arXiv:1108.0422v2 [gr-qc] 20 Feb 2012

Renormalisation group improvement of scalar field inflation

Adriano Contillo SISSA, via Bonomea 265, 34136, Trieste, Italy and INFN, sezione di Trieste

Mark Hindmarsh and Christoph Rahmede Department of Physics & Astronomy, University of Sussex, Brighton BN1 9QH, UK

We study quantum corrections to Friedmann-Robertson-Walker cosmology with a scalar field under the assumption that the dynamics are subject to renormalisation group improvement. We use the Bianchi identity to relate the renormalisation group scale to the scale factor and obtain the improved cosmological evolution equations. We study the solutions of these equations in the renormalisation group fixed point regime, obtaining the time-dependence of the scalar field strength and the Hubble parameter in specific models with monomial and trinomial quartic scalar field potentials. We find that power-law inflation can be achieved in the renormalisation group fixed point regime with the trinomial potential, but not with the monomial one. We study the transition to the quasi-classical regime, where the quantum corrections to the couplings become small, and find classical dynamics as an attractor solution for late times. We show that the solution found in the renormalisation group fixed point regime is also a cosmological fixed point in the autonomous phase space. We derive the power spectrum of cosmological perturbations and find that the scalar power spectrum is exactly scale-invariant and bounded up to arbitrarily small times, while the tensor perturbations are tilted as appropriate for the background power-law inflation. We specify conditions for the renormalisation group fixed point values of the couplings under which the amplitudes of the cosmological perturbations remain small.

I. INTRODUCTION

To describe the first instant of the evolution of the universe until the Planck-scale a theory of quantum gravity is needed. A viable proposal for such a theory is based on the assumption that the ultraviolet behaviour of the gravitational couplings is controlled by a renormalisation group fixed point [1]. Then the metric field remains the fundamental carrier of the gravitational force and quantum corrections should take the form of a simple modification of couplings whose scale-dependence is described by the Renormalisation Group (RG).

Evidence that asymptotic safety could be realised comes from RG studies in the continuum [2–22], for reviews see [11–15], and numerical studies on the lattice [23–25]. RG effects from gravity would become important at high energies and thus also at the beginning of the Universe where the physics could be controlled by the RG fixed point.

This idea has been explored in Einstein gravity with an ideal fluid [26–29], and in the context of f(R) gravity [30– 32]. There is also the possibility of an infrared (IR) fixed point which can play a role in the observed acceleration of the Universe today [33–36]. Perturbative RG approaches to cosmology have explored the running of the cosmological constant [37–40] and of Newton’s coupling [41–43] and their implications for big bang nucleosynthesis, supernova observations, and deviations from standard cosmology [41, 44–46].

The RG scale parameter is assumed to be related to cosmological time as RG effects are supposed to become significant at early times. For the exact form of such a relation there have been numerous proposals. Reuter et al. [26, 33, 35] chose the RG scale inversely proportional to cosmological time, and proportional to the Hubble scale. Other approaches considered as the relevant scale the fourth root of the energy density [44], or the cosmological event and particle horizons [42, 43]. All of these approaches result in RG improved cosmological equations, with the potential to even generate entropy [47, 48].

In [35, 49, 50], the RG scale was adjusted in such a way that the form of the classical equations is unaltered. Preserving the Bianchi identity while taking into account the scale-dependence of the scalar-field couplings, requires an evolution equation for the RG scale [49]. We will use the same consistency condition in this paper, so that the RG scale emerges dynamically. We will see that under certain circumstances the scalar field sets the relevant coarse-graining scale.

In Section II, we review how the requirement of preserving the Bianchi-identity with running couplings and no energy transfer to matter fixes the RG scale. In Section III we study the consequence of this relation in the RG fixed point regime for the cases of monomial and quartic trinomial potential. We find the time-dependence of the scalar field strength and the Hubble parameter in the fixed point regime showing that monomial potential does not admit accelerated expansion whereas trinomial quartic potential does. In section IV we study the quasi-classical regime where the quantum corrections to the running couplings are small and the beta functions can be linearised. In Section V we study how the obtained results are related to fixed points of cosmological dynamics as studied in [49]. In Section VI we derive an expression for the power spectra generated by the quantum fluctuations around the RG improved background. We specify conditions on the fixed point values of the couplings to fit the experimental requirement that cosmological perturbations be small.

II. RENORMALISATION GROUP IMPROVED STRESS-ENERGY CONSERVATION

As a first approach to the issue, we choose to consider an Einstein-Hilbert action minimally coupled to a scalar field, postponing the extension to non-minimal couplings to future work

Γ[g, ϕ] = Γ_{EH} + Γ_ϕ = ∫ d^4x √ −g [ − R 16πG + 1 2 ∇_μϕ∇^μϕ + V (ϕ) ] . (1)

We will discuss specific forms for the potential in later sections, but will keep it generic in this section. At high energies, the couplings receive radiative corrections which can be described by renormalisation group running. We will assume that the dominant RG running in Γ_ϕ is contained in the potential V . The potential is assumed to take the form V (ϕ) = ∑ i λ_iϕ^i, with i a non-negative integer.

One can think of the renormalisation group (RG) as the generator of a one-parameter family of actions, with the parameter k spanning over R^+ . In physical situations, one has to choose a suitable value for this parameter. Deriving an expression for it is the main goal of the present discussion, and we are following here the same approach as [35, 49]. In the neighbourhood of a given event A, one can define an action Γ_A ≡ Γ[g, ϕ; k_A], where the value of k_A will not be specified for the time being. The resulting field equations G^{μν} = 8πG_AT^{μν}_A = 8πG_A ( ∇^μϕ∇^ν ϕ − 1 2 g^{μν} ∇_ρϕ∇^ρϕ − g^{μν} V_A(ϕ) ) (2) □ϕ = V^′_A(ϕ) (3) obtained by varying Γ_A with respect to the metric g and the scalar field ϕ, are valid in a neighbourhood of A. Moreover, as Γ_A is a diffeomorphism invariant action, both the resulting Einstein tensor G^{μν} and the stress-energy tensor T^{μν}_A (where the subscript A indicates that the couplings are evaluated at k_A) are covariantly conserved in the neighbourhood of A.

In a close but distinct event B, same considerations as for A apply, but we let k_B ≠ k_A. In our picture, each action has different but constant couplings, and each set of field equations is the Einstein one. Iterating the procedure for each event x and reducing the space-time patches to infinitesimal size, we obtain solutions of the Einstein equations in each patch which depend on a different k. The resulting one-parameter set of solutions can then be described by making k a function of the space-time coordinates. Doing so does not affect the RG procedure itself.

The approach chosen here, where running couplings are inserted into the standard equations of motion, has been dubbed restricted improvement in [32]. A different approach, which was called extended improvement in [32], was studied previously also in [51]. There the couplings are treated as some sort of external fields G(x) in the action, which results in field equations with a source term proportional to ∇_μG. This approach will not be followed here.

We split the covariant derivatives of the Einstein and stress-energy tensor into a part only acting on the fields and one only acting on the couplings ∇_μ ( G^{μν} 8πG ) = 1 8πG ∇_μG^{μν} − G^{μν} 8πG^2 ∇_μG ∇_μT^{μν} = ∇_μ T^{μν} |_λ − ∇^ν V (ϕ)|_ϕ (4) with the subscripts λ, ϕ meaning that the couplings or the scalar field are kept constant.

In the restricted improvement picture, in the limit that k is a continuous function of x, the stress-energy tensor remains conserved at fixed k, as diffeomorphism invariance of each action is preserved in the limiting process. We must also satisfy the Bianchi identity. Hence

∇_μG^{μν} = 0, ∇_μ T^{μν} |_λ = 0, (5)

and the latter is obviously consistent with the scalar field equation (3). The derivation of the field Eqs. (2) guarantees the total conservation

∇_μG^{μν} = 8π∇_μ(G T^{μν} ) (6)

so that substituting (5) in (6) gives ∇_μGT^{μν} − G ∇^ν V (ϕ)|_ϕ = 0 . (7)

One can think of Eqs. (2) and (3) as a family of two equations labelled by the value of k(x), each one valid only in a neighbourhood of x, with (7) the condition required to connect neighbouring spacetime points. Moreover, it is straightforward to notice that, in a standard framework with no RG improvement, Eq. (7) is trivially satisfied. This means that in the present case it represents a genuine new constraint that can be used to define the function k(x).

It is convenient to rewrite the equations in dimensionless form by the introduction of dimensionless couplings, i.e. measured in units of the RG scale k,

G(k) = k^{−2}G̃(k) ; λ_i(k) = k^{4−i}λ̃_i(k) (8)

and their covariant derivatives as ∇_μG = ∇_μk dG dk = ∇_μk k^3 ( β_{G̃} − 2G̃ ) (9) ∇_μλ_i = ∇_μk dλ_i dk = ∇_μk k^{i−3} ( β_{λ̃i} + (4 − i)λ̃_i ) . (10)

Here we introduce the β-functions for the dimensionless couplings β_{G̃}, β_{λ̃i} , defined in the usual way. The system (2,3,7) reads G^{μν} = 8πGT^{μν} (11) □ϕ = V^′ (12) (∇_μ ln k)T^{μν} η_{RG} = (∇^ν ln k)V ν_{RG} (13) where we used the definitions η_{RG} = ∂ ln G ∂ ln k = β_{G̃} G̃ − 2 (14) ν_{RG} = ∂ ln V ∂ ln k = 1 V ∑ i ( β_{λ̃i} + (4 − i)λ̃_i ) k^{4−i}ϕ^i (15)

In order to write down (13) we assume that the energy-momentum tensor does not acquire a further anomalous dimension, which by the equivalence principle would not be expected in the quasi-classical regime as it is a conserved current. We also assume that the most important running of the energy-momentum tensor is contained in the scalar potential and characterised by the parameter ν_{RG}. Wavefunction renormalisation would induce a term ∼ γ_{RG} Z (∂ϕ)^2 in Eq. (11), where γ_{RG} is the anomalous dimension of the scalar field. As the wavefunction renormalisation comes in only at two loops for a scalar, the dominant renormalisation effects are in the constant and quadratic terms of the scalar potential. The quasi-classical regime where η_{RG} → 0 is discussed in section IV. There we will see that vanishing η_{RG} entails also vanishing ν_{RG}.

Eq. (13) shows that ∇_μ ln k is an eigenvector of the stress-energy tensor, with eigenvalue V (ν_{RG}/η_{RG}). If ∇_μ ln k is timelike, it must therefore be proportional to the fluid velocity four-vector u^μ, whose eigenvalue is minus the energy density ρ. Hence [49] V ρ = − η_{RG} ν_{RG} . (16)

An important corollary is that in a coordinate system which is comoving with the fluid (i.e. for which T^{0i} = 0), k must be a function of time t only.

III. COSMOLOGY IN THE FIXED POINT REGIME

In this section and the following ones, we apply the previous considerations within the context of standard cosmology on a flat FRW-background. We correct the equations of motion of cosmology by running couplings, assuming that the running can be translated into a time-dependence.

At very early times, asymptotic safety would lead to the RG dependence of the couplings being controlled by the RG fixed point, making the couplings scale according to their mass dimension. On dimensional grounds we will look for solutions in which the RG parameter k is inversely proportional to cosmological time t.

At the RG fixed point, the dimensionless couplings approach constant values and the beta functions vanish,

g̃(k) ≃ g̃^∗ ⇒ β_{g̃} ≃ 0 (17)

with g̃ = {G̃, λ̃_i}. As a result, the system (11,12,13) can be rewritten in the form

H^2 = 8πG 3 ( 1 2 ϕ̇^2 + V ) (18)

Ḣ = −4πGϕ̇^2 (19) ϕ̈ = −3Hϕ̇ − V^′ (20)

ϕ̇^2 = −2 ( 1 + ν_{RG} η_{RG} ) V (21)

where H = ȧ/a is the Hubble parameter. In the case that the bracket in the last of the four equations becomes zero, the scalar field and the Hubble parameter become constant giving a de Sitter solution with inflationary expansion provided V^′ = 0. In the following we will assume that it is different from zero. Then, using Eq. (21) and the resulting relation between H and V one obtains the equations ϕ̈ = − √ 48πG^{νRG}_{ηRG} ( 1 +^{νRG}_{ηRG} ) V − V^′ (22)

−^Ḣ_{H2} =^1_α (23) where α = 1 3 ( 1 +^{ηRG}_{νRG} ) . (24)

Thus the value of the Hubble rate depends only on the dimensionless RG parameters ν_{RG} and η_{RG}. In general they will depend on the dimensionless ratio ϕ̃ = ϕ/k. When this ratio becomes constant, power-law solutions for H are obtained. The condition which gives inflationary expansion is − Ḣ H^2

< 1. (25)

This is fulfilled for − η_{RG} ν_{RG} > 2 3 . (26)

In the fixed point regime, this condition can be met for any potential as long as ν_{RG} < 3.

The system (22,23) can be solved, at least numerically, for any form of the field potential, treating the fixed point values of the couplings as given quantities. In some special cases it is possible to derive an analytic solution that allows us to treat the couplings as free parameters. Including only the cosmological constant in the potential, V (ϕ) = Λ/(8πG), at a fixed point the RG parameters become

η_{RG} = −2 ; ν_{RG} = 4 . (27)

Thus, at the corresponding RG fixed point one has ϕ̇^2/2 = V (ϕ) indicating equality between kinetic and potential energy of the scalar field as found in [26, 27]. Note that this is also the case at the so-called Gaussian matter fixed points, where the dimensionless scalar field couplings vanish. We study here the further interesting cases of a monomial potential and a quartic trinomial potential which allow analytic solutions.

In general, we would expect to align the RG scale k with the one of the two physical scales in the problem, the Hubble parameter H or the scalar field expectation value ϕ. Most works with RG corrections in cosmology assume that H sets the relevant coarse-graining scale for fluctuations around the spatially homogeneous background, and indeed if there is no special tuning, we would expect to be able to find a solution with k ∼ H ∼ ϕ at a fixed point. The assumed spatial homogeneity of an FRW universe means that it is consistent to take k to be a function of time only, as in (16).

A possible ansatz to solve Eqs. (18,19,20,21) is therefore to assume that the Hubble rate, field strength and RG parameter all scale inversely proportional to time, H = α t ; ϕ = φ t ; k = χ t (28)

where φ, χ are constants to be determined and α is given by Eq. (24).

We will find in Section VI that if the fixed point values of the dimensionless couplings satisfy certain special conditions, the expansion rate H can be much smaller than k and ϕ. In an inflating solution near the Gaussian fixed point (Section IV) we will find that it is generally true that H ≪ k ∼ ϕ, i.e. that consistency with the Bianchi identity (13) forces one to coarse-grain at the scale set by the scalar field.

Inserting the ansatz (28) into Eqs. (18,19,20,21) leads to

α^2 = 8πG̃ 3 ( 1 2 ϕ̃^2 + χ^2Ṽ ) (29)

α = 4πG̃ ϕ̃^2 (30) 2ϕ̃ = 3αϕ̃ − χ^2Ṽ^′ (31)

ϕ̃^2 = −2 ( 1 + ν_{RG} η_{RG} ) χ^2Ṽ (32)

where ϕ̃ = ϕ/k, Ṽ (ϕ̃) = k^{−4}V (ϕ) and Ṽ^′(ϕ̃) = k^{−3}V^′(ϕ). One can check that these equations give consistent solutions for the three parameters α, χ and ϕ̃. Additionally one obtains

φ^2 = − ϕ̃4 2 ( 1 +^{νRG}_{ηRG} ) Ṽ (33)

If one chooses a specific potential, the solution for ϕ̃ and χ can be completed. We will discuss the cases of monomial and trinomial potential in the next two subsections.

A. Monomial potential

As a simple test case, we consider a monomial potential of the form

V (ϕ) = λ_nϕ^n, (34) where n is an integer. In the fixed point regime ν_{RG} = 4 − n, as explained in the Appendix, giving (here and in the following section, all couplings assume their fixed point values) α = 4 − n 3 (2 − n)

(35)

χ^2 = 1 (2 − n)λ̃_n ( 4 − n 12(2 − n)πG̃ ) 2−n_2 (36)

φ^2 = 1 (2 − n)λ̃_n ( 4 − n 12(2 − n)πG̃ ) 4−n_2 . (37)

In this case, α is constant and hence there is power-law expansion with a ∝ t^α. An expanding universe requires positive H. This can only be achieved if α > 0, and, in the fixed point regime where η_{RG} = −2, this needs either ν_{RG} < 2 or ν_{RG} > 4. We exclude the case n = 2 because it is inconsistent with (28). The case n = 4 would give H = 0 and thus not lead to a realistic scenario. Eq. (26) implies that inflationary expansion cannot be obtained in the fixed point regime with an even monomial potential. Inflation may however be obtained if one includes two or more terms in the potential.

B. Quartic potential

A more realistic model arises from the non-singular and symmetric trinomial potential including only couplings with positive or zero mass dimension

V (ϕ) = λ_0 + λ_2 ϕ^2 + λ_4 ϕ^4 (38)

We can still derive an analytic solution of the system (18,19,20,21). This happens because in this particular case (21) reads

ϕ̇^2 = 2λ̃_0 k^4 − 2λ̃_4 ϕ^4 (39)

and k can be extracted and plugged into (20) [52]. From Eqs. (24,32,33) one obtains α = 2λ̃_0 + λ̃_2ϕ̃^2 3(λ̃_0 − λ̃_4ϕ̃^4)

; χ^2 = ϕ̃2 2(λ̃_0 − λ̃_4ϕ̃^4)

; φ^2 = ϕ̃4 2(λ̃_0 − λ̃_4ϕ̃^4)

(40)

whereas Eq. (30) gives ϕ̃ as a solution to the equation

λ̃_0 − λ̃_4ϕ̃^4 = 1 12πG̃ ( 2λ̃_0 ϕ̃2 + λ̃_2 ) . (41)

This equation can be solved analytically with Cardano’s formula, but we do not find it useful to be displayed here. We will need this result however only in Section VI in the case where both sides become small.

The parameters α and χ depend only on the combinations of couplings r_0 = λ̃_0/λ̃_4 and r_2 = λ̃_2/λ̃_4. With respect to these two parameters, we show in Figure 1 the value of α. It can be seen that for sufficiently positive r_0 it is greater than one, thus describing a phase of power law inflation.

IV. THE QUASI-CLASSICAL REGIME

The picture we are left with from the previous section is that the universe undergoes an inflationary phase driven by the UV fixed point, where the quantities H, ϕ and k decrease inversely proportional to cosmological time. In particular, the energy scale k(t) goes down until it reaches the value at which the RG trajectory leaves the UV fixed point and starts to roll towards the infrared.

Among the infinite number of trajectories originating from the UV fixed point, the physical one must be chosen in such a way to provide a long-lasting phase of (almost) classical cosmological evolution. One can achieve this by restricting oneself to the bunch of trajectories that lie very close to the separatrix, defined as the trajectory connecting the UV fixed point and the Gaussian fixed point, where G̃ = λ̃_i = 0.

FIG. 1. Numerical value of α, for r0 and r2 spanning the range {−5, 5}.

After having left the UV fixed point, such a trajectory rapidly falls downwards until it borders on the Gaussian fixed point. During this transition phase, the universe expands and cools down, quantum effects become more and more negligible and the transition to classicality takes place. After a finite amount of (RG) time the trajectory departs from the linear regime and tends towards its deep IR regime, that can possibly be located at another fixed point, but this issue is beyond the purposes of the present analysis.

Once the trajectory has left the fixed point, the approximation (17) ceases to hold, but because of the small values of the couplings, the β-functions (as calculated in [19]) can be linearised and read to first order in G̃ and the matter couplings β_{G̃} = 2 G̃

β_{Λ̃} = 3 G̃ 4π − 2 Λ̃

β_{λ̃2} = −2 λ̃_2 −

3 λ̃_4 8π^2

(42) β_{λ̃4} = 0

where we made use of the usual definition Λ̃ = 8πG̃ λ̃_0. Obviously, a less trivial evolution can be obtained by including higher order terms in (42), but at least in the vicinity of the Gaussian fixed point these contributions will be negligible. The linearised flow (42) can be easily integrated, and the final k-dependence of the dimensionful couplings turns out to be G(k) = Ḡ Λ(k) = Λ̄ + 3 16π Ḡ k^4

λ_2(k) = λ̄_2 − 3 16π^2 λ̄_4 k^2 (43)

λ_4(k) = λ̄_4 where the bars indicate the asymptotic values for very small k. From these equations one obtains η_{RG} = 0. An overall remark that is worth making is that, for sufficiently small k, the quantum corrections to the flux (43) can be neglected and the dynamics become completely classical.

The flow (43) can be inserted into the constraint Eq. (7) giving the fairly simple result

∇_μ ln k V ν_{RG} = 0 (44)

that implies either the trivial case of constant k, or vanishing potential, or ν_{RG} = 0. Here we will assume the latter condition, so that using the formula for ν_{RG} for the case of the quartic potential in the Appendix and applying again (43), we find

k(t) = 2 √ λ̄_4 ϕ(t). (45)

This can be plugged together with (43) into (20), giving

ϕ̈ + 2 √ 6πḠ ( 1 2 ϕ̇2 + Λ̄ 8πḠ + λ̄_2 ϕ^2 + ( 1 − 3λ̄_4 8π^2 ) λ̄_4 ϕ4 ) ϕ̇ = −2 ( λ̄_2 + 2 ( 1 − 3λ̄_4 8π^2 ) λ̄_4 ϕ^2 ) ϕ . (46)

This equation is again the Klein-Gordon equation, with modified but constant couplings. Nonetheless, it contains the identification (45), so that it can be thought of as an “effective” equation describing an intermediate phase located between the UV fixed point and the fully classical regime, described by Eq. (43) at k = 0.

Eq. (46) can be studied by means of the phase diagram method. We define ψ(ϕ) ≡ ϕ̇, so that ϕ̈ = ψ ψ^′ (the prime denoting the derivative with respect to ϕ) and (46) can be rewritten as

ψ^′ + 2 √ 6πḠ ( 1 2 ψ^2 + Λ̄ 8πḠ + λ̄_2 ϕ^2 + ( 1 − 3λ̄_4 8π^2 ) λ̄_4 ϕ4 ) = −2 ( λ̄_2 + 2 ( 1 − 3λ̄_4 8π^2 ) λ̄_4 ϕ^2 ) ϕ ψ . (47)

Following the approach of [53], we separate the phase space into kinetic and potential term dominated regions (|ψ| ≷ ϕ^2) and study Eq. (47) in both regimes. Notice that in these variables the previous fixed point phase is described by the parabola ψ = − ϕ^2 φ (48)

so that, when the RG trajectory leaves the fixed point, it is sufficient to restrict ourselves to the lower right quadrant (ϕ > 0 and ψ < 0). Starting from the region |ψ| ≫ ϕ^2, Eq. (47) admits the solution

ψ(ϕ) = ψ_0 e^− √ 12πḠ ϕ (49)

that describes an exponential fall towards the region where |ψ| ≪ ϕ^2. Here the attractor solution identified by ψ^′(ϕ) ≈ 0 asymptotes towards the straight line ψ(ϕ) = −A ϕ, where A = √ 2 3πḠ ( 1 − 3 λ̄_4 8π^2 ) λ̄_4 . (50)

Trajectories originating from any point of the phase space are then forced over the attractor and follow it towards smaller values of ϕ.

If we plug the condition (45) into (43), the beta functions for Λ and λ_2 become ϕ-dependent. We can thus determine for which field value the ϕ-dependent part becomes negligible with respect to the asymptotic value. Such value, here named ϕ_{cl}, is the smaller value of ϕ_2 and ϕ_0, where

ϕ_2 = ( 4π^2 3 λ̄_2 λ̄2_4 )_{1/2} ; ϕ_0 = ( π 3 Λ̄ Ḡ λ̄2_4 )_{1/4} . (51)

ϕ_{cl} marks the scale at which RG cosmology becomes completely classical, and can be studied within the standard cosmological framework. The entire phase space portrait is shown in Figure 2.

V. AUTONOMOUS SYSTEM ANALYSIS

For a general phase space analysis, it is convenient to rewrite the equations of cosmological dynamics in autonomous form by introducing the dimensionless parameters x = κϕ̇ √ 6H ; y = κ √ V √ 3H ; z = V^′ κV ; η = V^{′′} κ^2V

; N = − ln a (52)

with κ = √ 8πG, see e.g. [49, 54, 55]. In these variables the Friedmann equation turns into

x^2 + y^2 = 1 (53)

confining the motion to an upper half-circle for an expanding universe (which has positive y). The fraction of the total energy density carried by the kinetic and potential terms of the scalar field are x^2 and y^2. The variable z is function

FIG. 2. Phase space portrait of the quasi-classical evolution of the scalar field ϕ. Dotted line represents the (approximated) attractor. The classical regime applies to the area on the left of the vertical line at ϕ = ϕ_{cl}.

of ϕ and the couplings, and can be used to recover the field value, and the function η(z) encodes the potential V (ϕ). With a specific η(z) the equations of cosmological dynamics are represented in autonomous closed form in terms of dimensionless variables and a dimensionless evolution parameter N, the number of e-foldings. The interesting point is that the equations show fixed points where the equation of state parameter of the scalar field, which can be written as 2x^2/(x^2 +y^2), becomes constant. That allows to trivially integrate to obtain the time dependence of the scaling factor. The specific properties (existence, attractivity) of the fixed points depend on the shape of the potential. Typical fixed points show e.g. domination by the kinetic term (x = 1) or, during the slow-roll regime, by the potential term y = 1.

The modification of the fixed points of the equations of cosmological dynamics by RG effects constrained by Eq. (7) has been studied in [49]. There, correction terms were obtained which are parameterized by the RG parameters ν_{RG} and η_{RG} as defined in Eqs. (14,15), and a further parameter σ_{RG} = ∂ ln V^′ ∂ ln k . (54)

Then the equations of cosmological dynamics can be written as (we do not take any ideal fluid components into account here) dx dN = 3x(1 − x^2) + √ 3 2 y^2z + 1 2 xη_{RG} d ln k dN , (55) dy dN = − √ 3 2 xyz − 3x^2y + 1 2 y(η_{RG} + ν_{RG}) d ln k dN , (56) dz dN = − √ 6 x(η(z) − z^2) + z ( − 1 2 η_{RG} − ν_{RG} + σ_{RG} ) d ln k dN , (57)

and the constraint Eq. (7) becomes η_{RG}(k) + y^2 ν_{RG}(k, z) = 0 . (58) With the abbreviation α_{RG} = 1 2 [ η_{RG} + ν_{RG} − ∂ ∂ ln k ln ( − η_{RG} ν_{RG} )] , (59)

one finds d ln k dN = 1 α_{RG} [ σ_{RG} ν_{RG} √ 3 2 xz + 3x^2 ] . (60)

Without assuming any specific functional form for k(t) and the potential, the Bianchi constraint leads immediately to x = ± √ 1 + η_{RG} ν_{RG} ; y = √ − η_{RG} ν_{RG} (61)

We note that x = ± √ 1/3α, where α was defined in Section III as tH. The Hubble parameter can be recovered by integrating d ln H dN = 3x^2, (62)

A. The RG fixed point regime

The equations (55,56,57) can show fixed points where d ln k/dN becomes either zero or where it approaches a constant value different from zero. In [49] the first case was called a freeze-in fixed point, in which the evolution of k with N comes to a halt at some point. The second case gives instead rise to what was called simultaneous fixed points, in which the fixed points of cosmological dynamics and the RG fixed points are reached together. The solution found in Section III is a simultaneous fixed point of a particular kind, in which H ∝ k ∝ ϕ. We denote this a scaling simultaneous fixed point.

Recalling (62), we see that at a scaling simultaneous fixed point the conditions H ∝ k and ϕ ∝ k imply that

3x^2 = 1 α_{RG} [ σ_{RG} ν_{RG} √ 3 2 xz + 3x^2 ] , (63) dϕ̃ dN = 0. (64)

It is not at all obvious that the first of these equations is satisfied, and we proceed to demonstrate that it is consistent.

The condition (64), coupled with d ln k/dN = 3x^2, allows one to show from the definition of x that

x^2 = 1 12πG̃ 1 ϕ̃2 . (65)

For a polynomial potential at a fixed point of the dimensionless couplings, ν_{RG} = 4 − ϕ̃ Ṽ^′ Ṽ . (66) Hence, at a scaling simultaneous fixed point, z = ± √ 3 2 x(4 − ν_{RG}) (67)

One may use this equation (taking the negative root), and d ln k/dN = 3x^2 again, to show that the constancy of ν_{RG} with N implies ∂ν_{RG} ∂ ln k = (ν_{RG} − σ_{RG})(4 − ν_{RG}). (68)

Substituting (67) and (68) into the equation for d ln k/dN (60), and recalling that η_{RG} = −2 at the fixed point, one can verify that it is indeed satisfied. Hence at a scaling simultaneous fixed point we may replace the complicated equation (60) with the simpler d ln k/dN = 3x^2.

We may use these equations to find an equation for the fixed point value of ϕ̃, and hence the value of ν_{RG} at the fixed point. Recalling that x^2 = (1 − 2/ν_{RG}), we find from (65) and (66) that 2Ṽ − ϕ̃Ṽ^′ 4Ṽ − ϕ̃Ṽ^′ = 1 12πG̃ϕ̃^2

. (69)

In the next two sub-sections we show that this equation reproduces those found in Section III in the specific cases studied in this paper (monomial and quartic potential) in the fixed point regime.

1. Monomial potential

For the case of the monomial potential studied in Section III A, one finds that ν_{RG} is independent of the field, and one can directly show that, at a simulataneous fixed point, x = ± ( 2 − n 4 − n ) 1_2 ; y = ( 2 4 − n ) 1_2 ; z = −n √ 3 2 ( 1 + η_{RG} ν_{RG} ) = − √ 3 2 n x . (70)

It is easy to show that

ϕ̃^2 = 1 12πG̃ 4 − n 2 − n (71)

consistent with (36) and (37).

2. Quartic potential

With the quartic trinomial potential, one obtains from (69)

λ̃_0 − λ̃_4ϕ̃4 2λ̃_0 + λ̃_2ϕ̃^2 = 1 12πG̃ϕ̃^2

, (72)

reproducing (41) as expected.

From the expressions for ν_{RG} and σ_{RG} given in the Appendix, and the definition of z, we obtain

x = ± √ λ̃_0 − λ̃_4ϕ̃4 2λ̃_0 + λ̃_2ϕ̃^2

; y = √ λ̃_0 + λ̃_2ϕ̃2 + λ̃_4ϕ̃4

2λ̃_0 + λ̃_2ϕ̃^2

; z = ϕ̃ √ 2πG̃ λ̃_2 + 2λ̃_4ϕ̃2 λ̃_0 + λ̃_2ϕ̃2 + λ̃_4ϕ̃4 . (73)

B. Quasi-classical regime

In the quasi-classical regime the dimensionless couplings tend to zero and η_{RG}, ν_{RG} and σ_{RG} are also small, while α_{RG} does not vanish in this limit. Hence the equations (55,56,57) revert to their classical form. In this case there is a fixed point with x = ±1, y = 0, and η − z^2 = 0, near which trajectories emerge towards another at x = 0, y = 1, and z = 0 (as N gets more negative). Trajectories passing near this second fixed point are drawn towards the slow-roll inflationary line x = −z/ √ 6. Direct evaluation for field values larger than ϕ_{cl} (so that the potential can be treated as a monomial with n = 4) shows that for ϕ̇ ≃ −Aϕ with A ≪ 1 the phase space variables behave as

x_{late} ≃ − √ 8 3 1 κϕ , y_{late} ≃ 1, z_{late} ≃ 4 κϕ . (74)

Using the scale identification (45) we see that

d log k dN ≃ 4 κ^2ϕ^2 = 3 2 x^2_{late}, (75)

which is clearly consistent with the general formula for x (65) and the slow-roll condition. Note that k is not proportional to the Hubble parameter H in this era: H is proportional to ϕ^2, and hence H ∝ k^2.

VI. COSMOLOGICAL FLUCTUATIONS

We now want to derive an estimate for some of the CMB observables with respect to our results. To do so, we recall the fact, already stressed in [28], that the Wilsonian RG improvement is basically an averaging procedure over a volume of radius k^{−1}. This means that the field fluctuations of momentum p ≳ k should not be be affected by the variation of the coupling constants. Furthermore, the improvement preserves the form of the classical equations of motion, which means that the two crucial ingredients in the standard calculation, the quantum mode functions and the conservation of the curvature perturbation for super-horizon modes, should be unaffected. Hence the usual formalism of evolution of perturbations (see for example [56]) should be applicable [57–59].

A. Generation of scalar perturbations

A convenient approach is to work in the comoving gauge T^{0i} = 0, where the scalar field and the RG scale are functions of time only (see the end of Section II). Considering scalar perturbations only, the spatial part of the metric may be written

g_{ij} = a^2(t)e^{−2R}δ_{ij} , (76)

where R is the so-called curvature perturbation, related to the curvature of spatial sections through the threedimensional Laplacian △:

R^{(3)} = 4△R. (77)

A lengthy calculation [57, 60] shows that the action becomes, to quadratic order

S^{(2)}_R = 1 2 ∫ d^4x ( (v^′)^2 − (∂_iv)^2 + θ^{′′} θ v^2 ) , (78)

where a prime denotes the derivative with respect to conformal time τ, θ = a ϕ̇ H , and v = θR. (79)

Note that the k-dependent parameters G and Λ do not appear explicitly: the dependence on the RG scale is implicit through the solutions for ϕ and H, which are different when the time-dependence of k is taken into account.

To see what difference the time-dependence makes, let us write θ = √ 6am_{Pl}x. The equation for the mode function v_p with wave number p is

v^{′′}_p + ( k^2 − θ^{′′} θ ) v_p = 0. (80)

At a cosmological fixed point of the RG-improved dynamical equations (see Section V) x is a constant, m_{Pl} ∝ k, and hence θ ∝ a(τ)k(τ). With a ∝ t^α and k ∝ 1/t, it is easy to show that θ ∝ 1/τ, and hence the equation for the mode function is

v^{′′}_p + ( k^2 − 2 τ^2 ) v_p = 0, (81)

where p = |p|. This is exactly the same as the equation for scalar mode functions in a de Sitter background, even though the background is in fact power-law inflation. It is the altered time dependence of ϕ̇/H which causes this difference, although our trick of rewriting θ in terms of x made it look as if it came from the explicit differentiation of m_{Pl}.

The solution to the mode function equation (81) with the correct boundary condition as τ → −∞ is

v_p = pτ − i pτ e^{−ipτ} . (82) Hence, as τ → 0 from below, corresponding to late times during the inflating epoch,

|R_p|^2 → 1 (θkτ)^2 . (83)

In the standard semiclassical calculation with constant m_{Pl} and a de Sitter background, aτ = 1/H, and the formula

P_{R,cl}(p) = 1 4π^2 1 (θτ)^2 = 1 24π^2x^2

H^2 m^2_{Pl} = H^2 ϕ̇2 H^2 4π^2

(84)

follows. However, here we have a ∝ t^α, and aτ = α − 1 αH . (85)

Noting that α = 1/(3x^2), the power spectrum of the curvature perturbation becomes

P_R(p) = 1 24π^2

(1 − 3x^2)^2 x^2

H^2 m^2_{Pl}

. (86)

B. Conservation of the comoving curvature perturbation

We now outline the proof that the conservation of the comoving curvature perturbation R outside the horizon also holds in the RG-improved cosmology with running G. The standard derivation starts with the Einstein equations and the conservation of energy-momentum. We denote the density, pressure and four-velocity of the stress-energy as ρ, P and u^μ respectively, and define a space-dependent Hubble parameter H(t, x) =^1_3 ∇_iu^i. The Einstein, Raychaudhuri, Euler, and continuity equations may then be written

H^2 = 8πG 3 ρ + 2 3 △R (87)

Ḣ + H^2 = − 4πG 3 (ρ + P ) + 1 3 ∇_ia^i (88)

a^i = − ∇^iP ρ + P (89) dρ dt_{pr} = −3H(ρ + P ), (90)

where t_{pr} is the proper time and a^i = du^i/dt_{pr} is the proper acceleration.

We define the density perturbation δρ_p = ρ_p − ρ̄, where ρ̄ is the background density, and the gravitational potential Φ_p by − 2 3 ( k aH )_2

Φ_p = δρ_p ρ̄ . (91)

The standard analysis proceeds by differentiating the Friedmann equation (87) with respect to proper time, and a lengthy rearrangement produces 1 a^p 1 H d dt (a^pΦ_p) = − 3 2 (1 + w)R_p (92) 1 H d dt R_p = 2 3 c^2_s 1 + w ( k aH )_2

Φ_p, (93)

where p = (5 + 3w)/2, w = P/ρ, and c^2_s = dP/dρ. For long-wavelengths (k ≪ aH) the equations may be written

Ṙ_p H = − 2c^2_s 5 + 3w ( k aH )_2

R_p, (94)

demonstrating that Ṙ_p → 0 for k/aH → 0, i.e. that the comoving curvature perturbation is constant outside the horizon.

In the restricted RG improvement, the Einstein equations and the conservation of stress-energy continue to hold. The only place where the time-dependence of the parameters has the potential to affect the proof is when differentiating the Friedmann equation with respect to time: 2HḢ = 8πG 3 ∂ρ ∂t + 2 3 △Ṙ + 8πk̇ ∂ ∂ ln k (Gρ). (95)

However, the last term vanishes as part of the consistency condition for the RG improvement to maintain the Bianchi identity (7). Hence the proof continues as for the classical case, and the comoving curvature perturbation is indeed conserved outside the horizon in this RG-improved framework.

C. Tensor perturbations

For tensor perturbations, we write the spatial part of the metric tensor as

g_{ij} = a^2(t)(δ_{ij} + 2E_{ij} ), (96)

where E_{ij} is symmetric, transverse (∂_iE_{ij} = 0) and traceless (E_{II} = 0). Substitution into the Einstein-Hilbert action gives

S^{(2)}_t = 1 2 ∫ d^4xZ^2 ( (E^′_{ij} )^2 − (∂_lE_{ij} )^2 ) , (97)

where Z = am_{Pl}. Writing h_{ij} = ZE_{ij} , and decomposing h_{ij} into its polarisation components,

h_{ij} = h_+e^+_{ij} + h_×e^×_{ij} , (98) we find

S^{(2)}_t = 1 2 ∑ A ∫ d^4x ( (h^′_A)^2 − (∂_lh_A)^2 + Z^{′′} Z (h_A)^2 ) , (99)

with A = +, ×. Hence the equations for the mode functions are h^{′′}_{A,p} + ( p^2 −

(ν^2 − 1/4) τ^2 ) h_{A,p} = 0. (100)

where p = |p| and ν = 3 2 + 1 α − 1 . (101)

This is the standard equation for mode functions in a power-law inflation background, for which the solution with the correct boundary conditions can be expressed in terms of a Hankel function [58]

h_{A,p} = 1 2 √ πe^{i(ν+ 12 ) π2} (−τ)^{12} H^{(1)}_ν (−pτ). (102)

As τ → 0 from below, corresponding to late times during the inflating epoch,

h_{A,p} → e^{i(ν− 12 ) π2} 2^{ν− 32}

Γ(ν) Γ(^3_2 ) 1 √ 2p (−pτ)^{12 −ν} . (103)

Hence |E_{ij,p}|^2 = ∑ A |h_{A,p}|^2 Z^2 → 2 1 a^2τ^2m^2_{Pl} ( Γ(ν) Γ(^3_2 )

)_2 1 2p^3 ( −pτ 2 )_{3−2ν} . (104)

We have 1/(aτ) = αH/(1 − α), so the tensor power spectrum is given by P_t(p) ≡ p^3 2π^2 |E_{ij,p}|^2 = 2^{2ν−3} 2π^2 ( Γ(ν) Γ(^3_2 )

)_2

(1 − 3x^2)^{2(1+ν)}

H^2 m^2_{Pl}

(−pτ)^{3−2ν} , (105)

The form is identical to the standard formula for power-law inflation. However, at the combined RG and cosmological fixed point H/m_{Pl} is a constant, rather than decreasing as τ^{−1/(α−1)}. As 3 − 2ν = −2/(α − 1) is negative, this means that the overall normalisation of the tensor power spectrum increases as inflation proceeds, and vanishes in the infinite past at the fixed point.

Note that the infrared divergence of power-law inflation is also present: the fluctuations diverge as p → 0. In the standard picture it is supposed that inflation had a beginning in a finite region of the universe, whose size acts as an IR cut-off. In our case of an emergence from a UV simultaneous cosmological and RG fixed point one can impose an IR cut-off with a toroidal compactification.

D. Amplitude and tilt of scalar power spectrum

We can now estimate the amplitude and tilt of the scalar power spectrum. We see that the tilt is exactly zero, as the power spectrum is independent of p at the fixed point

n_s − 1 = d ln P_R d ln p = 0. (106)

The amplitude of the scalar power spectrum is

P_R = 1 π G̃α3 χ^2 ( 1 − 1 α )_2

. (107)

For the symmetric quartic potential, we may substitute from (40) to find (assuming α is large) P_R ≃ 32 3 πG̃^3ϕ̃^2(2λ̃_0 + λ̃_2ϕ̃^2). (108)

Asymptotically safe fixed points in the truncations studied to date [2–22] have G̃ = O(1). Thus we see that to arrange for a small power spectrum, the fixed point couplings λ̃_n (n = 0, 2, 4) must be tuned such that either ϕ̃^2 or 2λ̃_0 + λ̃_2ϕ̃^2 are small. The first possibility is excluded because ϕ̃^2 has to be of the same order as α by Eq. (30), which however is required to be large. The second possibility implies simultaneous vanishing of the left and right hand sides of Eq. (41). The left hand side of Eq. (41) implies then ϕ̃^2 ≃ √ r_0, and the right hand side gives ϕ̃^2 ≃ −2r_0/r_2. This means that in order to obtain small curvature perturbations we must stay close to the line r_2 = −2 √ r_0 in the parameter space. The deviation from this line can be parametrized by the smallness parameter δ defined by

r_2 = −2 √ r_0 + δ G̃ (109)

and the curvature perturbations become P_R ≃ 32 3 πG̃^2λ̃_0δ = 4 3 G̃Λ̃ δ . (110)

With the parametrisation (109) it also follows directly that α ≃ 4πG̃ ( √ r_0 + δ 2G̃ ) . (111)

Note that this entails that α diverges in the limit λ̃_4 → 0, corresponding to the Gaussian matter fixed point. It is easy to see that the condition r_2 = −2 √ r_0 results in the dimensionless potential being zero at its minimum, ϕ̃^2 = −2r_0/r_2.

E. Amplitude and tilt of tensor power spectrum

Assuming that α is large, we have P_t(p) ≃ 1 2π^2

H^2 m^2_{Pl}

(−pτ)^{nT} (112)

where n_T is the tensor tilt, given by

n_T = − 2 α − 1 . (113)

Hence using (40), P_t(p) ≃ 4G̃ π α^2 χ^2 (−pτ)^{nT} = 32 3 G̃^2(2λ̃_0 + λ̃_2ϕ̃^2) (−pτ)^{nT} (114)

which, using (109), can be written as

P_t(p) ≃ 16 3 √ Λ̃G̃λ̃_4 2π δ (−pτ)^{nT} . (115) Thus, the tensor-to-scalar ratio is

r = P_t(p) P_R(p) ≃ √ 8λ̃_4 πΛ̃G̃ (−pτ)^{nT} . (116)

The dimensionless combination of gravitational couplings G̃Λ̃ is thought to be close to order unity at the UV fixed point (see e.g. [61]), while λ̃_4 vanishes if the UV behaviour of the scalar field is controlled by a Gaussian matter fixed point. Non-zero values of r therefore require non-trivial UV behaviour in the scalar sector.

VII. CONCLUSIONS

In this paper we have provided a description of the early history of the universe, where the matter content is described by a scalar field, and gravitation by the Einstein-Hilbert action, whose coupling constants vary according to the renormalisation group equations. The RG scale is assumed to be time-dependent, and varies in such a way as to preserve the form of the classical equations of motion. We assume that there is a UV fixed point at which the dimensionless couplings approach constant values.

Expanding solutions, in the form of power law, were found in the fixed point regime for the field potentials of monomial and polynomial form. We found that the simplest form of monomial potentials does not provide accelerated expansion in the RG fixed point regime.

We considered a potential including all even non-singular and perturbatively renormalisable interaction terms and found accelerated expansion in the form of power-law inflation for a very wide range of model parameters. The results were classified as cosmological fixed points of an autonomous phase-space portrait.

We also studied the transition from the UV regime to classicality. We found that the fully classical regime, in which the coupling constants reach their threshold values and freeze, is an attractor solution for the system and an attracting fixed point in the cosmological phase-space. This is an important result, because it ensures that the theory has a safe late-time regime that can be matched with the standard model of cosmology below the Planck-scale. In this regime, the consistency of the improved Einstein equations forces the RG scale to be identified with the scalar field strength.

Finally, we calculated the scalar and tensor perturbations induced by the fluctuations in the scalar and gravitational fields during the inflationary phase, taking into account the time-dependence of the gravitational coupling G. The standard formulae are recovered, but the time-dependence of G means that the amplitude and tilt of the power spectra are unusual. The scalar power spectrum is exactly scale-invariant, while the tilt of the tensor power spectrum is as expected for power-law inflation. The amplitudes are generically of O(1), but can be small if the fixed-point values of the dimensionless couplings in the scalar potential obey certain relations which tune the dimensionless potential to zero. Indeed, as the scale of inflationary perturbations is set by the product GH^2, and near a fixed point the gravitational constant G ∼ 1/k^2, it is clear that in order to generate small inflationary peturbations we must have H ≪ k. The RG scale is instead the same order of magnitude as the scalar field strength.

Hence it is possible that under the special circumstances detailed above the cosmological fluctuations we observe are generated near a simultaneous cosmological and RG fixed point. The attraction of this picture is that the fluctuations of the fields are under control all the way to the initial singularity, as long as the universe has finite comoving size. If a suitable fixed point is found, it would therefore constitute a viable UV completion of the inflationary paradigm.

ACKNOWLEDGMENTS

We would like to thank Daniel Litim, Roberto Percacci, Ninfa Radicella and Martin Reuter for useful discussions. This work was supported by the Science and Technology Research Council [grant number ST/G000573/1].

VIII. APPENDIX

For a monomial potential of type V (ϕ) = λ_nϕ^n, one obtains the RG parameter

ν_{RG} = σ_{RG} = 4 − n + β_{g̃n} g̃_n ; α_{RG} = 1 − n 2 . (117)

For the quartic potential in four dimensions, one obtains ν_{RG} = 1 Ṽ ( (β_{λ̃0} + 4λ̃_0) + (β_{λ̃2} + 2λ̃_2)ϕ̃^2 + β_{λ̃4}ϕ̃^4 ) (118) σ_{RG} = 2 ϕ̃ Ṽ ′ ( (β_{λ̃2} + 2λ̃_2) + 2β_{λ̃4}ϕ̃^2 ) . (119)

At an RG fixed point, these expressions simplify to

ν_{RG} = 2 ( 2λ̃_0 + λ̃_2ϕ̃^2 ) λ̃_0 + λ̃_2ϕ̃2 + λ̃_4ϕ̃4 (120) σ_{RG} = 2λ̃_2 λ̃_2 + 2λ̃_4ϕ̃2 (121) α_{RG} = 2λ̃_0 2λ̃_0 + 2λ̃_2ϕ̃^2

(122)

where the solutions from Section III B have been inserted.

[1] S. Weinberg, (1979), in General Relativity: An Einstein centenary survey, ed. S. W. Hawking and W. Israel, 790- 831. [2] M. Reuter, Phys. Rev. D57, 971 (1998), arXiv:hep-th/9605030. [3] D. Dou and R. Percacci, Class. Quant. Grav. 15, 3449 (1998), arXiv:hep-th/9707239. [4] W. Souma, Prog. Theor. Phys. 102, 181 (1999), arXiv:hep-th/9907027. [5] O. Lauscher and M. Reuter, Phys. Rev. D65, 025013 (2002), arXiv:hep-th/0108040. [6] O. Lauscher and M. Reuter, Phys. Rev. D66, 025026 (2002), arXiv:hep-th/0205062. [7] M. Reuter and F. Saueressig, Phys. Rev. D65, 065016 (2002), arXiv:hep-th/0110054. [8] D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004), arXiv:hep-th/0312114. [9] R. Percacci and D. Perini, Phys. Rev. D68, 044018 (2003), arXiv:hep-th/0304222. [10] R. Percacci, Phys. Rev. D73, 041501 (2006), arXiv:hep-th/0511177. [11] D. F. Litim, AIP Conf. Proc. 841, 322 (2006), arXiv:hep-th/0606044. [12] M. Niedermaier and M. Reuter, Living Rev. Rel. 9, 5 (2006). [13] M. Niedermaier, Class. Quant. Grav. 24, R171 (2007), arXiv:gr-qc/0610018.

[14] R. Percacci, (2007), in “Approaches to Quantum Gravity: Towards a New Understanding of Space, Time and Matter” ed. D. Oriti, Cambridge University Press, arXiv:0709.3851 [hep-th].

[15] D. F. Litim, (2008), arXiv:0810.3675 [hep-th].

[16] A. Codello and R. Percacci, Phys. Rev. Lett. 97, 221301 (2006), arXiv:hep-th/0607128. [17] A. Codello, R. Percacci, and C. Rahmede, Int. J. Mod. Phys. A23, 143 (2008), arXiv:0705.1769 [hep-th]. [18] A. Codello, R. Percacci, and C. Rahmede, Annals Phys. 324, 414 (2009), arXiv:0805.2909 [hep-th]. [19] G. Narain and R. Percacci, Class. Quant. Grav. 27, 075001 (2010), arXiv:0911.0386 [hep-th]. [20] G. Narain and C. Rahmede, Class. Quant. Grav. 27, 075002 (2010), arXiv:0911.0394 [hep-th]. [21] D. Benedetti, P. F. Machado, and F. Saueressig, Nucl. Phys. B824, 168 (2010), arXiv:0902.4630 [hep-th]. [22] P. F. Machado and F. Saueressig, Phys. Rev. D77, 124045 (2008), arXiv:0712.0445 [hep-th]. [23] J. Ambjorn, J. Jurkiewicz, and R. Loll, Nucl. Phys. B610, 347 (2001), arXiv:hep-th/0105267. [24] H. W. Hamber, Phys. Rev. D61, 124008 (2000), arXiv:hep-th/9912246. [25] H. W. Hamber and R. M. Williams, Phys. Rev. D70, 124007 (2004), arXiv:hep-th/0407039. [26] A. Bonanno and M. Reuter, Phys. Rev. D65, 043508 (2002), arXiv:hep-th/0106133. [27] A. Bonanno and M. Reuter, Int. J. Mod. Phys. D13, 107 (2004), arXiv:astro-ph/0210472. [28] A. Contillo, Phys.Rev. D83, 085016 (2011), arXiv:1011.4618 [gr-qc]. [29] B. Koch and I. Ramirez, Class.Quant.Grav. 28, 055008 (2011), arXiv:1010.2799 [gr-qc]. [30] S. Weinberg, Phys. Rev. D81, 083535 (2010), arXiv:0911.3165 [hep-th]. [31] S. H. H. Tye and J. Xu, Phys. Rev. D82, 127302 (2010), arXiv:1008.4787 [hep-th]. [32] A. Bonanno, A. Contillo, and R. Percacci, Class.Quant.Grav. 28, 145026 (2011), arXiv:1006.0192 [gr-qc]. [33] A. Bonanno and M. Reuter, Phys. Lett. B527, 9 (2002), arXiv:astro-ph/0106468. [34] E. Bentivegna, A. Bonanno, and M. Reuter, JCAP 0401, 001 (2004), arXiv:astro-ph/0303150. [35] M. Reuter and F. Saueressig, JCAP 0509, 012 (2005), arXiv:hep-th/0507167.

[36] A. Babic, B. Guberina, R. Horvat, and H. Stefancic, Phys. Rev. D71, 124041 (2005), arXiv:astro-ph/0407572. [37] I. L. Shapiro and J. Sola, Phys. Lett. B475, 236 (2000), arXiv:hep-ph/9910462. [38] I. L. Shapiro and J. Sola, JHEP 02, 006 (2002), arXiv:hep-th/0012227. [39] I. L. Shapiro and J. Sola, (2008), arXiv:0808.0315 [hep-th].

[40] I. L. Shapiro and J. Sola, Phys. Lett. B682, 105 (2009), arXiv:0910.4925 [hep-th]. [41] I. L. Shapiro, J. Sola, and H. Stefancic, JCAP 0501, 012 (2005), arXiv:hep-ph/0410095. [42] F. Bauer, Class. Quant. Grav. 22, 3533 (2005), arXiv:gr-qc/0501078. [43] F. Bauer, (2005), arXiv:gr-qc/0512007.

[44] B. Guberina, R. Horvat, and H. Stefancic, Phys. Rev. D67, 083001 (2003), arXiv:hep-ph/0211184. [45] I. L. Shapiro and J. Sola, Nucl. Phys. Proc. Suppl. 127, 71 (2004), arXiv:hep-ph/0305279. [46] C. Espana-Bonet, P. Ruiz-Lapuente, I. L. Shapiro, and J. Sola, JCAP 0402, 006 (2004), arXiv:hep-ph/0311171.

[47] A. Bonanno and M. Reuter, JCAP 0708, 024 (2007), arXiv:0706.0174 [hep-th]. [48] A. Bonanno and M. Reuter, J. Phys. Conf. Ser. 140, 012008 (2008), arXiv:0803.2546 [astro-ph]. [49] M. Hindmarsh, D. Litim, and C. Rahmede, JCAP 1107, 019 (2011), arXiv:1101.5401 [gr-qc]. [50] C. Ahn, C. Kim, and E. V. Linder, (2011), * Temporary entry *, arXiv:1106.1435 [astro-ph.CO]. [51] M. Reuter and H. Weyer, Phys. Rev. D69, 104022 (2004), arXiv:hep-th/0311196.

[52] Note that in the case without cosmological constant, λ0 = 0, a solution can be obtained if λ4 is negative. Then one obtains ϕ =^{ϕ0} 1− √ −2λ4ϕ0 t , where ϕ0 is some initial value.

[53] V. Mukhanov, (2005), Cambridge University Press.

[54] E. J. Copeland, A. R. Liddle, and D. Wands, Phys. Rev. D57, 4686 (1998), arXiv:gr-qc/9711068. [55] E. J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod. Phys. D15, 1753 (2006), arXiv:hep-th/0603057. [56] E. D. Stewart and D. H. Lyth, Phys.Lett. B302, 171 (1993), arXiv:gr-qc/9302019 [gr-qc]. [57] V. F. Mukhanov, H. Feldman, and R. H. Brandenberger, Phys.Rept. 215, 203 (1992). [58] D. H. Lyth and A. R. Liddle, (2009), Cambridge University Press. [59] D. Baumann, (2009), arXiv:0907.5424 [hep-th].

[60] H. Kodama and M. Sasaki, Prog.Theor.Phys.Suppl. 78, 1 (1984). [61] M. Reuter and F. Saueressig, (2007), arXiv:0708.1317 [hep-th].