ_t⟩_2 = ⟨k^{−1}_V v_t, u⟩_2, (10)

where we let ⟨m, u⟩_2 denote the L^2 inner product between m and u, but also, with a slight abuse, the result of the natural pairing between m and v in cases where m is singular (e.g., a measure). This identity is classically written as ϕ^∗_t m_t = k^{−1}_V v_t, where ϕ^∗_t is referred to as the pullback operation on a vector measure, m_t. Using the identity ‖v_t‖^2_V = ⟨k^{−1}_V v_t, v_t⟩_2 = ⟨m_t, k_V m_t⟩_2 and the standard fact that energy-minimizing curves coincide with constant-speed length-minimizing curves, one can obtain the metric distance between the template and target √ ODF volumes, ρ(ψ_{temp}, ψ_{targ}), by minimizing

∫_1 0 ⟨m_t, k_V m_t⟩_2dt such that ϕ_1 · ψ_{temp} = ψ_{targ} at time t = 1.

We associate this with the variational problem in the form of

J(m_t) = inf

m_t:ϕ̇_t=k_V m_t(ϕ_t),

ϕ_0=Id

ρ(ψ_{temp}, ψ_{targ})^2 + λ ∫ x∈Ω E_x(ϕ_1 · ψ_{temp}(s, x), ψ_{targ}(s, x))dx (11)

with E_x as the metric distance between the deformed √ ODF template, ϕ_1 · ψ_{temp}(s, x), and the target, ψ_{targ}(s, x). We use the Riemannian metric given in §II-A and rewrite Eq. (11) as

J(m_t) = inf

m_t:ϕ̇_t=k_V m_t(ϕ_t), ϕ_0=Id

∫_1 0 ⟨m_t, k_V m_t⟩_2dt + λ ∫ x∈Ω ‖ log_{Aψtemp∘ϕ}−1_{1 (x)}(ψ_{targ}(x))‖^2_{Aψtemp∘ϕ}−1_{1 (x)}dx,

(12) where A = Dϕ_1, the Jacobian of ϕ_1. For the sake of simplicity, we denote ψ_{targ}(s, x) as ψ_{targ}(x). Note that since we are dealing with vector fields in R^3 , the kernel of V is a matrix kernel operator in order to get a proper definition. We define this kernel as k_V Id_{3×3}, where Id_{3×3} is an identity matrix, such that k_V can be a scalar kernel. In the rest of the paper, we shall refer to this LDDMM mapping problem as LDDMM-ODF.

E. Gradient of J with respect to m_t

The gradient of J with respect to m_t can be computed via studying a variation m^ϵ_t = m_t +ϵ ~m_t on J such that the derivative of J with respect to ϵ is expressed in function of ~m_t. According to the general LDDMM framework derived in [42], [43], we directly give the expression of the gradient of J with respect to m_t as

∇J(m_t) = 2m_t + λη_t , (13)

where η_t = ∇_{ϕ1} E +

∫_1 t [ ∂_{ϕs} (k_V m_s) ]_⊤ (η_s + m_s)ds , (14)

where ∂_{ϕs} (k_V m_s) is the partial derivative of k_V m_s with respect to ϕ_s. η_t in Eq. (14) can be solved backward given η_1 = ∇_{ϕ1} E, where E = ∫ x∈Ω E_xdx, which will be discussed in the following.

Gradient of E with respect to ϕ_1: The computation of ∇_{ϕ1} E is not straightforward and the Riemannian structure of ODFs has to be incorporated. Let’s first compute ∇_{ϕ1} E_x at a fixed location, x. We consider a variation ϕ^ϵ_1 = ϕ_1 +ϵh of ϕ_1 and denote the corresponding variation in A as A^ϵ, where A = D_xϕ_1 and A^ϵ = D_xϕ^ϵ_1 . Here, we directly give the expression of ∂_ϵE_x|_{ϵ=0} and the reader is referred to Appendix A for the full derivation of terms (A) and (B) in the following equation.

∂_ϵE_x|_{ϵ=0} (15) =2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_Aϵ_{ψtemp∘(ϕ}ϵ_{1)}−1_{(x)} ψ_{targ}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x)

= − 2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_{Aψtemp∘ϕ}−1_{1 (x)} A^ϵψ_{temp} ∘ (ϕ^ϵ_1)^{−1}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x)

= −2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_{Aψtemp∘ϕ}−1_{1 (x)} Aψ_{temp} ∘ (ϕ^ϵ_1)^{−1}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x)

term (A) −2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_{Aψtemp∘ϕ}−1_{1 (x)} A^ϵψ_{temp} ∘ (ϕ_1)^{−1}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x)

term (B)

=2 det ϕ_1(x) { ⟨ (D_xϕ_1)^{−⊤} ⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), ∇_x(Aψ_{temp}) ⟩ Aψ_{temp}(x), h ⟩ term (A) + 3∑ i=1 ⟨ div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^i_x ⟩ Aψ_{temp}(x) ) e^i, h ⟩

term (B)

} ,

where^⊤ denotes the matrix transpose and e^i is a 3 × 1 vector with the ith element as one and the rest as zero. ⟨·, ·⟩_{Aψtemp(x)} is the Fisher-Rao metric defined in Eq. (2). ∇_x(Aψ_{temp}) in term (A) is the first derivative of the √ ODF, Aψ_{temp}, with respect to x. Since Aψ_{temp} also lies in the Riemannian manifold of √ ODFs, ∇_x(Aψ_{temp}) is a vector with each element being a logarithm map of Aψ_{temp} and is defined as

∇_x [Aψ_{temp}(x)] = 1 |△e_1| logAψtemp(x) Aψtemp(x + △e1) 1 |△e_2| logAψtemp(x) Aψtemp(x + △e2) 1 |△e_3| logAψtemp(x) Aψtemp(x + △e3) ,

where △e_1, △e_2 and △e_3 indicate small variations in three orthonormal directions of R^3 , respectively.

In term (B) of Eq. (15), we define L_x as a 3 × 3 matrix of logarithm maps with its ith column written as L^i_x = (D_xϕ_1)^{−1}su^i − 1 2 Aψ_{temp}(s, x)w^i ,

where w^i is the ith column of (D_xϕ_1)^{−1}. Denote ~s = ( D_xϕ_1 )_{−1} s. u^i is the ith element of vector u = − √ det ( D_xϕ_1 )_{−1} (D_xϕ_1)^{−⊤}∇_{~s} [ ψ (_{~s} ‖~s‖ , x ) √ ‖~s‖^3 ] . In sum, ∇_{ϕ1} E can be computed by integrating ∇_{ϕ1} E_x over the image space and written as

∇_{ϕ1} E = 2 ∫ x∈Ω det(ϕ_1(x))

(D_xϕ_1)^{−⊤} (16)

⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)) ,^1_{|△e1|} log_{Aψtemp(x)} Aψ_{temp}(x + △e_1) ⟩_{Aψtemp(x)} ⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)) ,^1_{|△e2|} log_{Aψtemp(x)} Aψ_{temp}(x + △e_2) ⟩_{Aψtemp(x)} ⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)) ,^1_{|△e3|} log_{Aψtemp(x)} Aψ_{temp}(x + △e_3) ⟩_{Aψtemp(x)}

+ div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^1_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^2_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^3_x ⟩ Aψ_{temp}(x) ) dx .

We now like to emphasize the difference of this above gradient derivation from our previous work [34]. The fundamental difference is that in [34], we assume that A does not change under the variation ϕ^ϵ_1 and thus, do not consider the variation in A, i.e., A^ϵ is ignored. Therefore, in [34], the gradient of E with respect to ϕ_1 only incorporates term (A) of Eq. (15). This term is similar to the scalar image matching case and only takes into account image shape difference in the volume space. We illustrate this n Figure 2, where we have one template image and two target images. Figure 2 (a) shows the template image, where its overall image shape is circular and the ODFs at each voxel inside the circle are oriented horizontally. Figure 2 (b) shows the first target image, where its overall image shape is an ellipsoid and the ODFs inside its voxels are oriented horizontally. Figure 2 (c) shows the second target image, where its overall image shape is circular as the template image but the ODFs at each voxel inside the circle are oriented at 45^∘. The results obtained using only term (A) as proposed in [34] are shown in Figures 2 (f, g). In Figure 2 (f), we see that because of the contribution of term (A) in Eq. (15), the deformation field and its corresponding momentum in the target space point to the direction that enlarges the circle to the ellipsoid. However, in Figure 2 (g), we see that term (A) in Eq. (15) is unable to account for such deformations as the image shapes are the same, resulting in the deformation field being zero. Figures 2 (d, e) show the results using both terms (A) and (B) as proposed in this current paper. From Figure 2 (d), we see that the proposed algorithm gives a deformation field that enlarges the circle to the ellipsoid, similar to that of Figure 2 (f). More importantly, as shown in Figure 2 (e), we see that the deformation that amounts to rotating the ODFs is captured by term (B) of Eq. (15), which is a property that [34] does not possess.

F. Numerical Implementation

We so far derive J and its gradient ∇J(m_t) in the continuous setting. In this section, we elaborate the numerical implementation of our algorithm under the discrete setting, in particular, the numerical computation of ∇_{ϕ1} E.

In discretization of the spatial domain, we first represent the ambient space, Ω, using a finite number of points on the image grid, Ω ∼= {(x_i)^N_{i=1}}. In this setting, we can assume m_t to be the sum of Dirac measures such that m_t = ∑_N i=1 α_i(t) ⊗ δ_{ϕt(xi)} such that

ρ(ψ_{temp}, ψ_{targ})^2 =

∫_1 0 n∑ i=1 n∑ j=1 α_i(t)^⊤ [ k_V ( ϕ_t(x_i), ϕ_t(x_j ) ) α_j (t) ] , where α_i(t) is the momentum vector at x_i and time t. In discretization of the spherical domain S^2, we discretize it into N_S equally distributed gradient directions on the sphere. For each gradient direction k, it can be represented as 3D vector with unit length s_k in Cartesian coordinate and (r_k, θ_k, φ_k) in the spherical coordinate. We use a conjugate gradient routine to perform the minimization of J with respect to α_i(t). We summarize steps required in each iteration during the minimization process below:

1) Use the forward Euler method to compute the trajectory based on the flow equation dϕ_t(x_i) dt = N∑ j=1 k_V (ϕ_t(x_i), ϕ_t(x_j ))α_j(t) . (17)

2) Compute ∇_{ϕ1(xi)}E in Eq. (16), which is described in details below. 3) Solve η_t = [η_i(t)]^N_{i=1} in Eq. (14) using the backward Euler integration, where i indices x_i. 4) Compute the gradient ∇J(α_i(t)) = 2α_i(t) + η_i(t).

Fig. 2: The first and second rows respectively illustrate the original HARDI and their enlarged images. Compared to the image on panel (a), the image on panel (b) has the same ODFs but a different ellipsoidal image shape, while the image on panel (c) shows different ODFs but the same circular image shape. Panels (d) and (e) show the deformations and the corresponding momenta, calculated using ∇_{ϕ1} E in Eq. (16), for mapping the image on panel (a) to panels (b) and (c), respectively. Panels (f) and (g) show the deformations and the corresponding momenta, calculated using the gradient in our previous work [34], for mapping the image on panel (a) to panels (b) and (c), respectively.

July 26, 2011 DRAFT

5) Evaluate J when α_i(t) = α^{old}_i (t)−ϵ∇J(α_i(t)), where ϵ is the adaptive step size determined by a golden section search.

Since steps 1, 3 − 5 only involve the spatial information, we follow the numerical computation proposed in the previous LDDMM algorithm [43].

We now discuss how to compute ∇_{ϕ1(xi)}E in Eq. (16), which involves the √ ODF interpolation in the spherical coordinate for Aψ_{temp}(x_i) at a fixed x_i and the √ ODF interpolation in the image spatial domain for ψ_{targ}(ϕ_1(x)). To do so, we rewrite Aψ_{temp}(x_i) as Aψ_{temp}(s_k, x_i) and ψ_{targ}(ϕ_1(x_i)) as ψ_{targ}(s_k, ϕ_1(x_i)). For the √ ODF interpolation in the spherical coordinate for Aψ_{temp}(x_i) at a fixed x_i, we compute Aψ_{temp}(s_k, x_i) according to Eq. (7) using angular interpolation on S^2 based on spherical harmonics. For the √ ODF interpolation in the image spatial domain for ψ_{targ}(ϕ_1(x)), we compute ψ_{targ}(s_k, ϕ_1(x_i)) under the Riemannian framework in §II-A as

ψ_{targ} ( s_k, ϕ_1(x_i) ) = exp_{ψtarg} (_{sk,ϕ1(xi)}) ∑ j∈N_i w_j log_{ψtarg} (_{sk,ϕ1(xi)})(ψ_{targ}(s_k, x_j) ) , where N_i is the neighborhood of x_i, and w_j is the weight of x_j based on the distance between ϕ_1(x_i) and x_j. The exponential maps and logarithm maps can be computed via Eq. (4) and Eq. (5) respectively. Finally, the inner product in Eq. (16),

⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)) , 1 |△e_i| log_{Aψtemp(x)} Aψ_{temp}(x + △e_i) ⟩_{Aψtemp(x)}, and ⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)) , L^i_x ⟩ Aψ_{temp}(x)

can be computed using Eq. (2), where △e_i is the voxel size.

III. RESULTS In this section, we illustrate how LDDMM-ODF performs on both synthetic and children brain HARDI data and then compare its performance over registration based on using diffusion tensors or fractional anisotropic (FA) scalar images.

A. Synthetic Data

We first illustrate that the HARDI model is useful to align crossing fibers, especially when crossing fibers have equal orientation distributions. To do so, we construct two synthetic datasets, template and target, where there are two identical fibers perpendicularly crossing each other (Figure 3 (a, b)). The orientations of the two crossing fibers differ from the template image (Figure 3 (a)) to the target image (Figure 3 (b)). We will compare the performance of LDDMM- ODF to the LDDMM algorithm based on DTI (LDDMM-DTI) [44]. We refer the reader to [44] for detailed mathematical derivation for LDDMM-DTI.

In the HARDI model, such orientation differences are encoded by the ODFs, while in the DTI model, the diffusion tensors of both the template and target data look like disks, where the first two eigenvalues being equal and the third eigenvalue being almost zero. Although the overall image shapes are the same in both the template and target HARDI data, the LDDMM- ODF algorithm is able to characterize the orientation difference of the ODFs between them by generating the deformation shown in Figure 3 (d) with the help of term (B) of Eq. (15). LDDMM-DTI fails to find any deformation (Figure 3 (e)) even though the reorientation of the tensor is taken into account in the tensor mapping.

B. HARDI Data of Children Brains

In this section, we apply our proposed algorithm to real HARDI data. We evaluate the mapping accuracy of our LDDMM-ODF algorithm by comparing it with the LDDMM-image mapping based on FA (LDDMM-FA) and the LDDMM-DTI mapping based on diffusion tensors using the brain datasets of 26 young children (6 years old). All three algorithms are developed under the LDDMM framework as given in §II-D with the exception that the matching functional, E, is the least square difference between two image intensities for the image mapping, LDDMM- FA, and the Frobenius norm between two tensors for the DTI mapping, LDDMM-DTI. More precisely, LDDMM-FA is based on the method developed by [45] and LDDMM-DTI is based on the method developed by [44]. In our implementation however, we optimize the deformation with respect to the momentum rather than the velocity (see [42]). It is important to note that all three mapping algorithms used in the following evaluation have the same numerical scheme, such that any potential errors due to numerical related issues are avoided and we can make a fair comparison.

Fig. 3: Comparison between the LDDMM-ODF and LDDMM-DTI algorithms. Panels (a, b) respectively show the template and target HARDI and their enlarged images, where the ODF or diffusion tensor at each location contains two crossing fibers with equal orientation distribution. Panel (c) illustrates the template HARDI image transformed via the deformation given in panel (d), the result of the LDDMM-ODF algorithm. Panel (e) illustrates no deformation found via the LDDMM-DTI algorithm and thus the template HARDI image remains.

Our image data are acquired using a 3T Siemens Magnetom Trio Tim scanner with a 32- channel head coil at the National University of Singapore. Diffusion weighted imaging protocol is a single-shot echo-planar sequence with 55 slices of 2.3mm thickness, with no inter-slice gaps, imaging matrix 96 × 96, field of view 220 × 220mm^2, repetition time=6800ms, echo time=89ms, flip angle 90^∘. 61 diffusion weighted images with b=900s/mm^2, 7 baseline (b0) images without diffusion weighting are acquired. Notice that the b-value used in our acquisition is relatively low when compared to HARDI acquisition where b > 1000s/mm^2 typically. This is because the water diffusivity is in general faster in young children’s brain than in adults’ brain. The large b-value could result in significant loss of diffusion signals. In addition, our dataset is for the purpose of the comparison between the HARDI and DTI models. Thus, the b-value is determined by balancing the needs of both HARDI and DTI acquisition. In the data processing, DWIs of each subject are first corrected for motion and eddy current distortions using affine transformation to the b0 image (where there is no diffusion weighting). We randomly select one subject as the template in this study and first align the remaining subjects to this template using the affine transformation computed based on the b0 images of the subject and the template. Then, the DTI is computed using least square fitting [46] and the FA is calculated from the DTI, and the ODF, ψ_{affine transformed} , is estimated using the approach proposed in [25]. We then respectively employ the LDDMM-FA, LDDMM-DTI, and LDDMM-ODF algorithms to register all subjects to the template. To ensure a fair comparison, we fix the general setting of LDDMM with kernel σ_V = 5 (Eq. (12)). For LDDMM-FA and LDDMM-DTI, based on the diffeomorphic mappings computed in each case, we apply the diffeomorphic group action defined in Eq. (8) to ψ_{affine transformed} to obtain the registered ODFs.

To evaluate the mapping accuracy for the whole brain, we compute symmetrized Kullback- Leibler divergence (sKL) of the ODFs between the deformed subject and the template. The sKL has been used as a metric for comparing ODFs in [27] and is defined as

sKL(p_1, p_2) = ∫ s∈S^2 p_1(s) log p_1(s) p_2(s) ds + ∫ s∈S^2 p_2(s) log p_2(s) p_1(s) ds, (18)

for two ODFs p_1(·) and p_2(·). Lower sKL indicates that the ODF of the subjects are better aligned. Figure 4 illustrates the averaged sKL maps across all 25 subjects when affine, LDDMM- FA, LDDMM-DTI, or LDDMM-ODF are applied. This figure suggests that LDDMM-ODF is the best mapping among all studied in this paper as it has the least amount of variation, even though we do not use the sKL metric in LDDMM-ODF. Figure 5 also shows the cumulative distributions of sKL across the image space from each mapping. Kolmogorov-Smirnov tests on the cumulative distributions also suggest that the LDDMM-ODF significantly reduces sKL distance against the other three methods (p < 0.001).

We now evaluate the mapping accuracy of individual white matter tracts using 1) sKL of the ODF between the template’s and deformed subject’s tract and 2) Dice overlap ratio to quantify the percentage of the overlap volumes between the template and deformed subject’s tracts. We extract three major white matter tracts, including the corpus callosum (CC) and bilateral corticospinal tracts (CST-left, CST-right), using probabilistic tractography with the help of Camino [46]. The probabilistic tractography is performed on the q-ball reconstruction using spherical harmonic representation up to order 6 with the number of directions for each ODF limited to 3 and the maximum allowed turning angle limited to 70^∘.

We adopt the anatomical definition of the CC, CST-left and CST-right given in [47] and define three regions of interest (ROI) such that each tract is comprised of all fibers passing through these three ROIs. Figure 6 shows the sKL maps for the three tracts, suggesting that, again LDDMM-ODF provides the best alignment for the ODFs of these three tracts when compared to affine, LDDMM-FA, and LDDMM-DTI. Figure 7 shows the average sKL values for the CC, CST-left, and CST-right. Moreover, Figure 8 shows the averaged Dice overlap ratios across all 25 subjects for the CC and bilateral CST. One-sample t-tests shows that LDDMM-ODF significantly improves the alignment of local fiber directions for three fiber tracts against the other methods in terms of sKL (p < 0.001). In addition, the one-sample t-tests between any two mapping algorithms suggest that all the non-linear methods show significant improvement against affine in terms of Dice overlap ratio (p < 0.001) for the three tracts, and LDDMM-ODF shows significant improvement against LDDMM-FA and LDDMM-DTI (p < 0.001). In the comparison between LDDMM-FA and LDDMM-DTI, the only significant difference is found in the CST-left (p < 0.05), while no significant differences are found in the CC and CST-right.

IV. CONCLUSION We present a novel diffeomorphic metric mapping algorithm for aligning HARDI data in the setting of large deformations. Our mapping algorithm seeks an optimal diffeomorphic flow connecting one HARDI to another in a diffeomorphic metric space and locally reorients ODFs

Fig. 4: Panels (a-d) respectively show the maps of mean symmetrized Kullback–Leibler (sKL) divergence of the ODFs between the template and the subjects deformed via affine, LDDMM-FA, LDDMM-DTI, and LDDMM-ODF.

Fig. 5: sKL Cumulative distributions across the whole brain image and averaged over all 25 subjects are shown in blue for affine, cyan for LDDMM-FA, yellow for LDDMM-DTI, and red for LDDMM-ODF, respectively.

Fig. 6: Panels (a-h) show the maps of mean symmetrized Kullback–Leibler (sKL) divergence of the ODFs between the template and the subjects deformed via affine, LDDMM-FA, LDDMM-DTI, and LDDMM-ODF for the three major white matter tracts of the corpus callosum (CC) and bilateral corticospinal tracts (CST-left, CST-right).

Fig. 7: sKL averaged over all 25 subjects are shown for the corpus callosum (CC) and bilateral corticospinal tracts (CST-left, CST-right) when affine (blue), LDDMM-FA (cyan), LDDMM-DTI (yellow), or LDDMM-ODF (red) are applied.

Fig. 8: Dive overlap ratios averaged over all 25 subjects deformed by affine (blue), LDDMM-FA (cyan), LDDMM-DTI (yellow), or LDDMM-ODF (red).

due to the diffeomorphic transformation at each location of the 3D HARDI volume in an anatomically consistent manner. We incorporate the Riemannian metric for the similarity of ODFs into a variational problem defined under the LDDMM framework. The diffeomorphic metric space combined with the Riemannian metric space of ODF provides a natural framework for computing the gradient of our mapping functional. We demonstrate the performance of our algorithm on synthetic data and real brain HARDI data. This registration approach will facilitate atlas generation and group analysis of HARDI for a variety of clinical studies. We are currently investigating the effects of our registration algorithm on fiber tractography.

APPENDIX A GRADIENT OF E_x WITH RESPECT TO ϕ_1 We now elaborate the derivation of terms (A) and (B) in Eq. (15).

Term (A): For the sake of simplicity, we denote term (A) of Eq. (15) as E_A and rewrite

E_A = −2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_{Aψtemp∘ϕ}−1_{1 (x)} Aψ_{temp} ∘ (ϕ^ϵ_1)^{−1}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x) . Given^{∂(ϕ1+ϵh)−1(x)}_{∂ϵ} |_{ϵ=0} = − [(Dϕ_1)^{−1}h] ∘ ϕ^{−1}_1 (x), we have

E_A = 2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x), {⟨ (D_xϕ_1)^{−⊤}∇_x(Aψ_{temp}), h ⟩} ∘ ϕ^{−1}_1 (x) ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x) . With a change of variable from x to ϕ^{−1}_1 (x), we have

E_A = 2 det ϕ_1(x) ⟨ (D_xϕ_1)^{−⊤} ⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), ∇_x(Aψ_{temp}) ⟩ Aψ_{temp}(x), h ⟩ . Term (B): We denote term (B) of Eq. (15) as E_B and rewrite

E_B = −2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂ log_{Aψtemp∘ϕ}−1_{1 (x)} A^ϵψ_{temp} ∘ (ϕ_1)^{−1}(x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x)

= −2 ⟨ log_{Aψtemp∘ϕ}−1_{1 (x)} ψ_{targ}(x),

∂A^ϵψ_{temp}(s, x) ∘ ϕ^{−1}_1 (x) ∂ϵ |_{ϵ=0} ⟩ Aψ_{temp}∘ϕ^{−1}_1 (x) . According to Theorem II.1, we have

A^ϵψ_{temp}(s, x) ∘ ϕ^{−1}_1 (x) = det ( D_xϕ^ϵ_1 )_{−1} ‖ ‖ ( D_xϕ^ϵ_1 )_{−1} s ‖ ‖^3 ψ ( (D_xϕϵ_1)^{−1}s ‖(D_xϕ^ϵ_1 )_{−1} s‖ , x ) ∘ ϕ^{−1}_1 (x) .

Denote ~s = ( D_xϕ_1 )_{−1} s. Given^{∂(Dxϕϵ1)−1(x)}_{∂ϵ} |_{ϵ=0} =^{∂(Dxϕ1+ϵDxh)−1(x)}_{∂ϵ} |_{ϵ=0} = −(D_xϕ_1)^{−1}D_xh(D_xϕ_1)^{−1}, we can now compute ∂A^ϵψ_{temp}(s, x) ∘ ϕ^{−1}_1 (x) ∂ϵ |_{ϵ=0} = { − √ det ( D_xϕ_1 )_{−1}⟨ ∇_{~s} [ ψ (_{~s} ‖~s‖ , x ) √ ‖~s‖^3 ] , (D_xϕ_1)^{−1}D_xh(D_xϕ_1)^{−1}s ⟩

− 1 2 Aψ_{temp}(s, x)trace ( D_xh(D_xϕ_1)^{−1} ) } ∘ ϕ^{−1}_1 (x)

= { ⟨ D_xh(D_xϕ_1)^{−1}s, u ⟩ − 1 2 Aψ_{temp}(s, x)trace ( D_xh(D_xϕ_1)^{−1} ) } ∘ ϕ^{−1}_1 (x) ,

where u = − √ det ( D_xϕ_1 )_{−1} (D_xϕ_1)^{−⊤}∇_{~s} [ ψ (_{~s} ‖~s‖ , x ) √ ‖~s‖^3 ] . We now derive the above equation in order to express it in an explicit form of h. Before doing so, we first define a 3 × 3 identity matrix as Id_{3×3} = [e^1, e^2, e^3], where e^i is a 3 × 1 vector with the ith element as one and the rest as zero. Denote (D_xϕ_1)^{−1} = [w^1, w^2, w^3], where w^i is the ith column of (D_xϕ_1)^{−1}. Thus, the trace of D_xh(D_xϕ_1)^{−1} can be written as

trace ( D_xh(D_xϕ_1)^{−1} ) = 3∑ i=1 ⟨ D_xhw^i, e^i ⟩ . It yields ∂A^ϵψ_{temp}(s, x) ∘ ϕ^{−1}_1 (x) ∂ϵ |_{ϵ=0} = { ⟨ D_xh(D_xϕ_1)^{−1}s, u ⟩ − 3∑ i=1 1 2 Aψ_{temp}(s, x) ⟨ D_xhw^i, e^i ⟩ } ∘ ϕ^{−1}_1 (x) .

We introduce the following lemma [48] that leads to a simple expression of E_B.

Lemma A.1. For smooth vector fields, h, u, w, defined in a bounded open domain in R^3 , ⟨ Dh w, u ⟩ 2 = − ⟨ div(u^1w) div(u^2w) div(u^3w) , h ⟩ ,

where u^i is the ith element of u.

As a consequence, when defining L^i_x = (D_xϕ_1)^{−1}su^i −^1_2 Aψ_{temp}(s, x)w^i , it can be easily shown that

E_B = 2 ⟨ div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^1_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^2_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^3_x ⟩ Aψ_{temp}(x) ) , h ⟩ ∘ ϕ^{−1}_1 (x) .

With a change of variable from x to ϕ^{−1}_1 (x), we finally have

E_B = 2 det(ϕ_1(x)) ⟨ div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^1_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^2_x ⟩ Aψ_{temp}(x) ) div (⟨ log_{Aψtemp(x)} ψ_{targ}(ϕ_1(x)), L^3_x ⟩ Aψ_{temp}(x) ) , h ⟩ .

ACKNOWLEDGMENTS We would like to thank Alain Trouve of Ecole Normale Superieure, Cachan, France, for his very constructive and detailed comments. The work is supported by grants A*STAR SERC 082- 101-0025, A*STAR SICS-09/1/1/001, the Young Investigator Award at National University of Singapore (NUSYIA FY10 P07), a center grant from the National Medical Research Council (NMRC/CG/NUHS/2010), and National University of Singapore MOE AcRF Tier 1.

REFERENCES

[1] P. J. Basser, J. Mattiello, and D. Lebihan, “Estimation of the effective self-diffusion tensor from the NMR spin echo,” J Magn Reson B, vol. 103, pp. 247–254, 1994.

[2] V. Arsigny, P. Fillard, X. Pennec, and N. Ayache, “Log-Euclidean metrics for fast and simple calculus on diffusion tensors,” Magnetic Resonance in Medicine, vol. 56, pp. 411–421, 2006.

[3] G. Kindlmann, R. S. J. Estepar, M. Niethammer, S. Haker, and C.-F. Westin, “Geodesic-loxodromes for diffusion tensor interpolation and difference measurement,” in Medical Image Computing and Computer-Assisted Intervention, 2007, pp. 1–9.

[4] C. Lenglet, M. Rousson, R. Deriche, and O. Faugeras, “Statistics on the manifold of multivariate normal distributions:

Theory and application to diffusion tensor mri processing,” J. Math. Imaging Vis., vol. 25, no. 3, pp. 423–444, 2006. [5] X. Pennec, P. Fillard, and N. Ayache, “A Riemannian framework for tensor computing,” Int. Journal of Computer Vision, vol. 66, no. 1, pp. 41–46, 2006.

[6] C. Buchel, T. Raedler, M. Sommer, M. Sach, C. Weiller, and M. Koch, “White Matter Asymmetry in the Human Brain:

A Diffusion Tensor MRI Study,” Cereb. Cortex, vol. 14, no. 9, pp. 945–951, 2004.

[7] S. Wang, H. Poptani, M. Bilello, X. Wu, J. Woo, L. Elman, L. McCluskey, J. Krejza, and E. Melhem, “Diffusion tensor imaging in amyotrophic lateral sclerosis: Volumetric analysis of the corticospinal tract,” American Journal of Neuroradiology, vol. 27, pp. 1234–1238, 2006.

[8] X. Hua, A. D. Leow, N. Parikshak, S. Lee, M.-C. Chiang, A. W. Toga, C. R. J. Jr, M. W. Weiner, and P. M. Thompson, “Tensor-based morphometry as a neuroimaging biomarker for alzheimer’s disease: An MRI study of 676 AD, MCI, and normal subjects,” NeuroImage, vol. 43, no. 3, pp. 458 – 469, 2008.

[9] N. Jahanshad, A. D. Lee, M. Barysheva, K. L. McMahon, and G. I. de Zubicaray, “Genetic influences on brain asymmetry:

A DTI study of 374 twins and siblings,” NeuroImage, vol. 52, no. 2, pp. 455 – 469, 2010.

[10] D. Alexander, C. Pierpaoli, P. Basser, and J. Gee, “Spatial transformation of diffusion tensor magnetic resonance images,” IEEE Trans. on Medical Imaging, vol. 20, pp. 1131–1139, 2001.

[11] Y. Cao, M. Miller, R. Winslow, and L. Younes, “Large deformation diffeomorphic metric mapping of vector fields,” IEEE Trans. on Medical Imaging, vol. 24, no. 9, pp. 1216–1230, Sept. 2005.

[12] A. Goh and R. Vidal, “Algebraic methods for direct and feature based registration of diffusion tensor images,” in European Conference on Computer Vision, 2006, pp. 514–525.

[13] A. Guimond, C. R. G. Guttmann, S. K. Warfield, and C.-F. Westin, “Deformable registration of DT-MRI data based on transformation invariant tensor characteristics,” in IEEE Int. Symposium on Biomedical Imaging, 2002, pp. 761–764.

[14] J. Ruiz-Alzola, C.-F. Westin, S. K. Warfield, C. Alberola, S. E. Maier, and R. Kikinis, “Nonrigid registration of 3D tensor medical data,” Medical Image Analysis, vol. 6, no. 2, pp. 143–161, 2002.

[15] H. Zhang, P. A. Yushkevich, D. C. Alexander, and J. C. Gee, “Deformable registration of diffusion tensor mr images with explicit orientation optimization,” Medical Image Analysis, vol. 10, no. 5, pp. 764 – 785, 2006.

[16] M.-C. Chiang, A. Leow, A. Klunder, R. Dutton, M. Barysheva, S. Rose, K. McMahon, G. de Zubicaray, A. Toga, and P. Thompson, “Fluid registration of diffusion tensor images using information theory,” Medical Imaging, IEEE Transactions on, vol. 27, no. 4, pp. 442–456, April 2008.

[17] T. Behrens, H. J. Berg, S. Jbabdi, M. Rushworth, and M. Woolrich, “Probabilistic diffusion tractography with multiple fibre orientations: What can we gain?” NeuroImage, vol. 34, no. 1, pp. 144–155, 2007.

[18] D. S. Tuch, “High angular resolution diffusion imaging reveals intravoxel white matter fiber heterogeneity,” MRM, vol. 48, pp. 577–582, 2002.

[19] A. Barmpoutis, M. S. Hwang, D. Howland, J. R. Forder, and B. C. Vemuri, “Regularized positive-definite fourth order tensor field estimation from DW-MRI,” NeuroImage, vol. 45, no. 1, Supplement 1, pp. S153 – S162, 2009.

[20] A. Ghosh, M. Descoteaux, and R. Deriche, “Riemannian framework for estimating symmetric positive definite 4th order diffusion tensors,” in MICCAI, 2008, pp. 858–865.

[21] E. Özarslan and T. Mareci, “Generalized DTI and analytical relationships between diffusion tensor imaging and high angular resolution diffusion imaging,” MRM, vol. 50, pp. 955–965, 2003.

[22] M. Descoteaux, E. Angelino, S. Fitzgibbons, and R. Deriche, “Regularized, fast and robust analytical Q-ball imaging,” MRM, vol. 58, pp. 497–510, 2007.

[23] L. R. Frank, “Characterization of anisotropy in high angular resolution diffusion-weighted MRI.” MRM, vol. 47, no. 6, pp.

1083–1099, 2002.

[24] C. P. Hess, P. Mukherjee, E. T. Han, D. Xu, and D. B. Vigneron, “Q-ball reconstruction of multimodal fiber orientations using the spherical harmonic basis,” MRM, vol. 56, no. 1, pp. 104–117, 2006.

[25] I. Aganj, C. Lenglet, G. Sapiro, E. Yacoub, K. Ugurbil, and N. Harel, “Reconstruction of the orientation distribution function in single- and multiple-shell Q-ball imaging within constant solid angle,” MRM, vol. 64, pp. 554–566, 2010.

[26] T. B. Leergaard, N. S. White, A. de Crespigny, I. Bolstad, H. D’Arceuil, J. G. Bjaalie, and A. M. Dale, “Quantitative histological validation of diffusion MRI fiber orientation distributions in the rat brain,” PLoS One, vol. 5, p. e8595, 2010.

[27] M.-C. Chiang, M. Barysheva, A. D. Lee, S. K. Madsen, A. D. Klunder, A. W. Toga, K. McMahon, G. I. de Zubicaray, M. Meredith, M. J. Wright, A. Srivastava, N. Balov, and P. M. Thompson, “Brain fiber architecture, genetics, and intelligence: A high angular resolution diffusion imaging (HARDI) study,” in Medical Image Computing and Computer- Assisted Intervention, 2008, pp. 1060–1067.

[28] G. Cheng, B. C. Vemuri, P. R. Carney, and T. H. Mareci, “Non-rigid registration of high angular resolution diffusion images represented by Gaussian Mixture Fields,” in MICCAI, 2009, pp. 190–197.

[29] A. Barmpoutis, B. Vemuri, and J. Forder, “Registration of high angular resolution diffusion MRI images using 4th order tensors,” in MICCAI, 2007, pp. 908–915.

[30] X. Geng, T. J. Ross, H. Gu, W. Shin, W. Zhan, Y.-P. Chao, C.-P. Lin, N. Schuff, and Y. Yang, “Diffeomorphic image registration of diffusion MRI using spherical harmonics,” IEEE TMI, vol. 30, no. 3, pp. 747 –758, 2011.

[31] L. Bloy and R. Verma, “Demons registration of high angular resolution diffusion images,” in ISBI, 2010. [32] P.-T. Yap, Y. Chen, H. An, Y. Yang, J. H. Gilmore, W. Lin, and D. Shen, “SPHERE: SPherical Harmonic Elastic REgistration of HARDI data,” NeuroImage, vol. 55, no. 2, pp. 545 – 556, 2011.

[33] M. I. Miller, M. F. Beg, C. Ceritoglu, and C. Stark, “Increasing the power of functional maps of the medial temporal lobe by using large deformation diffeomorphic metric mapping,” PNAS, vol. 102, pp. 9685–9690, 2005.

[34] J. Du, A. Goh, and A. Qiu, “Large deformation diffeomorphic metric mapping of orientation distribution functions,” IPMI, 2011.

[35] S. Amari, Differential-Geometrical Methods in Statistics. Springer, 1985.

[36] C. R. Rao, “Information and accuracy attainable in the estimation of statistical parameters,” Bull. Calcutta Math Soc., vol. 37, pp. 81–89, 1945.

[37] N. N. Cencov, “Statistical decision rules and optimal inference,” in Translations of Mathematical Monographs. AMS, 1982, vol. 53.

[38] A. Goh, C. Lenglet, P. M. Thompson, and R. Vidal, “A nonparametric Riemannian framework for processing High Angular Resolution Diffusion Images and its applications to ODF-based morphometry,” NeuroImage, 2011.

[39] J. Cheng, A. Ghosh, T. Jiang, and R. Deriche, “A Riemannian framework for orientation distribution function computing,” in MICCAI, 2009, pp. 911–918.

[40] A. Srivastava, I. Jermyn, and S. H. Joshi, “Riemannian analysis of probability density functions with applications in vision,” in IEEE CVPR, 2007.

[41] P. Dupuis, U. Grenander, and M. I. Miller, “Variational problems on flows of diffeomorphisms for image matching,” Quart.

App. Math., vol. 56, pp. 587–600, 1998.

[42] J. Du, L. Younes, and A. Qiu, “Whole brain diffeomorphic metric mapping via integration of sulcal and gyral curves, cortical surfaces, and images,” NeuroImage, vol. 56, no. 1, pp. 162 – 173, 2011.

[43] J. Glaunès, A. Qiu, M. Miller, and L. Younes, “Large deformation diffeomorphic metric curve mapping,” IJCV, vol. 80, no. 3, pp. 317–336, 2008.

[44] Y. Cao, M. I. Miller, S. Mori, R. L. Winslow, and L. Younes, “Diffeomorphic matching of diffusion tensor images,” IEEE Conference on Computer Vision and Pattern Recognition Workshop, 2006.

[45] M. F. Beg, M. I. Miller, A. Trouvé, and L. Younes, “Computing large deformation metric mappings via geodesic flows of diffeomorphisms,” Int. J. Comput. Vision, vol. 61, pp. 139–157, February 2005.

[46] P. A. Cook, Y. Bai, S. Nedjati-Gilani, K. K. Seunarine, M. G. Hall, G. J. Parker, and D. C. Alexander, “Camino: Opensource diffusion-MRI reconstruction and processing,” 14th Scientific Meeting of the International Society for Magnetic Resonance in Medicine, vol. 14, p. 2759, 2006.

[47] S. Wakana, A. Caprihan, M. M. Panzenboeck, J. H. Fallon, M. Perry, R. L. Gollub, K. Hua, J. Zhang, H. Jiang, P. Dubey, A. Blitz, P. van Zijl, and S. Mori, “Reproducibility of quantitative tractography methods applied to cerebral white matter,” NeuroImage, vol. 36, no. 3, pp. 630 – 644, 2007.

[48] L. Younes, Shapes and Diffeomorphisms. Applied Mathematical Sciences, 2010.