arXiv:1108.0421v2 [hep-th] 8 Sep 2011

Semi-Holographic Quantum Criticality

Kristan Jensen^{1, 2, ∗} 1Department of Physics, University of Victoria, Victoria, BC V8W 3P6, Canada 2Department of Physics, University of Washington, Seattle, WA 98195-1560, USA (Dated: September 9, 2011)

We identify the near-critical effective theory (EFT) for a wide class of low-temperature phase transitions found via holography. The EFT is of the semi-holographic type and describes both holographic Berezinskii-Kosterlitz-Thouless (BKT) and second-order transitions with non-trivial scaling. It is a simple generalization of the Ginzburg-Landau-Wilson paradigm to systems with an emergent (or hidden) conformal sector. Having identified the near-critical EFT, we explore its basic phenomenology by computing critical exponents and low-frequency correlators.

PACS numbers: 11.25.Tq

Introduction.—Phase transitions are a central concept in modern physics. The Ginzburg-Landau-Wilson (GLW) paradigm of critical phenomena [1] has proven extremely useful in understanding continuous transitions. However, there are many interesting questions beyond the GLW paradigm [2]. For example, a correct model for the low-temperature phases of heavy fermion systems near quantum critical points requires new tools [3, 4].

Holography [5–7] has become a standard tool to study strong coupling problems. It also offers a road beyond the GLW paradigm. Naively, this should not be so: theories that admit simple dual gravitational descriptions have a large N parameter that suppresses quantum fluctuations in the bulk and field theories. Connected correlators factorize and so the low-energy physics of these theories may be reproduced from a classical EFT. As a result large N theories generally exhibit first-order [8] or second-order transitions with mean-field exponents [9].

However, we may turn this observation on its head. Any non-trivial scaling in a holographic phase transition is evidence that the near-critical EFT is outside the GLW paradigm. Indeed, there are already several such examples in the literature. We will focus on two large classes in this Letter. The first are holographic Berezinskii- Kosterlitz-Thouless (BKT) transitions [10–13] and the second are second-order transitions with non-mean-field exponents [14, 15].

We would like to identify an EFT for these transitions. The way forward was paved in [16], which identified the low-energy EFT for a class of holographic non-Fermi liquids. A fermion-fermion two-point function was previously computed in [17]; the EFT in [16] reproduces this result “semi-holographically.” It is

S_{semi−holo.} = ∫ dt d^dx (L_{free}[ψ] + ψΨ_x + L_{0+1}[x]) , (1)

where ψ is a free (d+1)-d fermion that mixes with a (0+ 1)-dimensional fermion Ψ_x in a large N theory with (0 + 1)-d scale invariance localized at x. Large N guarantees that the two-point function of ψ only depends on the two-point function of Ψ_x, which is determined by the

(0 + 1)-d scaling. The (0 + 1)-d sector is best thought of as an emergent conformal sector in the IR, realized in the gravitational dual via a near-horizon AdS_2 region.

This structure is generic in holography. Semiholographic EFTs have been derived describing transport [18] and scalars [19], mixing light fields with an IR sector. Notably, all of the transitions examined in this Letter rely upon the physics of such an IR theory. For example, holographic BKT transitions[20] are triggered by destabilizing a conformal sector with (0 + 1)-d scaling through the mechanism of [10]. In the bulk this is accomplished by adjusting control parameters so that the mass of the bulk field dual to the order parameter drops below the Breitenlohner-Freedman bound [? ] in the IR region. It is then natural that a semi-holographic theory describes these transitions. We will show that this is the case by matching to previously obtained correlators.

This program is useful for at least three reasons. First, it gives a new class of critical EFTs that may be realized in Nature without any reference to holography. Second, it generalizes the notion of “universality” to include the data of an emergent conformal sector. Finally, a number of results that could be computed in holography with great effort may be easily seen from the EFT. Note: While finishing this work, we became aware of the related work [21]. Their results agree with ours.

Effective field theory.—Our goal is to write down an EFT that reproduces the near-critical one and two-point functions obtained in [11–15][22]. The result is

S_{EFT} = ∫ dt d^dx (L_{GL}[φ_i, J_i] + L_{IR}[φ_i; x]) . (2)

Some remarks are in order. The first term is a standard Ginzburg-Landau action analytic in powers of fields φ_i and derivatives with a source J_i. For us the φ_i are an order parameter, transforming in a representation of a symmetry group. For simplicity, we henceforth suppress the flavor index i. The second term is the non-trivial output of holography: φ couples to a large N conformal IR sector. As in Eq. (1), φ only couples through mixing: it is a source for a scalar operator in the emergent theory, O_Δ, of dimension Δ. This is a relatively universal feature of holographic systems, whether the IR is a theory with Lifshitz scaling, locally critical scaling, or otherwise [19]. Finally, Eq. (2) was previously written down in [19], where it was used to great effect. However it was not fully explored: it was thought there to only describe a restricted subset of transitions.

There are three equivalent routes to Eq. (2). The first is the standard EFT approach, where by trial and error we write down the simplest action that respects the symmetries of the problem while reproducing the correlators of the microscopic theory. The second method follows [18], where we simplify the dual gravitational problem by decomposing the bulk action into UV and IR sectors that couple to each other other at a radial cutoff r_Λ. We need only know that the UV theory is a gapped, dissipationless theory that, at low energies, is described by the lightest scalar mode, φ, in the spectrum of the bulk field dual to the order parameter. The UV theory is then a GL model for φ. Also, φ(r_Λ) acts as a source for O_Δ in the IR theory. Thus we do not need to know the details of L_{IR} to compute correlators of φ, just its response. Lastly, we may integrate out bulk fluctuations down to the IR of the dual geometry to obtain an EFT in terms of a scalar operator in the IR sector with various multi-trace deformations [19]. In terms of Eq. (2) we may integrate out φ to write an EFT in terms of J and the operators of L_{IR}. For example, the quadratic coupling of the GL term maps to a double-trace deformation for O_Δ.

The last approach is particularly useful as it naturally addresses the question of quantization in the IR sector. For generic Δ, the IR has one fixed point. However for Δ ∈ (_1 2 ,^3_2 ) the conformal theory has an alternate quantization in which O_Δ′ has dimension Δ^′ = 1 − Δ. This is a little unnatural when writing an effective theory for φ, but if instead we integrate out φ we find an effective IR theory with a relevant double-trace in which the critical physics is more manifest. We will return to this shortly.

Second-order transitions. We will now compute correlators of the EFT Eq. (2) for second-order transitions where the IR sector has 0+1-dimensional scaling symmetry. The IR sector is then “locally quantum critical” [4] and is encoded in the gravity dual by a near-horizon AdS_2 region. However, this is not the only instance where our EFT correctly reproduces holographic results – it is simply an instructive example. Moreover, we will temporarily take Δ > 1/2, the standard quantization. For definiteness, we expand the GL action as

L_{GL} = − c^2_t 2 (∂_tφ)^2 + c^2_x 2 (∂_xφ)^2 + c_2 2 φ^2 + c_4 4 φ^4 + . . . (3)

where the couplings are analytic functions of external control parameters. We could study a theory with a charged order parameter at nonzero chemical potential by making the derivatives gauge-covariant derivatives. As in the usual GL framework, a second-order transition is triggered when c_2 is tuned to vanish, provided that c_4 > 0. We parametrize c_2 near the transition as g − g_c, for g some control parameter. In the framework of [19] where φ is integrated out, this corresponds to the doubletrace deformation of the IR theory changing sign from positive to negative. Let us now compute one-point functions in the broken phase. Assuming a translationallyinvariant equilibrium state, we simply solve δL/δφ = 0,

(g − g_c)⟨φ⟩ + c_4⟨φ^3⟩ + . . . + ⟨O_Δ⟩ = 0. (4)

Now, recall that φ acts as a source for O_Δ and so we should assign φ dimension 1 − Δ in the IR theory. In this counting the mixing term is marginal. At zero temperature, scale invariance in the IR theory then implies that ⟨O_Δ⟩ ∝ ⟨φ⟩^{Δ1−Δ} . As a result the condensate ⟨φ⟩ scales differently in the broken phase g < g_c depending on the value of Δ. For Δ ≥^3_4 , the quartic term is relevant and so dominates the mixing term so that ⟨φ⟩ ∝ (g_c −g)^β with β = 1/2. However, for Δ ∈

(_1 2 ,^3_4 ) , the quartic term is irrelevant and the exponent β becomes^{1−Δ}_{2Δ−1} .

At nonzero temperature, ⟨O_Δ⟩ scales differently with the source φ. We now have ⟨O_Δ⟩ = T^Δv ( ⟨φ⟩/T^{1−Δ} ) , where v is an odd analytic function. Then β takes the mean-field value 1/2 for all Δ. However, the transition is displaced by g_c(T ) = g_c − v^′(0)T^{2Δ−1}. The non-mean-field scaling at T = 0 then persists as a T -dependent scaling in the location of the transition. Alternatively, T_c scales as |g_c(T ) − g_c|^{1/(2Δ−1)}.

The dynamical susceptibility of φ, χ(ω, k), may be computed by factorization to be χ(ω, k) = 1 χ_0(ω, k)^{−1} − G_0(ω, k)

, (5)

where χ_0 and G_0 are the two-point functions of φ and O at zero mixing. In the normal phase, G_0 takes different forms at T = 0 and T > 0,

G_0 = { f_0(−iω)^{2Δ−1}, T = 0, T^{2Δ−1}f (_ω T ) , T > 0, (6) where f(x) is analytic. Then χ is approximately χ ≈ 1 g − g_c + c^2_sk^2 − c^2_t ω^2 − f_0(−iω)^{2Δ−1} (7) at T = 0, which has a low-frequency pole that lives on the imaginary axis at zero momentum. This mode is in the lower-half-plane (LHP) for g > g_c and wanders into the upper half plane (UHP) for g < g_c, driving the transition. We then find that the correlation length diverges as ξ ∼ (g − g_c)^{−ν} with ν = 1/2. Similarly, the correlation time diverges as (g − g_c)^{−zν} where z is z = { Max [ 1,^2_{2Δ−1} ] , T = 0, 2, T > 0. (8) Also, f(0) will in general be nonzero for T > 0. This shifts the transition by g_c(T ) = g_c+f(0)T^{2Δ−1}, matching the T -dependent scaling found above.

α β γ δ ν z η Tc T = 0: Min [ 0,^{4Δ−3}

2Δ−1 ] Max [_1 2 ,^{1−Δ}_{2Δ−1} ] 1 Min [ 3,^Δ_{1−Δ}

]_1 2 Max [ 1,^2_{2Δ−1} ] 0 T > 0: 0^1_2 1 3^1_2 2 0^1_{2Δ−1} TABLE I: The exponents of the semi-holographic EFT when the IR sector is locally quantum critical.

By similar methods we also compute the remaining critical exponents, α, γ, δ, and η. Our results are summarized for the locally critical case in Table I. We have also computed the case where the IR sector has (d + 1)- dimensional scaling symmetry. In each case the exponents satisfy the scaling relations [23]

γ = β(δ − 1) = ν(2 − η) = 2βδ + α − 2, (9)

but not so-called “hyperscaling”, α = 2 − νd. This result should not surprise us: the exponents of classical models do not depend on dimension and so do not hyperscale.

We may also compute the two-point function of φ in the ordered phase by factorization, giving Eq. (5). However, we now interpret G_0 as the two-point function of φ in L_{GL} with a source g⟨O_Δ⟩ and G_0 as the two-point function of O_Δ in L_{IR} in the presence of a source g⟨φ⟩. It follows that G^{−1}_0 ∼ c^′_2 + c^2_xk^2 − c^2_t ω^2 + . . . for some c^′_2 ≠ c_2 a function of control parameters.

We return to the question of the near-critical physics in the alternate quantization, Δ^′ ∈ (−^1_2 ,^1_2 ). The dynamical susceptibility at zero temperature is now χ ≈ Z + Z_0G_0(ω) + . . . (g − g_c + . . .)G_0(ω) − a + . . . , (10)

which is also the form of the two-point function of O_Δ′ in the presence of a double-trace deformation g − g_c. Note that there is no light singularity near the transition g = g_c. Rather g < g_c switches the sign of the spectral function, triggering a quantum phase transition. We should expect this result: in the effective IR theory, g > g_c corresponds to a positive double-trace deformation and g < g_c to a negative one, which destabilizes the theory to a condensed phase.

Special cases.—The EFT Eq. (2) admits richer phenomenology than discussed above. For now we focus on the extreme case Δ = 1/2, where a number of exponents diverge. As discussed below, the system is on the precipice of a holographic BKT transition, and so we may regard it as a multicritical point at which both c_2 and Δ are tuned to critical values. Notably the standard and alternate quantizations coincide, so a double trace is marginal at c_2 = 0. Following [21] we term this multicritical point a “Marginal quantum critical point (QCP).” However, taking g < g_c condenses the GL sector, which will condense ⟨O_Δ⟩ so that a negative double trace (g < g_c) is marginally relevant. Now consider the dynamic susceptibility. Since the negative double trace is marginally relevant, the two-point function is of the form

Eq. 10. At T = 0 the Green’s function of the IR theory is G_0 ∼ ln(−iω), while for T > 0 it is G_0 ∼ f(ω/T ), giving

χ ≈ Z_1 ln ( −^{iω}_{ω1} ) + . . . (g − g_c) ln ( −^{iω}_{ω0} ) − 1 , (11)

at T = 0. In the broken phase g < g_c there is an unstable mode with ω = iω_0 exp

(_1 g−g_c ) . This mode approaches ω = 0 exponentially fast as g → g_c, corresponding to the generation of an exponential scale Λ ∼ exp

(_1 g−g_c ) . We should then expect an exponentially suppressed condensate ⟨φ⟩ ∼ Λ^{1/2}, which should scale as Λ^{1/2} as φ is dimension 1/2 in the IR theory. It is interesting that the form of the bosonic susceptibility Eq. (11) is the same as the fermionic susceptibility hypothesized to describe marginal Fermi liquid (MFL) phases [24]. Curiously, this form may also be obtained for both bosonic and fermionic fluctuations in a recent holographic model for a MFL [25]. Indeed, that model also offers a string theory embedding of a marginal QCP.

Holographic BKT.—There is another way to trigger a transition in this theory. We may break the scale invariance of the IR theory by driving Δ into the complex plane at T = 0, which condenses ⟨O_Δ⟩ ≠ 0. This vev acts as a source for φ and so condenses ⟨φ⟩ as well. In renormalization group (RG) language, this may be done by the collision and annihilation of the standard and alternate quantizations, which may then bifurcate into the complex plate [10]. This corresponds to an operator dimension that depends on control parameters g as Δ_± =^{1±√g−gc+...}_2 . The square root is important – (Δ − 1/2)^2 must be analytic in g in order to have two fixed points. Indeed this structure has been found in a number of models [11, 26]. Conformality is lost for g < g_c as the scale invariance of L_{IR} is broken. The RG analysis of [10] showed that for small g_c − g ≪ 1 there is a spontaneously generated scale Λ ∼ Λ_{UV} exp (−2π/ √ g_c − g) with ⟨O_Δ⟩ ∼ Λ^{12} , for Λ_{UV} a UV scale. Eq. (4) then gives ⟨φ⟩ ∼ exp −π/ √ g_c − g. Actually, there is an infinite tower of scales Λ_n ∼ Λ_{UV} exp(−2πn/ √ g_c − g) generated, giving states with ⟨O_Δ⟩_n ∼ Λ^{12}n and so ⟨φ⟩_n ∼ exp(−nπ/ √ g_c − g). These are the ‘Efimov extrema’ of [11].

The two-point function of φ is just Eq. (5) for the normal phase. There is one important thing to note: this transition is not triggered by tuning c_2, but rather the dimension of O_Δ. In fact, c_2 must be positive in order to be in the normal phase near Δ = 1/2. We now consider this two-point function in two limits. First, at exactly ω = 0 the numerator and denominator of Eq. (5) are analytic in 2Δ − 1, which goes as √ g − g_c near the transition. Thus the static susceptibility goes as

χ(ω = 0, k) ≈ b_0 + b_1 √ g − g_c a_0 + a_1 √ g − g_c , (12)

which is (i.) finite at the transition, in contrast with transitions in the GLW framework, and (ii.) has a square root singularity at g = g_c. Second, we look at χ in the small frequency limit. One can easily show that, near g = g_c in the normal phase, χ is χ(ω, k) ≈ Z sinh (√ g − g_c ln ( −^{iω}_{ω1} )) sinh (√ g − g_c ln ( −^{iω}_{ω0} )) , (13) with ω_0 > 0. In the normal phase χ has no light poles, while in the broken phase there is an infinite tower of unstable modes with ω_n = iω_0 exp(−2πn/ √ g_c − g). One may also study the T > 0 physics of the transition by using the T > 0 result for G_0, Eq. (6) with Eq. (5).

Relation to previous work.—The exponential scaling of ⟨φ⟩ in the holographic BKT transitions observed here matches that seen in [11–13]. The two-point function of φ in the disordered phase also matches results in the literature [14, 15]. The behavior of the correlation length and static suceptibility, however, are predictions. Finally, the near-critical scaling of the holographic BKT transition identified in [27] may be captured by our EFT when the IR theory has anisotropic (Lifshitz) scaling.

For second-order transitions, the behavior of the one and two-point functions of the condensate φ computed above for the locally critical case matches those found in holographic superfluids at μ ≠ 0 [14] as well as probe brane systems [15]. The case where the IR sector has (d + 1)-d scale invariance may also describe holographic superfluids at μ = 0 with a negative double-trace [14].

Discussion.—We have seen that the near-critical physics of a wide class of holographic phase transitions may be understood with a classical EFT. This is nontrivial in itself. Now we make a few observations on what we have learned. First, the second-order transitions are a mild deviation from the usual GLW paradigm. The nontrivial critical exponents are essentially a consequence of nonzero anomalous dimensions in the IR sector. The marginal and holographic BKT transitions are a bit more interesting. They exhibit the generation of exponentially suppressed scales, but in each the normal phase is gapped and the near-critical static susceptibility is finite. This result is generic; it does not rely upon local criticality in the IR sector. Instead of the growth of long-distance fluctuations of symmetry-breaking operators, these transitions are triggered by the breaking of conformal symmetry in the emergent sector, which then condenses the emergent fields and so the order parameter. This is a qualitatively new mechanism for criticality.

There is one issue we have ignored thus far. Most holographic systems with a near-horizon AdS_2 factor exhibit a variety of low-temperature instabilities (e.g. [9]), so that the physics of a locally critical sector only exist over a range of energy scales. Indeed, there is a recent argument that locally critical sectors are always unstable at sufficiently low energies [25]. However, all is not lost. One can take the outlook of [28], in which our Eq. (2) is a good description over an intermediate range of energies and temperatures. Alternatively, Eq. (2) may be used as a starting point for describing the lowest energy scales, provided that the IR sector is not locally critical but rather some other interesting scale-invariant theory.

Many interesting questions remain. Most of the interesting results in the GLW paradigm arise from quantum corrections – what is the quantum phenomenology of Eq. (2)? Can the 1/N effects of the bulk theory be computed by including the 1/N physics of the IR sector?

Acknowledgments.—It is a pleasure to thank Tom Faulkner, Carlos Hoyos, Andreas Karch, Hong Liu, and Dam Son for many useful discussions. This work was supported in part by the U.S. Department of Energy under Grant Numbers DE-FG02-96ER40956 and DE-FG02- 00ER41132 as well as NSERC, Canada.

∗ kristanj@uvic.ca [1] K. Wilson and J. B. Kogut, Phys.Rept. 12, 75 (1974). [2] T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and M. P. A. Fisher, Science 303, 1490 (Mar. 2004).

[3] P. Gegenwart, Q. Si, and F. Steglich, Nature Physics 4, 186 (Mar. 2008).

[4] Q. Si, S. Rabello, K. Ingersent, and J. L. Smith, Nature (London) 413, 804 (Oct. 2001).

[5] J. M. Maldacena, Adv.Theor.Math.Phys. 2, 231 (1998), arXiv:hep-th/9711200 [hep-th].

[6] S. Gubser, I. R. Klebanov, and A. M.

Polyakov, Phys.Lett. B428, 105 (1998), arXiv:hep-th/9802109 [hep-th].

[7] E. Witten, Adv.Theor.Math.Phys. 2, 253 (1998), arXiv:hep-th/9802150 [hep-th].

[8] E. Witten, Adv.Theor.Math.Phys. 2, 505 (1998), arXiv:hep-th/9803131 [hep-th].

[9] S. A. Hartnoll, C. P. Herzog, and G. T.

Horowitz, Phys.Rev.Lett. 101, 031601 (2008), arXiv:0803.3295 [hep-th].

[10] D. B. Kaplan, J.-W. Lee, D. T. Son, and M. A. Stephanov, Phys.Rev. D80, 125005 (2009), arXiv:0905.4752 [hep-th].

[11] K. Jensen, A. Karch, D. T. Son, and E. G.

Thompson, Phys.Rev.Lett. 105, 041601 (2010), arXiv:1002.3159 [hep-th].

[12] N. Iqbal, H. Liu, M. Mezei, and Q. Si, Phys.Rev. D82, 045002 (2010), arXiv:1003.0010 [hep-th].

[13] K. Jensen, Phys.Rev. D82, 046005 (2010), arXiv:1006.3066 [hep-th].

[14] T. Faulkner, G. T. Horowitz, and M. M. Roberts, JHEP 1104, 051 (2011), arXiv:1008.1581 [hep-th].

[15] N. Evans, K. Jensen, and K.-Y. Kim, Phys.Rev. D82, 105012 (2010), arXiv:1008.1889 [hep-th].

[16] T. Faulkner and J. Polchinski, JHEP 1106, 012 (2011), arXiv:1001.5049 [hep-th].

[17] T. Faulkner, H. Liu, J. McGreevy, and D. Vegh, Phys.Rev. D83, 125002 (2011), arXiv:0907.2694 [hep-th].

[18] D. Nickel and D. T. Son, New J.Phys. 13, 075010 (2011), arXiv:1009.3094 [hep-th].

[19] T. Faulkner, H. Liu, and M. Rangamani, JHEP 1108, 051 (2011), arXiv:1010.4036 [hep-th].

[20] The name “holographic BKT transition” is a misnomer.

See [13] for discussion on this point.

[21] N. Iqbal, H. Liu, and M. Mezei(2011), arXiv:1108.0425 [hep-th].

[22] For recent work toward the same goal, see [29].

[23] C. Itzykson and J. M. Drouffe cambridge, UK: Univ. Pr.

(1989) 1-403.

[24] C. Varma, P. Littlewood, S. Schmitt-Rink, E. Abrahams, and A. Ruckenstein, Phys.Rev.Lett. 63, 1996 (1989).

[25] K. Jensen, S. Kachru, A. Karch, J. Polchinski, and E. Silverstein(2011), arXiv:1105.1772 [hep-th].

[26] D. Kutasov, J. Lin, and A. Parnachev(2011), arXiv:1107.2324 [hep-th].

[27] M. Edalati, K. W. Lo, and P. W. Phillips(2011), arXiv:1106.3139 [hep-th].

[28] N. Iqbal, H. Liu, and M. Mezei(2011), arXiv:1105.4621 [hep-th].

[29] N. Evans, K.-Y. Kim, and M. Magou(2011), arXiv:1107.5318 [hep-th].