arXiv:1108.0149v2 [hep-th] 3 Aug 2011

Killing-Yano tensors and some applications

Osvaldo P. Santillan^∗

Abstract The role of Killing and Killing-Yano tensors for studying the geodesic motion of the particle and the superparticle in a curved background is reviewed. Additionally the Papadopoulos list [75] for Killing-Yano tensors in G structures is reproduced by studying the torsion types these structures admit. The Papadopoulos list deals with groups G appearing in the Berger classification, and we enlarge the list by considering additional G structures which are not of the Berger type. Possible applications of these results in the study of supersymmetric particle actions and in the AdS/CFT correspondence are outlined.

Contents

1. Introduction 2

2. Killing-Yano tensors as exotic supersymmetries 4 2.1 Killing tensors and the bosonic particle . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Supersymmetric extension of the bosonic particle . . . . . . . . . . . . . . . . . 6 2.3 Symmetries of the phase superspace . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Exotic supersymmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.5 Squares of exotic symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3. Conformal generalizations of Killing and Killing-Yano tensors 13 3.1 Quantum symmetries from Killing-Yano tensors . . . . . . . . . . . . . . . . . . 14

4. Killing-Yano tensors in string and superstring backgrounds 14 4.1 Hidden symmetries for the bosonic string . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Hidden symmetries for the spinning string . . . . . . . . . . . . . . . . . . . . . 17

5. Killing-Yano tensors and G-structures 18 5.1 A check of the Papadopoulos list . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.1.1 Kahler and Calabi-Yau structures . . . . . . . . . . . . . . . . . . . . . . 20 5.1.2 Quaternion Kahler and hyperkahler structures . . . . . . . . . . . . . . . 22 5.1.3 Spin(7) structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.1.4 G_2 structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.2 Further examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.2.1 Almost contact structures . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.2.2 SO(3) structures in SO(5) and higher dimensional generalizations . . . . 28

∗Departamento de Matematica, FCEyN, Universidad de Buenos Aires, Buenos Aires, Argentina firenzecita@hotmail.com and osantil@dm.uba.ar

6. Discussion 29

1. Introduction

Killing and Killing-Yano tensors [1]-[2] and their conformal generalizations [3]-[4] are a powerful tool for studying General Relativity problems. When a given space time admits such a tensor, a classical constant of motion for probe particles appears. This is a reminiscent of the isometries, and it is often said that Killing and Killing-Yano tensors are the generators of hidden symmetries of the background. Additionally, the separability of the Hamilton-Jacobi equation for a particle moving in the Kerr space time [5]-[6] is closely related to the presence of a conformal Killing tensor of rank two. Furthermore this tensor admits an square root which is Killing-Yano [7], [8] and which plays an important role in the separability of the Dirac equation in the rotating background [9].

At the quantum level Killing-Yano tensors are generators for non anomalous symmetries, while for Killing tensors this may not be the case. It is well known that when a particle in a given background is quantized then, for every globally defined Killing vector the background admits there corresponds an operator which commutes with the hamiltonian. But this assertion is false for Killing tensors in general, as the commutator of the corresponding operator with the hamiltonian may not vanish [9]. Nevertheless, when a Killing tensor admits a square root which is Killing-Yano, the anomaly vanish identically [10].

The similarities between the usual isometries and hidden symmetries discussed above raise the question wether or not Killing-Yano tensors do form an algebra. This issue was investigated in [11] and [12] where it was argued that the natural generalization of the Lie bracket for Killing vectors is the Schouten-Nijenhuis bracket for Killing tensors. The outcome is that Killing-Yano tensors do not form a Lie algebra in general, at least with this particular operation, but they do when some extra conditions are satisfied. An example is the requirement for the metric to be of constant curvature. For Killing tensors instead, an associated graded algebra was reported in [13].

The presence of hidden symmetries for a given background may give information about the algebraic type of the curvature. In four dimensions, the presence of a conformal and non degenerate Killing-Yano tensor of rank two in a generic space time implies that the curvature is of type D in the Petrov classification [14]-[17]. The local form of the metrics is known explicitly [18]. The generalization of the Petrov classification to higher dimensions was performed in [19] 1 and this classification allowed the authors of [20] to prove that any space which admit a closed non degenerate conformal Killing-Yano tensor is of type D. This was based in previous work done in [29]. Furthermore, when the Einstein equations are imposed, these metrics become the Kerr-Taub-Ads family [22] which generalize the old Myers-Perry solution [23]. But the converse of this statement is an open question, though some suggestions in this direction has been made in [21].

Soon after the appearance of [20] the geodesic motion and the Hamilton-Jacobi and Dirac equations in these spaces was studied in [24]-[29]. The outcome is that both equations are separable. Additionally, the role of conformal Killing-Yano tensors for studying geodesic motion in double spinning black rings was pointed out in [30], and a method for constructing conserved

1An extensive review about aspects of higher dimensional General Relativity can be found in [31] and references therein.

charges in asymptotically flat spaces by use of Killing-Yano tensors was given in [32] and in anti de Sitter space times in [33].

Killing-Yano tensors also appear in other contexts of mathematical physics. For example, in the theory of gravitational instantons they are known to generate Runge-Lenz type symmetries [34]-[39]. The separability of the Dirac equation in the Kerr-Taub-Nut metrics was studied in [40], and formal properties of Dirac operators for spaces with hidden symmetries were pointed out in several works such as [41]-[44]. Furthermore, Killing-Yano tensors are generators for exotic supersymmetries in the spinning particle motion in a curved background [45]-[47]. These are symmetries which mixes bosonic and ferminonic coordinates but whose squares does not give the Hamiltonian as usual supersymmetries does [48]-[49]. Further research related to the motion of particles of abelian and non abelian charges in the presence of external fiels has been performed in [50]-[56] and these techniques were further applied to derive N = 4 supersymmetric mechanics in a monopole background in [57]. The relation between Killing-Yano and integrable systems was subsequently studied in [58]-[62], and applications related to string movement were found in [63]-[64].

Although their importance was understood for long ago, till recent times few examples of spaces admitting Killing-Yano tensors were known. This situation changed in the last years. The problem of find Killing-Yano tensors on spherically symmetric space times was studied in [70] and on pp-wave backgrounds in [71]. The Killing tensors for the Melvin universe were characterized in [72]. The local form of certain lorenzian metrics admitting Killing-Yano tensors of higher order was studied in [73], and the presence of hidden symmetries in the Plebanski- Demianski family was studied in [74].

Recently, the problem of classify the G structures do admit Killing-Yano tensors was investigated by Papadopoulos in [75]. It is interesting to note that all the examples Papadopoulos is finding are Einstein or Ricci-flat. Furthermore, these spaces can be uplifted to an AdS supergravity solution and since the constant of motions of rotating string configurations in these backgrounds are related to quantum numbers in a conformal dual quantum field theory, the study of hidden symmmetries in these backgrounds may be of theoretical interest.

The present work is organized as follows. In section 2 the role of Killing and Killing-Yano tensors as generators for hidden symmetries for the particle and the spinning particle in a given space-time is reviewed. It is also emphasized the fact that when a Killing tensor has a Killing-Yano ”square root” the classical symmetries it generates are non anomalous. In section 3 the conformal generalizations of Killing and Killing-Yano tensors and their role in finding solutions of a Dirac equations in the curved background are briefly described. In section 4 an attempt to generalize both notions for the motion of the Polyakov string and spinning string is presented. We are unable to find such a generalization unless some extra information about the string movement is given, and some examples of this situation are given explicitly. In section 5 the main features of G structures and their relation to special holonomy manifolds are briefly discussed, and all the cases of the Papadopoulos list are reproduced by means of the torsion formalism developed in the references [84]-[94]. In addition we analize the presence of Killing- Yano tensors in almost contact structures and in SO(3) structures in SO(5) and in structures H_k ⊂ SO(n_k), with H_1 = SO(3), H_2 = SU(3), H_4 = Sp(3) and H_8 = F_4. Section 6 contains the discussion of the results and their possible applications.

2. Killing-Yano tensors as exotic supersymmetries

In the present section the most important aspects of Killing and Killing-Yano tensors and their role in for finding conserved quantities for motion of a particle and spinning particle in a curved background are reviewed. It is also emphasized the role of Killing-Yano as generators of exotic supersymmetries. Clear introductory notes are given for instance in [67], and this reference can be consulted for further details.

2.1 Killing tensors and the bosonic particle

A bosonic particle falling freely in a geodesically complete background (M, g_{μν} ) is described by the following action S = ∫_{τ1} τ_0 Ldτ = ∫_{τ1} τ_0

g_{μν} (x)ẋ^μẋ^ν dτ, (2.1)

ẋ^μ = dx^μ/dτ being the derivative with respect to the proper time τ of the particle coordinate x^μ. The variation of the action (2.1) with respect to arbitrary infinitesimal transformations δx and δẋ is δS = ∫_{τ1} τ_0 [ δL δx^μ − d dτ ( δL δẋ^μ )] δx^μdτ + ∫_{τ1} τ_0 d dτ ( δL δx^μ δx^μ ) dτ (2.2) = ∫_{τ1} τ_0 [ − δx^μg_{μν} Dẋ^ν Dτ + d dτ ( δx^μp_μ )] dτ. p_μ being the momentum of the particle

p_μ = g_{μν}ẋ^ν . (2.3)

When the endpoints are fixed, i.e, when δx^μ = 0 the total time derivative in (2.2) may be discarded. Then variation (2.2) is zero when the Euler-Lagrange equations Dẋ^ν Dτ = ẍ^μ + Γ^μ_{να}ẋ^νẋ^α = 0, (2.4)

are satisfied. Here Γ^μ_{να} denote the usual Christoffel symbols constructed in terms of the metric g_{μν} Γ^k_{ij} = g^{ik} 2 (g_{ik,j} + g_{jk,i} − g_{ij,k}). (2.5) The first two members of the equations of motion (2.4) are the definition of the derivative^{Dẋν}_{Dτ} . The vanishing of this derivative means that the particle moves along a geodesic line in the curved background.

In the situations for which the variations δx^μ = K^μ do not have fixed endpoints the total derivative in (2.2) can not be discarded. In this case, by taking (2.4) into account it follows that the total variation of (2.2) is δL = d dτ ( K^μp_μ ) . (2.6)

When δx^μ = K^μ is such that this variation is zero it will be called a symmetry of L and for any symmetry the quantity E_K = K_μẋ^μ, (2.7) is a constant of motion for the particle.

The most celebrated example of symmetries for (2.2) are those of the forms δx^μ = K^μ(x). The condition for (2.6) to vanish gives d dτ ( K_μẋ^μ ) = ẋ^ν ∇_ν K_μẋ^μ + K_μ Dẋ^μ Dτ = 0.

But the last term is zero by (2.4) and the first one gives

∇_{(ν} K_{μ)} = 0, (2.8)

where the parenthesis denote the usual symmetrization operation. Equation (2.8) shows that the vector field K_μ is Killing, that is, a local isometry of g_{μν} . Thus for a particle moving along a geodesic in a given background (M, g_{μν} ) there is a constant of motion for every isometry the background admits.

The isometries considered above are not the whole set of symmetries. The most general ones are of the form δx^μ = K(x, ẋ), that is, transformation which are local with respect to the phase space coordinates (x^μ, ẋ^μ). The generality of this ansatz follows from the fact that a dependence on higher order time derivatives such as ẍ will reduce to combinations of (x, ẋ) by means of the equations of motion (2.4) and thus it is redundant. If a Taylor like expansion of the form δx^μ = K^μ + K^μ_αẋ^α + K^μ_{αβ}ẋ^αẋ^β + ..., (2.9)

with velocity independent tensors K^μ_{μ1..μn} (x) is proposed, then a calculation analogous to the one leading to (2.8) shows that if (2.9) will be a symmetry of the lagrangian (2.1) when

∇_{(μ}K_{μ1..μn)} = 0, (2.10)

a condition which generalize (2.8). These tensors are known as Killing tensors and the quantities c_n = K_{μ1..μn}ẋ^{μ1} ..ẋ^{μn} , (2.11) are constants of motion for the particle moving in the background. An obvious Killing tensor is the metric itself, that is, K_{μν} = g_{μν} . The corresponding conserved charge H = 1 2 g^{μν}p_μp_ν , (2.12)

is the Hamiltonian for the particle.

A remarkable difference between Killing vectors and Killing tensors is that the first generate symmetries even for the quantum version of (2.2), while for tensors an anomaly may appear. The simplest quantum version of the particle motion is obtained by replacing the momentum p_μ with the operator ∇_μ and, for the scalar fields, the classical Hamiltonian (2.12) is replaced with the operator ^H = ∇_μ(g^{μν} ∇_ν ), (2.13)

which coincides the laplacian acting on scalar functions. Furthermore, for any vector field K^μ there corresponds a quantum mechanical operator ^K = K^μ∇_μ for which the commutator with the hamiltonian is [^K, ^H] = 2 − n n K^{;μν}_μ ∇_ν + K^{;ν}_μ ^H. (2.14)

It is well known that when K^μ is Killing the corresponding quantum mechanical operator commute with the laplacian. This means that Killing vectors generate true quantum symmetries.

The situation is different for Killing tensors. As an example, consider operators of the form ^K_{(2)} = ∇_μ(K^{μν} ∇_ν ). Then a lengthy calculation performed in [9]^2 shows that

[^K_{(2)}, ^H] = 2∇^{(σ}K^{μν)}∇_σ∇_μ∇_ν + 3∇_μ∇^{(σ}K^{μν)}∇_ν ∇_σ ∇_σ ( g_{μν} (∇^σ∇^{(μ}K^{νλ)} − ∇^λ∇^{(μ}K^{σν)}) + ∇_ν ∇^{(σ}K^{μλ)} ) ∇_λ (2.15) − 4 3 ∇_ν (R^{[ν}_μ K^{σ]μ})∇_σ.

In the situation in which K^{μν} Killing tensor all the terms above will vanish except the last one. This can be paraphrased by saying that the classical symmetry that a Killing tensor generates will be anomalous, unless the integrability condition

R^{[j}_i K^{k]i} = 0, (2.16)

is satisfied. These condition holds for instance when the metric is Einstein R_{ij} = Λg_{ij}, in particular this is true for Ricci-flat metrics. This is also true when the Killing-tensor is the square K_{μν} = f^α_μ f_{αν} of a Killing-Yano tensor f_{μν} . The last situation will be discussed in the next subsections.

2.2 Supersymmetric extension of the bosonic particle

A supersymmetric generalization of the particle action (2.1) is the spinning particle constructed in [45]-[47]. This was introduced as a suitable semi-classical approximation to the dynamics of a massive spin-1/2 particle such as the electron. Its construction involves a fermionic extension M_ξ of the manifold M, which requires the introduction of a new set of Grassmann variables ξ^μ with μ = 1, .., D with D being the dimension of the background in which the particle lives. For a particle moving in an euclidean space with its flat metric g = δ_{ab}dy^a ⊗ dy^b a supersymmetric extension is L = δ_{ab}(ẏ^aẏ^b + i 2 ξ^aξ̇^b), (2.17)

an action which is invariant under the supersymmetry transformations δy^a = −iϵ ξ^a, δξ^a = ẏ^aϵ, (2.18) with ϵ being an anti-commuting (Grassmann) number. More precisely, the transformation given above induce a variation on the lagrangian which is proportional to a total time derivative and therefore it does not affect the equations of motion. The Euler-Lagrange derived from (2.17) are dẏ^a dτ = 0, dξ^a dτ = 0. (2.19)

The meaning of the last equations is transparent, the first one shows that the bosonic coordinates parameterize a line and that the fermionic variables ξ^μ are constant in time.

The lagrangian (2.17) and the supersymmetry transformations (2.18) are referred to cartesian coordinates y^a. For curvilinear coordinates x^μ (such as polar ones) one may write the

2See also [76] where some terms were corrected.

metric in an n-bein basis e^a = ∂_μy^adx^μ as g = δ_{ab}e^a ⊗ e^b. Then in a new coordinate system ξ^a defined through the relation ξ^μ = e^μ_a ξ^a the action may be rewritten as

L = g_{μν}ẋ_μẋ_ν + i 2 g_{μν} ξ^μ Dξ^ν Dτ , (2.20)

and the supersymmetry transformation becomes

δx^μ = −i ϵ ξ^μ, δξ^μ = ϵ ẋ^μ. (2.21)

In the last equation the fermionic time derivative Dξ^μ Dτ = ξ̇^μ + ẋ^ν Γ^μ_{νλ}ξ^λ, (2.22)

has been introduced. With this definition it is straightforward to check that the lagrangian (2.20) is invariant under (2.21). Furthermore, the fact that the curvature of the metric is trivial plays no role in this checking and thus the extension is valid for any metric g_{μν} . Therefore (2.21) is a supersymmetric extension of the bosonic particle lagrangian (2.1) in any background. The change of the action (2.20) with respect to a variation δx^μ and δξ^a is δS = ∫ dτ [ − δx^μ ( g_{μν} Dẋ^μ Dτ + iξ^λξ^κR_{λκμν}ẋ^ν ) + iΔξ^μg_{μν} Dξ^ν Dτ (2.23) + d dτ ( δx^μp_μ − i 2 δξ^μg_{μν} ξ^ν )] , where the momentum p_μ = g_{μν}ẋ^ν − i 2 Γ_{μνλ}ξ^ν ξ^λ, (2.24)

has been introduced, together with the variations

Δξ^μ = δξ^μ + δx^ν Γ^μ_{νλ}ξ^λ, (2.25)

and the curvature tensor

R^κ_{μμλ} = ∂_μΓ^κ_{νλ} − ∂_ν Γ^κ_{μλ} + Γ^ρ_{λμ}Γ^κ_{ρν} − Γ^ρ_{λν} Γ^κ_{ρμ}. (2.26)

The equations of motion derived from (2.20) generalize (2.19) and can be casted in the following form Dξ^μ dτ = 0, Dẋ^μ dτ = − i 2 ξ^λξ^κR^ν_{λκμ}ẋ_ν . (2.27)

The last (2.27) in fact can be rewritten in terms of the ”spin tensor” S^{ab} = ξ^aξ^b as Dẋ^μ dτ = − i 2 S^{ab}R^ν_{abμ}ẋ_ν , (2.28)

which is analogous to the electromagnetic force with the tensor S^{ab} replacing usual the electric charge as coupling constant. Additionally the first (2.19) imply that DS^{ab} Dτ = 0, (2.29)

i.e, the tensor S^{ab} is covariantly constant.

2.3 Symmetries of the phase superspace

Given the spinning particle action (2.20) the next task is to characterize its symmetries. By analogy with (2.9) one may consider a general symmetry transformation of the super phase space (x, ẋ, ξ). Higher order derivatives such as ξ̇ should absent due to the equation of motion (2.27), which are of first order in time derivatives of ξ. The generalization of (2.9) in this situation is an expansion of the form δx^μ = K^μ(x, ẋ, ξ) = K^{(1)μ}(x, ξ) + ∞∑ n=1 1 n! ẋ^{ν1} ....ẋ^{νn} K^{(n+1)μ}_{ν1....νn} (x, ξ), (2.30)

δξ^μ = S^μ(x, ẋ, ξ) = S^{(0)μ}(x, ξ) + ∞∑ n=1 1 n! ẋ^{ν1} ....ẋ^{νn} S^{(n)μ}_{ν1....νn} (x, ξ). (2.31) The variation (2.23) when no endpoints are fixed vanish if and only if d dτ ( δx^μp_μ − i 2 δξ^μg_{μν} ξ^ν ) = 0. (2.32)

Note that for deducing these result the equations of motion (2.27) has been took into account. Denoting the quantity in parenthesis (2.32) as M, it follows from (2.30)-(2.31) that it has an expansion of the form M = ∞∑ n=0 1 n! ẋ^{ν1} ....ẋ^{νn} M^{(n+1)μ}_{ν1....νn} (x, ξ), such that K^{(n)}_{μ1....μnν} = M^{(n)}_{μ1 ....μnν} , n ≥ 1 (2.33) S^{(n)}_{μ1....μnν} = i ∂K^{(n)}_{μ1 ....μn} ∂ξ^ν , n ≥ 0. (2.34)

Additionally, for an arbitrary function M(x, ẋ, ξ) of the super phase space, a simple chain rule together with the equations of motions (2.27) shows that dM dτ = ẋ^μ ( ∂M ∂x^μ − Γ^ν_{μλ}(ẋ^λ ∂M ∂ẋ^ν + ξ^λ ∂M ∂ξ^ν ) − i 2 ξ^λξ^κR_{νμλκ} ∂M ∂ẋ^ν ) . (2.35)

With the use of (2.33)-(2.35) the following recurrence relations are obtained for n ≥ 1 K^{(n)}_{(μ1...μn;μn+1)} + ∂K^{(n)}_{(μ1 ...μn} ∂ξ^λ Γ^λ_{μn+1)κ} ξ^κ = i 2 ξ^λξ^κR_{λκν(μn+1} K^{(n+1)ν}_{μ1...μn)}, n ≥ 1. (2.36) For n = 0 one may define the quantity K^{(0)} by the relation

S^{(0)}_μ = i

∂K^{(0)} ∂ξ^ν , (2.37)

and the equation for S^{(0)}_μ is equivalent to

K^{(0)}_{, μ} +

∂K^{(0)} ∂ξ^λ Γ^λ_{μκ} ξ^κ = i 2 ξ^λξ^κR_{λκνμ} K^{(1)ν} . (2.38)

Note that different for the bosonic case, the scalar K^{(0)} is not an irrelevant constant, because it may depend non trivially on (x, ξ) by (2.38). The equations (2.34)-(2.38) characterize the local form of the symmetries for the superparticle action. These equations were derived, to the best of our knowledge, in the references [48]-[49]. The deduction given on that references rely in the hamiltonian formalism, in which the symmetries are interpreted in terms of quantities which commute with the hamiltonian. The outcome is exactly the equations derived above. The hamiltonian formalism is suitable for generalizing the notion of hidden symmetries when the particle is in presence of gauge fields. This fact was exploited particularly in the references [50]-[57].

2.4 Exotic supersymmetries

Although the equations (2.34)-(2.38) given above characterize the symmetries of the action (2.20) it may be very hard to find explicit solutions for a given background. In the following some simple cases will be considered namely, the supersymmetries already introduced in (2.21) and the exotic supersymmetries generated by the Killing-Yano tensors.

The simplest solution of the system (2.34)-(2.38) are symmetries which do not depend on the fermionic variables. In this case it is immediate to check that the resulting symmetry generators are Killing tensors. The simplest one is the metric tensor g_{μν} and the associated conserved quantity is H = 1 2 g^{μν}p_μp_ν , (2.39)

with p_μ given in (2.24). The last expression is the hamiltonian of the particle. In the Hamilton formalism the time evolution of any dynamical quantity F (x, p, ξ) is given in terms of the Poisson bracket with the hamiltonian dF dτ = {F, H}. (2.40) The fundamental Poisson brackets of the theory (2.20) are given by {x^μ, p_ν } = δ^ν_μ, {ξ^μ, ξ^ν} = −ig^{μν} . (2.41) From these brackets it is straightforward to find that {p_μ, ξ^ν} = 1 2 g^{κν}g_{κλ,μ}ξ^λ, {p_μ, p_ν } = − i 4 g^{κλ}g_{κρ,μ}g_{λσ,ν} ξ^ρξ^σ. (2.42) In these terms, the following Poisson bracket for the tensor S^{ab} are found { S^{ab}, S^{cd} } = δ^{ad}S^{bc} + δ^{bc}S^{ad} − δ^{ac}S^{bd} − δ^{bd}S^{ac}, (2.43) which justify the name ”spin tensor”. The space like components S^{ab} represent the magnetic momentum and the time like components are the electric momentum. As it is expected that for free particles like electrons that the electric momentum in the rest frame vanish identically, the time like components should vanish identically. This condition may be imposed by requiring by implementing the subsidiary condition

ẋ^μξ_μ = 0, (2.44)

after solving the equations of motion [48]-[49].

Another example of symmetries described by the system (2.34)-(2.38) should be the supersymmetry transformations (2.21), and it will be instructive to check this explicitly. By comparison between (2.21) and (2.30)-(2.31) it is found that the non zero supersymmetry generators are K^{(1)}_μ = −i g_{μν} ξ^ν, S^{(1)}_{μν} = g_{μν} , (2.45)

and the relation (2.34) is satisfied for all of them. Moreover one has that

K^{(1)}_{μ; α} = g_{μν, α} ξ^ν − g_{λν} Γ^λ_{μα}ξ^ν = g_{μλ}Γ^λ_{να}ξ^ν,

where in the last the equality it has been used that g_{μν; α} = 0. With the use of the last formula it is immediate that (2.36) is satisfied. In addition the left hand side of (2.38) is zero and by using the first (2.45) the right hand side vanish by the first Bianchi identity R_{μ[ναβ]} = 0. Thus the supersymmetry transformations (2.45) are solutions of the equations (2.34)-(2.38), which gives an interesting consistency check. The conserved quantity related to the supersymmetry (2.21) is obtained from (2.32), the resulting Noether charge

Q = p_μξ^μ, (2.46)

is known as the supercharge.

One may consider, in addition to the above examples, symmetries which mimics the supersymmetry property of mixing bosonic and fermionic coordinates. A natural ansatz for these symmetries is δx^μ = −iϵ f^μ_a (x) ξ^a. (2.47)

If the 1-forms f^μ_a are an n-bein e^μ_a basis for the metric, then the previous formula will represent a true supersymmetry (2.21). Otherwise it will be a new type of symmetry, whose composition does not necessarily close to the Hamiltonian. For this reason these are known as exotic supersymmetries. By comparing (2.30)-(2.31) with (2.47) and taking into account (2.34) the following generator are obtained

K^{(1)}_μ = −i g_{μν} f^ν_a (x) e^a_α ξ^α, S^{(1)}_{μα} = g_{μν} f^ν_a (x) e^a_α. (2.48)

In these terms the equation (2.36) is equivalent to

D_μf^a_ν + D_ν f^a_μ = 0. (2.49)

On the other hand, these can not be the whole generators. If this were the case then the left hand side of the equation (2.38) will be zero, but the right hand side will not unless f^a_ν = e^a_ν . Thus, a non zero K^{(0)} generator is present, and should be of the form

K^{(0)} = i c_{abc} ξ^aξ^bξ^c, (2.50)

as the cubic dependence in ξ^a follows by noticing that the right hand of (2.38) is multiplied by a quadratic expression in the ξ^a variables and the generator K^{(1)}_μ in (2.48) is linear in the Grassmann variables. With this new generator the equation (2.38) turns to be equivalent to D_μc_{abc} = − R_{μνab}f^ν_c − R_{μνbc}f^ν_a − R_{μνca}f^ν_b . (2.51) In these terms the new symmetry transformations are

δ_f x^μ = −i ϵ f^μ_a (x) ξ^a, (2.52) δ_f ξ^μ = ϵ f^μ_a (x) e^a_ν ẋ^ν + ϵ c_{μνα} ξ^νξ^α. (2.53) A further simplification is obtained with the requirement that the transformations δ_f anticommute with the supersymmetry transformation δ_s {δ_f , δ_s} = 0. (2.54) Such transformations are called superinvariant and the equation (2.54) imply that f^a_μ e_{νa} + f^a_ν e_{μa} = 0. (2.55) The last equation means that the tensor f_{μν} = f^a_μ e_{νa} is completely antisymmetric. The equations (2.49) are in this case equivalent to the following one f_{μν;λ} + f_{λν;μ} = 0. (2.56) Tensors satisfying (2.56) are known as Killing-Yano tensors. In brief, Killing-Yano tensors generate superinvariant exotic supersymmetries. By taking into account (2.56) and the complete antisymmetry of f_{μν} it follows that the gradient f_{μν;λ} = 1 3 (f_{μν;λ} + f_{νλ;μ} + f_{λμ;ν} ) = H_{μνλ}, is completely antisymmetric and thus it defines a three form H_{μνλ}. By taking the second covariant derivative of the last equation together with the Ricci identity and the antisymmetry of f_{μν} gives that H_{μνλ;κ} = 1 2 ( R^σ_{μνκ}f_{σλ} + R^σ_{νλκ} f_{σμ} + R^σ_{λμκ} f_{σν} ) . (2.57) By comparison of (2.57) with (2.51) one get the following identification c_{abc} = −2H_{abc} = −2e^μ_a e^ν_b e^λ_c H_{μνλ}. (2.58) In conclusion, the most general supersymmetry like symmetries of the form (2.47) are obtained by the generators of the form (2.52)-(2.53) and if these symmetries are superinvariants in the sense of (2.54) then these symmetries are completely determined in terms of Killing-Yano tensors of second rank, which are antisymmetric tensors satisfying (2.56). In these terms the exotic supersymmetry is defined by the formulas (2.54),(2.55) and (2.58) [48]-[49].

2.5 Squares of exotic symmetries

In the hamiltonian formalism, where the fundamental brackets are (2.41)-(2.42), the action of symmetry transformation over a function of the super phase space F (x, p, ξ) is given as δF = i{F, Q_s}ϵ, (2.59) Q_s being the conserved constant of motion. In particular, it can be checked that (2.30)-(2.31) is direct consequence of (2.59) together with the definition of the supercharge (2.46) and the fundamental Poisson bracket (2.41)-(2.42), which gives a consistency check. By using (2.42) it is seen that the supersymmetry generator Q satisfy {Q, Q} = −2 i H, (2.60) which is a well known feature of the supersymmetry transformations.

The discussion of the previous paragraph may be generalized as follows. When r symmetries transformations δ_i with i = 1, .., r are present, then there exist r conserved supercharges Q_i defined by (2.32). Let us denote as Z_{ij} the following Poisson bracket

{Q_i, Q_j } = −2 i Z_{ij}. (2.61)

The time derivative of this quantity is dZ_{ij} dτ = {H, Z_{ij}} = −2 i {H, {Q_i, Q_j }} == −2 i {Q_j , {H, Q_i}} − 2 i {Q_i, {Q_j, H}} = 0, (2.62) where in the last step the Jacobi identity together with the fact that {Q_i, H} = 0 had been used. The quantity Z_{ij} is the ”charge” corresponding to the transformation δ_{ij} = {δ_i, δ_j } and the relation (2.62) imply that δ_{ij} is a symmetry transformation as well. In particular, if the symmetries δ_i are exotic supersymmetries of the form (2.52)-(2.53) then

δ_{ij} x^α = K^{αμ}_{ij} ẋ_μ + i 2 I^α_{ijab} ξ^aξ^b, (2.63) δ_{ij} ξ^a = i I^{aμ}_{ijb} ẋ_μξ^b − G^a_{ijbcd} ξ^bξ^cξ^d, (2.64) the new quantities being defined as K^{μν}_{ij} = K^{νμ}_{ij} = 1 2 ( f^μ_{ia}f^{νa}_j + f^μ_{j a}f^{νa}_i ) , I^μ_{ijab} = ( f^ν_{i b}D_ν f^μ_{j a} + f^ν_{j b}D_ν f^μ_{i a} + 1 2 f^{μc}_i c_{j abc} + 1 2 f^{μc}_j c_{i abc} ) , (2.65) G_{ijabcd} = ( R_{μνab}f^μ_{ic}f^ν_{jd} + 1 2 c^e_{i ab}c_{jcde} ) . The Killing Yano equations (2.34)-(2.38) for f^ν_{jd} and c_{abc} imply the following relations for the new quantities [48]-[49] K_{(μν;λ)} = 0, D_{(μ}I_{ν)ab} = R_{ab(μ}K_{ν)}, (2.66) D_μG_{abcd} = R_{λμ[ab}I^λ_{cd]}. Note that the first (2.66) shows that the entries of the matrix K_{ijμν;λ} are all Killing tensors. This result is well know, the ”square” of two Killing-Yano tensors gives a Killing tensor, a result which was obtained in General Relativity in [8]. Furthermore, it can be shown by taking into account (2.56) that this Killing tensor satisfies the integrability condition (2.16) and therefore give rise to a symmetry which is free of anomalies, a result that was anticipated by Carter in [9], [10].

3. Conformal generalizations of Killing and Killing-Yano tensors

The relations described above between Killing and Killing-Yano tensors can be generalized to tensors of higher order, and to conformal generalizations [68]. The conformal generalization of a Killing vector is a vector field K which satisfy L_K g_{μν} = λg_{μν} , with λ being a constant. This are vectors with a flow preserving a given conformal class of metrics. Clearly, when λ is zero we recover the usual definition of a Killing vector. Similarly a conformal Killing tensor is ∇_{(ν} K_{μ1...μn)} = g_{ν(μ1} ~K_{μ2...μn)}, (3.67) with ~K_{μ2..μn} is the tensor defined by taking the trace on both sides.

Killing-Yano tensors also admit a generalization to orders higher than two, and conformal generalizations [3]-[4]. To see this one may note that the equation (2.56) defining Killing-Yano tensors may be rewritten as ∇_X f = 1 p + 1 i_X df, (3.68)

with p = 2 and X an arbitrary vector field. For an arbitrary p-form we will say that is Killing- Yano if (3.68) is satisfied. The conformal generalization are known as conformal Killing-Yano tensors f and are defined by the following equation [3]-[4]

∇_X f = 1 p + 1 i_X df − 1 n − p + 1 X^♭ ∧ d^∗f. (3.69)

Here X^♭ is the dual 1-form to the vector field X and the operation d^∗f = (−1)^p ∗^{−1} d ∗ f has been introduced, in which

∗^{−1} = ϵ_p∗, ϵ_p = (−1)^p det g | det g| . Note that if d^∗f = 0 the CKY tensor reduces to a usual KY tensor. In terms of two CKY tensors of the same order one may construct a symmetric two tensor

K_{μν} = (f^1)_{μμ1..μn} (f^2)^{μ1..μn}_ν , (3.70)

which by virtue of (3.68) is a conformal Killing tensor. In particular if the f^i are Killing-Yano then (3.70) will be Killing, and this generalize the fact indicated in (2.66) and found in [9]. A particular case exploited in the literature are principal conformal Killing-Yano tensors for p = 2. This are closed, i.e, df = 0 and non degenerate and satisfy the equation

∇_X f = X^♭ ∧ ξ^♭, ξ_ν = 1 n − 1 ∇_μf^μ_ν . (3.71)

The vector ξ_μ satisfy the following equation

ξ_{(μ;ν)} = − 1 n − 2 R_{λ(μ}f^λ_{ν)}, and it follows that for Ricci-flat or Einstein space this vector will be Killing. These tensors were considered in [20] and it was proved in that reference that any space admitting a conformal and principal Killing-Yano tensor of order two is of type D in the classification of [19]. Furthermore, when the Einstein equations are imposed, these metrics become the Kerr-Taub-Ads family [22]. Higher dimensional Killing-Yano tensors were considered in the context of black holes physics in [69].

3.1 Quantum symmetries from Killing-Yano tensors

In view of the results discussed in previous sections, Killing-Yano tensors are more fundamental than Killing tensors as they generate true symmetries for the movement of the free particle in a given curved background. In other words, they generate operators which commute with the wave operator on the curved background. An additional property, which makes them specially interesting, is that they also generate operators which commute with the Dirac operator for the given background, thus they generate quantum symmetries for spin 1/2 particles moving in the space time [41]-[44] (see also [76]). Recall that the standard Dirac operator on a curved background is defined as D = e^a∇_{Xa} , (3.72) with e^a a tetrad basis for the metric g_{ab} of the background

e^ae^b + e^be^a = g^{ab}.

In these terms one may construct the following operators acting on spinors

D_f = L_f + (−1)^pfD, (3.73)

with L_f = e^af∇_Xa + p p + 1 df + n − p n − p + 1 d^∗f, being an operator constructed in terms of a p-form whose components are f_{μ1...μp} . The graded commutator {D, D_f } = DD_f + (−1)^pD_f D, calculated between the operators (3.73) and (3.72) is given by {D, D_f } = RD, R = 2(−1)^p n − p + 1 d^∗fD. (3.74)

For a Killing-Yano tensor one has that d^∗f = 0 and thus R = 0. This means that there exist operator for which the graded commutator with the Dirac operator is zero for every Killing- Yano tensor the background admits. These properties were extensively studied for instance in [42].

4. Killing-Yano tensors in string and superstring backgrounds

4.1 Hidden symmetries for the bosonic string

As Killing and Killing-Yano tensors are generators for hidden symmetries for the particle and superparticle one may ask if there exist the analogous structures for the movement of a Polyakov string in a given background. As is well known, the Polyakov action for the string is constructed as follows. Consider a D-dimensional space time M with metric g_{μν} a two dimensional worldsheet Σ parameterized by coordinates (σ^1, σ^2), and suppose that there is an embedding ϕ from ϕ : Σ → M such that x^μ = x^μ(σ_i). The Polyakov action is then expressed as

S_p = T ∫ d^2Σ √ hh^{ab}g_{μν} ∂_ax^μ∂_bx^ν , (4.75)

where h_{ab} is a metric in the two dimensional worldsheet Σ. It can be seen that by use of the equation of motion of h^{ab} and replacing the result into (4.75) one obtains the Nambu-Goto string. If we denote σ^1 = τ, σ^2 = σ, ẋ^μ = ∂_τ x^μ and x^{′μ} = ∂_σx^μ then the Nambu-Goto action reads S_{NG} = −T ∫ d^2Σ √ (g_{μν}ẋ^μx^{′ν} )^2 − (g_{μν}ẋ^μẋ^ν )(g_{μν} x^{′μ}x^{′ν} ). (4.76)

The Polyakov action (4.75) is invariant under diffeomorphisms and Weyl transformations h^{ab} → Ω^2h^{ab}. The fields of the theory are the bosonic coordinates x^μ and the three components h^{ab} of the Riemann surface metric, which depends functionally on the two coordinates (σ^1, σ^2) parameterizing the surface.

In order to find the general symmetries for the Polyakov action one should consider a variation δσ and δτ and field variations δh^{ab} and δx^μ of the bosonic fields defined at the same point. The total variation of the bosonic fields is

Δh^{ab} = δh^{ab} + ∂_ih^{ab}δσ^i, Δx^μ = δx^μ + ∂_ix^μδσ^i. (4.77)

The variation of the action (4.75) with respect to (4.77) inside a region R is given by δS = ∫ R d^2Σ {[ δL δx^μ − ∂_a ( δL δ(∂_ax^μ) )] δx^μ + δL δh^{ab} δh^{ab} } (4.78)

+ ∫ R d^2Σ ∂_a ( δL δ(∂_ax^μ) δx^μ + Lδσ^a ) . Explicitly this variation is δS = ∫ R d^2Σ [ 2 √ hh^{ab}g_{νκ,μ}∂_ax^ν ∂_bx^κ − ∂_a (√ hh^{ab}g_{μκ}∂_bx^ν )] δx^μ + ∫ R d^2Σ √ h(g_{νκ}∂_ax^ν ∂_bx^κ − 1 2 h_{ab}h^{cd}g_{νκ}∂_cx^ν ∂_dx^κ) δh^{ab} (4.79) + ∫ R d^2Σ ∂_a (√ hh^{ab}g_{νκ}∂_bx^κΔx^ν ) . The Euler lagrange equations are obtained by considering variations that vanish on the boundary ∂R of the region R. For Riemann surfaces in 0 genus one may brought h_{ab} to a diagonal metric η_{ab} by a conformal transformation. The equations of motion then are

η^{ab}∂_a∂_bx^ν + η^{ab}Γ^κ_{μν} ∂_ax^μ∂_bx^ν = 0, (4.80)

which generalize the geodesic equation for a two dimensional motion. Alternatively, the last system of equations may be expressed as

η^{11} Dẋ^μ Dτ + η^{22} Dx^{′μ} Dσ = 0, (4.81) and the conformal constraints reduce to

g_{νκ}(ẋ^ν x^{′κ} + x^{′ν}ẋ^κ) = 0,

η^{11}g_{νκ}ẋ^νẋ^κ + η^{22}g_{νκ}x^{′ν} x^{′κ} = 0. (4.82)

If instead one consider coordinate dependent variations δx^μ = K^μ which do not vanish on the boundary and which leave the action invariant, then the vanishing of the variation (4.79) together with the equations of motion (4.81) imply that

η^{11}∂_τ (ẋ^μK_μ) + η^{22}∂_σ (x^{′μ}K_μ) = 0.

By use of the equation of motions (4.81) the last formula reduce to

η^{11}ẋ^νẋ^μ∇_{(ν} K_{μ)} + η^{22}x^{′ν} x^{′μ}∇_{(ν} K_{μ)} = 0. (4.83)

By comparing this with the second (4.82) it follows directly the following solution of this equation ∇_{(ν} K_{μ)} = λg_{μν} , (4.84)

λ being an arbitrary constant. For λ = 0 the vector K_μ is Killing, otherwise it is a conformal Killing vector. Thus conformal Killing vectors generate constants of motion for the Nambu- Goto string.

In order to search for generalizations of Killing tensors for the Polyakov string one may postulate a symmetry transformation which depends also on the world sheet derivatives of the background coordinates, that is, δx^μ = K^μ(x, ·x, x^′). Then by performing a Taylor like expansion of the form δx^μ = K^μ + K^μ_{να}ẋ^ν x^{′α} + ... (4.85)

the vanishing of the action (4.79) gives the following system to solve

η^{11}∂_τ (ẋ^μẋ^ν x^{′α}K_{μνα}) + η^{22}∂_σ (x^{′μ}ẋ^ν x^{′α}K_{μνα}) = 0.

Unfortunately, we find very difficult to solve this system. Recall that the main task is to find a geometrical object which give rise to a conserved quantity for any solution of the equation of motions. But we have found that, due to the mixing of derivatives in τ and σ, in order to have a conserved quantity one should impose additional conditions on the equations of motion. This failure suggest that in order to find a hidden symmetry for an string movement, one should partially specify the way that the string evolves. For instance, one may be studying an spinning or a rotating string, or other similar configurations like a wound string, and after specifying this behavior one may search for hidden symmetries. A simple example of this is to consider the Nambu-Goto string (4.76) which can be rewritten as S = ∫ σ d^2Σ √ − det(g_{μν} ∂_ax^μ∂_bx^ν ). (4.86)

If the background metric g_{μν} admits a globally defined Killing vector field V then one may rewrite the induced metric ĝ_{μν} on M/G, with G the orbits of the Killing vector, as follows ĝ_{μν} = g_{μν} − ξ^μξ^ν g_{00}

. (4.87)

If additionally the string world surface is foliated by the orbits G of the Killing vector [63] then the Nambu-Goto action reduce to S = ∫_{σ1} σ_0 ( 1 N ~g_{μν} (x)x^{′μ}x^{′ν} + N ) dσ (4.88)

where we have defined a lapse function N which under a reparameterization σ^′ = σ^′(σ) transforms as N → N^′ = dσ dσ^′ N (4.89)

in order to insure the action (4.88) to be invariant under reparameterizations. Here we have denoted ~g_{μν} = g_{00}ĝ_{μν} . From here it follows that when the string world surface is foliated by the orbits of a Killing vector then the action reduce to a one dimensional action with an effective metric ~g_{μν} = g_{00}ĝ_{μν} [63]. Clearly the Killing and Killing-Yano this metric admits will generate hidden symmetries for the motion, as in the particle case.

4.2 Hidden symmetries for the spinning string

Considerations analogous to the above hold for the movement of the spinning string, whose action in the conformal gauge is S = ∫ dσ^2 ( η^{ab}g_{μν} ∂_ax^μ∂_bx^ν + i 2 g_{μν} ξ^μρ^a Dξ^ν Dσ_a ) , (4.90)

and is supplemented with the vanishing on the worldsheet of the energy momentum tensor T_{ab}

T_{ab} = g_{μν} ∂_ax^μ∂_bx^ν + i 2 g_{μν} ψ^μρ^{(a} Dψ^ν Dσ^{b)} − η^{ab} 2 ( g_{μν} ∂_cx^μ∂^cx^ν + i 2 g_{μν} ψ^μρ^c Dψ^ν Dσ^c ) = 0 (4.91)

and the supercharge Q_a Q_a = 1 2 ρ^bρ^aψ_μD_ax^μ = 0. (4.92)

In presence of a Killing vector V^μ the induced metric on M/G is(4.87). A way to reduce the action to a particle one is to assume that the spinning string movement is foliated by the orbits of the Killing vector. Also the further requirement

V_μ∂_σx^μ = 0, £_V ψ^μ = 0 , (4.93)

ψ^μV_μ = g_{00}Υ, Υ being a constant spinor, implies the decomposition ψ^μ = ξ^μ +V^μΥ. Under these assumptions the action (4.90) reduce to S = IΔτ with I = ∫ dσ ( ~g_{μν}ẋ_μẋ_ν + i 2 ~g_{μν} ξ^μ Dξ^ν Dσ ) , with the dots denoting derivatives with respect to σ [64]. The last expression is equivalent to (2.20) with the induced metric ~g_{μν} . We have then reproduced the particle limit of the spinning string found in [64] and the Killing-Yano tensors the induced metric admits will generate hidden symmetries for the motion of this configuration of the spinning string.

5. Killing-Yano tensors and G-structures

Our next task is to investigate the presence of Killing-Yano tensors in G structures. These structures play an important role for constructing supergravity solutions and appear naturally when studying special holonomy manifolds. As is well known, the holonomy group of a metric g defined over an oriented n-dimensional manifold M may be SO(n) or a subgroup G ∈ SO(n). The possible holonomy subgroups were classified by Berger in [78]. The groups we will be concerned with are Spin(7), G_2, Sp(n), Sp(n) × Sp(1), U(n) and SU(n) and it turns out that metrics with these holonomy groups are always Einstein or Ricci flat. For the Ricci flat case, the reduction of the holonomy to G is equivalent to the presence of a set of p-forms, which will be denoted from now as σ^G_p , which are constructed in terms an n-bein basis e^a for g and each of which is invariant under the action of G and also covariantly constant with respect to the Levi-Civita connection. The situation is a bit different for the Einstein case, as we will see below.

To give an example, consider a 7-metric g_7 = δ_{an}e^b ⊗ e^b with e^a a 7-bein basis and a, b = 1, .., 7. Then the following three form

ϕ = c_{abc}e^a ∧ e^b ∧ e^c, (5.94)

constructed in terms of the multiplication constants c_{abc} of the imaginary octonions, is invariant under a G_2 rotation of the basis e^a. This follows from the fact that G_2 ∈ SO(7) is the automorphism group of the imaginary octonions. The set composed by the metric g_7 and the 3-form (5.94) is called a G_2 structure. In general s G structure is composed by a riemannian metric g together with a complete set of G invariant p-forms σ^G_p . For G = G_2 the additional condition ∇_X ϕ = 0 for an arbitrary vector field X implies that the parallel transport of the e^a around a closed loop will induce a rotation e^{′a} = R^a_b e^b which leaves ϕ invariant. Thus in this case the holonomy will be G_2 or a subgroup of G_2. The resulting equations are equivalent to the differential system dϕ = d ∗ ϕ = 0 [79]. Similar consideration follows for Ricci flat G structures. The condition ∇σ^G_p = 0 will imply that the holonomy is reduced to G or to a smaller subgroup.

An important tool for studying G holonomy manifolds is the torsion formalism, which is a method for studying obstructions for a metric g to be of G holonomy and was reviewed in [84]. The roots of this formalism dates, to the best of our knowledge, from the work [77] about hypercomplex structures, and it can briefly be described as follows. The Berger holonomy groups G are embedded in SO(n) and this imply algebra so(n) can be represented schematically as so(n) = g ⊕ g^⊥. For Ricci-flat holonomy groups, this induce the following decomposition of the Levi-Civita connection ∇ = ∇^g + ∇^{g⊥} = ∇^g + 1 2 T, (5.95)

the component ∇^g satisfying ∇_X σ^g_p = 0. The equality (5.95) can be taken as the definition of the torsion tensor T^i_{jk}, which corresponds to the component ∇^{g⊥} . When this tensor vanish identically the holonomy is G or a smaller subgroup, as the connection ∇^g will coincide with the Levi-Civita connection. Heuristically, the torsion measures the failure for the holonomy for being G.

The torsion T_{ijk} will play a significant role in the following discussion and it may be instructive to give an explicit example. Let us recall that in four dimensions the isomorphism SO(4) ≃ SU(2)_L × SU(2)_r induces the decomposition 6 → 3 + 3 of a Maxwell tensor F_{ab} into self-dual and anti-self dual components. Consider now the analogous for the group G = G_2 discussed above. An antisymmetric tensor A_{ab} transform as the adjoint of group SO(7), which has 21 generators, and the embedding of G_2 into SO(7) induce the decomposition 21 → 14 + 7 of A_{ab}, with 14 corresponding to the adjoint and 7 to the fundamental representation of G_2. This implies that A_{ab} can be decomposed as

A_{ab} = A^+_{ab} + A^−_{ab}, (5.96)

corresponding to 14 and 7 respectively. These components are explicitly

A^+_{ab} = 2 3 (A_{ab} + 1 4 c_{abcd}A_{cd}), (5.97) A^−_{ab} = 1 3 (A_{ab} − 1 2 c_{abcd}A_{cd}). (5.98) In particular, the spin connection ω_{ab} of a given 7-dimensional metric can be expressed as ω_{ab} = (ω_{ab})_+ + (ω_{ab})_− in the same way as (5.96). This induce a decomposition of the form (5.95) for the Levi-Civita connection, the torsion part being related to (ω_{ab})_−. When this component is zero, then the torsion will also vanish and the holonomy will be in G_2.

Although the torsion may be interpreted as an obstruction of the holonomy to be reduced, the following detail should be remarked. Even in the case when the forms σ^G_p corresponding to a G structure are not covariantly constant, it may be incorrect to conclude that the holonomy is not reduced. As there is a local SO(n) freedom for choosing the frame e^a, it may be the case that by a suitable rotation of the e^a one may construct a new G structure corresponding to the same metric and which, in addition, is covariantly constant. Thus the holonomy will be G although the initial structure was not preserved by the Levi-Civita connection. An useful criteria for deciding whether or not a given metric is of G holonomy is the fact that metrics with reduced holonomy are always Ricci flat or Einstein. This criteria is independent on the choice of the G structure.

In addition to the G_2 case discussed above, other well known example of Ricci flat manifolds of reduced holonomy are hyperkahler ones, which encode several non compact gravitational instantons and also K_3 surfaces. By definition a hyperkahler manifold is 4n dimensional and admits a metric g_{4n} whose holonomy group is in Sp(n). For these manifolds there always exist a triplet J_i (i=1,2,3) of (1, 1) tensors with quaternion multiplication rule J^iJ^j = δ_{ij} I + ϵ_{ijk}J^k such that the metric is hermitian with respect to any of them. The Lie algebra sp(n) of Sp(n) is generated by (1, 1) tensors A of so(4n) which commute with the J^i, i.e, satisfying [A, J_i] = 0. In other words the action of Sp(n) leave the tensors J_i invariant. The generalization of the discussion given in the previous paragraph implies that when

∇_X J^i = 0, (5.99)

the holonomy will be included in Sp(n). The last formula together with ∇_X g = 0 imply that the Sp(n) invariant 2-forms ω_i(X, Y ) = g(X, J^iY ) are also covariantly constant with respect to the Levi-Civita connection. These are known as Kahler forms, and this condition implies that the metric is Kahler with respect to any of the ω_i. It can be shown that this system is equivalent to dω_i = 0, and the ω_i together with the metric g_{4n} compose the Sp(n) structure.

For the Einstein case the classical examples are quaternion Kahler manifolds of dimension higher than four, which are 4n > 4 dimensional manifolds endowed with a metric g_{4n} whose holonomy is in Sp(n) × Sp(1) ∈ SO(4n) [81]-[82]. The set J_i together with the set A satisfying that [A, J_i] = 0 are the generators of the Lie algebra sp(n) ⊕ sp(1), and the action of Sp(n) leave the J^i invariant but the action of Sp(1) mix them due to the non trivial commutator [J^i, J^j ] = ϵ_{ijk}J^k. As a result if the condition

∇_X J^i = ϵ_{ijk}J^k ~ω^k_−, ∇_X ω_i = ϵ_{ijk}ω_j ~ω^k_−, (5.100)

then the manifold will have holonomy in Sp(n) × Sp(1). Here ~ω^k_− is the Sp(1) part of the connection. In different way than for hyperkahler manifolds, in the quaternionic case the triplet of 2-forms ω_i are not covariantly constant. Still their specific behaviour (5.100) imply a reduction of the holonomy from SO(4n) to Sp(n) × Sp(1). Alternatively it may be shown that the condition for being quaternion Kahler imply that

dω^i = ϵ_{ijk}ω^j ∧ ~ω^k_−, dΩ = 0, (5.101)

where the four form Ω = ω_1 ∧ ω_1 + ω_2 ∧ ω_2 + ω_3 ∧ ω_3 has been introduced. The Sp(n) × Sp(1) structure is composed by the metric, the three 2-forms ω_i and the four form Ω.

5.1 A check of the Papadopoulos list

The present subsection deals with the problem of classifying which G structures do admit some of their G invariant p-forms σ^G_p as a Killing-Yano tensors. This was investigated already in [75] with G being the Berger groups. The purpose of the present section is to reproduce by use of the torsion languages developed in [84]-[94]. The Killing-Yano condition (3.68) is translated for σ^G_p as

∇_X σ^g_p = 1 p + 1 i_X dσ^g_p . (5.102)

All the forms σ^g_p composing a Ricci flat structure are Killing-Yano, as both the left and the right hand side vanish identically. Our task is to find non trivial examples. The left hand side of the last equation involves the torsion T^i_{jk} introduced (5.95). The right hand is also determined in terms of T^k_{ij} by the well known formula

dΛ = 1 (p − 1)! ∇_{[μ1} Λ_{μ2...μp]}dx^1 ∧ ... ∧ dx^p, (5.103) together with (5.95). Therefore the Killing-Yano equation is essentially reduced to a constraint for the torsion. The interesting point is that several solutions for these constraints involve structures which are relevant for constructing supergravity solutions with conformal field theory duals. The task to find hidden symmetries in these structures is therefore of theoretical interest.

5.1.1 Kahler and Calabi-Yau structures

Consider first U(n) structures, which are defined in d = 2n dimensions [88]. These are composed by a 2n-dimensional metric g defined over a manifold M_{2n} and an almost complex structure J. The last is an automorphism of the cotangent space satisfying the complex imaginary unit multiplication rule J^2 = −I_{2n×2n}, and the metric g is assumed to be hermitian with respect to it. The hermiticity condition means that the tensor ω(X, Y ) = g(X, J, Y ) is a two form, commonly known as almost kahler form. The Nijenhuis tensor corresponding to J may be expressed as N^ρ_{μν} = J^λ_μ (∂_λJ^ρ_ν − ∂_ν J^ρ_λ ) − J^λ_ν (∂_λJ^ρ_μ − ∂_μJ^ρ_λ ), (5.104) and the vanishing of this tensor implies that M_{2n} is complex with respect to J. If in addition there exists a connection ∇^{u(n)} with torsion for which ∇^{u(n)}g = ∇^{u(n)}J = 0 then the Nijenhuis tensor may be expressed entirely in terms of J and the torsion. This condition is explicitly

∇^{u(n)}_μ J^ρ_ν = ∂_μJ^ρ_ν + γ^ρ_{λμ}J^λ_ν − γ^λ_{νμ}J^ρ_λ = 0, (5.105)

with γ^ρ_{μν} defined in terms of the Christoffel symbols Γ^ρ_{μν} and the torsion T^ρ_{μν} as follows

γ^ρ_{μν} = Γ^ρ_{μν} − 1 2 T^ρ_{μν} . (5.106)

From (5.105)-(5.106) it follows that (5.104) can be expressed as

N^ρ_{μν} = T^ρ_{μν} − J^λ_μ J^σ_ν T^ρ_{λσ} + (J^λ_μ T^σ_{λν} − J^λ_ν T^σ_{λμ})J^σ_ρ , (5.107)

which express the Nijenhuis tensor entirely in terms of the torsion and the almost complex structure. The decomposition so(2n) = u(n) ⊕ u(n)^⊥ induce a decomposition of the space Λ^2 of two forms on M_{2n} as 1 2 m(m − 1) −→ m^2 ⊕ 1 2 m(m − 1) ⊕ 1 2 m(m − 1). (5.108)

This can be expressed as Λ^2 = Λ^{(1,1)} ⊕ Λ^{(2,0)+(0,2)}. Denote as Υ_{ijk} the following covariant derivatives ∇_iω_{jk} = Υ_{i,jk}. (5.109) The torsion belongs to T^∗M ⊗ u(n)^⊥ and by representing the cotangent space as T^∗M = T^{∗(1,0)}M ⊕ T^{∗(0,1)}M and taking into account (5.108) it follows that the non zero covariant derivatives are Υ_{α,βγ} , Υ_{α,βγ} , Υ_{α,βγ} , Υ_{α,βγ} . (5.110) These components can be divided into four irreducible representations W_i with i = 1, .., 4 of T^∗M ⊗ u(n)^⊥ on u(n) given by^3

(W_1)_{αβγ} = Υ_{[α,βγ]}, (W_2)_{αβγ} = Υ_{α,βγ} − Υ_{[α,βγ]}

(W_3)_{αβγ} = Υ_{α,βγ} − 2 m − 1 Υ_μ,^μ_{[γ} g_{β]α}, (W_4)_γ = Υ_μ,^μ_γ . (5.111)

The last component W_4 is traceless.

For SU(n) structures one has, in addition to the Kahler form ω, an invariant (n, 0) form Ω whose square is proportional to the volume form of g namely

(−1)^{m(m−1)2} ( i 2 )_n Ω ∧ Ω = 1 n! ω^n = dvol(g). (5.112)

The additional covariant derivative

∇_αΩ_{βγδρ} = (W_5)_{αβγδρ}, (5.113)

determines a new class W_5.

3Useful formulas for physicist related to these structures can be found in [83] and references therein.

The case SU(3) is of particular importance in the context of compactifications of II supergravity down to four dimensions. These structures are classified as follows. As the components of the Nijenhuis tensor are expressed in terms W_1 and W_2 if these torsion components are zero the manifold is complex. Particular subcases are structures for which the unique non vanishing classes are W_3 and W_5 which are known as balanced. When W_3 is the unique non vanishing torsion the structure is known as special hermitian, when W_5 is the only non vanishing component the structure is Kahler. Another important examples are those for which ∂∂J = 0 and dJ ≠ 0 which are known as strong Kahler structures. If instead W_1 or W_2 are not zero, then the manifold is non complex. When W_1 is the unique non zero component the manifold is known as nearly kahler. When W_2 is the unique non zero component then the manifold is known as almost Kahler. Finally when the torsion belongs to W^−_1 ⊕ W^−_2 ⊕ W_3 the manifold is known as half flat.

The torsion classes W_i not only determine the covariant derivatives of ω(X, Y ) and of Ω, but also their differentials dω and dΩ [93]. This follows from the elementary formula (5.103) and the final result for SU(n) structures may be schematically stated as

W_1 ←→ dω^{(3,0)} + dω^{(0,3)},

W_3 + W_4 ←→ dω^{(2,1)} + dω^{(1,2)},

W_1 + W_2 ←→ dΩ^{(n−1,2)} + dΩ^{(2,n−1)}, (5.114)

W_4 + W_5 ←→ dΩ^{(n,1)} + dΩ^{(1,n)}

For example, the first (5.114) is explicitly

dω^{(3,0)} + dω^{(0,3)} = 3W_1. (5.115)

By comparing this formula with the first (5.111) it follows easily that when W_2 = W_3 = W_4 = W_5 = 0 one has that ∇_X ω = 1 3 i_X dω, (5.116)

and this implies that for these types of manifolds the almost Kahler form ω is a Killing-Yano tensor. As it was discussed above, structures with this types of torsion are nearly Kahler [85]. These manifolds are characterized by the condition ∇_X J(X) = 0 and some applications in physics can be found in [95]-[97]. Additionally the last (5.114) together with the definition (5.113) shows that when W_4 = W_5 = 0 the components Ω^{(n,1)} and Ω^{(1,n)} are covariantly constant, thus Killing-Yano. These structures are balanced and hermitian.

5.1.2 Quaternion Kahler and hyperkahler structures

The next structures to consider are Sp(n) × Sp(1) ones, which are known as quaternion kahler. In this case the p-forms defining the structure are the triplet of almost kahler 2-forms ω_i together with the 4-form Ω = ω_1 ∧ ω_1 + ω_2 ∧ ω_2 + ω_3 ∧ ω_3. (5.117)

For this type of structure there exist an useful formula derived in the proposition 4.3 of the reference [89] which relate the covariant derivatives of the almost kahler forms ω_i with their differentials. The explicit form of this formula is

∇_X ω_1(Y, Z) = dω_1(X, Y, Z) − dω_1(X, J^1Y, J^1Z) + dω_2(J^2X, Y, Z) + dω_2(J^2X, J^1Y, Z)

+dω_2(J^2X, Y, J^1Z) + dω_3(J^2X, Y, Z) − dω_3(J^2X, J^1Y, J^1Z), (5.118) and the analogous formula holds for cyclic permuted indices. Clearly, if ω_1 is required to be Killing-Yano then (5.102) implies that dω_2 = dω_3 = 0. Furthermore dω_1(X, J^1Y, J^1Z) = 0 and thus dω_1(X, Y, Z) will also vanish, as the map J_i does not have kernel. The same reasoning follows for ω_2 and ω_3, thus these forms are also closed. Therefore if these forms are Killing- Yano then the metric is hyperkahler and the holonomy is Sp(n) or a subgroup. In addition the covariant derivatives of the four form (5.117) can be calculated by direct use of (5.118), the result is given in the formula (5.1) of the reference [90]

∇Ω = 2ϵ_{ijk}α_{[kj]} ∧ ω_i. (5.119)

In (5.119) the tensor α_{kj} is defined as α_{kj}(X, Y, Z) = α_k(X, J^jY, Z), (5.120) with α_i = −λ_i ⊗ g + ϵ_{ijk} 4 ( ∇ω_k(·, J^j·, ·) − ∇ω_k(·, ·, J^j·) ) . In the last formula the 1-forms λ_i are defined as

λ_1(X) = 1 2n < ∇_X ω_2, ω_3 >,

up to cyclic permutations. We see from (5.119) Ω is a Killing-Yano tensor when Ω is covariantly constant in general. Thus the metric is quaternion Kahler in a generic case.

5.1.3 Spin(7) structures Other examples with physical interest are the Spin(7) structures [92]. In this case the manifold is eight-dimensional with metric g_8 = δ_{ab}e^a ⊗ e^b. The holonomy is in Spin(7) if the following octonionic form Φ = e^8 ∧ ϕ + ∗_7ϕ, (5.121) is closed. Here ϕ = c_{abc}e^a ∧ e^b ∧ e^c and c_{abc} are the multiplication constants of the imaginary octonions. This form satisfy the self duality condition ∗Φ = Φ. In addition we have that

dΦ = θ ∧ Φ + W_1, (5.122)

that is the differential of Φ has a part which is proportional to Φ and a part W_1 which is not. The form θ is known as the Lee form. The covariant derivative of the fundamental four form is ∇_mΦ_{ijkl} = T_{mip}g^{pq}Φ_{qjkl} + T_{mjp}g^{pq}Φ_{iqkl} + T_{mkp}g^{pq}Φ_{jiql} + T_{mlp}g^{pq}Φ_{jklq}, (5.123) with T given by T = − ∗ dΦ − 7 6 ∗ (θ ∧ Φ) (5.124) By checking explicitly the condition (5.102) in this situation we were able to find a solution only when dΦ = ∇Φ = 0 and the manifold has holonomy in Spin(7).

5.1.4 G_2 structures

Let us consider what happens for a G_2 structure (ϕ, ∗ϕ) [86], [91]. In this case, one may find non trivial Killing-Yano tensors, as it will be seen below. The torsion classes τ_i for the differential are given by [93] dϕ = τ_0 ∗ ϕ + 3τ_1 ∧ ϕ + ∗τ_2, (5.125)

d ∗ ϕ = 4τ_1 ∧ ∗ϕ + ∗τ_3.

When the torsion classes vanish the holonomy will be G_2 or a subgroup of G_2. The covariant derivative of the three form can be expressed as [94] ∇_lϕ_{abc} = T_{lm}g^{mn}(∗ϕ)_{nabc} (5.126) with the torsion tensor given by T_{lm} = τ_0 4 g_{lm} − (τ_3)_{lm} + (τ_1)_{lm} − (τ_2)_{lm}. (5.127)

The Killing-Yano condition 4∇_X ϕ = i_X dϕ implies i_X ∇_X ϕ = 0. This together with (5.126)- (5.127) shows that for ϕ being a Killing-Yano tensor only a non zero τ_0 component is allowed. These structures are known as nearly parallel. Thus for every nearly parallel G_2 structure the octonionic three form ϕ is a non trivial Killing-Yano tensor of order three.

5.2 Further examples

5.2.1 Almost contact structures

The calculations performed above show the validity of the Papadopoulos list for Killing-Yano tensors in G structures of the Berger type. Below we will be focused on cases which are not of this type, and which do not appear in the Papadopoulos list. Such is the case for the almost contact structures.

Almost contact structures are defined in d = 2n + 1 dimensions and are intimately ligated to almost Kahler structures in dimension d = 2n + 2. In fact the cone of an almost contact structure defines an almost Kahler structure and when the structure is Kahler the almost contact structure is known as sasakian. Sasakian structures are reviewed for instance in [98]- [103]. When the Kahler cone metric is Ricci flat, thus Calabi-Yau, then the odd dimensional metric is known as Einstein-Sasaki.

In formal terms, an almost contact structure is a U(n) × 1 ∈ SO(2n + 1) structure. It is composed by a metric g_{2n+1} defined over a space M_{2n+1} together with a selected vector field ξ ∈ T M_{2n+1} whose dual form will be denoted as η ∈ T^∗M_{2n+1}, and a morphism ϕ : T M_{2n+1} → T M_{2n+1} satisfying the conditions g_{2n+1}(ϕX, ϕY ) = g_{2n+1}(X, Y ) − η(X)η(Y ), ϕ^2 = −I + η ⊗ ξ. (5.128)

The fundamental form for this structure is Φ = g_{2n+1}(X, ϕY ). The cone over an almost contact structure g_{2n+2} = dr^2 + r^2g_{2n+1}, (5.129) is defined over M_{2n+2} = R_{>0} × M_{2n+1} and admits an almost complex structure J over M_{2n+2} described by the following actions J∂_r = − 1 r ξ, JX = ϕX + rη(X)∂_r. (5.130) By decomposing a vector field ~X ∈ R_{>0} × M_{2n+1} into a radial and angular part as ~X = (a, X), it is found from (5.128) and (5.130) that the action of the almost complex structure over ~X is J(a, X) = (rη(X), ϕX − a r ξ). (5.131)

The lifted Levi-Civita connection ~∇ over the cone is defined through ~∇_{∂r} ∂_r = 0, ~∇_X ∂_r = ~∇_{∂r} X = X r ~∇_X Y = ∇_X Y − rg(X, Y )∂_r. (5.132) Here ∇ is the Levi-Civita connection for the metric g_{2n+1} of the almost contact structure. From (5.132) and (5.130) it is deduced that (~∇_{∂r} J)∂_r = (0, 0), (~∇_{∂r} )X = (0, 0),

(∇_X J)∂_r = (0, 1 r (−∇_X ξ + ϕX)) (5.133) (~∇_X J)Y = (r∇_X η(Y ) − rg_{2n+1}(X, ϕY ), (∇_X ϕ)Y − g_{2n+1}(X, Y )ξ + η(Y )X). The Kahler condition is equivalent to the vanishing of the all the covariant derivatives (5.133) and this holds when ∇_X ξ = ϕX ∇_X η(Y ) = g_{2n+1}(X, ϕY ), (5.134) (∇_X ϕ)Y = g_{2n+1}(X, Y )ξ − η(Y )X. The last three conditions define a Sasakian structure. Alternatively the second (5.134) implies that ξ is Killing and the first and the third ones may combined to obtain that ∇_X (dξ^∗) = −2X^∗ ∧ ξ^∗. (5.135) This equation imply in particular that d^∗dξ^∗ = (n − 1)ξ^∗ and taking this into account it follows that (5.135) can be expressed in the following manner

∇_X (dξ^∗) = − 1 n − 1 X^∗ ∧ d^∗dξ^∗. (5.136)

As dξ^∗ the last equation shows that dξ^∗ is a conformal Killing tensor [128]. This, together with the fact that ξ^∗ is also a conformal Killing 1-form, implies that the combinations ω_k = η ∧ (dη)^k, (5.137) are all Killing tensors of order 2k + 1 [128].

There exist other almost contact structures, different from Sasaki ones, and which also admit Killing-Yano tensors. Generic almost contact structures are characterized by the irreducible components of the covariant derivative ∇Φ of the fundamental form [105]-[106]. In representation theoretical terms this derivative belongs to T^∗M ⊗ u(n)^⊥. One may decompose the cotangent space as T^∗M = Rη + η^⊥, (5.138) from where it follows that so(2n + 1) ≃ Λ^2T^∗M = Λ^2η^⊥ + η^⊥ ∧ Rη (5.139) = u(n) + u(n)^⊥_{|ξ}⊥ + η^⊥ ∧ Rη. From (5.139) it is obtained that u(n)^⊥ = u(n)^⊥_{|ξ}⊥ + η^⊥ ∧ Rη. (5.140) Therefore the covariant derivative ∇Φ belongs to ∇Φ ∈ T^∗M ⊗ u(n)^⊥ = η^⊥ ⊗ u(n)^⊥_{|ξ}⊥ + η ⊗ u(n)^⊥_{|ξ}⊥ (5.141) +η^⊥ ⊗ η^⊥ ∧ η + η ⊗ η^⊥ ∧ η. The respective components are ∇_iϕ_{jk}, ∇_mϕ_{jk}, ∇_iϕ_{mk}, ∇_mϕ_{mk}. (5.142) with the indices i, j, k corresponding to the η^⊥ directions and m to the η direction. But these components are not irreducible, and in fact it was shown in [105]-[106] that there is a further decomposition into 12 irreducible classes given schematically as η^⊥ ⊗ u(n)^⊥_{|ξ}⊥ = C_1 + C_2 + C_3 + C_4 η^⊥ ⊗ η^⊥ ∧ η = C_5 + C_6 + C_7 + C_8 + C_9 + C_{10}

η ⊗ u(n)^⊥_{|ξ}⊥ = C_{11}, η ⊗ η^⊥ ∧ η = C_{12}. (5.143) More precisely, the space C(V ) of 3-three tensors with the same symmetries of ∇Φ is C(V ) = {T ∈ ⊗_3V | T (x, y, z) = −T (x, z, y) = −T (x, ϕy, ϕz) + η(y)T (x, ξ, z) + η(z)T (x, y, ξ)}, and can be decomposed as C(V ) = 12⨁ i=1 C_i(V ) with the irreducible components C_i(V ) given by C_1(V ) = {T ∈ C(V ) | T (x, x, y) = −T (x, y, ξ) = 0} C_2(V ) = {T ∈ C(V ) | T (x, y, z) + T (y, z, x) + T (z, x, y) = 0, T (x, y, ξ) = 0} C_3(V ) = {T ∈ ⊗_3V | T (x, y, z) = T (ϕx, ϕy, z), ∑ c_{12}T (x) = 0} C_4(V ) = {T ∈ ⊗_3V | T (x, y, z) = 1 2n − 1 [ (g(x, y) − η(x)η(y))c_{12}T (z)

− 1 2n − 1 (g(x, z) − η(x)η(z))c_{12}T (y) − g(x, ϕy)c_{12}T (ϕz) +g(x, ϕz)c_{12}T (ϕy) ] , c_{12}T (ξ) = 0} C_5(V ) = {T ∈ ⊗_3V | T (x, y, z) = 1 2n [ g(x, ϕz)η(y)c_{12}T (ϕξ) − g(x, ϕy)η(z)c_{12}T (ϕξ) ] } C_6(V ) = {T ∈ ⊗_3V | T (x, y, z) = 1 2n [ g(x, y)η(z)c_{12}T (ξ) − g(x, z)η(y)c_{12}T (ϕξ) ] } C_7(V ) = {T ∈ ⊗_3V | T (x, y, z) = T (y, x, ξ)η(z) − T (ϕx, ϕz, ξ)η(y), c_{12}T (ξ) = 0} C_8(V ) = {T ∈ ⊗_3V | T (x, y, z) = −T (y, x, ξ)η(z) − T (ϕx, ϕz, ξ)η(y), c_{12}T (ξ) = 0} C_9(V ) = {T ∈ ⊗_3V | T (x, y, z) = T (y, x, ξ)η(z) + T (ϕx, ϕz, ξ)η(y)} C_{10}(V ) = {T ∈ ⊗_3V | T (x, y, z) = −T (y, x, ξ)η(z) + T (ϕx, ϕz, ξ)η(y)} C_{11}(V ) = {T ∈ ⊗_3V | T (x, y, z) = −T (ξ, ϕy, ϕz)η(x)} C_{12}(V ) = {T ∈ ⊗_3V | T (x, y, z) = −T (ξ, ξ, z)η(x)η(y) − T (ξ, y, ξ)η(x)η(z)} where the following quantities c_{12}T (x) = ∑ T (e_i, e_i, x) c_{12}T (x) = ∑ T (e_i, ϕe_i, x) has been introduced, with e^i an arbitrary orthonormal basis.

It shoule be remarked that some of the classes C_i may vanish for lower enough dimensions. For n = 1 the covariant derivative ∇Φ belongs to C_5 ⊕ C_6 ⊕ C_9 ⊕ C_{12}. The case n = 2 corresponds to the structures studied in [122]-[123], and for this dimensions almost contact structures belongs to C_2 ⊕ C_4 ⊕ C_6 ⊕ C_8 ⊕ C_{10} ⊕ C_{12}. Only for n ≥ 3 all the classes may not vanish.

The classification of the structures goes as follows. When all the classes vanish the structure is known as cosympletic, C_1 structures are nearly-K-cosympletic, C_5 are α-Kenmotsu manifolds, C_6 are α-Sasakian and in particular, Sasakian structures belong to this class. Other structures are C_5 ⊕ C_6 which are known as trans-sasakian, C_2 ⊕ C_9 which are almost cosympletic, C_6 ⊕ C_7 which are quasi-sasakian, C_1 ⊕ C_5 ⊕ C_6 which are nearly trans-Sasakian and C_1 ⊕ C_2 ⊕ C_9 ⊕ C_{10} which are quasi K-cosympletic and C_3 ⊕C_4 ⊕C_5 ⊕C_6 ⊕C_7 ⊕C_8 which are normal ones. Properties of these structures may be found in [107]-[108] and references therein.

The class for which Φ is Killing-Yano is the one for which ∇Φ is totally anti-symmetric, and this is the case when the unique non vanishing class is C_1. Therefore for nearly K-cosympletic structures are the ones for which the fundamental form Φ is a Killing-Yano tensor of order two. These structures are characterized by the condition ∇_X ϕX = 0, i.e, ∇_X ϕY + ∇_Y ϕX = 0. Properties of this structures were studied for instance in [109]-[115].

5.2.2 SO(3) structures in SO(5) and higher dimensional generalizations

Let us consider now SO(3) structures in five dimensions. Given a 5-dimensional manifold M_5 with a metric g_5 an SO(3) structure is the reduction of the frame bundle to a SO(3) sitting in SO(5) [117]. One has the decomposition so(5) = so(3) ⊕ V with V the unique 7-dimensional fundamental representation of so(3). The space R^5 is isomorphic to space of 3 × 3 symmetric traceless matrices S^2_0 R^3, the isomorphism can be expressed by means of the mapping

(x_1, x_2, x_3, x_4, x_5) ←→ X =

(^{x1√}_3 − x4 x2 x3

x_2^{x1√}_3 + x_4 x_5 x_3 x_5 −^{2x1√}_3 ) . (5.144)

These matrices define the unique irreducible representation ρ of SO(3) in R^5 given as follows ρ(h)X = hXh^{−1}, h ∈ SO(3). (5.145) For an element X its characteristic polynomial P_X (λ) invariant under the action of ρ, i.e, P_{ρ(h)X} (λ) = P_X (λ), is given by

P_X (λ) = det(X − λI) = −λ^3 + g(X, X)λ + 2 √ 3 9 Υ(X, X, X), (5.146)

with g(X, X) = x^2_1 + x^2 + x^2_3 + x^2_4 + x^2_5, Υ(X, X, X) = 3 √ 3 2 det X = x_1 2 (6x^2_1 + 6x^2 − 2x^2_3 − 3x^2_4 − 3x^2_5) + 3 √ 3x_4 2 (x^2_5 − x^2_3) + 3 √ 3x_2x_3x_5.

By introducing a 3-tensor Υ_{ijk} by the relation Υ(X, X, X) = Υ_{ijk}x_ix_j x_k it follows that

Υ_{ijk} = Υ_{(ijk)},

Υ_{ijj} = 0, (5.147) Υ_{jki}Υ_{lni} + Υ_{lji}Υ_{kni} + Υ_{kli}Υ_{jni} = g_{jk}g_{ln} + g_{lj}g_{kn} + g_{kl}g_{jn}, where the tensor g_{ij} is defined through the relation g(X, X) = g_{ij}x_ix_j . In these terms for a given manifold M_5 with a metric g_5 an SO(3) structure is given in terms of a tensor Υ of rank three for which the associated linear map constructed in terms of Z ∈ T M_5 given by

Υ_{ij} = (Υ_{ijk}Z_k) ∈ End(T M_5)

satisfying the following conditions T r(Υ_Z ) = 0, g(X, Υ_Z Y ) = g(Z, Υ_Y X) = g(Y, Υ_X Z), (5.148) Υ^2_Z Z = g(Z, Z)Z. There always exist a basis e^a such that

g_5(X, X) = e^1 ⊗ e^1 + e^2 ⊗ e^2 + e^3 ⊗ e^3 + e^4 ⊗ e^4 + e^5 ⊗ e^5, (5.149) which is defined up to an SO(3) transformation ~e^a = ρ(h)e^a, and such that Υ = e^1 2 ⊗ (6e^1 ⊗ e^1 + 6e^2 ⊗ e^2 − 2e^3 ⊗ e^3 − 3e^4 ⊗ e^4 − 3e^5 ⊗ e^5)

+ 3 √ 3e^4 2 ⊗ (e^5 ⊗ e^5 − e^3 ⊗ e^3) + 3 √ 3e^2 ⊗ e^3 ⊗ e^5.

This define an SO(3) structure for (M_5, g_5).

The types of possible structures are defined in terms of the covariant derivative of Υ_{ijk}. Different from the other G structures considered above, this tensor is totally symmetric, and one may try to study in which situations Υ_{ijk} is a Killing tensor instead a Killing-Yano one. The Killing condition ∇_{(i}Υ_{jkl)} can be rewritten as

∇_X Υ(X, X, X) = 0. (5.150)

Fortunately, structures satisfying this condition have been considered in [118]-[119] and we can just borrow the description from that references. The condition (5.150) resembles the nearly Kahler one ∇_X J(X) = 0, and for this reason SO(3) structures satisfying this condition are known as nearly integrable in the terminology of the references [118]-[119]. For example there exist only three nearly integrable structures with eight dimensional symmetry groups

M_+ = SU(3)/SO(3), M_0 = (SO(3) ×_ρ R^5)/SO(3), M_− = SL(3, R)/SO(3).

Further examples with symmetry group lower dimensional groups were found in [118]-[119] and on 5-dimensional Lie groups in [121].

In addition to these examples, it was shown in [120] that tensors satisfying the conditions (5.147) exist in distinguished dimensions n_k = 3k+2, where k = 1, 2, 4, 8, as observed by Bryant. The numbers k = 1, 2, 4, 8 are the dimensions of the division algebras and in these dimensions the orthogonal group may be reduced to the subgroups H_k ⊂ SO(n_k), with H_1 = SO(3), H_2 = SU(3), H_4 = Sp(3) and H_8 = F_4. Nearly integrable geometries can be defined in all these dimensions by the condition (5.150) and it turns out that for all these geometries Υ is a Killing tensor. Examples of these geometries can be found in [120].

6. Discussion

In the present work some of the applications of Killing-Yano tensors in General Relativity and Supersymmetric Quantum Field Theory has been reviewed. Additionally the Papadopoulos list of G structures whose G invariant tensors are Killing-Yano has been reproduced and enlarged to cases which do not appear in the Berger list. It should be remarked that the results presented here about G structures do not consist in a no go theorem. For instance, we have shown that between the SU(3) structures, the nearly kahler are the ones for which their almost Kahler two form is Killing-Yano. But this does not imply the absence of Killing-Yano for other SU(3) structures. In fact, the presence of Killing-Yano tensors in half-flat manifolds, which are outside this classification, are under current investigation [124]. What the present work is showing is that for these other structures the presence of a Killing-Yano tensor may be an special situation, while for the nearly Kahler case the presence of hidden symmetries is something generic. The same considerations hold for the other G structures studied.

The presence of these hidden symmetries in these structures can be of interest in the AdS/CFT correspondence. For instance, we have shown that nearly Kahler, weak G_2 holonomy or Einstein-Sasaki manifolds do admit non trivial Killing-Yano tensors. The cones over these manifolds are Ricci flat and of holonomy G_2, Spin(7) and SU(3) holonomy respectively, and from these manifolds one may construct ten dimensional supergravity solutions whose near horizon limits are the form AdS_3×(weak G_2), AdS_4×(nearly Kahler) and AdS_5×(Einstein- Sasaki). In some regimes certain anomalous dimensions of the dual quantum field theories may be calculated by studying strings configuration over these backgrounds. The energy and the conserved quantities for the movement of these strings give information about the anomalous dimensions of the dual theory. It is even possible to draw conclusions about the dual theory by studying particle limits of that string. For example in [125] anomalous long BPS operators are matched to massless point like strings in AdS_5 backgrounds with the Einstein-Sasaki spaces found in [126] as internal spaces, and the conserved charges for that particle like movement gives information about the anomalous dimensions of that operators. Thus the presence of hidden symmetries in these backgrounds is of theoretical interest, and it may be an interesting task to understand to which quantum numbers of the dual theory these Killing-Yano tensors are matched with. Several of these are W-symmetries, as pointed out in [75], but a more concrete description still is desirable.

Another interesting task could be to understand more deeply whether or not the relation between the algebraic type of the curvature for a given space time and the presence of hidden symmetries, which is known for Killing-Yano tensors of order two in four dimensions, can be generalized to higher dimensions and for tensors of higher rank. In our opinion, these task are of theoretical interest and deserve further attention.

Acknowledgements: Discussions with I. Dotti, M. L. Barberis, G. Giribet, G. Silva, N. Grandi and M. Schvellinger are warmly acknowledged. When finished this paper, we were aware of the existence of the refernces [127]-[128] which may have overlap with the present work. The author is supported by CONICET (Argentina) and by the ANPCyT grant PICT-2007-00849.

References

[1] K. Yano, Ann. Math. 55 (1952) 328.

[2] P. Sommers J. Math. Phys. 14 (1973) 787.

[3] S. Tachibana, Tohoku Math. J. 21 (1969) 56.

[4] P. Krtous, D. Kubiznak, D. N. Page, and V. P. Frolov, J. High Energy Phys. 02, 004 (2007).

[5] B. Carter Phys. Rev. 174 (1968) 1559.

[6] N. Woodhouse Comm. Math. Phys 44 (1975) 9

[7] R. Floyd, The dynamics of Kerr fields. Ph.D. thesis, London University (1973).

[8] R. Penrose, Ann. N. Y. Acad. Sci. 224 (1973) 125.

[9] B. Carter Phys. Rev. D 16 (1977) 3395.

[10] B. Carter, R.G. Mclenaghan Phys. Rev. D 19 (1979) 1093. [11] D. Kastor S. Ray and J. Traschen JHEP 0408 (2004) 045.

[12] M. Cariglia, P. Krtous and D. Kubiznak ”Commuting symmetry operators of the Dirac equation, Killing-Yano and Schouten-Nijenhuis brackets” arXiv:1102.4501.

[13] P. Dolan, A. Kladouchou and C. Card Gen. Rel. Grav 21 (1989) 427. [14] M. Walker and R. Penrose Commun. Math. Phys. 18 (1970) 265.

[15] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt, ”Exact solutions of Einsteins field equations” Camb. Univ. Press, 2003.

[16] L. P. Hughston and P. Sommers Commun. Math. Phys 32 (1973) 147. [17] C. D. Collinson Int. Jour. of Theor. Phys 15 (1976) 311; H. Stephani Gen. Rel. and Grav.

9 (1978) 789.

[18] W. Kinnersley J. Math. Phys. 10 (1969) 1195.

[19] A. Coley, R. Milson, V. Pravda, and A. Pravdova Class. Quant. Grav. 21 (2004) L35; Int.

J. Geom. Meth. Mod. Phys. 2 (2005) 41.

[20] P. Krtous, V. P. Frolov, and D. Kubiznak Phys. Rev. D78 (2008) 064022. [21] L. Mason and A. Taghavi-Chabert J. Geom. Phys. 60 (2010) 907. [22] W. Chen, H. Lu, and C. N. Pope, Class. Quant. Grav. 23 (2006) 5323. [23] R. C. Myers and M. J. Perry, Ann. Phys. (N.Y.) 172, 304 (1986).

[24] V. P. Frolov and D. Kubiznak Phys. Rev. Lett. 98, 11101 (2007), Class. Quantum Grav.

24,5 F1 (2007).

[25] D. N. Page, D. Kubiznak, M. Vasudevan, and P. Krtous Phys. Rev. Lett. 98, 061102 (2007);

Phys. Rev. D 76, 084034 (2007).

[26] V. P. Frolov, P. Krtous, and D. Kubiznak J. High Energy Phys. 02, 005 (2007). [27] T. Houri, T. Oota, and Y. Yasui Phys. Lett. B 656, 214 (2007); J. Phys. A 41, 025204 (2008); Phys. Lett. B 659, 688 (2008).

[28] M. Cariglia, P. Krtous and D. Kubiznak Phys. Rev. D 84 (2011) 024008. [29] T. Houri, T. Oota, and Y. Yasui Class. Quant. Grav. 26 (2009) 045015. [30] M. Durkee Class. Quant. Grav. 26 (2009) 085016.

[31] M. Durkee ”New approaches to higher-dimensional general relativity” arXiv:1104.4414. [32] D. Kastor and J. Traschen JHEP 0408 (2004) 045.

[33] J. Jezierski Acta Physica Polonica B 39 (2008) 75.

[34] G. Gibbons and J. Ruback Phys. Lett. B 188 (1988) 226; Commun. Math. Phys. 115 (1988) 267.

[35] M. Visinescu Phys. Lett. B 339 (1994) 28; J. Phys. A 33 (2000) 4383. [36] D. Vaman and M. Visinescu Phys. Rev. D 54 (1996) 1398; Phys. Rev. D 57 (1998) 3790;

Fortsch. Phys. 47 (1999) 493.

[37] R. Rietdijk and J. Van Holten Nucl. Phys. B 472 (1996) 427. [38] C. Duval and G. Valent J. Math. Phys. 46 (2005) 053516. [39] G. Valent and H. Benn Yahia Class. Quant. Grav. 24 (2007) 255. [40] Z. Chong, G. Gibbons, H. Lu and C. Pope Phys. Lett. B 609 (2005) 124. [41] I. Benn and P. Charlton Class. Quant. Grav. 14 (1997) 1037; I. Benn, P. Charlton and J.

Kress J. Math. Phys. 38 (1997) 4504.

[42] M. Cariglia Class. Quant. Grav. 21 (2004) 1051. [43] N. Kamran, R. McLenaghan Phys. Rev. D 30 (1984), 357.

[44] I. Cotaescu and M. Visinescu Mod. Phys. Lett. A 19 (2004) 1397; Class. Quant. Grav. 21 (2004) 11; Gen. Rel. Grav. 35 (2003) 389; J. Math. Phys. 43 (2002) 2978; Class. Quant. Grav. 18 (2001) 3383; Phys. Lett. B 502 (2001) 229.

[45] F. A. Berezin and M. S. Marinov Ann. Phys. (NY) 104 (1977) 336. [46] R. Casalbuoni, Phys. Lett. B 62 (1976)49; A. Barducci, R. Casalbuoni and L. Lusanna, Nuov. Cim. 35 A (1976), 377; Nucl. Phys. B 124 (1977), 93 and 521.

[47] L. Brink, S. Deser, B. Zumino, P. Di Vecchia and P. Howe, Phys. Lett. 64B (1976) 43; L.

Brink, P. Di Vecchia and P. Howe, Nucl. Phys. B 118 (1977) 76.

[48] R.H. Rietdijk and J.W. van Holten, Class. Quant. Grav. 7 (1990) 247; Class. Quant. Grav.

10 (1993) 575; J. Geom. Phys. 11 (1993) 559.

[49] G.W. Gibbons, R.H. Rietdijk, J.W. Van Holten Nucl. Phys. B 404 (1993) 42. [50] M. Tanimoto Nucl. Phys. B 442 (1995) 549; J. Jezierski Class. Quant. Grav. 19 (2002) 4405.

[51] R. H. Rietdijk, J. W. Van Holten Class. Quant. Grav. 7: 247, 1990. [52] F. De Jonghe, A. Macfarlane, K. Peeters and J. Van Holten Phys. Lett. B 359 (1995) 114. [53] G. Gibbons and C. Warnick J. Geom. Phys. 57 (2007) 2286.

[54] J. Van Holten Phys. Rev. D 75 (2007) 025027; J. Ngome J. Math. Phys. 50 (2009) 122901. [55] S. Stepanov Theoretical and Matematical Physics, 2003 134(3) 333

[56] A. Nersessian, Lect. Notes Phys. 698 (2006) 139.

[57] S. Bellucci, A. Nersessian and A. Yeranyan Phys. Rev. D 74 (2006) 15. [58] G. W. Gibbons, T. Houri, D. Kubiznak and C. M. Warnick ”Some Spacetimes with Higher Rank Killing-Stackel Tensors” arXiv: 1103.5366.

[59] K. Rosquist and M. Goliath Gen. Rel. Grav. 30 (1998) 1521. [60] I. Benn J. Math. Phys. 47 (2006) 022903. [61] J. Brink Phys. Rev. D 81 (2010) 022001.

[62] D. Baleanu and S. Baskal Mod. Phys. Lett. A 15 (2000) 1503.

[63] T. Igata and H. Ishihara ”Toroidal Spiral Nambu-Goto Strings around Higher-Dimensional Black Holes” arXiv:0911.0266; ”Dynamics of Toroidal Spiral Strings around Fivedimensional Black Holes” arxiv: 0911.5549.

[64] H. Ahmedov and A. Aliev Phys. Rev. D 78 (2008) 064023; ”Stationary Spinning Strings and Symmetries of Classical Spacetimes” arXiv:0902.0258.

[65] D. Baleanu and O. Defterli Czech. J. Phys. 54 (2004) 157.

[66] S. Benetti Note di Matematica Vol IX supl 39, 1989; Rend. Sem. Mat. Univ. Poi. Torino Vo. 50, 4 (1992).

[67] J. Van Holten and R. Rietdijk J. Geom. Phys. 11 (1993) 559. [68] A. Nikitin Ukrainian Mathematical Journal 43 (1991) 734. [69] O. Acik, U. Ertem, M. Onder, and A. Vercin J. Math. Phys. 51 (2010) 022502. [70] L. Howarth and C. D. Collinson Gen. Rel. Grav 32 (2000) 1845. [71] A. Keane1 and B. Tupper Class. Quantum Grav. 27 (2010) 245011. [72] D. Garfinkle and E. Glass Class. Quan. Grav. vol 27 (2010) 095004. [73] B. Coll, J. Ferrando and J. Sez J. Math. Phys. 47 (2006) 062503. [74] P. Krtous and D. Kubiznak Phys. Rev. D 76 (2007) 084036. [75] G. Papadopoulos Class. Quant. Grav. 25 (2008) 105016. [76] M. Visinescu SIGMA 7 (2011) 037. [77] M. Obata Jap. J. Math. 26 (1955) 43. [78] M.Berger, Bull. Soc.Math.France. 83 (1955) 279.

[79] R.Bryant, Ann.Math.126 (1987) 525;R. Bryant and S.Salamon, Duke Math. Journal 58 (1989) 829.

[80] G.Gibbons, D.Page and C.Pope, Commun.Math.Phys. 127 (1990) 529

[81] A.Wolf J.Math.Mech.14 (1965) 1033; D.Alekseevskii Func.Anal.Appl.2 (1968) 11. [82] J.Ishihara J.Diff.Geom.9 (1974) 483; S.Salamon Invent.Math.67 (1982) 143. [83] U. Gran, P. Lohrmann and G. Papadopoulos JHEP 0606 (2006) 049; J. Gillard Spinorial Geometry and Supergravity, arXiv:hep-th/0608139.

[84] I. Agricola ”The Srni lectures on non integrable geometries” arXiv:math/0606705. [85] A. Gray Journ. Diff. Geom. 4 (1970) 283; Math. Ann. 223 (1976) 233. [86] A. Gray Math. Z. 123 (1971) 290.

[87] P. Howe and G. Papadopoulos Phys. Lett. B 379 (1996) 80; G. Grantcharov and Y. S.

Poon Commun. Math. Phys. 213 (2000) 19.

[88] A. Gray and L.M. Hervella, Ann. Mat. Pura e Appl. 282 (1980) 1. [89] F. Cabrera and A. Swann ”The intrinsic torsion of almost quaternion hermitian manifolds” arxiv:0707.0939.

[90] F. Cabrera and A. Swann ”Almost hermitian structures and quaternion geometries” math/0307118.

[91] M. Fernandez and A. Gray Ann. Mat. Pura Appl. 132 (1982) 19. [92] M. Fernandez Ann. Mat. Pura Appl. 143 (1986) 101.

[93] S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and G2 structures, in O. Gil- Medrano et. al. (eds.), Proc. Intern. Conf. Valencia, Spain, July 8-14, 2001, Singapore, World Scientific, 115- 133 (2002).

[94] S. Karigiannis Quarterly Journal of Mathematics 60 (2009) 487.

[95] M. Fernndez, S. Ivanov, L. Ugarte and R. Villacampa Commun. Math. Phys. 288 (2009) 677; Nucl. Phys. B 820 (2009) 483; ”Compact supersymmetric solutions of the heterotic equations of motion in dimensions 7 and 8” arXiv: 0806.4356.

[96] T. Friedrich and S. Ivanov Asian J. Math.6 (2002) 303; P. Gauduchon Bol. U. M. I. ser.

VII, vol. XI-B, supl. 2 (1997) 257.

[97] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos Nucl.

Phys. B 652 (2003) 5.

[98] C. Boyer and M. Nakamaye Geometriae Dedicata 144 (2010) 141. [99] C. Boyer Note di Matematica, vol. 28, suppl. n. 1 (2008) [100] C. Boyer and K. Galicki Sasakian Geometry, Holonomy, and Supersymmetry, math/0703231; Supplemento ai Rendiconti del Circolo Matematico di Palermo Serie II. Suppl 75 (2005), 57.

[101] C. Boyer, K. Galicki and P. Matzeu Commun. Math. Phys. 262 (2006) 177.

[102] C. Boyer, K. Galicki and M. Nakamaye Math. Ann. 325 (2003) 485. [103] J. Sparks, Sasaki-Einstein Manifolds, arXiv:1004.2461. [104] U. Semmelmann J. Geom. Phys. 56 (2006) 1752.

[105] V. Alexiev and G. Ganchev Math. and Educ. in Maths, Proc. of the XV Conf. in UBM, Sunny Beach (1986) 155.

[106] D. Chinea and C. Gonzlez Ann. Mat. Pura Appl. (IV) Vol. CLVI (1990), 15. [107] J. C. Gonzalez-Davila and F. Cabrera Israel Journal of Mathematics 181 (2011) 145. [108] T. Tshikuna-Matamba Iranian Journal of Mathematical Sciences and Informatics Vol. 3, No. 2 (2008), pp. 77.

[109] Endo, H. Nearly cosymplectic manifolds of constant A-sectional curvature with a submersion of geodesic fibres, Lagrange and Hamilton Geometries and Their Appli- cations, Radu Miron (Ed.), Handbooks Treatises, Monographs 49 (2004) 103 Fair Partners Publishers (Romania).

[110] Endo, H. Remarks on nearly cosymplectic manifolds of constant -sectional cur- vature with a submersion of geodesic fibres, to appear in Tensor, N.S.

[111] Olszak, Z. Tensor, N.S., 33 (1979) 277.

[112] S. Uddin, S. Kon, M. Ali Khan, and K. Singh to appear in Mathematical Problems in Engineering.

[113] I. A. Banaru Fundamentalnaya i prikladnaya matematika 8 (2002) 357; Studia Univ.

BabesBolyai, Mathematica, Volume XLVII 3 September 2002.

[114] H. Endo Analele Stiintifice Ale Universitat II ”Al.I. Cuza” IASI Tomul LI, s.I, Matematica, 2005, f.2.

[115] M. A. Khan AND M. Khan Faculty of Sciences and Mathematics University of Niz Filomat 20 2 (2006) 33.

[116] D. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in Mathematics vol. 203, Birkhauser, 2002.

[117] Th. Friedrich Suppl. Rend. Circ. Mat. di Palermo Ser. II, 71 (2003) 99. [118] M. Bobienski, The topological obstructions to the existence of an irreducible SO(3)- structure on a five manifold, math.DG/0601066.

[119] M. Bobienski and P.Nurowski, Irreducible SO(3)-geometries in dimension five, to appear in J. Reine Angew. Math.; math.DG/0507152.

[120] P. Nurowski, Distinguished dimensions for special Riemannian geometries, math.DG/0601020.

[121] A. Finno and S. Chiossi Nearly integrable SO(3)-structures on 5-dimensional Lie groups, arXiv:math/0607392.

[122] D. Conti and S. Salamon Trans. Amer. Math. Soc. 359 11 (2007) 5319. [123] L. Bedulli and L. Vezzoni Torsion of SU(2)-structures and Ricci curvature in dimension 5, arXiv:math/0702790.

[124] I. Dotti, M. Barbieris and O. Santillan, in preparation.

[125] S. Benvenuti and M. Kruczenski JHEP 0610 (2006) 051; JHEP 0604 (2006) 033. [126] D. Martelli and J. Sparks Adv. Theor. Math. Phys. 8 (2004) 711; Adv. Theor. Math.

Phys. 8 (2006) 987.

[127] L. David J. Geom. Phys. 61 (2011) 1070.

[128] F. Belguna, A. Moroianu and U. Semmelmann Diff. Geom. and App. 24 3 (2006) 215.