arXiv:1107.5012v2 [cond-mat.mes-hall] 4 Jan 2012

Effective field theory and tunneling currents in the fractional quantum Hall effect

Samuel Bieri^{a,b}, Jürg Fröhlich^b

aDepartment of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA bInstitute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland

Abstract

We review the construction of a low-energy effective field theory and its state space for “abelian” quantum Hall fluids. The scaling limit of the incompressible fluid is described by a Chern-Simons theory in 2+1 dimensions on a manifold with boundary. In such a field theory, gauge invariance implies the presence of anomalous chiral modes localized on the edge of the sample. We assume a simple boundary structure, i.e., the absence of a reconstructed edge. For the bulk, we consider a multiply connected planar geometry. We study tunneling processes between two boundary components of the fluid and calculate the tunneling current to lowest order in perturbation theory as a function of dc bias voltage. Particular attention is paid to the special cases when the edge modes propagate at the same speed, and when they exhibit two significantly distinct propagation speeds. We distinguish between two “geometries” of interference contours corresponding to the (electronic) Fabry-Perot and Mach-Zehnder interferometers, respectively. We find that the interference term in the current is absent when exactly one hole in the fluid corresponding to one of the two edge components involved in the tunneling processes lies inside the interference contour (i.e., in the case of a Mach-Zehnder interferometer). We analyze the dependence of the tunneling current on the state of the quantum Hall fluid and on the external magnetic flux through the sample.

Keywords: fractional quantum Hall effect, edge current interferometry, dissipationless charge transport, Chern-Simons action, topological field theory, chiral anomaly

Email addresses: sbieri@mit.edu (Samuel Bieri), juerg@itp.phys.ethz.ch (Jürg Fröhlich)

Preprint submitted to Elsevier July 25, 2011

1. Introduction

The theory of the integral and fractional quantum Hall effect (QHE) has quite a long history; see, e.g., [1]. In [2] and in [3, 4], certain topological Chern-Simons theories in 2+1 dimensions have been introduced that are shown to describe the (long-distance and low-energy) scaling limit of the bulk of an incompressible Hall fluid. The proposals in [2–4] have led to the idea of “topological order” and of “universality classes” describing the scaling limits of different incompressible Hall fluids; see, e.g., [5]. More recently, ideas adapted from the theory of the quantum Hall effect have led to a fascinating branch of condensed matter theory that concerns topological order and topological phases of matter exhibiting universal properties in a broader context; [6].

On the experimental side, after the initial discovery of the quantum Hall effect by von Klitzing et al. [7], the next major breakthrough was the discovery of the fractional effect by Tsui, Störmer, and Gossard in 1982, [8]. However, only in recent years, experiments testing mesoscopic aspects of incompressible Hall fluids related, e.g., to the famous edge currents and tunneling properties have become possible; see [9–14]. Recent experiments probe fractional quantum Hall states by performing transport measurements involving (the tunneling of) edge currents and interference effects.

It appears to be prohibitively difficult to rigorously identify the appropriate universality class describing a quantum Hall state realized in the laboratory from microscopic quantum many-body theory. For this reason, recent experimental activities are crucially important in that they yield evidence for the correct choice of an effective field theory describing a concrete incompressible state corresponding to some plateau of the Hall conductance. In order to interpret experimental data and come up with the correct choice, it is important to work out detailed properties of the topological field theories describing the bulk of incompressible Hall fluids and of the effective field theories [15–18] describing the degrees of freedom located on the edges of incompressible fluids and, in particular, of the chiral currents circulating along the edges of such fluids.

Thus, the aim of our paper is, on one hand, to present a detailed account of the construction of effective field theories and their state spaces describing abelian incompressible quantum Hall fluids in the scaling limit. This part of the paper is partly a review of results that have been established in previous work; (see [15] and refs. given there). A fairly broad description of the underlying physical principles, which we will rely upon in the following, has been given in [15]. The present paper extends previous ones by the emphasis it places on the role of gauge invariance and on the structure of superselection sectors encountered in the effective theories of Hall edges in the presence of slowly varying external electromagnetic fields and of essentially static, localized quasi-particles in the bulk of a sample. On the other hand, using these results, we present a general 2 analysis of certain charge transport properties related to the degrees of freedom at the edge of an incompressible Hall fluid. Our explicit formulae may be useful to interpret experimental data. Our results are general enough to be applicable to a description of an arbitrary incompressible Hall fluid supporting quasi-particles with abelian fractional (or braid) statistics. Actually, many of our general ideas easily extend to fluids supporting quasi-particles with non-abelian braid statistics, too.

1.1. Structure of the paper

This paper is organized in the following way. In Sect. 2, we review the general construction of an effective field theory in 2+1 dimensions describing the lowenergy and long-distance physics of an abelian quantum Hall fluid. In this section, we profit from an introduction to the subject contained in the review paper [15]; (readers not familiar with the subject are encouraged to consult that paper or some of the refs. given there).^1 We then discuss the constraints on the physical state space of topological field theories describing electron fluids exhibiting the quantum Hall effect.

In Section 3, we discuss the boundary terms in the effective action describing an incompressible Hall fluid. The gauge anomaly of the Chern-Simons theory calls for massless (non-topological) field theories in 1+1 dimensions localized on the edge of the sample. We construct vertex operators creating gapless quasiparticles propagating along the edge of an incompressible fluid and we discuss the superselection sectors of the edge theory.

Section 4 is devoted to charge transport through tunneling constrictions between disjoint boundary components within the framework of the previous two sections. We construct gauge invariant tunneling operators and calculate explicitly the inter-edge tunneling current to lowest order in perturbation theory. We argue that the appropriate initial state for perturbation theory is a superposition of states in different charge superselection sectors for the two boundary components involved in the transport. This averaging, due to the fractional electric charge of the tunneling quasi-particle, leads to the absence of an interference term in the tunneling current for some geometries of interference contours. We also discuss the effect of time-dependent modifications of the sample caused by external agents on charge transport through the sample. We find that an adiabatic increase of the flux of the external magnetic field through the interference contour does not lead to any measurable signature (“Aharonov-Bohm phase”) in the tunneling current. However, changing the magnetic flux through the interference contour by deforming the edges or dragging bulk quasi-particles out

1Many references to the original literature are omitted in the present paper but can be found in [15]. 3 of the contour is expected to have observable consequences and may be used to experimentally probe universal properties of a fractional quantum Hall plateau.

2. Low-energy description of a quantum Hall fluid

We consider a quantum Hall fluid confined to a planar domain Ω ⊂ R^2 of space and subject to a strong transverse magnetic field. We denote the bulk space-time of the fluid by Λ = Ω × R. The boundary of space-time is denoted by ∂Λ = ∂Ω × R and we let Λ̊ = Λ \ ∂Λ be the interior of Λ.

From the phenomenology of the incompressible quantum Hall fluid (i.e., exhibiting a positive energy gap above the ground state; see [15], and refs. therein), one derives the following basic equation for the electric current two-form J in the 2+1 dimensional bulk Λ̊ of the Hall sample: J(x) = σ dA(x) , x ∈ Λ̊ . (1) Here σ is the Hall conductivity in units of e^2/h; d denotes an exterior derivative, and A describes the fluctuations of the external electromagnetic gauge potential around the one corresponding to a constant background magnetic field (B_c = curlA_c). For simplicity, we consider a Hall conductivity σ that has a constant value throughout the sample Ω. In this paper, we choose units such that e = h = 1. From the phenomenological law Eq. (1), we infer the effective action, Γ[A], which is the generating function of electric current correlators in a quantum Hall fluid: Γ[A] = σ 2 ∫ Λ A ∧ dA + Γ_{∂Λ}[a] . (2)

The term Γ_{∂Λ}[a] is a function of the boundary values of the gauge field, a = A|_{∂Λ}. Up to manifestly gauge-invariant terms, it is uniquely determined by the requirement of gauge invariance of the total action, i.e., Γ[A + dα] = Γ[A]. The boundary term will be discussed in more detail in Sect. 3. The phenomenological law (1) is then equivalent to the equation J(x) = δΓ[A] δA(x) , x ∈ Λ̊ , (3)

with Γ[A] as in (2).

2.1. Abelian quantum Hall fluids

The generating function (2) does not provide complete information about the low-energy effective degrees of freedom that are involved in a description of a quantum Hall fluid corresponding to a particular plateau of the Hall conductivity 4 σ. We denote the quantum-mechanical electric current density by J . In this paper we discuss “abelian” quantum Hall fluids. This means that J is a linear combination of N independent, conserved quasi-particle currents. We denote the quasi-particle current operators by J_n. The electric current is written as J = N∑ n=1 Q_nJ_n , (4)

where the coefficients Q_n are the electromagnetic coupling constants of the quasiparticles carrying the currents J_n. In the integral quantum Hall effect, n labels different Landau levels, and all the Q_n can be set to unity. However, for a fractional fluid, the currents J_n may be carried by “emergent” excitations of the electronic system.

The relation of the current operator J (x) to the current density J(x) of the previous section is that of an expectation value in a state of the Hall fluid, i.e., J(x) = ⟨J (x)⟩ . (5) Physically interesting states, ⟨(·)⟩, of the system will be discussed later.

The quasi-particle currents in (4) are separately conserved, i.e.,

dJ_n = 0 . (6)

This allows us to write the currents in terms of vector potentials B_n,^2

J_n = dB_n . (7)

This representation of the currents by potentials B_n gives rise to the gauge symmetry B_n → B_n + dβ_n. The low-energy action describing the quantum theory of the vector potentials B_n is given by S[B, A] = S_Λ[B, A] + S_{∂Λ} = ∑ n ∫ Λ {− χ_n 2 B_n ∧ dB_n + Q_nA ∧ dB_n} + S_{∂Λ} . (8)

Here, we use the notation B = (B_n). The term S_{∂Λ} depends on the boundary restrictions of the fields. It is partially determined by gauge invariance of the total action S[B, A]. The boundary term will be discussed in detail in Sect. 3.

2If the manifold Λ has trivial second de Rham cohomology, then closed two-forms on Λ are (globally) exact forms. Only in this case, (7) holds for vector potentials Bn that are single-valued on Λ. Indeed, we have H^2_{dR}(Ω × R) = 0 when Ω is a disc with a finite number of punctures. We thank Robert Bieri for this comment. 5

Below, we will see that χ_n = ± is the sign of the Hall conductivity associated with the quasi-particle current J_n.

Equation (8) for S[B, A] reproduces the effective action Γ[A], after integrating out the gauge potentials B_n,

e^{2πi Γ[A]} := Z^{−1} ∫ [DB] e^{2πi S[B,A]} , (9) with Z = ∫ [DB] e^{2πi S[B,0]}. Comparing (9) with (2), one finds the following relation between the parameters Q_n and χ_n in the low-energy action (8), and the Hall conductivity, σ, σ = ∑ n χ_nQ^2_n := Q · Q . (10)

In the following, we use the convention that χ_{n≤Ne} = 1 and χ_{n>Ne} = −1, and define

σ_e = N_e∑

n=1 Q^2_n , σ_h = N∑ n=N_e+1

Q^2_n , (11)

so that σ = σ_e − σ_h . (12)

We see that the parameter χ_n determines the sign of the Hall conductivity corresponding to the current J_n (if Q_n ≠ 0). Therefore, the channels with χ_n = −1 and χ_n = 1 may be called hole and electron channels, respectively.

Equation (8) defines the action of a topological field theory (TFT) for N abelian gauge fields B_n in 2+1 dimensions. In the next section, we discuss the state space of such a TFT. For a discussion of states for more general TFTs describing quantum Hall fluids with non-abelian braid statistics, see [15] and references therein.

2.2. Bulk states of an abelian quantum Hall fluid

The observables of the field theory (8) are gauge-invariant and “topological” (i.e. metric-independent) operators. They are “Wilson-loops” given by the expressions W [B, A] = exp{2πi ∑ n ∫ Λ B_n ∧ dA_n} . (13) The observables W [B, A] are functionals of some conserved current distribution,

(J̄_n)^N_{n=1} := J̄ = dA (14)

and of the gauge potentials B_n. We require the currents (J̄_n) to vanish at the boundary ∂Λ of space-time, i.e., dA_n|_{∂Λ} = 0. 6

In order to discuss the space of states of the (bulk) Chern-Simons theory, we choose a time slice, e.g. {t = 0}, of the space-time manifold Λ. A sector of states is then indexed by the current distribution J̄_n = dA_n on Ω at t = 0,

[J̄(t = 0)] . (15)

In the abelian theories considered in this paper, the sectors [J̄(t = 0)] are onedimensional, and the phase of a state is given by the history of the current distribution, J̄_n(t < 0). The path integral induces a natural inner product on the state space of the theory. Sectors with different current distributions at t = 0 are orthogonal. We pick two states in a sector,

|J̄^{(1)}⟩, |J̄^{(2)}⟩ ∈ [J̄(t = 0)] . (16)

The inner product of these states is defined as the expectation value of the corresponding Wilson loop operator, Eq. (13),

⟨J̄^{(2)}|J̄^{(1)}⟩ = ⟨W [B, A]⟩ = Z^{−1} ∫ [DB] W [B, A] e^{2πi S[B,A]} , (17) with dA_n = J̄_n such that J̄_n(t < 0) = J̄^{(1)}_n (t) and J̄_n(t > 0) = −J̄^{(2)}_n (−t).^3 We consider a quantum Hall fluid with some given static quasi-particle charge distribution. Then, we may include the Wilson operators defining the charge distribution into the action. That is, in the presence of a quasi-particle background, the bulk action can be written as

S_Λ[B, QA + A] = ∑ n ∫ Λ {− χ_n 2 B_n ∧ dB_n + (Q_nA + A_n) ∧ dB_n} . (18)

From (4) and (7), the electric current in the bulk acquires an additional contribution due to the insertion of the Wilson loop operator in the expectation value, J = ⟨J ⟩ = σdA + ∑ n χ_nQ_n dA_n . (19)

In order to simplify our notation, we combine the gauge potentials A and A_n into a single field, A_n,

A_n = Q_nA + A_n . (20)

The quasi-particle currents are now given by

⟨J_n⟩ = χ_ndA_n = χ_nQ_ndA + χ_ndA_n . (21)

3Note that the temporal component of the current (i.e., the charge density) is continuous at t = 0; i.e., let ∗J̄n = J̄^μ_n dxμ, where ∗ is the Hodge dual; then J̄^0_n(t = 0^+) = J̄^0_n(t = 0^−). The spatial components of the current, however, have a kink at t = 0 for non-static charge distributions, i.e., J̄^i_n(t = 0^+) = −J̄^i_n(t = 0^−). 7

2.2.1. Monodromy and braiding of localized bulk states

For simplicity, we assume in the following that the electromagnetic field fluctuations vanish, i.e., dA = 0. Let q = (q_n) ∈ R^N and let |q, z⟩ ∈ [q, z] (22) be a state with localized charge such that ( ∫ O d^2x J^0_n ) |q, z⟩ = χ_nq_n |q, z⟩ , (23) where z ∈ O ⊂ Ω; O is a small region in space containing the point z. The state |q, z⟩ corresponds to the insertion of a Wilson loop operator (13) with a localized source for the field A_n, i.e., ∫ ∂O A_n = q_n. The electric charge of this state located in the region O is given by [see Eq. (4)] Q_{el}(q) = ∑ n χ_nQ_nq_n := Q · q . (24)

The (conformal) spin, s_q, of the state (22) is determined by considering the operation of a full rotation around the origin, U_{rot}(2π). It can be shown that (see, e.g., [4, 19, 20]) U_{rot}(2π)|q, z⟩ = exp(2πis_q)|q, z⟩ , (25) where s_q = q · q 2 . (26)

Next, let us consider the monodromy of a state in a sector with two sources located at z_1 and z_2, [q_1, z_1] ⊗ [q_2, z_2] , (27) under a twist through an angle of 2π (see Fig. 1). The monodromy matrix is defined by

M(q_1, q_2) = exp{−2πi(s_{q1} + s_{q2} )}U_{rot}(2π)|_{[q1 ,z1]⊗[q2,z2]} , (28)

i.e., it represents the action of taking one source around the other source without rotating the spins. For z_1 ≈ z_2, we have that

[q_1, z_1] ⊗ [q_2, z_2] ≃ [q_1 + q_2, z_1] , (29)

and, using (26), one immediately finds that

M(q_1, q_2) = exp{2πi q_1 · q_2} . (30) 8

Figure 1: Monodromy operation of a state with two sources located at z1, z2 ∈ Ω.

A charge-statistics connection holds for the states of the Chern-Simons theory [20]: For two sources with identical charge vector q, one defines a “halfmonodromy” by M_{1/2}(q) = exp{−2πis_q }U_{rot}(π)|_{[q,z]⊗[q,−z]} , (31) where U_{rot}(π) is a rotation through an angle π around the origin. This operation represents a permutation of the two sources. One can show that

M_{1/2}(q) = exp{2πis_q } , (32)

which, in view of (26), provides a relation between charge and statistics of localized sources.^4

It is known that the quantum states of topological field theories in 2+1 dimensions, here (22), are in one-to-one correspondence with conformal blocks (n-point functions) of conformal field theories (CFTs) in two dimensions. This fact was conjectured by Witten in [21] and elaborated and extended in [22] and many other papers. See also [23] for applications to the QHE. The monodromy and braiding of states exposed in this section [Eqs. (26), (30), (32)] may also be obtained from the corresponding CFT on Ω. Here, we do not use this point of view. However, our construction of massless field theories localized on the space-time boundary ∂Λ in Sect. 3 is another manifestation of this correspondence.

4One may also call (32) a conformal spin-statistics connection. Notice, however, that we are considering fully polarized quantum Hall fluids where the physical electron spin does not play a role. 9

2.2.2. Classification of quantum Hall fluids

In this section, we review the constraints on the state space of the abelian Chern-Simons theory imposed by the physical requirement that it describes an incompressible quantum Hall fluid. On physical grounds, we start from the following two postulates:

A) Among the set of states, there exist (localized) states corresponding to single electrons or holes, i.e., carrying electric charge ±1.^5 Multi-electron and -hole states are supposed to obey Fermi statistics.

B) An arbitrary state must be single-valued in the positions of electrons and holes.

Using the results presented in the last section, we are prepared to discuss the implications of postulates A) and B) on the structure of the state space. For simplicity, we assume that electron or hole states are not composed of sources with different chiralities χ_n. Thus, we can discuss the electron- (χ_n = 1) and hole- (χ_n = −1) channels separately. Let N = N_e +N_h, where N_e and N_h are the number of electron and hole channels, respectively. In the following, we restrict our attention to electron channels.

Postulate A), concerning the existence of localized states corresponding to electrons, with charge vector q_e ∈ R^{Ne} , implies that

Q_e · q_e = 1 (33)

for the electric charge by Eq. (24), and

q_e · q_e ∈ 2Z + 1 , (34)

reflecting Fermi statistics by (32). The solutions q_e to Eq. (34) span an N_edimensional, odd-integral lattice Γ_e ⊂ R^{Ne} . From (33), it follows that Q_e = (Q_n)^{Ne}_{n=1} must be a “visible vector” in the lattice dual to Γ_e, i.e., Q_e ∈ Γ^∗_e. For more details on integral lattices, see [19].

Postulate B) implies that the monodromy of a state with a localized source q_e corresponding to an electron and any other physical localized source q must be the identity. From Eq. (30), one finds that q · q_e ∈ Z . (35) It follows from (35) that charge vectors q of physical localized sources lie in the lattice Γ^∗_e dual to the lattice Γ_e of electron states,

q ∈ Γ^∗_e . (36)

5The charge of an electron e = 1, in our units. 10

Note that Γ_e ⊂ Γ^∗_e, for integral lattices.

The same arguments can be repeated for hole channels. The result is an N_hdimensional, odd-integral lattice Γ_h ⊂ R^{Nh} of “hole” states and Q_h = (Q_n)^N_{n=Ne+1} ∈ Γ^∗_h is a visible vector in the dual lattice Γ^∗_h. The full space of physical states is labeled by vertices in Γ^∗_e ⊕ Γ^∗_h.

These results can now be combined with Eq. (10),

σ = Q · Q = Q_e · Q_e − Q_h · Q_h = σ_e − σ_h . (37)

From the fact that Γ_e and Γ_h are integral lattices and Q_{e,h} ·Q_{e,h} ∈ Γ^∗_{e,h}, it follows that σ_e and σ_h take rational values. This implies that the Hall conductivity σ is rational; (see also [24, 25]).

3. Gauge invariance and the edge action

In this section we discuss the boundary terms in the total action, (8), describing the scaling limit of the incompressible quantum Hall fluid. These boundary terms have to be present because of the requirement of gauge invariance of the total action. In general, the incompressible quantum Hall fluid is located on a planar domain Ω ⊂ R^2 of space, as depicted in Fig. 2. The boundary of the fluid can be decomposed into a disjoint union of connected components, ∂Ω = ∪_k∂^{(k)}Ω. For

Figure 2: The incompressible quantum Hall fluid (σ ≠ 0) is located on a connected twodimensional planar domain of space. The orientation of the different boundary components is indicated by arrows.

most parts of the discussion in this section, it is sufficient to consider a single edge component, i.e., we can restrict our attention to a fluid on a disc with connected boundary ∂Ω. The generalization to a disconnected boundary is straightforward and will, in most cases, not be discussed explicitly. 11

In reality, the boundary structure of a quantum Hall fluid may be quite complicated, which goes under the notion of edge reconstruction, see e.g. [26]. We do not consider edge reconstruction in the present paper. Instead, we assume that the edge ∂Ω of the quantum Hall fluid is sharp and has “minimal” internal structure. As we will see, the degrees of freedom localized on the edge are then strongly constrained by the bulk Chern-Simons action. A “holographic principle” between bulk and edge properties becomes manifest.

We start by considering the local symmetries of the bulk action (18). Gauge transformations of the fields B_n and of the external potentials A_n are given by

B_n → B_n + dβ_n , (38) and A_n → A_n + dα_n , (39)

where β_n and α_n are scalar (gauge) functions on Λ. For gauge functions vanishing at the boundary ∂Λ, the action (18) is invariant under (38) and (39). However, for gauge functions not vanishing at the boundary, one finds the anomaly

S_Λ[B + dβ, A + dα] = S_Λ[B, A] + 1 2 ∑ n ∫ ∂Λ (−χ_nβ_n + 2α_n) db_n , (40)

where b_n = B_n|_{∂Λ} are the components of the field B_n tangential to the boundary ∂Λ. The gauge-dependent action (18) cannot be used in a path integral formulation of the theory. For a consistent description of the system, the gauge anomaly (40) must be canceled by the anomalies of additional terms in the total action. We define S[B, A] = S_Λ[B, A] + S_{∂Λ}[b, ϕ, A] , (41)

and choose S_{∂Λ}[b, ϕ, a] such that the total action, S[B, A], is invariant under the transformations (38) and (39). Similarly to b_n, the fields a_n are the boundary values of the tangential components of the external gauge fields, a_n = A_n|_{∂Λ}. The scalar fields ϕ_n in the boundary action, S_{∂Λ}[b, ϕ, a], correspond to the gaugefreedom in the choice of the potentials b_n [4, 27, 28]. Under the gauge transformation (38), they transform as

ϕ_n → ϕ_n − β_n|_{∂Λ} . (42)

A boundary action that cancels the gauge anomaly in (40) is given by S_{∂Λ}[b, ϕ, a] = 1 2 ∑ n ∫ ∂Λ √ |g_n|d^2ξ{ 1 2 (∂_μϕ_n + b_{nμ})(∂_ν ϕ_n + b_{nν} ) g^{μν}_n

+ (2a_{nμ} − χ_nb_{nμ})ϵ^{μν} (∂_ν ϕ_n + b_{nν} )} .

(43) 12

Note that the first term in (43), proportional to g^{μν}_n , is a gauge-invariant quantity. Hence the matrices (g^{μν}_n ) are not determined by the requirement of anomaly cancelation. This reflects the fact that the topological field theory describing the bulk Λ̊ only enforces the gauge symmetries and the values of the parameters {N, N_e, (Q_n) } of the boundary action. However, the bulk theory does not specify the dynamical properties of the edge degrees of freedom.

For simplicity, let us choose a metric g^{μν}_n in (43) of the form

(g^{μν}_n ) = diag(u^{−1}_n , −u_n) , (44)

where u_n > 0 are the propagation speeds of the edge modes ϕ_n. In the boundary action (43), d^2ξ = dξ ∧ dt, where t is time and ξ is an appropriate spatial coordinate on the boundary ∂Ω.^6 With the choice (44), we have g_n = det(g^{μν}_n ) = −1. Note that, in the total action (41), we have only kept gauge-invariant terms that are quadratic in fields and derivatives. Possible higher-order terms (e.g, a Maxwell term) are irrelevant (in renormalization group jargon) in the infrared description we are considering here.

3.1. Effective action describing the boundary

It is convenient to integrate out the bulk gauge potentials B_n and to introduce an effective action localized on the boundary, S_{∂Λ}[ϕ, a], in such a way that the following equation holds: Z^{−1} ∫ [DB] e^{2πi S[B,}A^] = e^{2πi ΓΛ[}A^] Z̃^{−1} ∫ [Dϕ] e^{2πi S∂Λ[ϕ,}a^] , (45)

with Z̃ = ∫ [Dϕ] e^{2πi S∂Λ[ϕ,0]}. Integration over B_n is easy, since the action is quadratic. To do so, one can use the equations of motion to eliminate B_n from the action. The field equations derived from the total action, Eq. (41), using (18) and (43), are χ_ndB_n = dA_n (46)

on Λ̊, and

(g^{μν}_n − χ_nϵ^{μν} )(∂_ν ϕ_n + b_{nν} ) = 0 , (47a) g^{μν}_n ∂_μ(∂_ν ϕ_n + b_{nν} ) = 2da_n − χ_ndb_n , (47b)

on the boundary ∂Λ. Equations (46) and (47a) result from the variation of the action with respect to the gauge potential B_n and Eq. (47b) follows from the variation with respect to the field ϕ_n.

6The coordinate ξ is chosen to increase in the direction of positive orientation of ∂Ω. Note that Ω is planar and the orientation of ∂Ω can be consistently chosen, even in the case of a disconnected boundary (see Fig. 2). 13

Equation (46) is solved by

χ_nB_{nμ} = A_{nμ} + ∂_μF_n , (48)

where F_n are arbitrary real single-valued functions on Λ. It is convenient to shift the integration variables for the remaining path integral over the boundary fields ϕ_n to new fields ϕ̃_n, χ_nϕ_n = ϕ̃_n − F_n|_{∂Λ} . (49)

Finally, for the effective action, one finds

Γ_Λ[A] = 1 2 ∑ n χ_n ∫ Λ A_n ∧ dA_n (50)

in the bulk, and

S_{∂Λ}[ϕ̃, a] = 1 2 ∑ n ∫ ∂Λ d^2ξ { 1 2 (∂_μϕ̃_n +a_{nμ})(∂_νϕ̃_n +a_{nν} ) g^{μν}_n +χ_n a_{nμ}ϵ^{μν} ∂_νϕ̃_n} (51)

on the boundary. From (48) and (49) it follows that the new boundary modes ϕ̃_n transform as ϕ̃_n → ϕ̃_n − α_n|_{∂Λ} (52)

under the remaining gauge transformations (39).

Note that Eq. (47a) has not been used in the effective action (51). It plays the role of chiral constraints on the fields ϕ̃_n. Taking into account (47a) at this stage would make it impossible to work in a standard path integral formalism. Eq. (51) is the action of free massless Bose fields ϕ̃_n (“edge modes”) coupled to the external gauge potentials a_{nμ}. However, only one chiral component of ϕ̃_n couples to the gauge field; the electromagnetic coupling of the other component of ϕ̃_n vanishes.

In the following, we exclusively work with the edge action S_{∂Λ}[ϕ̃, a], Eq. (51). We omit the tilde on the new boundary modes ϕ̃_n and write ϕ_n instead, remembering that they transform like (52) under gauge transformations.

The boundary term Γ_{∂Λ} in the generating function of current correlators, Eq. (2), may be obtained by performing the integration over the fields ϕ_n in (45). However, here we do not need the explicit expression for Γ_{∂Λ}, so this calculation is left as an exercise to the reader.

3.2. Chiral edge currents

The bulk electric current was given in (19) and the bulk quasi-particle currents in Eq. (21). Outside the finite Hall sample, these currents simply vanish,

J_n(x) = ⟨J_n(x)⟩ = { χ_ndA_n, x ∈ Λ̊ 0, x ∉ Λ . (53) 14

An additional contribution to the current is localized on the boundary ∂Λ of space-time. We can compute it as

j^μ = δ δa_μ (Γ_Λ[A] + S_{∂Λ}[ϕ, a]) = 1 2 ∑ n Q_n(g^{μν}_n + χ_nϵ^{μν} )(∂_ν ϕ_n + a_{nν} ) . (54)

Similar to the electric current in the bulk, the “edge” current (54) can be decomposed into a sum of N quasi-particle currents, j^μ = ∑ n Q_nj^μ_n , where

j^μ_n = 1 2 (g^{μν}_n + χ_nϵ^{μν} )(∂_ν ϕ_n + a_{nν} ) . (55)

Inserting the chiral constraint (47a) or using the field equation for ϕ_n derived from the action (51), one finds from (55) that

∂_μj^μ_n = χ_nda_n . (56)

The divergence in (56) is canceled by the divergence of the corresponding bulk current Eq. (53). The total quasi-particle currents, containing both bulk, (53), and edge, (55), contributions, are conserved.

3.3. Quantization of the gapless edge modes

In this section, we consider the quantization of the edge modes ϕ_n using the boundary action (51). For this purpose, it is convenient to shift the fields ϕ_n by appropriate functionals of the external gauge field a_n. The field equation for ϕ_n derived from the action (51) is

g^{μν}_n ∂_μ(∂_ν ϕ_n + a_{nν} ) = χ_nϵ^{μν} ∂_μa_{nν} . (57)

The general solution to (57) has the form

ϕ_n = p_n[a_n] + φ_n , (58)

where p_n[a_n] is a gauge-dependent c-number field and the fluctuation field, φ_n, is the operator-valued solution of the wave equation,

g^{μν}_n ∂_μ∂_ν φ_n = 0 , (59)

on ∂Λ = ∂Ω × R. The fields φ_n are gauge-invariant and the corresponding action is simply given by

S_{∂Λ}[φ] = 1 4 ∑ n ∫ ∂Λ d^2ξ g^{μν}_n ∂_μφ_n∂_ν φ_n . (60)

The free Bose fields φ_n can now be canonically quantized in a standard fashion. Note that we do not fix boundary conditions for the fields φ_n. Canonical quantization yields the following commutation relations for the edge currents (55) and (54), [j^0_n(ξ, t), j^0_m(η, t)] = δ_{nm}χ_ni(2π)^{−1}δ^′(ξ − η) (61) and [j^0_n(ξ, t), j^0(η, t)] = χ_nQ_ni(2π)^{−1}δ^′(ξ − η) . (62)

Hence, the currents j_n are the generators of U(1) chiral Kac-Moody algebras [29].

The field p_n[a_n] in (58) is a particular solution to Eq. (57). It includes the effect of the external gauge field a_n and is responsible for the correct gauge transformation of ϕ_n, (52). An explicit solution is given by

p_n[a_n](ξ, t) = p^0_n(ξ + χ_nu_n(t − t_∗)) + ∫_t t_∗ dt̄ {χ_nu_na_{n1}(ξ + χ_nu_n(t − t̄), t̄) − a_{n0}(ξ + χ_nu_n(t − t̄), t̄)} . (63)

The function p^0_n(ξ) in (63) depends on the initial conditions at t = t_∗ that we may specify for the particular solution, and it incorporates the effect of “large” gauge transformations not vanishing at the initial time t_∗. A convenient choice is p^0_n(ξ) = − ∫_ξ ξ_∗ dξ̄ a_{n1}(^¯ξ, t_∗) , (64)

where ξ_∗ is some reference point on ∂Ω; (More details are given in Appendix A). From (63) and (64), one can check that^7

p_n[a_n + dα_n](ξ, t) = p_n[a_n](ξ, t) − α_n(ξ, t) . (65)

Hence, p_n transform correctly under gauge transformations [cf. Eqs. (58) and (52)].

In general, the function p_n(ξ, t) is not single-valued on ∂Ω due to the first term in (63), p^0_n(ξ). From (64), the presence of magnetic fluxes or quasi-particle charges inside the boundary ∂Ω at time t_∗ makes this term multi-valued. However, the second term in (63) is single-valued on ∂Ω for arbitrary time-dependent gauge fields. In particular, this is true for an adiabatic increase of magnetic flux through the sample. This point will be of some importance in the discussion of the fluxdependence of tunneling currents between disjoint edge components in Sect. 4.6.

7Without loss of generality we consider gauge transformations with α(ξ∗, t∗) = 0.

3.4. Conserved edge currents and quasi-particle vertex operators In this section we construct quasi-particle operators localized on the boundary ∂Ω. Before discussing these operators, we need to define the conserved currents, ĵ^μ_n, by ĵ^μ_n = j^μ_n − χ_nϵ^{μν} a_{nν} . (66)

For later purpose, we also define the conserved electric current on the edge as

ĵ^μ = j^μ − ∑ n χ_nQ_nϵ^{μν} a_{nν} . (67)

From Eq. (56), it is clear that the currents ĵ^μ_n are conserved, i.e., ∂_μĵ^μ_n = 0. Note however that these currents are gauge-dependent.

Using (63) and (55), the conserved currents, (66), can be written in terms of the shifted fields (58) as^8

ĵ^μ_n = 1 2 (g^{μν}_n + χ_nϵ^{μν} )∂_ν φ_n + χ_nϵ^{μν} ∂_ν p_n . (68)

We see that the conserved currents only depend on one chiral component of the free Bose fields φ_n and on the total derivative of the c-number field p_n[a_n]. These facts will be useful shortly.

A quasi-particle operator is defined as a vertex operator in the following way: ψ_q(ξ, t) := N exp{2πi ∑ n q_n ∫ γ(ξ_∗,ξ) dξ̄^μ ϵ_{μν}ĵ^ν_n(ξ̄)} , (69)

where γ(ξ_∗, ξ) is some path on the space-time boundary ∂Λ joining the points (ξ_∗, t_∗) and (ξ, t), and q = (q_n)^N_{n=1} ∈ R^N are real numbers. N is a normalordering prescription for the Bose fields φ_n; (In the following, we omit writing N in the vertex operator but understand it implicitly). The starting point (ξ_∗, t_∗) of the path γ is a reference point which acts as a source of charges. However, for t_∗ → −∞, its presence can be neglected in the expressions that follow.

The vertex operator (69) is invariant under continuous deformations of the contour γ(ξ_∗, ξ) with fixed endpoints on ∂Λ. This is due to the conservation of the currents, ∂_μĵ^μ_n = 0. Hence, ψ_q(ξ, t) only depends on the homotopy class of the path γ on ∂Λ; (see Fig. 3).

Under a gauge transformation [with α(ξ_∗, t_∗) = 0], the vertex operator transforms as ψ_q(ξ, t) → ψ_q(ξ, t) exp{−2πi ∑ n χ_nq_nα_n(ξ, t)} . (70)

8See also Appendix A. 17

Figure 3: The vertex operator ψq (ξ, t), (69), is defined through a path γ on ∂Λ leading from a reference point (ξ∗, t∗) to the point (ξ, t). However, the vertex operator is invariant under continuous deformations of the path γ(ξ∗, ξ) → γ̃(ξ∗, ξ), keeping the end-points fixed; it only depends on the homotopy class of the path.

This gauge variation suggests that ψ_q(ξ, t) deposits the charges (χ_nq_n), and an electric charge Q_{el}(q) = ∑ n χ_nQ_nq_n (71)

at the point ξ of the edge.

The edge charges deposited by ψ_q(ξ, t) can be obtained from the operator viewpoint. Using (68) and (63), the operators of conserved charge are given by

q̂_n = ∫ ∂Ω dξ ĵ^0_n(ξ) = χ_n ∫_L 0 dξ {∂_ξ p^0_n(ξ) + 1 2 (φ^′_n + χ_nu^{−1}_n φ̇_n)} . (72)

The operator of conserved electric charge is

Q̂ = ∑ n Q_nq̂_n . (73)

The commutators of charge- and vertex operators are given by

[q̂_n, ψ_q (ξ, t)] = χ_nq_n ψ_q(ξ, t) (74) and [Q̂, ψ_q(ξ, t)] = Q_{el}(q) ψ_q (ξ, t) , (75) which agrees with the previous conclusions. 18

Besides the electric charge, the scaling dimension, g, is an important property of the vertex operator. It is defined as g(q) = ∑ n q^2_n . (76)

We will see that the scaling dimension g determines the exponent of the two-point function of vertex operators.

3.4.1. Gauge-invariant (bare) vertex operators

Using the expression (68) for the conserved currents and light-cone coordinates, x_n(ξ, t) = χ_nu^{−1}_n ξ + t , (77)

the vertex operator, Eq. (69), can be written as ψ_q(ξ, t) = exp{2πi ∑ n q_nχ_n ∫ γ(ξ_∗,ξ) dξ̄^μ ∂_μp_n(ξ̄)}

exp{2πi ∑ n q_nχ_n ∫_{xn(ξ)} dx_n ∂^nφ_n} . (78)

∂^n =^1_2 (∂_0 + χ_nu_n∂_1) is the derivative with respect to the coordinate (77). The second factor in this product, V_q(ξ, t) := exp{2πi ∑ n q_nχ_n ∫_{xn(ξ,t)} dx_n ∂^nφ_n} , (79)

is gauge-invariant. We call V_q(ξ, t) the bare vertex operator. If all the modes φ_n had the same propagation speeds u_n and -directions χ_n, (79) would be a chiral vertex operator [30].

3.5. Superselection sectors of edge states

In the previous section, we have introduced vertex operators ψ_q(ξ, t) that create states of charge (χ_nq_n), as expressed by Eq. (74). The (half-)monodromies of the localized bulk states, see (30) and (32), correspond to commutators of vertex operators. It is straightforward to find that

ψ_{q1} (ξ, t)ψ_{q2} (η, t) = ψ_{q2} (η, t)ψ_{q1} (ξ, t) exp{iπ sgn(ξ − η) q_1 · q_2} , (80)

for ξ, η > 0. Our classification of physical states of the bulk of an incompressible Hall fluid also applies to vertex operators, and the vectors q in the definition (69) must correspond to the sites of the charge lattice, q ∈ Γ^∗_e ⊕ Γ^∗_h.

The Hilbert space of edge states decomposes into superselection sectors for each connected component of ∂Ω. These sectors are labeled by the eigenvalues of the operator q̂_n, given in Eq. (72). Let q = (q_n) be a vector of charges. The ground state in a charge sector [q] is denoted by |q⟩ ∈ [q] , (81) with q̂_n|q⟩ = χ_nq_n|q⟩ . (82) From (74), we have that ψ_q′ |q⟩ ∈ [q + q^′] . (83) Therefore, similar to the vertex operators ψ_q, the sectors [q] are labeled by sites on the dual lattice, q ∈ Γ^∗_e ⊕ Γ^∗_h. Superselection sectors of edge states are in oneto-one correspondence to sectors of bulk states that were discussed in Section 2.2.

3.5.1. Charge sectors and a zero mode

From (72) and (82), we have that χ_nq̂_n|q⟩ = ∫_L 0 dξ {∂_ξ p^0_n + 1 2 (φ^′_n + χ_nu^{−1}_n φ̇_n)}|q⟩ = q_n|q⟩ . (84) Let us first consider the c-number contribution to the edge charge q_n. From (64) we find that ∫_L 0 dξ ∂_ξp^0_n(ξ) = − ∫_L 0 dξ a_{n1}(ξ, t_∗) =: Φ_{∗n} . (85)

Up to a sign, Φ_{∗n} is the flux through, or quasi-particle charge in channel n inside the edge component ∂^{(k)}Ω under consideration, at the initial time t_∗. Let us assume that the fluctuation of the electromagnetic gauge potential, a_1, vanishes at the initial time t = t_∗. Then, on the one hand, if ∂^{(k)}Ω encloses a hole in the quantum Hall fluid, Φ_{∗n} = 0, because only the bulk supports localized quasiparticles. On the other hand, if we consider the outer edge component of the sample then Φ_{∗n} is the total localized bulk charge; (see Fig. 2).

The second contribution to the edge charge q_n in Eq. (84) comes from the eigenvalue of the operator

π̂^0_n = 1 2 ∫_L 0 dξ (φ^′_n + χ_nu^{−1}_n φ̇_n) . (86)

In conformal field theory [30], π̂^0_n is conventionally called a zero mode of the massless field φ_n. The zero mode π̂^0_n and the c-number Φ_{∗n} are two independent quantities; the former is a genuine property of the edge state, while the latter 20 characterizes the inside of ∂^{(k)}Ω. Therefore, one may think that it would be more convenient to use the zero-mode eigenvalue π^0_n to label the edge states. However, our choice of Eq. (84) makes apparent the duality between the eigenvalues of (86) and the bulk charges (85). Instead of considering non-zero eigenvalues π^0_n, we can equally well thread additional virtual A_n-fluxes through the inside of the boundary component. That is, if ∂^{(k)}Ω encloses a hole in the sample we thread the flux Φ̃_{∗n} = π^0_n = q_n, instead of Φ_{∗n} = 0, through the hole. If ∂^{(k)}Ω is the outer edge of the sample we thread the flux Φ̃_{∗n} = −Φ_{∗n} − π^0_n = −q_n, instead of −Φ_{∗n}, through the bulk.

3.5.2. Magnetic flux through the Hall sample and charge sectors

Equations (84) and (85) tell us that the charge q_n of an edge state depends on the bulk flux Φ^n_∗ at an initial time t_∗. In particular, this means that the charge eigenvalue q_n remains constant even for time-dependent magnetic fluxes through the sample. Furthermore, the charge q_n is invariant when localized bulk charges are moved in space by some external agent.^9 This is in contrast to the physical edge charges, which change when the magnetic flux through the sample is changed. The physical edge charges are discussed next.

3.5.3. Electric charge localized on the edge

The physical electric current density on some edge component ∂^{(k)}Ω is given by the operator j^μ, and not by the conserved current, ĵ^μ. By (67), the operator of conserved charge Q̂^{(k)} is related to the electric charge operator, Q^{(k)}_{el} , through

Q^{(k)}_{el} = Q̂^{(k)} + Φ_∂(k)_Ω(t) , (87)

where Φ_∂(k)_Ω(t) is the total flux through the surface enclosed by ∂^{(k)}Ω at the time t. It is given by

Φ_∂(k)_Ω(t) = σΦ^{em}_{∂(k)Ω}(t) + ∑ n χ_nQ_nΦ_n(t) = σ ∫ ∂^{(k)}Ω dξ a_1(ξ, t) + ∑ n χ_nQ_n ∫ Ω d^2x J̄^0_n(x, t) .

(88)

Of course, if ∂^{(k)}Ω encircles a hole in the sample, then the last term in (88) is absent. Let us repeat that the electric charge on some edge component is, in general, time dependent. This is due to the non-conservation of the currents (56).

9When a bulk charge is brought close to the edge by the external agent, it is reasonable to expect a jump in the bulk flux Φ^n_∗ and a corresponding change of the edge state such that qn is constant in (84), i.e., a corresponding change in the zero-mode eigenvalue π^0_n. However, this process is not in the scope of our approach. 21

Let us summarize these facts: While the conserved edge charge operator Q̂ has a discrete spectrum and the corresponding eigenstates are insensitive to timedependent gauge fields, the electric charge ⟨Q_{el}⟩ can take arbitrary real values. The electric charge on a boundary component may change continuously when the external gauge fields are time-dependent.

3.6. Two-point function of vertex operators

To compute the tunneling current between boundary components in the next section, we will make use of the two-point function of quasi-particle operators localized on the edge. From (78), we have that ⟨q^′|ψ_q(ξ, t)ψ_{−q} (ξ^′, t^′)|q^′⟩ = exp{2πi ∑ n q_nχ_n ∫ γ(ξ,ξ^′) dξ̄^μ ∂_μp_n[a_n](ξ̄)} ⟨V_q (ξ, t)V_{−q} (ξ^′, t^′)⟩ . (89)

In (89), the path γ(ξ, ξ^′) leads from point (ξ, t) to point (ξ^′, t^′) on ∂Λ. Note that the reference point ξ_∗ in the definition of the vertex operator drops out of the two-point function. However, the homotopy class of the path γ enters the phase of the correlator. In Sect. 4.1 we will see that the presence of an Ohmic contact on the edge ∂Ω essentially singles out one class of paths for which the two-point function is non-zero.

For (ξ, t) ∈ ∂Λ = R^2 (on the infinite plane), the correlator of bare vertex operators is readily computed from (60) as ⟨V_q(ξ, t)V_{−q} (ξ^′, t^′)⟩_R2 = ∏ n [ iϵ u_nx_n(ξ − ξ^′, t − t^′) ]_q2_n

= ∏ n [ iϵ (t − t^′)u_n + (ξ − ξ^′)χ_n

]_q2_n , (90)

where ϵ is a cutoff length scale. The correlator at finite temperature T can be obtained from (90) by a conformal transformation [30, 31], applied to each term in the product over n separately. Under the conformal transformation

x_n → (2πT )^{−1} log x_n (91)

in the light-cone coordinates x_n, (77), one finds that ⟨V_q(ξ, t)V_{−q} (ξ^′, t^′)⟩_R2 →⟨V_q (ξ, t)V_{−q}(ξ^′, t^′)⟩_T = ∏ n [ πT iϵ u_n sinh{πT x_n(ξ − ξ^′, t − t^′)} ]_q2_n . (92)

22

We emphasize that the state of the edge, |q^′_n⟩, enters the two-point function through the first term in the product in (89): The edge charges q^′_n appear as additional sources in the fields A_n in the inside of the boundary component ∂^{(k)}Ω under consideration. This follows from our discussion after Eq. (84). Note that the (local) phase of the two-point function is gauge-dependent and, therefore, unobservable. However, we will see later that the edge charge, as a global property of the boundary component, may nevertheless enter physically observable quantities.

For later purpose, let us compute the phase of the two-point function (89) for a special choice of gauge fields. When a_{n1}(ξ, t) = a^c_{n1}(ξ, t_∗) is time-independent

and a_{n0}(ξ, t) = a^c_{n0}(0, t) is independent of space, then, from (63) and (64), one

finds that ∂_μp_n[a^c_n](ξ, t) = −a^c_{nμ}(ξ, t) . (93)

Using Eq. (93), the phase of the two-point function (89) is then given by ∫ γ(ξ,ξ^′) dξ̄^μ ∂_μp_n[a^c_n](ξ̄, t̄) = − ∫_t′ t dt̄ a^c_{n0}(0,^¯t) − ∫_ξ′ ξ dξ̄ a^c_{n1}(^¯ξ, t_∗) . (94)

4. Inter-edge charge transport

In this section, we consider tunneling processes between two connected boundary components of a quantum Hall sample. We want to investigate transport properties of tunneling junctions. More precisely, our aim is to calculate the electric current through junctions as a function of the state of the quantum Hall sample, of changes in magnetic flux through the sample, and of the bias voltage across tunneling constrictions. Physically, tunneling junctions can be created by deforming the quantum Hall edge to form sufficiently narrow constrictions; see, e.g., [32], (Fig. 4).

The analysis of inter-edge charge transport calls for two additional concepts in the description of the quantum Hall sample. First, we need to introduce the notion of an Ohmic contact, which maintains the edge at some given voltage. Second, we have to define tunneling operators modeling the presence of constrictions.

4.1. Ohmic contact

We define the Ohmic contact as a location on the edge component ∂^{(k)}Ω where electrons are removed or added in order to maintain a fixed chemical potential. Let L = |∂^{(k)}Ω| be the total length of the edge component. The presence of an Ohmic contact strongly affects the physics close to the contact. However, far from the contact, the correlators are expected to be essentially unaffected by it. This means that the two-point functions of bare vertex operators in the presence 23

Figure 4: Two tunneling constrictions between two boundary components of the quantum Hall edge. Each edge component is maintained at a chemical potential by an Ohmic contact (crossed box on upper edge).

of an Ohmic contact continue to be (essentially) given by Eqs. (90) and (92), when the distance of the arguments, ξ and ξ^′, to the Ohmic contact is O(L). In particular, this means that |ξ − ξ^′| ≪ L (95) for our analysis to be valid.

Furthermore, we shall assume that two-point functions of vertex operators, (89), that have a path γ crossing the Ohmic contact at some time, are small and can be neglected. As a result, in a given gauge, an Ohmic contact fixes the phases of all two-point functions of vertex operators.

4.2. Tunneling operator

In this section, we define gauge-invariant tunneling operators that model the presence of narrow constrictions between two boundary components of a quantum Hall sample. The tunneling operator is supposed to transfer quasi-particles from one boundary component to another one.

The two boundary components involved in a tunneling process enclose the same quantum Hall fluid. As we discussed in Sect. 3, this imposes constraints on the field theories describing these boundary components.^{10} In particular, the number of modes N, the electric charge parameters Q_n, and the chiralities χ_n must coincide. However, the propagation speeds u_n generally differ on the two boundary components. Let us denote the two edge components by ∂^{(k)}Ω, k = 1, 2. The action describing the dynamics of the relevant edge degrees of freedom, ϕ^{(k)}_n , is S_∂(1)_Ω + S_∂(2)_Ω, where each S_∂(k)_Ω is given by Eq. (51). The corresponding Hamiltonians are denoted by H^{(k)}; (we do not need their explicit expressions).

We model the constrictions by adding a tunneling operator, T , as a perturbation to the total Hamiltonian,

H = H_0 + T = H^{(1)} + H^{(2)} + T . (96)

10 We are considering here the case of a sharp, “unreconstructed” quantum Hall edge. More complicated boundary structures may change the transport properties of the edge in a nontrivial manner. 24

The tunneling operator couples the two boundary components through terms T ∝ ψ^{(1)}_{q(1)} ψ^{(2)}_{q(2)} . Total charge conservation requires that q^{(1)} + q^{(2)} = 0.

In the scaling limit under consideration, only the most relevant perturbations, in the renormalization-group sense, need to be retained in the tunneling operator. A perturbation ∝ ψ_q is more relevant the smaller the corresponding scaling dimension, g = ∑ n q^2_n; see, e.g., [33, 34]. Therefore, in the scaling limit, quasiparticle tunneling operators with q ∈ Γ^∗_e ⊗ Γ^∗_h and ∑ n q^2_n = ∑ n q^2_{en} + ∑ n q^2_{hn} as small as possible are favored.

We suppose that quasi-particles of charge q may tunnel at different locations, ξ_p, of the edge components. The gauge-invariant tunneling operator is then given by T = ∑ p t_p ψ^{(1)}_q (ξ^1_p )ψ^{(2)}_{−q}(ξ^2_p ) exp{−2πi ∑ n χ_nq_n ∫_ξ2_p

ξ^1_p

A_n} + h.c. (97)

The constants t_p are the tunneling amplitudes. In the following, we assume that the constrictions are quite narrow, ξ^1_p ≃ ξ^2_p , such that the phase factor in the tunneling operator (97) can be neglected.^{11}

Note that, in principle, the tunneling operator (97) depends on the homotopy classes of paths γ used in the definition of the vertex operators ψ^{(k)}_q . However, the Ohmic contacts effectively cut open the boundary space-time cylinders ∂^{(k)}Λ along their locations. As discussed in the previous section, two-point functions of vertex operators are assumed to vanish for paths γ crossing the Ohmic contact. Thus, the vertex operators used in (97) are uniquely specified by the locations of the Ohmic contacts.

4.3. Perturbative tunneling current

Let us compute the electric tunneling current flowing from one boundary component to the other through the constrictions. In the absence of tunneling, the charges Q̂^{(k)}, Eq. (73), are separately conserved on each edge. At the operator level, this means that ∂ ∂t Q̂^{(k)} + i 2π [H^{(k)}, Q̂^{(k)}] = 0 . (98)

11 The phase factor in the tunneling operator (97) may be taken into account without difficulty. We simply omit it here to make our notation more compact. This phase will be important in Sect. 4.6.3 when discussing the effect of bulk quasi-particles that are dragged around by an external agent.

The tunneling current is the time derivative of the electric charge on one edge, say (k) = (1). Using Eqs. (75), (87), and (96)-(98), it is found to be given by I = d dt Q^{(1)}_{el} = d dt Q̂^{(1)} + d dt Φ_∂(1)_Ω = i 2π [Q̂^{(1)}, T ] + d dt Φ_∂(1)_Ω = i 2π Q_{el}(q) ∑ p {t_p ψ^{(1)}_q (ξ^1_p )ψ^{(2)}_{−q}(ξ^2_p ) − t^∗_p ψ^{(1)}_{−q}(ξ^1_p)ψ^{(2)}_q (ξ^2_p)} + d dt Φ_∂(1)_Ω .

(99)

The term^d_{dt} Φ_∂(1)_Ω in (99) corresponds to charging effects of the edge resulting from the variation of magnetic flux through the surface enclosed by ∂^{(1)}Ω. According to the non-conservation of edge currents, (56), charge flows through the bulk to the edge when the external fields are varied. However, we are interested in the current flowing from one edge to the other via the constrictions, so we omit this term in the following.

Next, we apply time-dependent perturbation theory in the tunneling amplitudes t_p to computing the tunneling currents. The free time evolution is generated by the Hamiltonian H_0 = H^{(1)} + H^{(2)}. The Dyson series for the current operator is I(t) = e^{itH} Ie^{−itH} = I_0(t) + i(2π)^{−1} ∫_t 0 dt^′ [T_0(t^′), I_0(t)] + . . . (100)

where A_0(t) = e^{itH0} Ae^{−itH0} (101) is the free time evolution.

We now take the expectation value of the current in a given initial equilibrium state, ⟨(·)⟩, of the quantum Hall fluid. Using expression (99) for the current operator, ⟨I_0(t)⟩ = 0, and ⟨ψ_qψ_q⟩ = 0, one finds that ⟨I(t)⟩ = ẽ (2π)^2 ∑ pq {t_pt^∗_q ∫_t 0 dt^′ ⟨[ψ^{(1)}_q (ξ^1_p , t^′)ψ^{(2)}_{−q}(ξ^2_p , t^′), ψ^{(1)}_{−q}(ξ^1_q , t)ψ^{(2)}_q (ξ^2_q , t)]⟩ + c.c.} + O(t^4_· ) , (102)

where ẽ = Q_{el}(q) is the electric charge of the quasi-particle that tunnels at the constrictions. Next, we discuss the choice of an appropriate initial state ⟨(·)⟩.

4.3.1. Initial state for perturbation theory

In a first approach, we suppose that ⟨(·)⟩ is a thermal equilibrium state in a given charge superselection sector of the edges, as introduced in Sect. 3.5. That is, the sector is specified by the charges on all boundary components ∂^{(k)}Ω and by the localized bulk charges at the points z_m ∈ Ω. We denote such a sector by

[{q^{(k)}}; {(q, z)^m }] . (103) 26

However, inter-edge tunneling processes modify the charges on the edge components involved in the tunneling process. We have that

ψ^{(1)}_q ψ^{(2)}_{−q} [q^{(1)}, q^{(2)}, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }] = [q^{(1)} + q, q^{(2)} − q, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }] .

(104)

An appropriate initial state belongs therefore to a subspace,

[q^{(1)}, q^{(2)}, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }]_q = ⨁ M [q^{(1)} + Mq, q^{(2)} − Mq, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }] . (105)

The sector (105) is an invariant subspace for the tunneling operator T , (97), i.e., T [q^{(1)}, q^{(2)}, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }]_q = [q^{(1)}, q^{(2)}, {q^{(k)}}_{k /∈{1,2}}; {(q, z)^m }]_q .

(106)

In the following, we choose an initial state, ⟨(·)⟩, in a charge superselection sector (103). We find that the tunneling current through a single constriction is independent of the charge. The interference term in the current for tunneling through two or more constrictions does, however, depend on the charge sector. The current resulting from an initial state in the subspace (105) is then obtained by taking an appropriate average of the interference term over different charge sectors.

4.3.2. Interference phase

Using the representation (78) for the vertex operators and an initial state ⟨(·)⟩ in a charge sector (103), the expression (102) for the tunneling current can be further simplified. It is given by ⟨I(t)⟩ = ẽ (2π)^2 ∑ pq {t_pt^∗_q ∫_t 0 dt^′e^{2πi Φpq (t′ ,t)} ⟨[V^{(1)}_q (ξ^1_p, t^′)V^{(2)}_{−q} (ξ^2_p , t^′), V^{(1)}_{−q} (ξ^1_q , t)V^{(2)}_q (ξ^2_q , t)]⟩ + c.c.} . (107)

Here, we have introduced the interference phase Φ^{pq}(t^′, t) given by

Φ^{pq}(t^′, t) = ∑ n χ_nq_n{ ∮ γ_{pq} (t^′,t) dξ̄^μ ∂_μp_n[a_n](ξ̄) −

∫_ξ2_q

ξ^1_q

A_n(t^′) −

∫_ξ1_p

ξ^2_p A_n(t)} . (108) 27

The line integrals of the bulk fields A_n appear in (108) because we choose to reintroduce the phase factors in the tunneling operator (97). The loop γ_{pq}(t^′, t) is the interference contour. The explicit expressions of the functions p_n[a_n] for arbitrary gauge fields a_n are as given in Eqs. (63) and (64).

The interference contour γ_{pq}(t^′, t) starts at the point ξ^1_p at time t^′ and ends at ξ^1_q at time t, along the first edge; then it crosses to the point ξ^2_q on the second edge and from there to ξ^2_p at time t^′. Finally, it returns to the initial point on the first edge. Which one of the two alternative paths connecting ξ^k_p and ξ^k_q on each edge component, (k) = (1), (2), must be taken is determined by the location of the Ohmic contact: The path must be chosen so as not to cross the Ohmic contact at any time. Other paths do not make any contribution to the tunneling current. This follows from the definition of the tunneling operator and from our discussion in Sects. 4.1 and 4.2. (See also Figs. 5 and 6.)

Note that the interference phase Φ^{pq}(t^′, t), Eq. (108), depends on the state of the quantum Hall fluid. In particular, it depends on the charge sectors of the two boundary components in the initial state ⟨(·)⟩. The two-point functions of bare vertex operators in (107), however, only depend on the temperature, but not on the charge sector of the initial state.

4.3.3. Interference phase for static gauge fields and inter-edge bias voltage We are interested in the stationary value of the interference current (107) that is reached after some equilibration time t_{eql}. We suppose that the equilibration time is sufficiently short, such that the gauge fields on the boundary, a_n, are essentially time-independent, for 0 ≤ t ≤ t_{eql}. Furthermore, we introduce a dc voltage difference U between the two boundary components by letting

a^{(1)}_0 − a^{(2)}_0 = U (109)

and a_{n0} = 0 for all times. In this special case, the expressions (93) and (94) for p_n[a_n] can be used to evaluate the interference phase (108). We find that Φ^{pq}(t^′, t) = (t − t^′) ẽU − ∑ n χ_nq_n ∮ γ_{pq} dξ a_{n1}(ξ, 0) , (110)

where γ_{pq} is the interference path shifted to the initial time t = 0; (see Figs. 5 and 6). The last, time-independent term in (110) is simply the total quasi-particle charge located inside the interference contour at the initial time t = 0. We define it as Φ^{pq}_∗ = − ∑ n χ_nq_n ∮ γ_{pq} dξ a_{n1}(ξ, 0) . (111)

From (111), it is clear that Φ^{pq}_∗ = −Φ^{qp}_∗ and Φ^{qq}_∗ = 0. From our discussion in Sect. 3.5.1 it follows that, not only do the localized bulk charges contribute to 28

(111), but also the edge charges. This point will be discussed in more detail later on. We now turn back to an evaluation of the expression (107) for the tunneling current. We set s = t^′ − t and take the limit t → ∞ in (107). Using time-translational invariance of the two-point function of bare vertex operators, Eq. (90), we finally obtain the following expression for the tunneling current: ⟨I⟩ = ẽ (2π)^2 ∑ pq {t_pt^∗_q e^{2πiΦpq∗} ∫_0 −∞ ds e^{−2πi ẽUs} ⟨[V^{(1)}_q (ξ^1_p, s)V^{(2)}_{−q} (ξ^2_p , s), V^{(1)}_{−q} (ξ^1_q , 0)V^{(2)}_q (ξ^2_q , 0)]⟩ + c.c.}

(112)

For p = q, Φ^{pp}_∗ = 0 and Eq. (112) is the well-known result [34, 35] that the tunneling current to lowest order is given by the imaginary part of the retarded Green function of the tunneling operator for the constriction, evaluated at frequency ẽU. Let G^{(k)}_q (ξ, s) = ⟨V^{(k)}_q (ξ, s)V^{(k)}_{−q} (0, 0)⟩ (113) be the two-point function of the bare vertex operators V_q on the edge component (k). Using translational invariance, [G^{(k)}_q (ξ, s)]^∗ = G^{(k)}_q (−ξ, −s), we rewrite the current as ⟨I⟩ = ẽ (2π)^2 Re ∑ pq t_pt^∗_q ∫_∞ 0 ds e^{2πi [ẽUs−Φpq∗ ]} {G^{(1)}_q (ξ^1_{pq}, s)G^{(2)}_q (ξ^2_{pq}, s) − [G^{(1)}_q (ξ^1_{pq}, s)G^{(2)}_q (ξ^2_{pq}, s)]^∗}

(114)

with ξ^k_{pq} = ξ^k_p − ξ^k_q .

The two-point function at finite temperature was given in (90): G_q(ξ, s) = ∏ n [ πT iϵ u_n sinh{πT (s + χ_nu^{−1}_n ξ)}

]_q2_n

= ∏ n [ πT ϵ u_n sinh πT |s + τ_n| ]_q2_n exp{i π 2 q^2_n sgn(s + τ_n)} ,

(115)

where we use the notation τ_n = χ_nu^{−1}_n ξ. In the following, we omit the unimportant factor ∏ n[ϵu^{−1}_n ]^{q2n} in the two-point function.

4.4. Tunneling current through a single constriction

For tunneling through a single constriction (p = q), we find from (114) and (115) that ⟨I⟩ = ẽ (2π)^2 (πT )^{2g} Re{2i sin(πg) ∫_∞ 0 ds e^{2πi ẽUs} | sinh πT s|^{−2g}} . (116) In (116), g = ∑ n q^2_n is the scaling dimension and ẽ = Q_{el}(q) is the electric charge of the tunneling quasi-particle; U is the bias voltage across the constriction. After some algebra (see Appendix B), one finds that ⟨I⟩ = ẽ (2π)^2 (2πT )^{2g−1}B(g − i ẽU T , g + i ẽU T ) sinh(π ẽU T ) , (117)

where B(a, b) is the Euler beta function.

At small bias, ẽU ≪ T , the tunneling current follows Ohms law, ⟨I⟩ ∝ U T^{2g−2} . (118) For large bias, ẽU ≫ T , we find that ⟨I⟩ ∝ U |U|^{2g−2} . (119) Note that the “direct” tunneling current through a constriction, (116), does not depend on the charge sector of the initial state ⟨(·)⟩, nor does it depend on the propagation speeds u_n or -directions χ_n of the edge modes. Therefore, measurements of the tunneling current through a constriction may be used to determine the scaling dimension g and the electric charge ẽ of tunneling quasiparticles in quantum Hall effects (see also [35]; experimental fits to this formula were performed in [12]).

4.5. Interference current

Next, we discuss the interference current resulting from tunneling at two constrictions. Using (114), the current is given by ⟨I⟩ = ẽ (2π)^2 (πT )^{2g} ∑ pq Re{2i e^{−2πi Φpq∗} ∫_∞ 0 ds e^{2πi ẽUs} sin[π ∑ m q^2_m f(τ^{(1)}_{pq,m}, τ^{(2)}_{pq,m}, −s)] ∏ n [sinh(πT |τ^{(1)}_{pq,n} + s|) sinh(πT |τ^{(2)}_{pq,n} + s|)]^{−q2n} }

(120)

with f(τ_1, τ_2, s) = 1 2 [sgn(τ_1 − s) + sgn(τ_2 − s)] . (121) 30

We now perform the sum over p, q ∈ {1, 2} and define

Φ^γ_∗ = Φ^{21}_∗ , (122)

τ^{(k)}_n = τ^{(k)}_{21,n}, and γ = γ_{21}. This allows us to display the fact that the tunneling current (120) does not depend on the initial time : ⟨I⟩ = ẽ (2π)^2 (πT )^{2g}Im{2 e^{−2πi Φγ∗} ∫_∞ −∞ ds e^{−2πi ẽUs} sin[π ∑ m q^2_m f(τ^{(1)}_m , τ^{(2)}_m , s)] ∏ n [sinh(πT |τ^{(1)}_n − s|) sinh(πT |τ^{(2)}_n − s|)]^{−q2n} } .

(123)

In contrast to the direct tunneling current (116), the interference current (123) depends on the charge sector of the initial state ⟨(·)⟩ through the phase Φ^γ_∗ . Before turning to an explicit evaluation of the integral in (123), we discuss the effect of charge averaging on the two boundary components involved in the tunneling process that was announced in Sect. 4.3.1.

4.5.1. Interference phase, edge charge averaging, and the geometry of the interferometer The dependence of the interference phase Φ^γ_∗ , (122), on the localized bulk charges is straightforward to determine. From (111) it is given by the total localized bulk quasi-particle charge inside the interference contour γ,

Φ^γ_∗ ({q^{(k)}}; {(q, z)^m }) = Φ^γ_∗ ({q^{(k)}}) + ∑ z^m∈intγ q · q^m . (124)

The remaining dependence of Φ^γ_∗ on the edge charges is more complicated. However, one can derive the following general property: In Sect. 3.5.1, we have shown that the edge charges can be taken into account by threading additional virtual

A_n-fluxes through the holes of the sample. Let ∂^{(0)}Ω be the outer boundary com-

ponent and let {∂^{(k)}Ω}_{k>0} be the boundary components enclosing holes in the sample (see Fig. 2). Then, using (111), we find that

Φ^γ_∗ (q^{(0)}+ ∑ k>0 δq^{(k)}, {q^{(k)} − δq^{(k)}}_{k>0}) = Φ^γ_∗ (q^{(0)}, {q^{(k)}}_{k>0}) + ∑ k>0, ∂^{(k)}Ω ⊆ intγ

q · δq^{(k)} . (125)

As discussed in Sect. 4.3.1, an appropriate initial state, ⟨(·)⟩, for perturbation theory is a superposition of states in the charge superselection sectors of the two 31 boundary components involved in the tunneling process, Eq. (105). The current corresponding to such an initial state can be obtained from the current in a charge sector, Eq. (123), by an appropriate sum over different charge sectors. The only dependence of the interference current (123) on the sector comes from the interference phase Φ^γ_∗ . Hence, we obtain ⟨I⟩_q ∝ ∑ N ⟨I⟩_N ∝ ∑ N exp{2πiΦ^γ_∗ (q^{(0)}, q^{(1)} + Nq, q^{(2)} − Nq, q^{(3)}, . . .)} , (126)

where ⟨(·)⟩_q is a state in (105) and ⟨(·)⟩_N is a state in a sector with charges q^{(1)} + Nq and q^{(2)} − Nq on ∂^{(1)}Ω and ∂^{(2)}Ω, respectively. We can now use Eq. (125) to evaluate the interference current for a charge-averaged initial state, ⟨I⟩_q . We find that it vanishes if one and only one of the holes corresponding to a boundary component involved in the tunneling process lies inside the interference contour γ.^{12} This follows from the fact that the quantity q · q = ∑ n χ_nq^2_n ∈ Q \ N is fractional, and, therefore, ⟨I⟩_q ∝ ∑ N [exp{2πiq · q}]^N = 0 . (127)

In the terminology of [17], the case when exactly one hole corresponding to a tunneling boundary component lies inside the interference contour is called a Mach-Zehnder interferometer; (Fig. 5). The other case, when no hole or two holes lie inside the interference contour, is called a Fabry-Perot interferometer; (Fig 6). Fractional charge delocalization on the two tunneling boundary components in the fractional quantum Hall effect results in a cancelation of the interference term in the inter-edge tunneling current for the geometry of a Mach-Zehnder interferometer. In the case of the Fabry-Perot interferometer, however, the interference term is not affected by the charge delocalization. This is a good place to remind the reader that the geometry of the interference contour γ is specified by the location of the Ohmic contacts on the two tunneling boundary components. In the following, we assume the case of an interference path with the geometry of a Fabry-Perot interferometer.

4.5.2. Chiral edge with a single propagation speed

As a first simplification, let us consider the interference current in the case when all modes on each edge involved in the tunneling have the same chirality and propagation speed, i.e., χ_n = χ and u^{(k)}_n = u^{(k)} for all n = 1, . . . , N. In this

12 This statement is insensitive to whether edge tunneling occurs from the outer boundary component ∂^{(0)}Ω, or if it occurs between two boundary components enclosing holes in the sample. We only discuss the latter case here, but the former situation is similar.

Figure 5: An interference contour γ for the geometry of a Mach-Zehnder interferometer (red dashed line). The Ohmic contacts on the two boundary components ∂^{(1)}Ω and ∂^{(2)}Ω involved in the tunneling process are denoted by squares with a cross. Fractional charge averaging on the two boundary components leads to the absence of an interference term in the inter-edge tunneling current.

Figure 6: An interference contour γ for the geometry of a Fabry-Perot interferometer (red dashed line). Charge averaging does not affect the inter-edge tunneling current and an interference term is present.

case, the current (123) is given by ⟨I⟩ = ẽ (2π)^2 (πT )^{2g} 2 sin(πg)Im{e^{−2πi Φγ∗} ∫_∞ −∞ ds e^{−2πi ẽUs} [sinh(πT |τ^{(1)} − s|) sinh(πT |τ^{(2)} − s|)]^{−g}f(τ^{(1)}, τ^{(2)}, s)} .

(128)

Clearly, the current changes sign when the bias voltage, U, changes sign; in the following, we assume that U > 0. The integral (128) is evaluated in Appendix B.2. The result is ⟨I⟩ = ẽ (2πT )^{2g−1} π Γ(g) e^{−πgT |τ (2)−τ (1)|} cos 2π(Φ^γ_∗ + ẽU 2 [τ^{(1)} + τ^{(2)}]) Im{e^{iπẽU|τ (2)−τ (1)|}C_g(ẽU, |τ^{(2)} − τ^{(1)}|, T )} (129)

with C_g given in terms of the hypergeometric function, C_g(μ, τ, T ) =_2F_1(g, g − iβμ; 1 − iβμ; e^{−2πgT τ} ) Γ(g − iβμ) Γ(1 − iβμ) . (130)

In the limit of low temperatures (T ≪ ẽU, |τ^{(k)}|^{−1}), Eq. (129) reduces to ⟨I⟩ = ẽ √ π 2π Γ(g) cos 2π(Φ^γ_∗ + ẽU 2 [τ^{(1)} + τ^{(2)}]) ( 2πẽU |τ^{(2)} − τ^{(1)}|

)_{g−} 1_2 J_{g−} 1_2 (πẽU|τ^{(2)} − τ^{(1)}|) ,

(131)

where J_ν (x) is the Bessel function of index ν. In the limit of high temperatures (for T ≫ ẽU, |τ^{(k)}|^{−1}), we find ⟨I⟩ ∝ T^{2g−1} e^{−πgT |τ (2)−τ (1)|} cos 2π(Φ^γ_∗ + ẽU 2 [τ^{(1)} + τ^{(2)}]) sin(πẽU|τ^{(2)} − τ^{(1)}|) .

(132)

From Eqs. (131) and (132), we see that our weak tunneling theory predicts an interference current that oscillates as a function of voltage, with periods ΔU = 2/(ẽ|τ^{(2)} ± τ^{(1)}|). At large voltage and low temperatures, the envelope of the oscillations behaves like |μ|^{g−1}. At high temperature, the envelope follows T^{2g−1}e^{−πgT |τ (2)−τ (1)|} and the interference current is exponentially suppressed.

In the geometry of the Fabry-Perot interferometer (Fig. 6), we have τ^{(1)}τ^{(2)} < 0. For a symmetric interferometer with τ := |τ^{(2)}| ≃ |τ^{(1)}|, the oscillations of the interference current as a function of voltage (for T ≪ ẽU, τ^{−1}) stem from the Bessel function, ⟨I⟩ = ẽ √ π 2π Γ(g) cos(2πΦ^γ_∗ ) ( 2πẽU τ )_{g−} 1_2 J_{g−} 1_2 (2πẽUτ) . (133)

For ẽUτ ≪ 1, we find that ⟨I⟩ ∝ |ẽU|^{2g−1}, and we recover the result (119) for the tunneling current through a single constriction. In the limit ẽUτ ≫ 1, we have ⟨I⟩ ∝ |ẽU|^{g−1}. It is interesting to observe that the amplitudes of interference current oscillations as a function of voltage change their power law at the scale ẽU ∼ τ^{−1}. 34

4.5.3. Interferometer with two distinct propagation speeds

Next, we consider a quantum Hall edge exhibiting (two families of) gapless excitations that propagate at two distinct propagation speeds, u_1 and u_2, with u_1 ≪ u_2. The two propagation speeds are identical on both tunneling boundary components ∂^{(1)}Ω and ∂^{(2)}Ω. In fact, it is believed that electrically charged modes (Q_n ≠ 0) propagate at a significantly higher speed than neutral modes [36–38]. As before, we suppose that the chiralities of all modes are identical, i.e., χ_n = 1 for all n. The scaling dimension of the two modes is denoted by g_1 and g_2, and we let g = g_1 + g_2.

The general expression for the interference current is as given in (123). In the limit of a symmetric interferometer, |ξ^{(1)}| ≃ |ξ^{(2)}|, we let τ = τ^{(1)}_1 ≃ −τ^{(2)}_1 > 0. In this case, the interference current is given by

⟨I⟩ = 2 cos(2πΦ^γ_∗ ) Im {sin(πg) e^{2πiẽUτ} K_2(2τ, τ) + sin(πg_2)K̂_2(τ, −τ)} . (134)

The functions K_2(x, y) and K̂_2(x, y) are displayed in Appendix B.2 in terms of Appell’s hypergeometric function of two variables, F_1; [Eqs. (B.26) and (B.29)].

In the limit of an asymmetric interferometer, with ξ^{(1)} ≪ ξ^{(2)}, we let τ = τ^{(1)}_1 > 0, and τ ≫ |τ^{(2)}_1 |. In the limit of low temperatures (T ≪ ẽU, τ^{−1}), the interference current is then given by ⟨I⟩ = ẽ 2π τ^{1−2g} Im{sin(πg)[e^{2πi Φγ∗} e^{2πi ẽUτ} Ũ(1 − g_1, 2 − 2g, −2πi ẽUτ) + e^{−2πiΦγ∗} Ũ(1 − g − g_2, 2 − 2g, −2πi ẽUτ)] + sin(πg_2)M̃(1 − g − g_2, 2 − 2g, 2πi ẽUτ)} . (135)

The functions M̃ and Ũ are regularized versions of Kummer’s confluent hypergeometric functions M (also denoted by_1F_1) and U (Tricomi function); see Eqs. (B.44) and (B.45) in Appendix B.2. We are not able to obtain a similar simple expression of the current in the low-temperature limit for a symmetric interferometer; Eq. (134) has to be used in that case.

Setting g_2 = 0 and g_1 = g, the expressions (134) and (135) reduce to the interference current for a single propagation speed, Eq. (129).

4.6. Interference current for dynamical modifications of the sample Next, we want to discuss the possible effects on the tunneling current of dynamical, i.e., time-dependent changes applied to the quantum Hall sample. More precisely, we are interested in slowly time-dependent modifications that are switched on after the tunneling current has equilibrated, at a time t > t_{eql}.

4.6.1. Increase of magnetic flux

Here, we discuss the effect on the tunneling current when the magnetic flux through the sample is increased after the equilibration time t_{eql}. The electromagnetic gauge fields enter the tunneling current (107) through the interference phase (108).

Let us first consider the case of a static magnetic flux through a hole in the incompressible fluid. Suppose that the interference contour γ winds around that hole. In a static situation, the magnetic flux through the hole, Φ^{em}_{hole}, appears on the right-hand side of Eq. (110), and gives a contribution ẽΦ^{em}_{hole} to Φ^γ_∗ . One concludes that the interference current, (133) or (134), is periodic in Φ^{em}_{hole} with an “Aharonov-Bohm” period 1/ẽ > 1. This is in contradiction to the wellknown fact that one unit of magnetic flux (δΦ^{em} = 1 in our units) through a hole in an electronic system can always be removed by a gauge transformation [39]. In a microscopic approach, resolutions to this apparent paradox have been proposed [18, 40–42]; and can be summarized by the following scenario: When magnetic flux through a hole is adiabatically increased by one unit, the system ends up in an excited state. As the system relaxes to its ground state, a fractional quasi-particle is transferred between the boundary components which restores the electronic period δΦ^{em}.

Let us analyze a process of dynamic increase of magnetic flux, using the lowenergy field theory approach of this paper. It is clear that the static expression (110) for the interference phase Φ^{pq}(t^′, t) cannot be used in this situation, for t > t_{eql}. Instead, a possibly time-dependent term is added to the phase Φ^γ_∗ in the interference current displayed in Sect. 4.5,

Φ^γ_∗ → Φ^γ_∗ + Φ̃^γ (t) . (136)

For simplicity of notation, let us set the speeds u_n = 1 and chiralities χ_n = 1 in this section. From (108), neglecting the line integrals of the bulk fields A_n for sufficiently narrow constrictions, the additional phase Φ̃^γ (t) in (136) is given by

Φ̃^γ (t) = ∑ n χ_nq_n ∫ γ ∂_1p_n[ã_n](ξ, t) dξ = ∑ n χ_nq_n{p^{(1)}_n (ξ^1_2 , t) − p^{(1)}_n (ξ^1 , t) + p^{(2)}_n (ξ^2_1 , t) − p^{(2)}_n (ξ^2 , t)} .

(137)

The fields ã_n in (137) are the slowly time-dependent external gauge fields switched on for t > t_{eql}, in addition to the static gauge fields. Note that p^{(k)}_n [ã_n](ξ, t) are single-valued functions on ∂^{(k)}Ω, for all times.

We calculate the phase (137) for the special case of an increase of magnetic flux through surfaces bounded by ∂^{(k)}Ω. For this purpose, we consider electromagnetic gauge fields of the form

ã^{(k)}_1 (ξ, t) = f^{(k)}(ξ)Φ^{(k)}_{em}(t) (138) 36 and ã^{(k)}_0 = 0, where f^{(k)}(ξ) are continuous periodic functions on ∂^{(k)}Ω with ∫_L(k) 0 dξ f^{(k)}(ξ) = 1 and L^{(k)} = |∂^{(k)}Ω|; Φ^{(k)}_{em}(t) is the magnetic flux through a surface bounded by ∂^{(k)}Ω, which increases in time from Φ^{(k)}_{em}(t ≤ t_{eql}) = 0 to Φ^{(k)}_{em}(t ≫ t_{eql}) = Φ^{(k)∞}_{em} . By Eq. (63), the functions p_n[ã_n] are given by

p^{(k)}_n [ã_n](ξ, t) = Q_n ∫_t ds f^{(k)}(ξ + t − s)Φ^{(k)}_{em}(s) . (139)

It is straightforward to see that, for t ≫ t_{eql},

p^{(k)}_n [ã_n](ξ_2, t) − p^{(k)}_n [ã_n](ξ_1, t) = Q_n ∫_t ds {f^{(k)}(ξ_2 + t − s) − f^{(k)}(ξ_1 + t − s)}Φ^{(k)}_{em}(s) ≃ ξ_2 − ξ_1 L^{(k)} Q_nΦ^{(k)∞}_{em} + . . . , (140)

where “. . .” stands for terms that are highly oscillatory in time, with frequency ω ≳ u/L^{(k)}; u is the propagation speed of the slowest edge mode, and L^{(k)} is the length of the boundary component. We expect that such high-frequency oscillations in the tunneling current are unobservable in transport measurements.^{13} The first term on the right-hand side of (140), however, is negligible by our hypothesis (95): The distance between neighboring tunneling constrictions is much smaller than the total length of the edge. If this were not the case, the two-point functions used in this calculation would be strongly affected by the Ohmic contacts and our calculation is invalid. Therefore, in the case under consideration, the time-dependent phase shift (137) in (136) is unobservable; Φ^γ (t) ≃ 0 for an arbitrary variation of magnetic flux through the holes of the sample.

Note that the form (138) of the electromagnetic field is not only suitable for an insertion of magnetic flux through the boundary components ∂^{(k)}Ω involved in the tunneling process. The same argument can be used for the process of a dynamical increase of magnetic flux at an arbitrary location of the sample,^{14} by using functions f^{(k)}(ξ) in (138) such that

∫_L(k) 0 dξ f^{(k)}(ξ) = 0. This only gives highly oscillatory, unobservable contributions to the phase (137).

4.6.2. Deformation of the interference contour

In the previous section we concluded that the interference term in the tunneling current remains constant under arbitrary adiabatic variations of the magnetic

13 In fact, the high-frequency oscillations in (140) stem from the propagation of variations in the edge charge distribution around the biased edge components. It is plausible that these oscillations are completely suppressed by the Ohmic contact.

14 Of course, the change of magnetic flux must be sufficiently small such that the incompressible state remains intact. 37 flux through the sample. However, a way to observe “Aharonov-Bohm” type effects is to deform the interference contour, γ → γ(t). To do so, the boundary components ∂^{(k)}Ω involved in the tunneling process need to be deformed by some external force (e.g., by a gate voltage). Assuming that the distance between the tunneling constrictions, |ξ^k_2 − ξ^k_1 |, remains constant, the interference term in the tunneling current acquires a time dependence due to the phase

Φ^γ_∗ (t) = Φ^{γ(t)}_∗ = ẽΦ^{em}_{γ(t)} . (141)

where Φ^{em}_{γ(t)} is the magnetic flux through the interference contour at time t, γ(t). Hence, we expect an “Aharonov-Bohm” period 1/ẽ > 1 in the magnetic flux through the interference contour when the flux is varied by deformation of the boundary components. Equation (141) provides access to the fractional charge ẽ of the quasi-particles tunneling at the constrictions. Note that, in (141), we assume that the localized bulk quasi-particles remain far from the boundary and from the tunneling constrictions. The process when a bulk quasi-particle is dragged across the interference contour is discussed next.

4.6.3. Dragging around localized bulk quasi-particles

Next, we analyze the effect of dragging a localized bulk quasi-particle around the sample by some external agent. As long as the quasi-particle is located far from the edge and far from the constrictions, formulae similar to (138) and (140) can be used to show that the interference phase Φ^γ_∗ remains constant. However, the situation is different when a quasi-particle is moved across the interference contour γ at a constriction (see Fig. 7). In this case, the line integral of the

Figure 7: Localized bulk quasi-particle with charge q^0 is moved across a tunneling constriction.

bulk field A_n in the tunneling operator (97) cannot be neglected. When a bulk quasi-particle with charge q^0 is moved across the constriction, it follows from (108) that the interference phase Φ^γ_∗ changes by the amount

ΔΦ^γ_∗ = q^0 · q = ∑ n χ_nq^0_nq_n , (142) 38 where q is the charge vector of the tunneling quasi-particle. This is the same as the static result, (124).

Equation (142) provides experimental access to the projection of the tunneling quasi-particle charge vector q to a charge vector of a localized bulk quasi-particle q^0. In Eq. (141), note that only the electrical charge modes (with Q_n ≠ 0) contribute to the quasi-particle charge ẽ. The phase jumps (142) due to bulk quasiparticles leaving the interference contour, however, probe the neutral modes, too.

It is tempting to expect a similar result for the situation when a localized bulk charge is brought close to the edge and is then absorbed by the edge. Total charge conservation implies that the edge charge is increased by the amount of absorbed bulk charge. However, the effect of such a process on the interference phase Φ^γ_∗ is unclear, since we do not know its explicit dependence on the edge charges in (124).

4.7. Short digression on energy scales

In the following, we give some physically relevant scales which should be used to describe realistic experimental samples. Transport experiments in quantum Hall samples are done (see [12]) in a temperature range of T ∼ 10 − 30 mK. The applied bias voltage at the constrictions is U ≲ 100 μV , corresponding to eU/k_B ≲ 1 K (1μeV ^=11.6 mK). The linear size of the quantum Hall edge is L ∼ 5 · 10^{−3} m. In a typical interference experiment, the distance between tunneling contacts is of the order of ξ ∼ 2 · 10^{−3} m.

It is expected on general grounds [36–38] that the propagation speed of the charge modes, u_c, is essentially given by a scale set by the the Coulomb interaction energy, u_c ≃ e^2/(εℏ). For a realistic value of the dielectric constant, ε ≃ 10, one gets the estimate u_c ≃ 10^5 ms^{−1}. In contrast, the propagation speed of the neutral modes, u_n, is expected to be much smaller.

Using this speed estimate for the charge mode, the energy scale corresponding to the finite length of the edge is given by T_L = ℏ u_c/(k_B L) ∼ 1 mK. We see that, in order to describe current experiments, we are in the range T_L ≪ T and L can effectively be taken to infinity. Moreover, the bias voltage is of the order of the temperature, eU/(2π) ∼ T ; Hence, it should be possible, with currently available techniques, to probe both low- and high-temperature limits of the tunneling current discussed in this paper.

The distance between tunneling constrictions, ξ, corresponds to a temperature scale T_ξ ∼ 2 mK. This is the smallest remaining energy scale in the problem, i.e., T_ξ ≪ T, eU. Our calculation predicts oscillations of the interference current as a function of bias voltage U with periods ∝ |ξ^1 ±ξ^2|^{−1}, see Eqs. (131) and (132). In present day experiments, |ξ^1 + ξ^2|^{−1} leads therefore to high-frequency oscillations which we expect to be unobservable. However, for a sufficiently symmetric interferometer, one may hope to observe oscillations with period ∝ |ξ^1 − ξ^2|^{−1}. From 39 such measurements, it may even be possible to extract the propagation speed of the charge mode.

Acknowledgments

We thank A. Boyarsky, V. Cheianov, I. Levkivskyi, and E. Sukhorukov for very useful discussions. This work has profited from insights due to earlier collaborations of the senior Author [17, 18], especially for the part concerning quasiparticle interferometry. This work was supported by the Swiss National Science Foundation.

Appendix A. Conserved current

In this appendix we show that the conserved current on the edge, ĵ^μ_n, Eq. (66), can be written as in (68). Furthermore, we derive the solutions (63) and (64) for the function p_n[a_n] in (58). To keep our notation compact, we omit the mode index n and write a, instead of a_n, for the gauge field. For simplicity, we set the propagation speed u = 1 and the chirality χ = 1.

The conserved current is defined as

ĵ^μ = 1 2 (g^{μν} + ϵ^{μν} )(∂_ν φ + ∂_ν p + a_ν ) − ϵ^{μν} a_ν , (A.1)

with ϕ(ξ, t) = φ(ξ, t) + p[a](ξ, t) . (A.2) The function p[a](ξ, t), for ξ ∈ ∂Ω, is a solution of the equation (57), i.e.,

□p = (ϵ^{μν} − g^{μν} )∂_μa_ν . (A.3)

We introduce light-cone coordinates ξ^± = ξ^0 ± ξ^1, and ∂_± = (∂_0 ± ∂_1)/2, and we define a_± = (a_0 ± a_1)/2. In terms of light-cone coordinates, Eqs. (A.1) and (A.3) can be written as

∗ ĵ = ϵ_{μν}ĵ^μdξ^ν = (∂_+φ + ∂_+p + a_+) dξ^+ − a_μdξ^μ = ∂_+φ dξ^+ − (∂_−p + a_−) dξ^− + dp (A.4) and ∂_+(∂_−p + a_−) = 0 . (A.5)

The solution to (A.5) with Cauchy data

p(ξ, t = 0) = p_0(ξ) , ∂_0p(ξ, t = 0) = ṗ_0(ξ)

(A.6) at the time t = 0, is given by p(ξ, t) = 1 2 [p_0(ξ + t) + p_0(ξ − t)] + ∫_t 0 ds ṗ_0(ξ + t − 2s) + 2 ∫_t 0 ds [a_−(ξ + t − 2s, 0) − a_−(ξ + t − s, s)] . (A.7)

Let us compute the function ∂_−p + a_− appearing in (A.4) and using (A.7). We have that ∂_−p(ξ, t) + a_−(ξ, t) = 1 2 [ṗ_0(ξ − t) − ∂_1p_0(ξ − t)] + a_−(ξ − t, 0) . (A.8) We see that, for a suitable choice of Cauchy data, ∂_−p+a_− can be made to vanish for all times. Such a choice is ṗ_0(ξ) = −a_0(ξ, 0) , ∂_1p_0(ξ) = −a_1(ξ, 0) .

(A.9)

In that case, ∂_−p + a_− = 0. Plugging this into (A.4) yields the result (68). Furthermore, using (A.9), the solution (A.7) for p becomes p(ξ, t) = p_0(ξ + t) − 2 ∫_t 0 ds a_−(ξ + t − s, s) , (A.10) with p_0(ξ) = − ∫_ξ 0 dξ̄ a_1(ξ̄, 0) , (A.11) which corresponds to (63) and (64).

Note that our choice of Cauchy data (A.9) has a further advantage of respecting the gauge-dependence of p(ξ, t) at the initial time t = 0. We have that ∂_μp(ξ, t)|_{t=0} = −a_μ(ξ, 0) . (A.12) Under a general gauge transformation, (A.10) transforms like p[a + dα](ξ, t) = p[a](ξ, t) − ∫_{ξ+t} 0 dξ̄ ∂_1α(ξ̄, 0) − ∫_t 0 ds d ds {α(ξ + t − s, s)} = p[a](ξ, t) − α(ξ, t) + α(0, 0) . (A.13) Without loss of generality, we require α(0, 0) = 0 to recover the correct gauge dependence of the field ϕ, Eq. (52).

Appendix B. Some special integrals

In this appendix, we sometimes use β = T^{−1} to denote the inverse temperature. μ = ẽU is the chemical potential at bias voltage U. To evaluate the direct tunneling current through a single constriction, we need to compute the following integral:

K_0(T ) = (πT )^{2g} ∫_∞ 0 ds [sinh πT s]^{−2g}e^{2πiμs} = (2πT )^{2g} ∫_∞ 0 ds e^{2πs(iμ−T g)} (1 − e^{−2πT s})^{2g} . (B.1)

Substituting u = e^{−2πT s}, we find that K_0(T ) = (2πT )^{2g}

∫_1 0 u^{g−iβμ} (1 − u)^{2g} du 2πT u = (2πT )^{2g−1}

∫_1 0 u^{g−iβμ−1} (1 − u)^{−2g} du . (B.2)

This is of the form of the Euler Beta function given by B(a, b) = ∫_1 0 du u^{a−1}(1 − u)^{b−1} . (B.3) Hence, we find that K_0(T ) = (2πT )^{2g−1}B(g − iβμ, 1 − 2g) . (B.4) This expression can be further simplified by writing it in terms of Gamma functions, B(a, b) = Γ(a)Γ(b) Γ(a + b)

(B.5) and using that Γ(x)Γ(1 − x) = π sin πx . (B.6) We then arrive at K_0(T ) = (2πT )^{2g−1} B(g − iβμ, g + iβμ) sin π(g + iβμ) sin 2πg

. (B.7) The limit μ ≫ T is most easily found from (B.4): We have B(a, b) ≃ Γ(a) b^{−a}, for a ≫ 1 and b fixed. Hence, K_0(T ≪ μ) = (2π)^{2g−1} π Γ(2g) sin 2πg (−iμ)^{2g−1} = |2πμ|^{2g−1}e^{−iπ(g−1/2)sgn(μ)} π Γ(2g) sin 2πg . (B.8) 42

The limit μ ≪ T is immediate from (B.7).

From (116), the direct tunneling current through a single constriction is therefore given by ⟨I⟩(μ, g, T ) ∝ Im{2 sin(πg) K_0(T )} = (2πT )^{2g−1} B(g − iβμ, g + iβμ) sinh πβμ , (B.9)

where we have introduced μ = ẽU. In the limit μ ≫ T , we find that ⟨I⟩(μ, g, μ ≫ T ) = sgn(μ)|2πμ|^{2g−1} π Γ(2g)

. (B.10)

Hence, for large voltage drops, we obtain Ohms law only in the case of free Fermions where g = 1. The resistance behaves like R ∝ |μ|^{2g−2}.

In the limit μ ≪ T , we have that ⟨I⟩(μ, g, μ ≪ T ) = (2πT )^{2g−1} πμ T B(g, g) . (B.11)

Thus, Ohms law is valid for all g in that case. For small voltages, the resistance behaves like R ∝ T^{2g−2}.

Appendix B.2. Interference integral

For the interference current, we need to calculate the integral

K_1(x) = (πT )^{2g} ∫_∞ 0 ds e^{2πiμs} [sinh(πT s) sinh πT (s + x)]^g = (2πT )^{2g} e^{−πgT x} ∫_∞ 0 ds e^{2πs(iμ−gT )} [1 − e^{−2πT s}]^g[1 − e^{−2πT (s+x)}]^g . (B.12)

Substituting u = e^{−2πT s}, we have K_1(x) = (2πT )^{2g−1}e^{−πgT x} ∫_1 0 du u^{g−iβμ−1} (1 − u)^{−g}(1 − e^{−2πT x}u)^{−g} . (B.13) This can be recognized as Gauss hypergeometric function, which has the integral representation [43] 2F_1(a, b, c; z) = 1 B(a, c − a) ∫_1 0 du u^{a−1}(1 − u)^{c−a−1}(1 − zu)^{−b} . (B.14) Hence, we find that K_1(x) = (2πT )^{2g−1}e^{−πgT x} B(g − iβμ, 1 − g)_2F_1(g − iβμ, g; 1 − iβμ; e^{−2πT x}) . (B.15) 43

As z → 1 in (B.14),

2F_1(a, b; c; z = 1) = B(a, c − a − b) B(a, c − a) . (B.16)

Therefore, in the limit x → 0, (B.15) reduces to (B.7), as it should; [the integral (B.12) reduces to the integral (B.1)]. Finally, using the formulae for the Beta function above, we find K_1(x) = (2πT )^{2g−1}e^{−πgT x} π sin πg Γ(g − iβμ) Γ(g) 2F_1(g − iβμ, g; 1 − iβμ; e^{−2πT x}) Γ(1 − iβμ) . (B.17) The low-temperature limit of the interference integral can be computed in a similar way: K_1(x, T ≪ {μ, x^{−1}}) = ∫_∞ 0 ds [s(s + x)]^{−g}e^{2πiμs} . (B.18) Upon changing variables, s =^x_2 (u − 1), we obtain K_1(x, T ≪ {μ, x^{−1}}) = ( 2 x )_{2g−1} e^{−iπμx} ∫_∞ 1 du (u^2 − 1)^g e^{iπμxu} . (B.19) As before, the limit T ≫ μ can easily be found by setting βμ = 0 in (B.17).

Let us now compute the interference current. From (128), ⟨I⟩ = 2 sin(πg) (πT )^{2g} Im{e^{2πiΦ}(− ∫_τ 1 −∞ ds + ∫_∞ τ^2

ds) e^{2πiμs} [sinh πT (s − τ^1) sinh πT (s − τ^2)]^{−g}} .

(B.20) We have made a labeling of the edge such that τ^1 ≤ τ^2. Upon an appropriate shift of integration variables, the current is brought to the form (B.12),

⟨I⟩ = Im{(e^{2πi(Φ+μτ 2 )} + e^{−2πi(Φ+μτ 1)}) 2 sin(πg) K_1(τ^2 − τ^1)}

= 2 cos 2π(Φ + μ 2 [τ^1 + τ^2]) Im{e^{iπμ(τ 2 −τ 1)} 2 sin(πg) K_1(τ^2 − τ^1)} ,

(B.21)

which is the result (129).

In the low-temperature limit, using (B.18), we obtain

⟨I⟩ = 2 cos 2π(Φ+ μ 2 [τ^1 +τ^2]) 2 sin(πg) ∫_∞ 1 du (u^2 − 1)^g sin(πμ[τ^2 −τ^1]u) . (B.22)

This integral is a Bessel function since ([44], p. 360) ∫_∞ 1 du sin(zu) (u^2 − 1)^g = √ π Γ(1 − g) 2 ( 2 z ) 1_{2 −g} J_{g−} 1_2 (z) , (B.23)

which brings us to the result (131). 44

Appendix B.2. Interference integral with two velocities

For the interference current with two velocities, we must evaluate the following integrals.

K_2(x, y) = (πT )^{2g} ∫_∞ 0 ds e^{2πiμs} [sinh(πT s) sinh πT (s + x)]^{g1} [sinh πT (s + y)]^{2g2}

, (B.24)

for x > 0, y > 0. Substituting u = e^{−2πT s}, one gets K_2(x, y) =(2πT )^{2g−1}e^{−πT (g1x+2g2y)} ∫_1 0 du u^{g−iμβ−1} [(1 − u)(1 − e^{−2πT x}u)]^{g1} [1 − e^{−2πT y}u]^{2g2} , (B.25)

which can be written in terms of Appell’s hypergeometric function, F_1; [43]. We find that K_2(x, y) = (2πT )^{2g−1}e^{−πT (g1x+2g2y)}F̃_1(g−iμβ; g_1, 2g_2; 1+g_2−iμβ; e^{−2πT x}, e^{−2πT y}) , (B.26) where F̃_1(a; b_1, b_2; c; z_1, z_2) = B(a, c − a)F_1(a; b_1, b_2; c; z_1, z_2) , (B.27)

and B(a, c) is the Euler beta function.

We also need the integral

K̂_2(x, y) = (πT )^{2g} ∫_x 0 ds e^{2πiμs} [sinh πT (x − s) sinh πT |y − s|]^{g1} [sinh(πT s)]^{2g2}

(B.28)

for x > 0 and y /∈ (0, x). Substituting u =^{exp(2πT s)−1}_{exp(2πT x)−1} , we get

K̂_2(x, y) = (2πT )^{2g−1} e^{πT g1(x+y)} [e^{2πT x} − 1]^{g+g2−1}|e^{2πT y} − 1|^{g1} F̃_1(1 − 2g_2; g_1, 1 − g − iμβ; 2 − g_1 − 2g_2; e^{2πT x} − 1 e^{2πT y} − 1 , 1 − e^{2πT x}) . (B.29)

Let us now evaluate the current, with the general expression (123), in the case of two (families of) modes that propagate at significantly different speeds. We denote the two speeds by u_1, u_2 and let

u_1 ≪ u_2 . (B.30)

Recall that τ^{(k)}_n = ξ^{(k)}/u_n, where ξ^{(1),(2)} is the distance between the tunneling constrictions along edge (1) and (2), respectively. By (B.30), |τ^{(k)}_1 | ≫ |τ^{(k)}_2 |. In 45 the following, we evaluate the integral in the expression for the current (123) in the limit τ^{(k)}_2 → 0.

For a Fabry-Perot interferometer, τ^{(1)}_n τ^{(2)}_n < 0. Therefore we can choose τ^{(1)}_1 ≪ τ^{(1)}_2 ≲ 0 ≲ τ^{(2)}_2 ≪ τ^{(2)}_1 , and the integral (123) becomes

⟨I⟩ = (πT )^{2g}Im e^{2πiΦ}{sin(πg)(

∫_τ 1_1 −∞ ds − ∫_∞ τ^2_1

ds) − sin(πg_2)

∫_τ 2_1

τ^1_1

f(τ^1_2 , τ^2_2 , s)ds e^{2πiμs} [sinh πT |s − τ^1_1 | sinh πT |s − τ^2_1 |]^{−g1} [sinh πT |s − τ^1_2 | sinh πT |s − τ^2_2 |]^{−g2} } . (B.31) Next, we consider the limit τ^{(k)}_2 → 0. One finds that

⟨I⟩ = (πT )^{2g}Im e^{2πiΦ}{sin(πg)(

∫_τ 1_1 −∞ ds − ∫_∞ τ^2_1

ds) − sin(πg_2)

∫_τ 2_1

τ^1_1 sgn(s) ds e^{2πiμs} [sinh πT |s − τ^1_1 | sinh πT |s − τ^2_1 |]^{−g1} [sinh(πT s)]^{−2g2} } . (B.32) Using the K_2-integrals, this current is given by ⟨I⟩ = Im {e^{2πiΦ}[sin(πg) e^{2πiμτ 21} K_2(τ^2_1 − τ^1_1 , τ^2_1 ) + sin(πg_2)K̂_2(τ^2_1 , τ^1_1 )] +e^{−2πiΦ}[sin(πg) e^{−2πiμτ 11} K_2(τ^2_1 − τ^1_1 , −τ^1_1 ) + sin(πg_2)K̂_2(−τ^1_1 , −τ^2_1 )]} . (B.33) For a symmetric FP interferometer with τ^2_1 = −τ^1_1 = τ, our result is ⟨I⟩ = 2 cos(2πΦ)Im {sin(πg) e^{2πiμτ} K_2(2τ, τ) + sin(πg_2)K̂_2(τ, −τ)} . (B.34) For a strongly asymmetric FP interferometer with |τ^1_1 | ≪ τ^2_1 = τ, the interference current is

⟨I⟩ = Im {e^{2πiΦ}[sin(πg) e^{2πiμτ} K_2(τ, τ) + sin(πg_2)K̂_2(τ, 0)] +e^{−2πiΦ} sin(πg) K_2(τ, 0)} .

(B.35)

In the asymmetric limit, the K_2 integrals become ordinary hypergeometric functions, K_2(τ, τ) = (2πT )^{2g−1}e^{−πT τ (g1+2g2)}_2F̃_1(g − iμβ; g_1 + 2g_2; 1 + g_2 − iμβ; e^{−2πT τ} ) , (B.36) K̂_2(τ, 0) = (2πT )^{2g−1}e^{2πT τ g1} [e^{2πT τ} − 1]^{2g−1 2}

F̃_1(1 − g_1 − 2g_2; 1 − g − iμβ; 2 − 2g; 1 − e^{2πT τ} ) , (B.37) K_2(τ, 0) = (2πT )^{2g−1}e^{−πT τ g1}_2F̃_1(g − iμβ; g_1; 1 − g_2 − iμβ; e^{−2πT τ} ) . (B.38) 46

Here,_2F̃_1 is the regularized version of the hypergeometric function, analog to (B.27).

In the high-temperature limit, all the K_2 integrals are suppressed exponentially with a factor e^{−T τ} . In the limit of low temperatures, T ≪ μ, τ^{−1}, the interference current is expressed in terms of the confluent forms of the hypergeometric functions. For the symmetric FP interferometer, the functions from the “Humbert series” are needed:

lim_{T →0} K̂_2(τ, −τ) = τ^{1−2g}B(·)Φ_1(·) (B.39)

where Φ_1 is the confluent hypergeometric function of two variables. The other integral is

lim_{T →0} K_2(2τ, τ) = τ^{1−2g} ∫_∞ 0 du e^{2πiμτ u}u^{−g1}[u + 1]^{−2g2}[u + 2]^{−g1} . (B.40)

It should be possible to write these low-temperature limits in terms of Φ_1 or a combination of other functions in the Humbert series, but we don’t know how. Therefore, for the symmetric interferometer, the finite-temperature expression (B.34) may be used to numerically compute the low-temperature limit. For the strongly asymmetric interferometer, the low-temperature limits are

lim_{T →0} K_2(τ, τ) = τ^{1−2g} Ũ(1 − g_1, 2 − 2g, −2πiμτ) , (B.41)

lim_{T →0} K̂_2(τ, 0) = τ^{1−2g} M̃(1 − g_1 − 2g_2, 2 − 2g, 2πiμτ) , (B.42)

lim_{T →0} K_2(τ, 0) = τ^{1−2g} Ũ(1 − g_1 − 2g_2, 2 − 2g, −2πiμτ) . (B.43)

Here, Ũ and M̃ are related to Kummer’s confluent hypergeometric functions U (Tricomi function) and M (also denoted by_1F_1). Their definition and corresponding integral representations are given by M̃(a, c, z) =_1F̃_1(a, c, z) = B(a, c − a)M(a, c, z) = ∫_1 0 du u^{a−1}[u − 1]^{c−a−1}e^{2πiuz} (B.44)

and Ũ(a, c, z) = Γ(a)U(a, c, z) = ∫_∞ 0 du u^{a−1}[1 + u]^{c−a−1}e^{−2πiuz} . (B.45)

References

[1] R. Prange and S. M. Girvin (eds.), The Quantum Hall Effect, Springer-Verlag, New York, 1987.

[2] X. G. Wen, Electrodynamical properties of Gapless Edge Excitations in the Fractional Quantum Hall States, Phys. Rev. Lett. 64, 2206 (1990).

[3] J. Fröhlich and A. Zee, Large Scale Physics of the quantum Hall Fluid, Nucl. Phys. B 364, 517 (1991).

[4] J. Fröhlich and T. Kerler, Universality in quantum Hall systems, Nucl. Phys. B 354, 369 (1991).

[5] X. G. Wen, Topological orders and edge excitations in fractional quantum Hall states, Adv.

Phys. 44, 405 (1995).

[6] M. Z. Hasan and C. L. Kane, Colloquium: Topological insulators, Rev. Mod. Phys. 82, 3045 (2010).

[7] K. v. Klitzing, G. Dorda, and M. Pepper, New Method for High-Accuracy Determination of the Fine-Structure Constant Based on Quantized Hall Resistance, Phys. Rev. Lett. 45, 494 (1980).

[8] D. C. Tsui, H. L. Stormer, and A. C. Gossard, Two-Dimensional Magnetotransport in the Extreme Quantum Limit, Phys. Rev. Lett. 48, 1559 (1982).

[9] Y. Ji, Y. Chung, D. Sprinzak, M. Heiblum, D. Mahalu, and H. Shtrikman, An electronic Mach-Zehnder interferometer, Nature 422, 415 (2003).

[10] F. E. Camino, W. Zhou, and V. J. Goldman, Aharonov-Bohm superperiod in a Laughlin quasiparticle interferometer, Phys. Rev. Lett. 95, 246802 (2005).

[11] J. Miller, I. Radu, D. Zumbühl, E. Levenson-Falk, M. Kastner, C. Marcus, L. Pfeiffer, and K. West, Fractional quantum Hall effect in a quantum point contact at filling fraction 5/2, Nature Physics 3, 561 (2007) [12] I. P. Radu, J. B. Miller, C. M. Marcus, M. A. Kastner, L. N. Pfeiffer, and K. W. West, Quasi-particle properties from tunneling in the 5/2 FQH state, Science 320, 899 (2008).

[13] E. Bieri, M. Weiss, O. Göktas, M. Hauser, C. Schönenberger, and S. Oberholzer, Finitebias visibility dependence in an electronic MZ interferometer, Phys. Rev. B 79, 245324 (2009).

[14] R. L. Willett, L. N. Pfeiffer, and K. W. West, Alternation and interchange of e/4 and e/2 period interference oscillations consistent with filling factor 5/2 nab quasi particles, Phys. Rev. B 82, 205301 (2010).

[15] S. Bieri and J. Fröhlich, Physical principles underlying the quantum Hall effect, C. R.

Physique 12, 332 (2011); arXiv:1006.0457.

[16] A. Boyarsky, V. Cheianov, and J. Fröhlich, Effective field theories for the ν = 5/2 edge, Phys. Rev. B 80, 233302 (2009); arXiv:0904.3242.

[17] I. Levkivskyi, A. Boyarsky, J. Fröhlich, and E. Sukhorukov, Mach-Zhender interferometry of fractional quantum Hall edge states, Phys. Rev. B 80, 045319 (2009).

[18] I. P. Levkivskyi, J. Fröhlich, and E. V. Sukhorukov, Topological screening and interference of fractionally charged quasi-particles, submitted to PRB; arXiv:1005.5703.

[19] J. Fröhlich and E. Thiran, Integral Quadratic Forms, Kac-Moody Algebras, and Fractional Quantum Hall Effect. An ADE-O Classification, J. Stat. Phys. 76, 209 (1994).

[20] J. Fröhlich and P. A. Marchetti, Quantum Field Theories of Vortices and Anyons, Commun. Math. Phys. 121, 177 (1989).

[21] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121, 351 (1989).

[22] J. Fröhlich and C. King, The Chern-Simons Theory and Knot Polynomials, Commun.

Math. Phys. 126, 167 (1989).

[23] J. Fröhlich, B. Pedrini, Ch. Schweigert, and J. Walcher, Universality in Quantum Hall Systems: Coset Construction of Incompressible States, J. Stat. Phys. 103, 527 (2001).

[24] J. Fröhlich, U. Studer, and E. Thiran, A Classification of Quantum Hall Fluids, J. Stat. Phys. 86, 821 (1995).

[25] J. Fröhlich, T. Kerler, U. Studer, and E. Thiran, Structuring the set of incompressible quantum Hall fluids, Nucl. Phys. B 453, 670 (1995).

[26] K. Yang, Field Theoretical Description of Quantum Hall Edge Reconstruction, Phys. Rev.

Lett. 91, 036802 (2003).

[27] G. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220, 422 (1998). [28] J. Fröhlich and U. Studer, Gauge invariance and current algebra in nonrelativistic manybody theory, Rev. Mod. Phys 65, 733 (1993).

[29] P. Goddard and D. Olive, Kac-Moody and Virasoro algebras in relation to quantum physics, Int. J. Mod. Phys. A 1, 303 (1986).

[30] P. Di Francesco, P. Mathieu, and D. Sénéchal, Conformal Field Theory, Springer-Verlag, New York, 1997.

[31] R. Shankar, Solvable model for a metal-insulator transition, Int. J. Mod. Phys. B 15, 2371 (1990).

[32] J. Fröhlich and B. Pedrini, Axions, quantum mechanical pumping, and primval magnetic fields, in proc. of Statistical Field Theory (Como 2001), A. Capelli and G. Mussardo (eds.), New York and Amsterdam, Kluwer (2002); arXiv:cond-mat/0201236.

[33] H. Yoshii, Perturbation of c = 1 conformal field theory, Phys. Lett. B 223, 353 (1989). [34] X.-G. Wen, Theory of the edge states in fractional quantum Hall effects, Int. J. Mod. Phys.

B 6, 1711 (1992).

[35] X.-G. Wen, Edge transport properties of fractional quantum Hall states. . . , Phys. Rev. B 44, 5708 (1991).

[36] B. Overbosch and C. Chamon, Long tunneling contact as a probe of fractional quantum Hall neutral modes, Phys. Rev. B 80, 035319 (2009).

[37] A. Lopez and E. Fradkin, Universal structure of the edge states of the fractional quantum Hall states, Phys. Rev. B 59, 15323 (1999).

[38] D.-H. Lee and X.-G. Wen, Edge tunneling in fractional quantum Hall regime, arXiv:condmat/9809160 (unpublished).

[39] N. Byers and C. N. Yang, Theoretical considerations concerning quantized magnetic flux in superconducting cylinders, Phys. Rev. Lett. 7, 46 (1961).

[40] P. A. Lee, Phys. Rev. Lett. 65, 2206 (1990).

[41] D. J. Thouless and Y. Gefer, Fractional quantum Hall effect and multiple Aharonov-Bohm periods, Phys. Rev. Lett. 66, 806 (1991).

[42] C. L. Kane, Telegraph noise and fractional statistics in the quantum Hall effect, Phys.

Rev. Lett. 90, 226802 (2003).

[43] E. T. Whittaker and G. N. Watson, A course on modern analysis, Cambridge University Press (1927).

[44] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, Dover (1972).