arXiv:1107.5129v1 [hep-th] 26 Jul 2011

Finite temperature Casimir effect of massive fermionic fields in the presence of compact dimensions

F. S. Khoo^∗ and L. P. Teo^† Department of Applied Mathematics, Faculty of Engineering, University of Nottingham Malaysia Campus, Jalan Broga, 43500, Semenyih, Selangor Darul Ehsan, Malysia.

We consider the finite temperature Casimir effect of a massive fermionic field confined between two parallel plates, with MIT bag boundary conditions on the plates. The background spacetime is M^{p+1} × T^q which has q dimensions compactified to a torus. On the compact dimensions, the field is assumed to satisfy periodicity boundary conditions with arbitrary phases. Both the high temperature and the low temperature expansions of the Casimir free energy and the force are derived explicitly. It is found that the Casimir force acting on the plates is always attractive at any temperature regardless of the boundary conditions assumed on the compact torus. The asymptotic limits of the Casimir force in the small plate separation limit are also obtained.

Keywords: Finite temperature Casimir effect, extra compactified dimensions, massive fermionic field, MIT bag boundary conditions

I. INTRODUCTION

Casimir effect is a manifestation of the zero-point energy of a quantum field [1–3]. Since spacetimes with extra dimensions are fundamental in most of the theories of high energy physics, there have been some intensive activities in investigating the Casimir effect in spacetime with extra compactified dimensions [4–29]. The case of scalar fields with Dirichlet or Neumann boundary conditions or more general Robin conditions, and the case of electromagnetic field with perfectly conducting or infinitely permeable boundary conditions have been studied at either zero or finite temperature, for different extra-dimensional spacetimes such as the Kaluza-Klein spacetime and the Randall-Sundrum spacetime. One of the common findings of these works is that on a pair of parallel plates with the same boundary conditions, the Casimir force is always attractive at any temperature. For fermionic fields, so far only the zero temperature effect has been investigated in [16, 21–23] for extra-dimensional spacetimes with toroidal extra dimensions. It was found that for a massive fermionic field with MIT bag boundary conditions on a pair of parallel plates, the zero temperature Casimir force is attractive regardless of the boundary conditions imposed on the compactified dimensions. The temperature correction to the Casimir force of a fermionic field is different from that of a bosonic field. Therefore, it would be interesting to investigate whether the Casimir force of a fermionic field would stay attractive at any temperature. The purpose of this work is to answer this question.

The zero temperature Casimir effect of fermionic fields in (3+1)-dimensional Minkowski spacetime has been investigated in [30–32] for the massless case and in [33, 34] for the massive case. The zero temperature effect in Minkowski spacetime with arbitrary number of dimensions was discussed in [35, 36]. The finite temperature correction to the fermionic Casimir effect is less considered. For massless fermions in (3+1)-dimensional Minkowski spacetime, it was discussed in [37, 38]. In this article, we consider the finite temperature Casimir effect of a massive fermionic field in a spacetime of the form M^{p+1} × T^q, where M^{p+1} is the (p + 1)-dimensional Minkowski spacetime and T^q is a compact q-dimensional torus. This will cover the massless case by taking the limit m → ∞ and the case of a Minskowki spacetime with arbitrary dimensions by setting q = 0 or by letting the radii of the torus go to infinity.

In this paper, we use units with ℏ = c = k_B = 1.

II. THE CASIMIR FREE ENERGY

As in [22], we consider a quantum fermionic field ψ on a (D + 1)-dimensional spacetime with q compact dimensions of the form M^{p+1} × T^q, where M^{p+1} is the (p + 1)-dimensional Minkowski spacetime, and T^q = (S^1)^q is a q torus.

∗Electronic address: Fech.Scen@nottingham.edu.my †Electronic address: LeePeng.Teo@nottingham.edu.my

The background metric is the flat metric

ds^2 = g_{μν} dx^μdx^ν = dt^2 − D∑ j=1 (dx^j )^2.

Here t = x^0, x^j ∈ R for j = 0, 1, . . . , p and 0 ≤ x^j ≤ L_j for j = p + 1, . . . , D. The field ψ has N_D components, where N_D is given by 2^{D+12} if D is odd and 2^{D2} if D is even. On the compact dimensions, the field ψ is assumed to satisfy the general periodicity conditions ψ(t, x + L_j e_j ) = e^{2πiαj} ψ(t, x), (1) where x = (x^1, . . . , x^D ), e_j is the unit vector in the x^j direction, and 0 ≤ α_j < 1, j = p + 1, . . . , D, are the constant phases. The cases α_j = 0 for all j = p + 1, . . . , D, and α_j = 1/2 for all j = p + 1, . . . , D, correspond respectively to untwisted and twisted fields.

In this paper, we consider the finite temperature Casimir effect of the fermionic field ψ when it is confined between two parallel plates placed at x^1 = 0 and x^1 = a. The equation of motion of the field ψ is the Dirac equation: iγ^μ∂_μψ − mψ = 0. (2) On the plates x^1 = 0 and x^1 = a, the field ψ satisfies the MIT bag boundary conditions:

(1 + iγ^μn_μ)ψ|_{x1 =0 and x1=a} ψ = 0. (3)

Here γ^μ are the Dirac matrices, and n_μ is a unit outward normal vector to the boundaries.

As in [22], using the chiral representation of the Dirac matrices:

γ^0 = ( 1 0 0 −1 ) , γ^j = ( 0 σ_j −σ^+_j 0 ) , j = 1, . . . , D, with σ_j σ^+_l + σ_lσ^+_j = 2δ_{jl}, the positive-frequency and the negative-frequency solutions of the Dirac equation can be written respectively as ψ^{(+)} = e^{−iωt} ( φ^{(+)} −iσ^+ · ∇φ^{(+)}/(ω + m) ) and ψ^{(−)} = e^{iωt} ( iσ · ∇φ^{(−)}/(ω + m) φ^{(−)} ) . (4)

Here σ = (σ^1, . . . , σ^D), the spinors φ^{(+)} and φ^{(−)} are given by

φ^{(±)} = ( φ^{(±)}_+ e^{ik1 x1} + φ^{(±)}_− e^{−ik1x1} ) exp ±i D∑ j=2 k_j x^j , (5)

and ω^2 = D∑ j=1 k^2_j + m^2. The boundary conditions on the compact dimensions (1) imply that

k_j =

2π(n_j + α_j ) L_j for j = p + 1, . . . , D, where n_j are integers. On the uncompactified directions x^2, . . . , x^p, there are no boundary conditions and hence k_2, . . . , k_p ∈ R. The boundary condition (3) on the plate located at x^1 = 0 implies that

φ^{(±)}_+ = − m(ω + m) + k^2_1 ∓ k_1σ_1σ^+_‖ · k_‖ (m − ik_1)(ω + m) φ^{(±)}_− , (6)

whereas the boundary conditions on the plate located at x^1 = a implies

φ^{(±)}_+ = − m(ω + m) + k^2_1 ∓ k_1σ_1σ^+_‖ · k_‖

(m + ik_1)(ω + m) e^{−2ik1 a}φ^{(±)}_− . (7)

Here σ_‖ = (σ_2, . . . , σ_D ) and k_‖ = (k_2, . . . , k_D). Comparing (6) and (7), we find that in order to have nontrivial solutions for (φ^{(+)}_+ , φ^{(+)}_− ) and (φ^{(−)}_+ , φ^{(−)}_− ), one requires k_1 to satisfy a transcendental equation

F (z) := m sin az + z cos az = 0. (8)

Therefore, the eigenfrequencies of the field ψ are given by

ω = k2_1 + p∑ j=2 k^2_j + λ^2_n + m^2, λ^2_n = D∑ j=p+1 [ 2π(n_j + α_j ) L_j ]_2 , n = (n_{p+1}, . . . , n_D),

where k_1 are positive solutions of (8), k_j ∈ R for j = 2, . . . , p, and n_j , j = p + 1, . . . , D, are integers. Each of these ω appears with multiplicity N_D.

To regularize the Casimir free energy of the parallel plate system, we take the piston approach, where the Casimir free energy is given by [39]:

E^‖_{Cas} = lim_{L1→∞} ( E_{Cas}(a) + E_{Cas}(L_1 − a) − E_{Cas} (L_1/η) − E_{Cas} (L_1 [1 − 1/η]) ) . (9)

See Figure 1. Here E_{Cas}(a) is the Casimir free energy between the parallel plates which are separated by a distance a, and η is a constant greater than 1. Using Matsubara imaginary time formalism, for a fermionic system in thermal

FIG. 1: The piston regularization scheme.

equilibrium at temperature T , the partition function is given by Z = ∫ DψDψ̄ exp (∫_β 0 dτ ∫ d^DxL ) , where L = i 2 (¯ ψγ^μ∂_μψ − ∂_μψ̄γ^μψ ) − mψ̄ψ is the Dirac Lagrangian density. The time direction t is rotated to the imaginary axis, i.e., t → iτ, and compactified to a circle of radius β = 1/T . The field ψ satisfies the antiperiodic boundary conditions on the imaginary time direction: ψ(x, τ + β) = −ψ(x, τ). The finite temperature Casimir free energy is then given by

E_{Cas} = − 1 β ln Z = −T ln Z .

Using zeta function techniques [39–41], we have

E_{Cas} = T 2 ( ζ^′_T (0) + [log μ^2]ζ_T (0) ) , (10)

where μ is a normalization constant with the dimension of mass, and ζ_T (s) is the zeta function

ζ_T (s) = ∑ ω eigenfrequencies ∞∑ l=−∞ ( ω^2 + ξ^2_l )_{−s} .

Here ξ_l = 2π ( l + 1 2 ) T are the Matsubara frequencies. For the Casimir free energy between the parallel plates which are separated by a distance a,

ζ_T (s; a) = AN_D (2π)^{p−1} ∞∑ l=−∞ ∑ n∈Z^q ∑ k_1 ∫ R^{p−1} k^2_1 + p∑ j=2 k^2_j + λ^2_n + ξ^2_l + m^2 −s dk_2 . . . dk_p

= AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ∑ k_1 ( k^2_1 + m^2_{n,l} )_{−s+}^{p−1}_2 , where A is the area of the plates and m^2_{n,l} = λ^2_n + ξ^2_l + m^2. In order to perform the summation over k_1, which are positive solutions of the equation F (z) = 0, we need to use the generalized Abel-Plana summation formula, which states that [24, 42, 43]: If f_0(z), f_+(z) and f_−(z) are functions such that lim_{Y →∞} ∫_∞ 0 { f_0(x ± iY ) − f_±(x ± iY ) } dx = 0, lim_{X→∞} ∫_∞ 0 { f_0(X ± iy) − f_±(X ± iy) } dy = 0, (11)

then ∑ Re z≥0 w_0(z)Res_z f_0(z) − ∑ Re z≥0 Im z≥0 w_+(z)Res_z f_+(z) − ∑ Re z≥0 Im z≤0 w_−(z)Res_zf_−(z)

= − 1 2π ∫_∞ 0 { f_0(iy) − f_+(iy) } dy − 1 2π ∫_∞ 0 { f_0(−iy) − f_−(−iy) } dy − 1 2πi ∫_∞ 0 { f_+(x) − f_−(x) } dx. (12)

Here w_0(z), w_1(z) and w_2(z) are weight functions defined by

w_0(z) = { 1, if Re z > 0, 1/2, if Re z = 0

, w_+(z) =

1, if Re z > 0 and Im z > 0, 1/2, if Re z = 0 or Im z = 0, 1/4, if z = 0, ,

and w_−(z) = w_+(z̄). Notice that

F (z) = z − im 2 e^{iaz} + z + im 2 e^{−iaz}. Taking

f_0(z) = AN_D Γ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ( z^2 + m^2_{n,l}

)_{−s+}^{p−1}_2 d dz ln F (z),

f_±(z) = AN_D Γ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ( z^2 + m^2_{n,l}

)_{−s+}^{p−1}_2 d dz ln ( z ± im 2 e^{∓iaz} ) , we find that the conditions (11) are satisfied. Since the poles of f_0(z) are the zeros of the function F (z), and the function f_+(z) (resp. f_−(z)) does not have poles on the upper (resp. lower) half plane, the left hand side of (12) gives

ζ_T (s; a) + 1 2 AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q m^{−2s+p−1} n,l , (13) where the second term comes from the pole of f_0(z) at z = 0. This term is independent of a. On the other hand, f_0(±iy) − f_±(±iy) = AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q d dy ln ( 1 + y − m y + m e^{−2ay} )

× ∓ i ( m^2_{n,l} − y^2 )_{−s+}^{p−1}_2 , y < m_{n,l} ∓ i ( y^2 − m^2_{n,l} )_{−s+}^{p−1}_2 e^{∓iπ}(^{s− p−12} ), y > m_{n,l} ,

f_+(x) − f_−(x) = AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ( x^2 + m^2_{n,l} )_{−s+}^{p−1}_2 ( − 2im x^2 + m^2 − 2ia ) . Therefore, the right hand side of (12) gives

sin π ( s −^{p−1}_2 ) π AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p−1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} ( y^2 − m^2_{n,l} )_{−s+}^{p−1}_2 d dy ln ( 1 + y − m y + m e^{−2ay} ) dy

+ AN_DΓ ( s −^{p−1}_2 ) 2^{p−1}π^{p+1}2 Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ 0 ( x^2 + m^2_{n,l} )_{−s+}^{p−1}_2 ( m x^2 + m^2 + a ) dx. (14)

Notice that the second term depends on a linearly. From (13) and (14), one finds that

ζ_T (s; a) = ζ_{T ;0}(s)+aζ_{T ;1}(s)+ AN_D 2^{p−1}π^{p−1}2 Γ

(_{p+1} 2 − s ) Γ (s) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} ( y^2 − m^2_{n,l} )_{−s+}^{p−1}_2 d dy ln ( 1 + y − m y + m e^{−2ay} ) dy. Here ζ_{T ;0}(s) and ζ_{T ;1}(s) do not depend on a. From this, we have

ζ_T (0; a) =ζ_{T ;0}(0) + aζ_{T ;1}(0),

ζ^′_T (0; a) =ζ^′_{T ;0}(0) + aζ^′_{T ;1}(0) + AN_D 2^{p−1}π^{p−1}2 Γ

(_{p+1} 2 ) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} ( y^2 − m^2_{n,l} )^{p−1}_2 d dy ln ( 1 + y − m y + m e^{−2ay} ) dy, and thus

E_{Cas}(a) = E_0 + aE_1 − AT N_D(p − 1) 2^pπ^{p−1}2 Γ

(_{p+1} 2 ) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} y ( y^2 − m^2_{n,l} )^{p−3}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy, where E_0 and E_1 are independent of a. After regularization using the piston scheme (9), the terms E_0 and E_1 are canceled, and we find that the Casimir free energy between the parallel plates is given by

E^‖_{Cas} = − AT N_D 2^{p−1}π^{p−1}2 Γ (_{p−1} 2 ) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} y ( y^2 − m^2_{n,l} )^{p−3}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy. (15) Since m_{n,l} > m, the Casimir free energy is always negative. The expression (15) also shows that in the high temperature (i.e., aT ≫ 1) limit, the Casimir free energy is dominated by the terms with Matsubara frequency zero, i.e., the term

E^{cl}_{Cas} = − AT N_D 2^{p−1}π^{p−1}2 Γ (_{p−1} 2 ) ∑ n∈Z^q ∫_∞ m_n y ( y^2 − m^2_n

)^{p−3}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy, (16) m^2_n = λ^2_n + m^2,

which is linear in T . This term is called the classical term since it is independent of the Planck constant ℏ.

To study the low temperature (i.e., aT ≪ 1) behavior, we need an alternative expression for the Casimir free energy which we derive in Appendix A. We find that

E^‖_{Cas} = E^{‖,T =0}_{Cas} + Δ_T E^‖_{Cas}, where E^{‖,T =0}_{Cas} is the zero temperature Casimir energy given by E^{‖,T =0} Cas = − AN_D 2^pπ^p2 Γ (_p 2 ) ∑ n∈Z^q ∫_∞ m_n y ( y^2 − m^2_n

)^{p−2}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy, (17)

and Δ_T E^‖_{Cas} is the temperature correction given by

Δ_T E^‖_{Cas} = − AN_D 2^{p−2}π^{p−1}2 ∑ n∈Z^q ∞∑ l=1 (−1)^l { a 4π ( 2m_nT l ) p+1_2

K p+1_2 ( lm_n T )

+ 1 2π^32 ∫_∞ 0 m y^2 + m^2 ( 2T √ y^2 + m^2_n l ) p_2 K^p_2 ( l √ y^2 + m^2_n T ) dy

− 1 2 √ π ∑ k_1 >0 : F (k_1 )=0 ( 2T √ k^2_1 + m^2_n l )^p_2

K^p_2 ( l √ k^2_1 + m^2_n T )} .

(18)

In the case m_n = 0, which happens if and only if the field is massless and untwisted, and n = 0, the term ( 2m_nT l ) p+1_2

K p+1_2 ( lm_n T )

is understood as lim m_n→0 ( 2m_nT l )^{p+1}_2

K p+1_2 ( lm_n T ) = Γ (_{p+1} 2 ) 2 ( 2T l )_{p+1} . (19)

Therefore, for an untwisted massless fermionic field, the temperature correction contains a term of order T^{p+1}.

III. THE CASIMIR FORCE AND ITS ASYMPTOTIC BEHAVIOR AT SMALL SEPARATION

The Casimir force acting on the plates induced by the vacuum fluctuation of the field is given by

F^‖_{Cas} = −

∂E^‖_{Cas} ∂a . Using (15), we have

F^‖_{Cas} = − AT N_D 2^{p−2}π^{p−1}2 Γ (_{p−1} 2 ) ∞∑ l=−∞ ∑ n∈Z^q ∫_∞ m_{n,l} y^2 ( y^2 − m^2_{n,l} ) p−3_2 y+m y−m e^{2ay} + 1 dy. (20)

On the other hand, using (17) and (18), we find that the Casimir force can be written as a sum of the zero temperature term and the temperature correction term, where the zero temperature term is

F^{‖,T =0} Cas = − AN_D 2^{p−1}π^p2 Γ (_p 2 ) ∑ n∈Z^q ∫_∞ m_n y^2 ( y^2 − m^2_n

)^{p−2}_2 y+m y−m e^{2ay} + 1 dy, (21) and the thermal correction term is

Δ_T F^‖_{Cas} = AN_D 2^{p−2}π^{p−1}2 ∑ n∈Z^q ∞∑ l=1 (−1)^l { 1 4π ( 2m_nT l )^{p+1}_2

K p+1_2 ( lm_n T )

− 1 √ π ∑ k_1 >0 : F (k_1 )=0

k^2_1 a +^m_{m2 +k21} ( 2T √ k^2_1 + m^2_n l ) p−2_2 K p−2_2 ( l √ k^2_1 + m^2_n T )} . (22)

Here we have used ∂k_1 ∂a = − ∂F ∂a ∂F ∂z | | | | |_{z=k1} = − k_1 a +^m_{m2 +k21} ,

which follows from F (k_1) = 0.

Since m_{n,l} > m, the expression (20) shows manifestly that the Casimir force is always attractive (negative) at any temperature and for any mass m.

In the massless case, the integrals in (20) and (21) can be evaluated explicitly, which gives

F^‖_{Cas} = AT N_D 2^{p−2}π^{p−1}2 Γ (_{p−1} 2 ) ∞∑ l=−∞ ∑ n∈Z^q ∞∑ j=1 (−1)^j ∫_∞ m_{n,l} y^2 ( y^2 − m^2_{n,l} )^{p−3}_2 e^{−2jay}dy

= AT N_D 2^{p−1}π^p2 ∞∑ l=−∞ ∑ n∈Z^q ∞∑ j=1 (−1)^j ( m_{n,l} ja ) p_2 ( 2jam_{n,l}K p+2_2 (2jam_{n,l}) − K^p_2 (2jam_{n,l}) ) , (23)

where now m_{n,l} = √ λ^2_n + ξ^2_l ; and

F^{‖,T =0} Cas = AN_D 2^pπ^{p+1}2 ∑ n∈Z^q ∞∑ j=1 (−1)^j ( λ_n ja )^{p+1}_2 ( 2jaλ_nK p+3_2 (2jaλ_n) − K p+1_2 (2jaλ_n) ) . (24)

(23) and (24) are also the leading terms for the finite temperature Casimir force and the zero temperature Casimir force when am ≪ 1. For the temperature correction, one put directly m = 0 in (22) and uses (19) in the untwisted case.

Next, let us consider the small separation limit where am ≪ 1 and a ≪ L_j for j = p + 1, . . . , D. In this case, we replace the summation over n ∈ Z^q to integration over n ∈ R^q , which is equivalent to replacing p in (23) by D. We find that for the finite temperature Casimir force,

F^‖_{Cas} ∼ AT N_D 2^{D−2}π^{D−1}2 Γ (_{D−1} 2 ) ∞∑ l=−∞ ∞∑ j=1 (−1)^j ∫_∞ ξ_l y^2 ( y^2 − ξ^2_l

)^{D−3}_2 e^{−2jay} dy

= − AT N_DΓ(D) 2^{2D−2}π^{D−1}2 Γ (_{D−1} 2 ) a^D (1 − 2^{1−D})ζ_R(D) + AT N_D 2^{D−2}π^D2 ∞∑ l=1 ∞∑ j=1 (−1)^j ( ξ_l ja ) p_2 ( 2jaξ_lK D+2_2 (2jaξ_l) − K D_2 (2jaξ_l) ) . (25)

This can also be interpreted as the finite temperature Casimir force acting on a pair of parallel plates in (D + 1)- dimensional Minkowski spacetime. In the high temperature (aT ≫ 1) limit, we find that

F^‖_{Cas} ∼ − AT N_DΓ(D) 2^{2D−2}π^{D−1}2 Γ (_{D−1} 2 ) a^D (1 − 2^{1−D})ζ_R(D).

In the low temperature (aT ≪ 1) limit, (24) shows that the Casimir force is dominated by F^{‖,T =0} Cas ∼ −

AN_DΓ(D + 1) 2^{2D}π^D2 Γ (_D 2 ) a^{D+1} (1 − 2^{−D})ζ_R(D + 1).

For the temperature correction, since in the limit m = 0, F (z) = z cos az, we deduce from (22) that

Δ_T F^‖_{Cas} ∼ − AN_D π^{D+1}2 Γ ( D + 1 2 ) (1 − 2^{−D})ζ_R(D + 1)T^{D+1} − AN_DπT^{D−22} 2^{D−2}2 a^{D+4}2 ∞∑ l=1 (−1)^l ∞∑ k=0 ( k +^1_2

) D+2_2

l^{D−2}2 K D−2_2 ( π ( k +^1_2 ) l aT ) .

Notice that the leading term is of order T^{D+1}.

IV. CONCLUSION

In this article, we have investigated the finite temperature Casimir effect on a pair of parallel plates in a (D + 1)- dimensional spacetime due to the vacuum fluctuations of a massive fermionic field with MIT bag boundary conditions on the plates. We assume that q < D of the dimensions are compactified to a torus and the field assumes general periodicity conditions on these compact dimensions. The Casimir free energy is computed using zeta function techniques and generalized Abel-Plana summation formula. Piston approach is employed to regularize the Casimir free energy. Low and high temperature expressions of the Casimir free energy and the Casimir force are derived. The asymptotic limits of the Casimir force when the separation between the plates is small are computed.

The most important result we obtain in this paper is that the force acting on the plates is always attractive at any temperature and for any boundary conditions assumed on the compact dimensions. This extends the result obtained in [22] for the zero temperature case. On the other hand, we also observe that this result is the same as the case of a scalar field with the same Robin condition on both plates [19, 24]. It can be considered as a manifestation of the principle that the Casimir force between two bodies with the same property is attractive [44, 45].

Appendix A: Low temperature expansion of the Casimir free energy

Let f(z) be a function that does not have poles on the positive real axis. Assume that f(z) is such that the functions f_0(z), f_+(z) and f_−(z) defined by

f_0(z) = f(z) d dz ln ( e^{iπz} + e^{−iπz} ) = iπf(z) ( 1 − 2 e^{2iπz} + 1 ) , f_±(z) = f(z) d dz ln ( e^{∓iπz} ) = ∓iπf(z), satisfy (11). As in [24], one can derive the following formula from (12): ∞∑ l=0 f ( l + 1 2 ) = ∫_∞ 0 f(x)dx − i ∫_∞ 0 f(iy) − f(−iy) e^{2πy} + 1 dy − πi ∑ y>0 Res_{z=iy}f(z) − Res_{z=−iy}f(z) e^{2πy} + 1 − 2πi ∑ Re z>0 Im z>0 Res_zf(z) e^{−2iπz} + 1 + 2πi ∑ Rez>0 Im z<0 Res_zf(z) e^{2iπz} + 1 . (A1)

To derive the low temperature expansion for the Casimir free energy (15), keep in mind that m^2_{n,l} = m^2_n + [2π(l + 1/2)T ]^2 and notice that if f is an even function, ∞∑ l=−∞ f ( l + 1 2 ) = 2 ∞∑ l=0 f ( l + 1 2 ) . Let f(z; n) = p − 1 2 ∫_∞ √_{m2n +[2πT z]2} y ( y^2 − m^2_n − [2πT z]^2

)^{p−3}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy

= ∫_∞ 0 a −^m y^2+m^2_n+[2πT z]^2 −m^2 √_{y2+m2n+[2πT z]2 +m} √_{y2+m2n +[2πT z]2−m} e^{2a} √_{y2+m2n +[2πT z]2} + 1 y^pdy √ y^2 + m^2_n + [2πT z]^2 = ∫_∞ 0 g(y, z; n)y^pdy,

so that

E^‖_{Cas} = − AT N_D 2^{p−2}π^{p−1}2 Γ

(_{p+1} 2 ) ∞∑ l=0 ∑ n∈Z^q f ( l + 1 2 ; n ) . (A2)

Then straightforward computation gives ∫_∞ 0 f(x; n)dx = p − 1 2 1 2πT ∫_∞ 0 ∫_∞ √_{m2n +x2} y ( y^2 − m^2_n − x^2

)^{p−3}_2 ln ( 1 + y − m y + m e^{−2ay} ) dydx

= 1 4 √ πT Γ (_{p+1} 2 ) Γ (_p 2 ) ∫_∞ m_n y ( y^2 − m^2_n

)^{p−2}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy,

9 −i ∫_∞ 0 f(iu; n) − f(−iu; n) e^{2πu} + 1 du = − 1 2πT ∫_∞ 0 ∫_∞ √_{y2+m2n} ( a − m y^2 + m^2_n − u^2 − m^2 ) 1 e^uT + 1 du √ u^2 − y^2 − m^2_n y^pdy

= − 1 2πT ∫_∞ m_n ∫ √_u2_{−m}2_n 0 ( a + m y^2 + m^2 ) ( u^2 − m^2_n − y^2

)^{p−1}_2 dy du e^uT + 1 = a 4 √ πT Γ (_{p+1} 2 ) Γ (_{p+2} 2 ) ∫_∞ m_n ( u^2 − m^2_n

)^p_2^∞∑ l=1 (−1)^le^{− luT} du

+ 1 2πT ∫_∞ 0 ∫_∞ √_{y2+m2n} m y^2 + m^2 ( u^2 − m^2_n − y^2

)^{p−1}_2^∞∑ l=1 (−1)^le^{− luT} dudy

= aΓ (_{p+1} 2 ) 4πT ∞∑ l=1 (−1)^l ( 2m_nT l )^{p+1}_2

K p+1_2 ( lm_n T )

+ Γ (_{p+1} 2 ) 2π^32 T ∞∑ l=1 (−1)^l ∫_∞ 0 m y^2 + m^2 ( 2T √ y^2 + m^2_n l ) p_2 K^p_2 ( l √ y^2 + m^2_n T ) dy. On the other hand, all the poles of g(y, z; n) are on the imaginary axis, and they are given by z = ± i 2πT √ k^2_1 + y^2 + m^2_n,

where k_1 are the solutions of F (z) = 0. Therefore, the last two terms in (A1) are zero, whereas −πi ∑ y>0 Res_{z=iy}f(z; n) − Res_{z=−iy}f(z; n) e^{2πy} + 1 = 1 2T ∑ k_1>0 : F (k_1)=0 ∫_∞ 0 1 exp ( √_{k2} 1 +y^2 +m^2_n T ) + 1 y^pdy √ k^2_1 + y^2 + m^2_n

= 1 2T ∑ k_1>0 : F (k_1)=0 ∫_∞ √_{k21 +m2n} ( y^2 − k^2_1 − m^2_n

)^{p−1}_2 exp (_y T ) + 1 dy

= − Γ (_{p+1} 2 ) 2 √ πT ∑ k_1>0 : F (k_1)=0 ∞∑ l=1 (−1)^l ( 2T √ k^2_1 + m^2_n l ) p_2 K^p_2 ( l √ k^2_1 + m^2_n T ) .

Therefore,

E^‖_{Cas} = − AN_D 2^pπ^p2 Γ (_p 2 ) ∑ n∈Z^q ∫_∞ m_n y ( y^2 − m^2_n

)^{p−2}_2 ln ( 1 + y − m y + m e^{−2ay} ) dy

− AN_D 2^{p−2}π^{p−1}2 ∑ n∈Z^q ∞∑ l=1 (−1)^l { a 4π ( 2m_nT l )^{p+1}_2

K p+1_2 ( lm_n T )

+ 1 2π^32 ∫_∞ 0 m y^2 + m^2 ( 2T √ y^2 + m^2_n l )^p_2

K^p_2 ( l √ y^2 + m^2_n T ) dy

− 1 2 √ π ∑ k_1 >0 : F (k_1 )=0 ( 2T √ k^2_1 + m^2_n l )^p_2

K^p_2 ( l √ k^2_1 + m^2_n T )} .

Acknowledgments

This project is funded by the Ministry of Higher Education of Malaysia under FRGS grant FRGS/2/2010/SG/UNIM/02/2.

[1] H. B. G. Casimir, Proc. Kon. Nederland. Akad. Wetensch. B51 (1948), 793.

[2] K. A. Milton, The Casimir effect: physical manifestations of zero-point energy, World Scientific, River Edge, NJ, 2001. [3] M. Bordag, G. L. Klimchitskaya, U. Mohideen and V. M. Mostepanenko, Advances in the Casimir effect, Oxford University Press, Oxford, 2009.

[4] L. Perivolaropoulos, Phys. Rev. D 77 (2008), 107301.

[5] F. Pascoal, L. F. A. Oliveira, F. S. S. Rosa and C. Farina, Braz. J. Phys. 38 (2008), 581. [6] K. Poppenhaeger, S. Hossenfelder, S. Hofmann and M. Bleicher, Phys. Lett. B 582 (2004), 1. [7] M. Frank, I. Turan and L. Ziegler, Phys. Rev. D 76 (2007), 015008. [8] R. Linares, H. A. Morales-Técotl and O. Pedraza, Phys. Rev. D 77 (2008), 066012. [9] M. Frank, N. Saad and I. Turan, Phys. Rev. D 78 (2008), 055014. [10] A. A. Saharian, Phys. Rev. D 73 (2006), 064019. [11] A. A. Saharian, Phys. Rev. D 73 (2006), 044012. [12] H.B. Cheng, Phys. Lett. B 668 (2008), 72.

[13] A. Edery and V. N. Marachevsky, JHEP 0812 (2008), 035. [14] K. Kirsten and S.A. Fulling, Phys. Rev. D 79 (2009), 065019. [15] E. Elizalde, S.D. Odintsov and A. A. Saharian, Phys. Rev. D 79 (2009), 065023. [16] E. Elizalde, S. D. Odintsov and A. A. Saharian, Phys. Rev. D 83 (2011), 105023. [17] L. P. Teo, Phys. Lett. B. 672 (2009), 190. [18] L. P. Teo, Nucl. Phys. B 819 (2009), 431. [19] L. P. Teo, JHEP 0906 (2009), 076.

[20] A. Flachi and T. Tanaka, Phys. Rev. D 80 (2009), 124022. [21] A. A. Saharian, Class. Quantum Grav. 25 (2008), 165012. [22] S. Bellucci and A. A. Saharian, Phys. Rev. D 80 (2009), 105003. [23] S. Bellucci and A. A. Saharian, Phys. Rev. D 79 (2009), 085019. [24] L. P. Teo, JHEP 0911 (2009), 095.

[25] M. Rypestol and I. Brevik, New J. Phys. 12 (2010), 013022. [26] M. Rypestol and I. Brevik, Phys. Scr. 82 (2010), 035101. [27] A. A. Saharian and M. R. Setare, Class. Quantum Grav. 27 (2010), 225009. [28] L. P. Teo, JHEP 1010 (2010), 019. [29] L. P. Teo, Phys. Rev. D 83 (2011), 105020. [30] K. Johnson, Acta Phys. Pol. B 6 (1975), 865. [31] K. A. Milton, Phys. Rev. D 22 (1980), 1444.

[32] A. Seyedzahedi, R. Saghian and S. S. Gousheh, Phys. Rev. A 82 (2010), 032517. [33] S. G. Mamaev and N. N. Trunov, Sov. Phys. J. 23 (1980), 551. [34] E. Elizalde, M. Bordag and K. Kirsten, J. Phys. A 31 (1998), 1743.

[35] R. D. M. De Paola, R. B. Rodrigues, and N. F. Svaiter, Mod. Phys. Lett. A 14 (1999), 2353. [36] E. Elizalde, F. C. Santos, and A. C. Tort, Int. J. Mod. Phys. A 18 (2003), 1761. [37] S. A. Gundersen and F. Ravndal, Ann. Phys. 182 (1988), 90. [38] A. Erdas, Phys. Rev. D 83 (2011), 025005.

[39] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko, and S. Zerbini, Zeta regularization techniques with applications, World Scientific Publishing Co. Inc., River Edge, NJ, 1994.

[40] E. Elizalde, Ten physical applications of spectral zeta functions, Lecture Notes in Physics, Springer-Verlag, Berlin, 1995. [41] K. Kirsten, Spectral functions in mathematics and physics, Chapman & Hall/ CRC, Boca Raton, FL, 2002. [42] A. A. Saharian, arXiv:hep-th/0002239. [43] A. A. Saharian, arXiv:0708.1187.

[44] O. Kenneth and I. Klich, Phys. Rev. Lett. 97 (2006), 160401. [45] C. P. Bachas, J. Phys. A 40 (2007), 9089.