arXiv:1108.0424v2 [hep-th] 10 Jul 2012

Imperial/TP/2011/mjd/2, CERN-PH-TH/2011-162

Small Orbits

L. Borsten,^{1, ∗} M. J. Duff,^{2, †} S. Ferrara,^{3, 4, 5, ‡} A. Marrani,^{3, §} and W. Rubens^{2, ¶} 1INFN Sezione di Torino & Dipartimento di Fisica Teorica, Università di Torino Via Pietro Giuria 1, 10125 Torino, Italy 2Theoretical Physics, Blackett Laboratory, Imperial College London, London SW7 2AZ, United Kingdom 3Physics Department, Theory Unit, CERN, CH -1211, Geneva 23, Switzerland 4INFN - Laboratori Nazionali di Frascati, Via Enrico Fermi 40, I-00044 Frascati, Italy 5Department of Physics and Astronomy, University of California, Los Angeles, CA 90095-1547,USA (Dated: July 11, 2012)

We study both the “large” and “small” U-duality charge orbits of extremal black holes appearing in D = 5 and D = 4 Maxwell-Einstein supergravity theories with symmetric scalar manifolds. We exploit a formalism based on cubic Jordan algebras and their associated Freudenthal triple systems, in order to derive the minimal charge representatives, their stabilizers and the associated “moduli spaces”. After recalling N = 8 maximal supergravity, we consider N = 2 and N = 4 theories coupled to an arbitrary number of vector multiplets, as well as N = 2 magic, ST U, ST^2 and T^3 models. While the ST U model may be considered as part of the general N = 2 sequence, albeit with an additional triality symmetry, the ST^2 and T^3 models demand a separate treatment, since their representative Jordan algebras are Euclidean or only admit non-zero elements of rank 3, respectively. Finally, we also consider minimally coupled N = 2, matter coupled N = 3, and “pure” N = 5 theories.

PACS numbers: 11.25.Mj, 04.65.+e, 04.70.Bw Keywords: black hole, U-duality

CONTENTS

I. Introduction 2 A. Background 2 B. Summary 3

II. BH Charge Orbits in D = 5 Symmetric Supergravities 6 A. Cubic Jordan Algebras 6 B. N = 8 7 C. N = 2 Magic 8 D. The N = 4 and N = 2 Reducible Jordan Symmetric Sequences 9 1. N = 4 9 2. N = 2 11

III. BH Charge Orbits in D = 4 Symmetric Supergravities 13 A. The Freudenthal Triple System 13 B. N = 8 14 C. N = 2 Magic 15 1. N = 2 Magic Quaternionic versus N = 6 16 D. The N = 4 and N = 2 Reducible Jordan Symmetric Sequences 18 1. N = 4 18 2. N = 2 20 E. Interpretation of ♯ 1_{2 −BP S,rank-1} = 1 20 F. The N = 2 ST U, ST^2 and T^3 Models 23 1. ST U 23 2. ST^2 24 3. T^3 25

∗ leron.borsten@imperial.ac.uk † m.duff@imperial.ac.uk ‡ sergio.ferrara@cern.ch § alessio.marrani@cern.ch ¶ william.rubens06@imperial.ac.uk

Typeset by REVTEX

G. N = 2 Minimally Coupled 26 H. N = 3 27 I. N = 5 28

Acknowledgments 29

A. Orbit Stabilizers 29 1. An Example : The Exceptional Magic Theory 30

References 34

I. INTRODUCTION

A. Background

A concerted effort has been made to understand the physically distinct black hole (BH) solutions appearing in various 4-dimensional supergravity theories. The extremal solutions typically carry electromagnetic charges transforming linearly under G_4, the D = 4 U-duality group^1. BHs with charges lying in different orbits of G_4 therefore correspond to distinct solutions. Moreover, thanks to the attractor mechanism [3–7] the entropy of the extremal BH solutions loses all memory of the scalars at infinity and is a function of only the charges. Consequently, the Bekenstein-Hawking [8, 9] entropy is given by a U-duality invariant quartic in the electromagnetic charges. Hence, the classification of the U-duality charge orbits captures many significant features of the possible BH solutions, which in turn have provided a range of important string or M-theoretic insights.

We focus on those theories in which the scalars live in a symmetric coset G_4/H_4. The orbits of the 4-dimensional N = 8 [1] and the exceptional octonionic “magic” N = 2 [10] supergravities were obtained in [11] for both “large” and “small” BHs, which have non-vanishing or vanishing classical entropy, respectively. The large orbits of the N = 2 Maxwell-Einstein supergravities coupled to n_V vector multiplets, which also include the three nonexceptional magic examples, were analysed in [11, 12]. The small orbits of the ST U model [13–19], which exhibits a discrete triality, exchanging the roles of S, T and U, over and above the continuous U-duality group, were found in [20]. Meanwhile, for the infinite sequence of N = 4, 2 theories coupled to n_V vector multiplets the U-duality invariant charge constraints defining the distinct orbits and their supersymmetry preserving properties, for both large and small cases, were obtained in [21, 22], and further discussed in [23, 24].

In the present work, we aim at essentially completing this story in D = 4. In particular, we obtain the small orbits for the N = 2 R, C, H magic supergravities, N = 2, 4 supergravity coupled to an arbitrary number of vector multiplets including the special cases of the ST U, ST^2 and T^3 models, as well as the minimally coupled N = 2, matter coupled N = 3, and “pure” N = 5 theories.

We begin by repeating the N = 8 theory as it provides an instructive example, setting the stage for all the other cases. We then study both the “large” and “small” U-duality BH charge orbits of the D = 4, N = 4 and N = 2 Maxwell-Einstein supergravity theories coupled to an arbitrary number n_V of vector multiplets, including the magic theories. The N = 2 ST U model is retreated as part of the generic sequence (n_V = 3), revealing additional subtleties which were previously obscured by the triality symmetry. Its degeneration into the ST^2 and T^3 models is also treated. A formalism based on cubic Jordan algebras and their associated Freudenthal triple systems (FTS) is used to derive the minimal charge orbit representatives, their stabilizers and the associated “moduli spaces” of attractor solutions. In particular, we make use of [25] and [26, 27]. While the ST U model may be considered as part of the general N = 2 sequence, albeit with an additional triality symmetry, the ST^2 and T^3 models demand a separate treatment. This is due to their representative Jordan algebras being, in some sense, degenerate: the ST^2 Jordan algebra is Euclidean, as opposed to the Lorentzian nature of the general sequence, while the T^3 Jordan algebra only contains non-zero elements of rank 3. Finally, in section III G, section III H and section III I, we respectively include the analogous treatment of the minimally coupled N = 2, matter coupled N = 3, and “pure” N = 5 theories, which cannot all be uplifted to D = 5 space-time dimensions.

Physically speaking, the FTS makes the symmetries of the parent D = 5 theory manifest. This allows us to make extensive use of the orbits and their minimal charge representatives of the D = 5 theories, which are simpler to derive and already appeared in the literature. In particular, we exploit the analysis of [11, 22, 24, 28–30]. Note, one may also use the integral FTS to address the orbit classification of the discrete stringy U-duality groups [2],

1 We work in the classical regime for which the electromagnetic charges are real valued. Here U-duality G_4 is referred to as the “continuous” symmetries of [1]. Their discrete versions are the non-perturbative U-duality string theory symmetries described in [2].

as was done for the maximally supersymmetric D = 6, 5, 4 theories in [31, 32]. Moreover, for D = 4, N = 8 it has recently been observed that some of the orbits of E_{7(7)}(Z) should play an important role in counting microstates of this theory [33, 34]. The importance of discrete invariants and orbits to the dyon spectrum of string theory has been the subject of much investigation [34–41].

B. Summary

We summarise the key results here. For each of the theories considered (aside from the N = 2 minimally coupled, N = 3 and N = 5 theories), the electromagnetic BH charges may be regarded as elements of a Freudenthal triple system

F(J_3) := R ⊕ R ⊕ J_3 ⊕ J_3, (1)

defined over a cubic Jordan algebra J_3. The electric (magnetic) BH (black string - BS -) charges of the parent D = 5 theory may be regarded as elements of J_3. The FTS comes equipped with three maps: (i) a bilinear antisymmetric form {•, •} : F × F → R, which encodes the symplectic structure of the charge representations (see for example [42], and Refs. therein); (ii) a quartic norm Δ : F → R; (iii) a triple product T : F × F × F → F. A brief summary may be found in section III A. Full details can be found in [25] and Refs. therein. The automorphism group Aut(F) ∼= Conf (J_3) is the set of invertible R-linear transformations preserving the quartic norm and bilinear form. It coincides with the D = 4 U-duality group: Aut(F) = G_4. Hence, the unique quartic G_4-invariant, denoted I_4, is given by Δ. The Bekenstein-Hawking entropy therefore reads

S_{BH} = π √ |Δ| = π √ |I_4|. (2)

Let us briefly review some of the analogous features of cubic Jordan algebras and the BHs (BSs) in D = 5, which we will make extensive use of throughout. A cubic Jordan algebra J_3 is a vector space equipped with an admissible cubic norm N : J_3 → R and an element c ∈ J_3, referred to as a base point, satisfying N(c) = 1. The cubic norm defines the Jordan product, − ∘ − : J_3 × J_3 → J_3, satisfying,

X^2 ∘ (X ∘ Y ) = X ∘ (X^2 ∘ Y ), ∀X, Y ∈ J_3. (3)

A brief summary may be found in section III A. Full details can be found in [25] and Refs. therein. For each of the theories considered in the present investigation (but the N = 2 minimally coupled, N = 3 and N = 5 theories), the electromagnetic BH charges may be regarded as elements of some cubic Jordan algebra J_3. The automorphism group Aut(J_3) is the set of invertible R-linear transformations preserving the Jordan product. The reduced structure group Str_0(J_3) is the set of invertible R-linear transformations preserving the cubic norm N [25]. Str_0(J_3) is the D = 5 U-duality group, Str_0(J_3) = G_5. Hence, the unique cubic G_5-invariant, denoted I_3, is given by N. The Bekenstein-Hawking BH (BS) entropy is therefore

S_{BH} = π √ |N|. (4) The models we consider are itemized here:

• N = 8: 28 + 28 electric/magnetic BH charges belong to F^{Os} := F(J^{Os}_3 ), where J^{Os}_3 is the cubic Jordan algebra of 3 × 3 Hermitian matrices defined over the split-octonions. The 56 charges transform linearly as the fundamental 56 of Aut(F^{Os} ) = E_{7(7)} ∼= Conf ( J^{Os}_3 ) , the maximally non-compact (split) real form of E_7(C).

The scalar manifold is given by (apart from discrete factors, see e.g. [43])

E_{7(7)} SU(8)

. (5)

• Magic N = 2 theories: Given by N = 2 supergravity coupled to (3 + 3 dim A) vector multiplets, where A = R, C, H, O. The (4 + 3 dim A) + (4 + 3 dim A) electric/magnetic BH charges belong to F^A := F(J^A_3 ), where J^A_3 is the cubic Jordan algebra of 3 × 3 Hermitian matrices defined over one of the four division algebras A = R, C, H, O. The (8+6 dim A) charges transform linearly as the threefold antisymmetric traceless tensor 14^′, the threefold antisymmetric self-dual tensor 20, the chiral spinor 32 and the fundamental 56 of Aut(F^A) ∼= Conf ( J^A_3 ) = Sp(6, R), SU(3, 3), SO^⋆(12), E_{7(−25)} for A = R, C, H, O, respectively. The scalar manifolds are given by (apart from discrete factors, see e.g. [43])

Sp(6, R) U(3) , SU(3, 3) U(1) × SU(3) × SU(3) , SO^⋆(12)

U(6) , E_{7(−25)} U(1) × E_{6(−78)}

. (6)

• N = 4 supergravity (6 graviphotons) coupled to n = n_V vector multiplets: the (n_V + 6) + (n_V + 6) electric/magnetic BH charges belong to F^{6,n} := F(J_{5,n−1}), where J_{5,n−1} ∼= R ⊕ Γ_{5,n−1} is the cubic Jordan algebra of pseudo-Euclidean spin factors [44] (see also [25]). In general, Γ_{m,n} is a Jordan algebra with a quadratic form of pseudo-Euclidean signature (m, n), i.e. the Clifford algebra of O (m, n) [45]. The 2(n_V + 6) charges transform linearly as the (2, 6 + n_V) of Aut(F^{6,n}) ∼= Conf (J_{5,n−1}) = SL(2, R) × SO(6, n_V ). The scalar manifolds are given by the infinite sequence of globally symmetric Riemannian manifolds

SL (2, R) SO (2) × SO (6, n_V ) SO (6) × SO (n_V )

, n_V ⩾ 0. (7)

• N = 2 supergravity (1 graviphoton) coupled to n_V vector multiplets: the (n_V +1)+(n_V +1) electric/magnetic BH charges belong to F^{2,n} := F(J_{1,n−1}), where J_{1,n−1} ∼= R ⊕ Γ_{1,n−1} is the cubic Jordan algebra of Lorentzian spin factors [44] (see also [25]), and n = n_V − 1. The 2(n_V + 1) charges transform linearly as the (2, 1 + n_V) of Aut(F^{2,n}) ∼= Conf (J_{1,n−1}) = SL(2, R) × SO(2, n). The scalar manifolds are given by the infinite sequence of globally symmetric special Kähler manifolds

SL (2, R) SO (2) × SO (2, n_V − 1) SO (2) × SO (n_V − 1)

, n_V ⩾ 2. (8)

• N = 2 ST U model: it is nothing but n_V = 3 element of the Jordan symmetric sequence (8), but we single it out for two reasons. First, over and above the continuous U-duality group it has a discrete triality symmetry which swaps the roles of the three complex moduli S, T, U [14], and is manifested in the structure of the duality orbits. Second, it may be considered as the common sector of all D = 4 Maxwell-Einstein supergravity theories with a rank-3 symmetric vector multiplets’ scalar manifold and related to Jordan algebras (which we will dub “symmetric” supergravities). Furthermore, it also provides a link to the degenerate cases described below. The 4 + 4 electric/magnetic BH charges belong to F_{ST U} := F(J_{ST U} ), where J_{ST U} = R ⊕ R ⊕ R is isomorphic to the Lorentzian spin factor J_{1,1} [25, 44]. The 8 charges transform linearly as the (2, 2, 2) of Aut(F_{ST U} ) ∼= Conf (J_{ST U} ) = SL(2, R)×SL(2, R)×SL(2, R). This symmetry is made manifest by organising the charges into a 2 × 2 × 2 hypermatrix a_{ABC} , where A, B, C = 0, 1, transforming under SL_A(2, R) × SL_B (2, R) × SL_C (2, R) [46]. The scalar manifold is given by [ SL (2, R) SO (2)

]_3 . (9)

It is worth noting that, by using U-duality, the charge vectors of the symmetric supergravity theories described above may be reduced to a subsector living in F_{ST U} . Hence, the ST U charges are common to all the above theories which, indeed, may all be consistently truncated to the ST U model. Moreover, the special Kähler geometry characterising the completely factorised rank-3 symmetric manifold (9) is defined by the trialitysymmetric prepotential F = ST U. (10) See, for example, [3, 47–49] for the details of special geometry. By identifying T = U and S = T = U in (10) we obtain the ST^2 and T^3 models, respectively (see e.g. [18] for the consistent exploitation of such a degeneration/reduction procedure). In this sense, the ST U model is the linchpin of all the theories considered here.

• N = 2 ST^2 model: coupled to two vector multiplets. The 3 + 3 electric/magnetic BH charges belong to F_{ST} 2 := F(J_{ST} 2 ), where J_{ST} 2 = R ⊕ R is isomorphic to the Euclidean spin factor J_1 [25, 44]. The 6 charges transform linearly as the (2, 3) of Aut(F_{ST} 2 ) = SL(2, R) × SL(2, R). This symmetry is made manifest by organising the charges into a partially symmetrised hypermatrix a_{A(B1 B2)}, where A, B_1, B_2 = 0, 1, transforming under SL_A(2, R) × SL_B (2, R) [18]. The scalar manifold is given by [ SL (2, R) SO (2)

]_2 . (11)

• N = 2 T^3 model: this is a non-generic irreducible model, coupled to a single vector multiplet. May be obtained as a circle compactification of minimal supergravity in five dimensions. The 2 + 2 electric/magnetic BH charges belong to F_T 3 := F(J_T 3 ), where J_T 3 = R. The 4 charges transform linearly as the 4 (spin s = 3/2) of Aut(F_T 3 ) ∼= Conf (J_T 3 ) = SL(2, R). This symmetry is made manifest by organising the charges into a totally symmetrised hypermatrix a_{(A1A2A3)}, where A_1, A_2, A_3 = 0, 1, transforming under SL_A(2, R) [18] (see also e.g. [50], as well as the recent discussion in [51]). The scalar manifold is given by the special Kähler manifold (with scalar curvature R = −2/3 [52])

SL(2, R) SO(2)

. (12)

In all aforementioned cases, excluding the T^3 model, the charge orbits are split into four classes first identified in [11]. There are three small classes with vanishing Bekenstein-Hawking entropy: doubly critical, critical and light-like. There is one large class with non-zero Bekenstein-Hawking entropy, which actually is a one-parameter (I_4) family of orbits. The T^3 model is the exception in that the doubly critical and critical classes collapse into a single orbit. This is precisely due to the fact that the underlying cubic Jordan algebra J_T 3 only admits non-zero elements of rank 3, as opposed to the other examples, which all possess elements of rank 1,2 and 3 (including the ST^2 model). From a physical perspective, this is equivalent to the fact that there is only one gauge potential (namely, only one Abelian vector multiplet) outside the gravity multiplet to support both the doubly critical and critical orbits.

These four classes are coded in the “rank” of the FTS element: ranks 1, 2, 3 and 4 imply doubly critical, critical, light-like and large, respectively. For the N = 8 (maximal supersymmetry) theory the ranks are sufficient to capture all the orbit details, i.e. there is precisely one orbit per rank. The only subtlety is that the large BHs are supported by a 1/8-BPS or a non-BPS orbit, according as I_4 > 0 or I_4 < 0, respectively [11]. For theories of gravity with non-maximal local supersymmetry, this identification between rank and orbit generally becomes more subtle: while rank 1 (doubly critical) elements lie in a single orbit, higher ranks split into two or more orbits. Moreover, BHs with I_4 > 0 may also be non-BPS; in contrast, all BHs with I_4 < 0 are non-BPS. In every case, there is only one I_4 < 0 orbit.

We summarise the key features of this orbit splitting here, while laying out the organisation of the letter. First, let us mention that the technical aspects of Jordan algebras, the FTS and the proofs of the associated theorems used here may be found in [25] and in Refs. therein. We begin in section II with a summary of the D = 5 parent theories: their Jordan algebras, minimal charge orbit representatives, cosets and moduli spaces. This lays the foundations for the D = 4 analysis. In section III the details of D = 4 minimal charge orbit representatives, cosets and moduli spaces are presented for each of the aforementioned theories. The N = 8 treatment, while having been well understood for sometime now [11, 32], is given first as the simplest example (only one orbit per rank of FTS element), with ranks 1, 2, 3 corresponding to 1/2-, 1/4- and 1/8-BPS states, respectively. As mentioned, the unique subtlety is that the rank 4 large orbit is 1/8-BPS or non-BPS orbit according as I_4 > 0 or I_4 < 0. The orbits and their representatives are given in Table V and Theorem 5, respectively. Also, notice that the supersymmetry BPS-preserving features are not sufficient to uniquely characterise the charge orbits; indeed, there are two 1/8-BPS orbits, one large (rank 4) and one small lightlike (rank 3). All subsequent treatments may be seen as a fine-graining of the treatment of N = 8 orbits. Only the rank 1 (doubly critical) and the rank 4 (I_4 < 0) cases do not split, remaining as a single 1/2-BPS and non-BPS orbit, respectively, for all non-maximally supersymmetric theories. The next simplest cases are the magic N = 2 supergravities. Here the rank 2, 3 and 4 (I_4 > 0) orbits split into one 1/2-BPS and non-BPS orbit each. The non-BPS large (I_4 > 0) orbit has vanishing central charge at the unique BH event horizon. The orbits and their representatives are given in Table VI and Theorem 6, respectively. The exceptional octonionic case is given as a detailed example in section A 1, which thus provides an alternative derivation of the result obtained in [11]. Next, comes N = 4 Maxwell-Einstein supergravity. The major difference is that the corresponding FTS is reducible. As a consequence, as proved in [25], an extra rank 2 orbit is introduced, making a total of three: 1/2-BPS, 1/4-BPS and non-BPS. Rank 3 has one 1/4-BPS and one non-BPS, as does rank 4 (I_4 > 0). The orbits and their representatives are given in Table VII and Theorem 7, respectively. Finally, we consider N = 2 Maxwell-Einstein supergravity based on the Jordan symmetric sequence (8), which has the most intricate orbit structure. However, it may be derived directly from the N = 4 case by splitting each 1/4- BPS orbit into one 1/2-BPS and one non-BPS (with vanishing central charge at the horizon); see section III D. We conclude with the “degenerate” cases of ST^2 (non-generic reducible) and T^3 (non-generic irreducible) N = 2, D = 4 supergravity models in section III F.

Finally, we consider the remaining D=4 theories with symmetric scalar manifolds, which cannot be uplifted to D=5, namely:

• N = 2 supergravity minimally coupled to n vector multiplets [53] (in section III G). It has a quadratic U-invariant polynomial, and it does not enjoy a Jordan algebraic formulation.

• N = 3 matter coupled supergravity [54] (in section III H). It has a quadratic U-invariant polynomial, and it does not enjoy a Jordan algebraic formulation.

• N = 5 “pure” supergravity [55] (in section III I). It enjoys a formulation in terms of M_{2,1} (O), the Jordan triple system generated by the 2 × 1 vector over the octonions O [10, 56]. Among the symmetric supergravities with quartic U-invariant polynomial, it stands on a special footing, because its U-invariant polynomial is a perfect square when written in terms of the scalar-dependent skew-eigenvalues of the 5 × 5 complex antisymmetric central charge matrix Z_{AB} . This property, discussed in [57], drastically simplifies the case study of charge orbits.

For the convenience of the reader we summarize here our main original results together with where they appear in the text:

(1) In section III C the small (rank 3,2,1) orbits and moduli spaces of the magic D = 4, N = 2 models based on degree-3 quaternionic, complex, real Jordan algebras are derived. The results are presented in the three A = R, C, H sub-blocks of Table VI. The A = O orbits as well as the large A = R, C, H orbits appearing in Table VI were previously obtained in [11]. In section III C 1 the N = 2, D = 4 magic quaternionic case is compared to its “twin” N = 6 theory [12, 57, 112] and the supersymmetry analysis of twin black hole charge orbits is carried out and presented in (65).

(2) In section III D the small (rank 3,2,1) orbits and moduli spaces of the infinite sequences of D = 4, N = 4 and D = 4, N = 2 Maxwell-Einstein theories are derived. The results are presented in Table VII and Table VIII, respectively. The the large orbits appearing in Table VII and Table VIII were previously obtained in [11, 12, 22, 114]. In section III F 1 it is observed that for the triality-symmetric N = 2 ST U model each of the rank 3 and rank 2 orbits split into two isomorphic yet physically distinct (BPS vs. non-BPS) orbits.

(4) In section III F 2 and section III F 3 the small orbits and moduli spaces of the ST^2 and T^3 models are derived. For the ST^2 model the small orbits may be obtained from Table VIII by setting n = 1 (when this is still well defined - when it is not, the orbit is not present). The T^3 orbits are presented in Table IX. It is established that while the BPS large orbit of the T^3 model (which one could think as the simplest example of BPS-supporting charge orbit in D = 4, N = 2 Maxwell-Einstein supergravity) has no continuous stabilizer it does in fact have a Z_3 stabilizer.

(5) In section III G, section III H and section III I the unique small orbits and moduli spaces of the N = 2 minimally coupled, N = 3 matter coupled and N = 5 pure supergravities are obtained, respectively.

II. BH CHARGE ORBITS IN D = 5 SYMMETRIC SUPERGRAVITIES

A. Cubic Jordan Algebras

A Jordan algebra J is a vector space defined over a ground field F equipped with a bilinear product satisfying X ∘ Y = Y ∘ X, X^2 ∘ (X ∘ Y ) = X ∘ (X^2 ∘ Y ), ∀ X, Y ∈ J. (13) The class of cubic Jordan algebras is constructed as follows [44]. Let V be a vector space equipped with a cubic norm, i.e. an homogeneous map of degree three, N : V → F, where N(λX) = λ^3N(X), ∀λ ∈ F, X ∈ V, such that N(X, Y, Z) := 1 6 [N(X + Y + Z) − N(X + Y ) − N(X + Z) − N(Y + Z) + N(X) + N(Y ) + N(Z)] (14)

is trilinear. If V further contains a base point N(c) = 1, c ∈ V one may define the following three maps, Tr : V → F; X → 3N(c, c, X), S : V × V → F; (X, Y ) → 6N(X, Y, c), Tr : V × V → F; (X, Y ) → Tr(X) Tr(Y ) − S(X, Y ). (15)

A cubic Jordan algebra J, with multiplicative identity 1 = c, may be derived from any such vector space if N is Jordan cubic. That is: if (i) the trace bilinear form (15) is non-degenerate, and if (ii) the quadratic adjoint map

♯: J → J, (16)

uniquely defined by

Tr(X^♯, Y ) = 3N(X, X, Y ), (17) satisfies (X^♯)^♯ = N(X)X, ∀X ∈ J. The Jordan product can then be implemented as follows:

X ∘ Y =^1_2 ( X × Y + Tr(X)Y + Tr(Y )X − S(X, Y )1 ) , (18)

where, X × Y is the linearisation of the quadratic adjoint: X × Y := (X + Y )^♯ − X^♯ − Y^♯.

The degree of a cubic Jordan algebra is defined as the number of linearly independent irreducible idempotents: E ∘ E = E, Tr(E) = 1, E ∈ J. Two important symmetry groups, Aut(J) and Str_0(J), are given by the set of F-linear transformations preserving the Jordan product and cubic norm, respectively. In particular, Str_0(J) is the U-duality group G_5 of the corresponding D = 5 supergravity, and the corresponding vector multiplets’ scalar manifold is given by

Str_0 (J) Aut (J)

, (19)

which is isomorphic to the BPS rank 3 orbit in the symmetries theories with 8 supersymmetries - related to Jordan algebras - in which Aut (J) is the maximal compact subgroup (mcs) of Str_0 (J), as well.

The conventional concept of matrix rank may be generalised to a cubic Jordan algebra in a natural and Str_0(J) invariant manner. The rank of an arbitrary element X ∈ J is uniquely defined by [58]:

RankX = 1 ⇔ X^♯ = 0;

RankX = 2 ⇔ N(X) = 0, X^♯ ≠ 0; RankX = 3 ⇔ N(X) ≠ 0.

(20)

B. N = 8

The 27 = 3 + 3dim_RO^s electric BH charges may be represented as elements

Q = q_1 Q_s Q_c Q_s q_2 Q_v Q_c Q_v q_3

, where q_1, q_2, q_3 ∈ R and Q_{v,s,c} ∈ O^s (21)

of the 27-dimensional Jordan algebra J^{Os}_3 of 3 × 3 Hermitian matrices over the split-octonions O^s. The cubic norm is defined as,

N(Q) = q_1q_2q_3 − q_1Q_vQ_v − q_2Q_cQ_c − q_3Q_sQ_s + (Q_v Q_c)Q_s + Q_s(Q_cQ_v). (22)

One finds that the quadratic adjoint (16) is given by

Q^♯ = q_2q_3 − |Q_v|^2 Q_cQ_v − q_3Q_s Q_sQ_v − q_2Q_c Q_vQ_c − q_3Q_s q_1q_3 − |Q_c|^2 Q_sQ_c − q_1Q_v Q_vQ_s − q_2Q_c Q_cQ_s − q_1Q_v q_1q_2 − |Q_s|^2 , (23)

from which it is derived that Q ∘ P =^1_2 (QP + P Q). The cubic Jordan algebra J^{Os}_3 has irreducible idempotents given by

E_1 =

1 0 0 0 0 0 0 0 0

; E_2 =

0 0 0 0 1 0 0 0 0

; E_3 =

0 0 0 0 0 0 0 0 1 . (24)

The D = 5, N = 8 U-duality group is given by the reduced structure group Str_0(J^{Os}_3 ) = E_{6(6)}, which is the maximally non-compact (split) form of E_6(C) under which Q ∈ J^{Os}_3 transforms as the fundamental 27. The BH entropy is then given by (recall Eq. (4)

S_{D=5,BH} = π √ |I_3(Q)| = π √ |N(Q)|. (25) The U-duality charge orbits are classified according to the E_{6(6)}-invariant Jordan rank of the charge vector, as defined in (20). This precisely reproduces the classification originally obtained in [11, 59]. The maximally split form of the U-duality group, which corresponds to the use of the split-octonions^2, is the most powerful in the sense that for each rank there is a unique canonical form to which all elements may be transformed. More precisely, we have the following Theorem 1. [11, 60] Every BH charge vector Q ∈ J^{Os}_3 of a given rank is E_{6(6)} related to one of the following canonical forms:

1. Rank 1

(a) Q_1 = (1, 0, 0) = E_1 2. Rank 2

(a) Q_2 = (1, 1, 0) = E_1 + E_2 3. Rank 3

(a) Q_3 = (1, 1, k) = E_1 + E_2 + kE_3 The orbit stabilizers are summarized in Table I. We will see that the orbit structure of theories with less supersymmetry is a progressive splitting of this exceptionally simple case.

TABLE I. Charge orbits, corresponding moduli spaces and the number # of ”non-flat” scalar directions of D = 5, N = 8 supergravity defined over J^{Os}_3 [11]. J^{Os}_3 , M = E_{6(6)}/ Usp(8) Rank BH Susy Charge orbit O Moduli space M # 1 small critical 1/2^{E6(6)}_{SO(5,5)⋉R16}^{SO(5,5)}_{SO(5)×SO(5)} ⋉ R^{16} 1 2 small light-like 1/4^{E6(6)}_{SO(5,4)⋉R16}^{SO(5,4)}_{SO(5)×SO(4)} ⋉ R^{16} 6 3 large 1/8^{E6(6)}_{F4(4)}^{F4(4)}_{Usp(6)×SU(2)} 14

C. N = 2 Magic The 3 + 3 dim A electric BH charges may be represented as elements

Q = q_1 Q_s Q_c Q_s q_2 Q_v Q_c Q_v q_3

, where q_1, q_2, q_3 ∈ R and Q_{v,s,c} ∈ A (26)

of the (3 + 3 dim A)-dimensional Jordan algebra J^A_3 of 3 × 3 Hermitian matrices over the division algebra A [56]. The irreducible idempotents, quadratic adjoint and cubic norm are as in section II B. The magic D = 5, N = 2 U-duality groups G^A_5 are given by the reduced structure group Str_0(J^A_3 ). For A = R, C, H, O the U-duality G^A_5 is SL(3, R), SL(3, C), SU^⋆(6), E_{6(−26)} under which Q ∈ J^A_3 transforms as a 6, 9, 15, 27, respectively. The BH entropy is given by Eq. (25). Once again, the U-duality charge orbits are classified according to the G^A_5 -invariant Jordan rank of the charge vector. More precisely, we have the following Theorem 2. [11, 27] Every BH charge vector Q ∈ J^A_3 of a given rank is G^A_5 related to one of the following canonical forms:

1. Rank 1

(a) Q_{1a} = (1, 0, 0) = E_1

2 The split-octonions are not division, but are composition: |ab| = |a||b|.

(b) Q_{1b} = (−1, 0, 0) = −E_1 2. Rank 2

(a) Q_{2a} = (1, 1, 0) = E_1 + E_2 (b) Q_{2b} = (−1, 1, 0) = −E_1 + E_2 (c) Q_{2c} = (−1, −1, 0) = −E_1 − E_2 3. Rank 3

(a) Q_{3a} = (1, 1, k) = E_1 + E_2 + kE_3 (b) Q_{3b} = (−1, −1, k) = −E_1 − E_2 + kE_3 Note, the orbits generated by the conical forms Q_{1a} and Q_{1b} are isomorphic, as are those generated by Q_{2a} and Q_{2c}. The light-like 1/4-BPS orbit of the N = 8 splits into one 1/2-BPS and one non-BPS orbit, as does the large 1/8-BPS orbit. Note, the critical 1/2-BPS orbit remains intact [30]. The orbits are summarized in Table II (the exceptional - octonionic - case was firstly derived in [11]). Note that the N = 2 J^H_3 theory has a “dual” interpretation as N = 6 supergravity, as described in [30].

D. The N = 4 and N = 2 Reducible Jordan Symmetric Sequences

1. N = 4

For N = 4 supergravity coupled to n_V vector multiplets, the n + 5 electric BH charges may be represented as elements (μ := 0, I, where I = 1, ..., n + 3) Q = (q; q_μ), where q ∈ R, q_μ ∈ R^{5,n−1}, (27) of the (n + 5)-dimensional reducible cubic Jordan algebra J_{5,n−1} (note that the index 0 pertains to one of the 5 graviphotons). Note, we have adopted the (5, n − 1) convention to emphasize the relation to the corresponding D = 4 theory, whereas in [30] the (5, n_V ) convention was used, i.e. n = n_V + 1. The cubic norm is defined as N(Q) = qq_μq^μ, (28) where the index μ has been raised with the (+^5, −^{n−1}) signature metric η^{μν} ; the positive signature pertains to the 5 graviphotons of the theory, whereas the negative one pertains to the n − 1 Abelian matter (vector) supermultiplets coupled to the gravity multiplet. The reduced structure group reads G_5 = Str_0(J_{5,n−1}) = SO(1, 1) × SO(5, n − 1). (29) For λ ∈ R, Λ ∈ SO(5, n − 1), its action on the charge vector reads (q; q_μ) → (e^{2λ}q; e^{−λ}Λ_μ^ν q_ν ). (30) One finds that the quadratic adjoint (16) is given by, Q^♯ = (q_μq^μ; qq_0, −qq_I ), (31) from which it is derived that^3 Q ∘ P = (qp; q_0p_0 − q_J p^J , q_0p_I + p_0q_I ), (32) where the index I has been raised with the (+^4, −^{n−1}) signature metric η^{nm}. Consequently, the automorphism group is given by Aut(J_{5,n−1}) = SO(4, n − 1). (33) Three irreducible idempotents are given by E_1 = (1; 0); E_2 = (0;^1_2 , 0, 0, 0, 0,^1_2 , 0, . . .); E_3 = (0;^1_2 , 0, 0, 0, 0, −^1_2 , 0, . . .). (34) The U-duality charge orbits are classified according to the SO(1, 1) × SO(5, n − 1) invariant Jordan rank of the charge vector. More precisely, the following theorem [25] holds.

3 Note, this construction appears to be undemocratic in the sense that it picks out one of the graviphotons q_0 as special. This is due to the undemocratic choice of base point c = (1; 1, 0) we have used. This choice was made for convenience, but one could have equally used a “democratic” base point, valid for any signature J_{p,q} with p ≥ 1, c = (p^{−1}; 1, 1, . . . , 1, 0, 0, . . . , 0), which for p = 5 treats all five graviphotons on the same footing. Of course, this is just a matter of conventions and the results are unaffected.

TABLE II. Charge orbits, corresponding moduli spaces, and number # of ”non-flat” scalar directions of the magic D = 5, N = 2 supergravities defined over J^A_3 , A = R, C, H, O [28, 30]. J^O_3 , nV = 26, M = E_{6(−26)}/F_{4(−52)} Rank BH Susy Charge orbit O Moduli space M # 1 small critical 1/2^{E6(−26)}_{SO(1,9)⋉R16}^{SO(1,9)}_{SO(9)} ⋉ R^{16} 1 2a small light-like 0^{E6(−26)}_{SO(1,8)⋉R16}^{SO(1,8)}_{SO(8)} ⋉ R^{16} 2 2b small light-like 1/2^{E6(−26)}_{SO(9)⋉R16} R^{16} 10 3a(k > 0) large 1/2^{E6(−26)}_{F4(−52)} = M − 26 3b(k > 0) large 0 (Z_H ≠0)^{E6(−26)}_{F4(−20)}^{F4(−20)}_{SO(9)} 10 J^H_3 , nV = 14, M = SU^⋆(6)/ Usp(6) Rank BH Susy Charge orbit O Moduli space M # 1 small critical 1/2^{SU⋆(6)}_{[SO(1,5)×SO(3)]⋉R(4,2)}^{SO(1,5)}_{SO(5)} ⋉ R^{(4,2)} 1 2a small light-like 0^{SU⋆(6)}_{[SO(1,4)×SO(3)]⋉R(4,2)}^{SO(1,4)}_{SO(4)} ⋉ R^{(4,2)} 2 2b small light-like 1/2^{SU⋆(6)}_{[SO(5)×SO(3)]⋉R(4,2)} R^{(4,2)} 6 3a(k > 0) large 1/2^{SU⋆(6)}_{Usp(6)} = M − 14 3b(k > 0) large 0 (Z_H ≠0)^{SU⋆(6)}_{Usp(2,4)}^{Usp(2,4)}_{Usp(2)×Usp(4)} 6 J^C_3 , nV = 8, M = SL(3, C)/ SU(3) Rank BH Susy Charge orbit O Moduli space M # 1 small critical 1/2^{SL(3,C)}_{[SO(1,3)×SO(2)]⋉R(2,2)}^{SO(1,3)}_{SO(3)} ⋉ R^{(2,2)} 1 2a small light-like 0^{SL(3,C)}_{[SO(1,2)×SO(2)]⋉R(2,2)}^{SO(1,2)}_{SO(2)} ⋉ R^{(2,2)} 2 2b small light-like 1/2^{SL(3,C)}_{[SO(3)×SO(2)]⋉R(2,2)} R^{(2,2)} 4 3a(k > 0) large 1/2^{SL(3,C)}_{SU(3)} = M − 8 3b(k > 0) large 0 (Z_H ≠0)^{SL(3,C)}_{SU(1,2)}^{SU(1,2)}_{U(1)×SU(2)} 4 J^R_3 , nV = 5, M = SL(3, R)/ SO(3) Rank BH Susy Charge orbit O Moduli space M # 1 small critical 1/2^{SL(3,R)}_{SO(1,2)⋉R2}^{SO(1,2)}_{SO(2)} ⋉ R^2 1 2a small light-like 0^{SL(3,R)}_{SO(1,1)⋉R2} SO(1, 1) ⋉ R^2 2 2b small light-like 1/2^{SL(3,R)}_{SO(2)⋉R2} R^2 3 3a(k > 0) large 1/2^{SL(3,R)}_{SO(3)} = M − 5 3b(k > 0) large 0 (Z_H ≠0)^{SL(3,R)}_{SO(1,2)}^{SO(1,2)}_{SO(2)} 3

Theorem 3. Every BH charge vector Q = (q; q_μ) ∈ J_{5,n−1} of a given rank is SO(1, 1) × SO(5, n − 1) related one of the following canonical forms:

1. Rank 1

(a) Q_{1a} = E_1 (b) Q_{1b} = −E_1 (c) Q_{1c} = E_2

2. Rank 2

(a) Q_{2a} = E_2 + E_3 (b) Q_{2b} = E_2 − E_3 (c) Q_{2c} = E_1 + E_2 (d) Q_{2d} = −E_1 − E_2 3. Rank 3

(a) Q_{3a} = E_1 + E_2 + kE_3 (b) Q_{3b} = −E_1 + E_2 + kE_3 Note, the orbits 1a and 1b are physically equivalent, and have isomorphic cosets. The same applies to 2c and 2d.

The orbits are summarized in Table III [30].

TABLE III. Charge orbits, corresponding moduli spaces and number # of “non-flat” scalar directions of the reducible D = 5, N = 4 supergravities defined over J5,n−1 = R ⊕ Γ5,n−1 [30]. The scalar manifold reads M = [SO(1, 1) × SO(5, n − 1]/[SO(5) × SO(n − 1)], with dimR = 5n − 4

Rank BH Susy Charge orbit O Moduli space M # 1a small critical 1/2^{SO(1,1)×SO(5,n−1)}_{SO(5,n−1)}^{SO(5,n−1)}_{SO(5)×SO(n−1)} 1

1c 1/2^{SO(1,1)×SO(5,n−1)} SO(1,1)×SO(4,n−2)⋉R4,n−2 SO(1,1)×SO(4,n−2) SO(4)×SO(n−2) ⋉ R 4,n−2 2 2a small light-like

1/2^{SO(1,1)×SO(5,n−1)} SO(4,n−1) SO(4,n−1) SO(4)×SO(n−1) n

2b 0^{SO(1,1)×SO(5,n−1)}_{SO(5,n−2)}^{SO(5,n−2)}_{SO(5)×SO(n−2)} 6

2c 1/4^{SO(1,1)×SO(5,n−1)} SO(4,n−2)⋉R4,n−2 SO(4,n−2) SO(4)×SO(n−2) ⋉ R 4,n−2 2 3ab(k > 0) large 1/4^{SO(1,1)×SO(5,n−1)}_{SO(4,n−1)}^{SO(4,n−1)}_{SO(4)×SO(n−1)} n

3b(k < 0) 0 (^^Z_{AB,H} =0)^{SO(1,1)×SO(5,n−1)}_{SO(5,n−2)}^{SO(5,n−2)}_{SO(5)×SO(n−2)} 6

2. N = 2

For N = 2 theories coupled to n_V vector multiplets, whose scalar manifolds belong to the so-called Jordan symmetric sequence of the real special geometry, the n + 1 electric BH charges may be represented as elements (μ := 0, I, where I = 1, ..., n − 1)

Q = (q; q_μ), where q ∈ R, q_μ ∈ R^{1,n−1}, (35)

of the (n + 1)-dimensional reducible cubic Jordan algebra J_{1,n−1}. Once again, let us note that we have adopted the (1, n − 1) convention, in order to to emphasize the relation to the corresponding D = 4 theory, whereas in [30] the (1, n_V ) convention was used, i.e. n = n_V + 1. The set-up and analysis is essentially as for the N = 4 case. The principle difference is that the 1/4-BPS orbits split into one 1/2-BPS and one non-BPS orbit. This is captured in the connectedness of the charge orbits [30], as we will discuss below. This may be seen as a consequence of the Lorentzian nature of J_{1,n−1}, contrasted to the genuine pseudo-Euclidean nature of J_{5,n−1}. As for N = 4, the cubic norm is defined by (28), but now the index μ is raised with the (+, −^{n−1}) signature metric η^{μν} . The reduced structure group is therefore

G_5 = Str_0(J_{1,n−1}) = SO(1, 1) × SO(1, n − 1). (36)

For λ ∈ R, Λ ∈ SO(1, n − 1), its action on the charge vector is given by Eq. (30). Then, one finds that the quadratic adjoint (16) is given by

Q^♯ = (q_μq^μ; qq^μ), (37) from which Eq. (32) can be derived. Consequently, the automorphism group is given by

Aut(J_{1,n−1}) = SO(n − 1) = mcs (Str_0 (J_{1,n−1})) . (38)

Three irreducible idempotents are given by

E_1 = (1; 0); E_2 = (0;^1_2 ,^1_2 , 0, . . .); E_3 = (0;^1_2 , −^1_2 , 0, . . .). (39)

The U-duality charge orbits are classified according to the SO(1, 1) × SO(1, n − 1) invariant Jordan rank of the charge vector. More precisely, the following theorem [25] holds.

Theorem 4. Every BH charge vector Q = (q; q_μ) ∈ J_{1,n−1} of a given rank is SO(1, 1) × SO(1, n − 1) related to one of the following canonical forms:

1. Rank 1

(a) Q_{1a} = E_1 (b) Q_{1b} = −E_1 (c) Q_{1c} = E_2

2. Rank 2

(a) Q_{2a} = E_2 + E_3 (b) Q_{2b} = E_2 − E_3 (c) Q_{2c} = E_1 + E_2 (d) Q_{2d} = −E_1 − E_2

3. Rank 3

(a) Q_{3a} = E_1 + E_2 + kE_3 (b) Q_{3b} = −E_1 + E_2 + kE_3

Note, if one restricts to the identity-connected component of SO(1, n − 1), each of the orbits Q_{1c}, Q_{2c} and Q_{2d} splits into two cases, Q^±_{1c}, Q^±_{2c} and Q^±_{2d}, corresponding to the future and past light cones. Similarly, Q_{2a} splits into two disconnected components, Q^±_{2a}, corresponding to the future and past hyperboloids. For k > 0 the orbits Q_{3a} and Q_{3b} also split into disconnected future and past hyperboloids, Q^±_{3a} and Q^±_{3b}.

The orbits are summarized in Table IV. As described in [30], the orbits Q^±_{2c}, Q^±_{2d}, Q^±_{3a} and Q^±_{3b} are BPS or non-BPS according as the sign +/− of q is correlated or anti-correlated, respectively, with the future/past branch on which the orbit is defined.

The non-Jordan symmetric sequence [61] M_{nJ,5,n} ≡ SO (1, n) SO (n) , n = n_V ∈ N, (40)

(n_V being the number of Abelian vector supermultiplets coupled to the N = 2, D = 5 supergravity one) is the only (sequence of) symmetric real special geometry which is not related to a cubic Jordan algebra. It is usually denoted by L (−1, n − 1) in the classification of homogeneous Riemannian d-spaces (see e.g. [62], and Refs. therein).

As discussed in [61], the isometries of the symmetric real special space (40) are not all contained in the invariance group of the corresponding supergravity theory, despite the fact that the latter group still acts transitively on the space. By using the parametrization introduced in the last Sec. of [63] and comparing e.g. Eq. (5.1) of [62] to Eq. (7) of [61], it is immediate to conclude that the D = 5, N = 2 Maxwell-Einstein supergravity theory whose scalar manifold is given by (40) can be uplifted to a D = 6, (1, 0) supergravity theory with n − 1 vector multiplets, but no tensor multiplets at all (n_T = 0). Thus, in absence of matter fields charged under a non-trivial gauge group, the gravitational anomaly-free condition implies that [64, 65] n_H = 272 + n hypermultiplets must be coupled to the theory. On the other hand, this theory is known not to satisfy the condition of conservation of the gauge vector current (required by the consistency of the gauge invariance [66–70]); therefore, it seemingly has a D = 6 uplift to (1, 0) chiral supergravity which is not anomaly-free, unless it is embedded in a model where a non-trivial gauge group is present, with charged matter (see e.g. [71, 72]).

We will not further considered this theory in the present investigation, because it does not correspond to symmetric spaces in D = 4 [61].

TABLE IV. Charge orbits, corresponding moduli spaces, and number # of “non-flat” scalar directions of the reducible D = 5, N = 2 supergravities defined over J1,n−1 = R ⊕ Γ1,n−1 [30]. The scalar manifold reads M = [SO(1, 1) × SO(1, n − 1]/ SO(n − 1), with dimR M = n.

Rank BH Susy Charge orbit O Moduli space M # 1a small critical 1/2^{SO(1,1)×SO(1,n−1)}_{SO(1,n−1)}^{SO(1,n−1)}_{SO(n−1)} 1 1c 1/2^{SO(1,1)×SO(1,n−1)}

SO(1,1)×SO(n−2)⋉Rn−2 SO(1, 1) × R n−2 2 2a small light-like

1/2^{SO(1,1)×SO(1,n−1)} SO(n−1) − n 2b 0^{SO(1,1)×SO(1,n−1)}_{SO(1,n−2)}^{SO(1,n−2)}_{SO(n−2)} 2 2c^+ 1/2^{SO(1,1)×SO(1,n−1)}_{SO(n−2)⋉Rn−2} R^{n−2} 2 2c^− 0^{SO(1,1)×SO(1,n−1)}_{SO(n−2)⋉Rn−2} R^{n−2} 2 2d^− 1/2^{SO(1,1)×SO(1,n−1)}_{SO(n−2)⋉Rn−2} R^{n−2} 2 2d^+ 0^{SO(1,1)×SO(1,n−1)}_{SO(n−2)⋉Rn−2} R^{n−2} 2 3a^+(k > 0) large

1/2^{SO(1,1)×SO(1,n−1)} SO(n−1) − n 3a^−(k > 0) 0 (Z_H ≠0)^{SO(1,1)×SO(1,n−1)}_{SO(n−1)} − n 3b^−(k > 0) 1/2^{SO(1,1)×SO(1,n−1)}_{SO(n−1)} − n 3b^+(k > 0) 0 (Z_H ≠0)^{SO(1,1)×SO(1,n−1)}_{SO(n−1)} − n 3ab(k < 0) 0 (Z_H ≠0)^{SO(1,1)×SO(1,n−1)}_{SO(1,n−2)}^{SO(1,n−2)}_{SO(n−2)} 2

III. BH CHARGE ORBITS IN D = 4 SYMMETRIC SUPERGRAVITIES A. The Freudenthal Triple System Given a cubic Jordan algebra J defined over a field F, one is able to construct a FTS by defining the vector space F(J)(:= F), F(J) = F ⊕ F ⊕ J ⊕ J. (41) An arbitrary element x ∈ F(J) may be written as a formal “2 × 2 matrix”, x = ( α X Y β ) where α, β ∈ F and X, Y ∈ J. (42) The FTS comes equipped with a non-degenerate bilinear antisymmetric quadratic form, a quartic form and a trilinear triple product [73, 74]:

1. Quadratic form {x, y}: F × F → F {x, y} = αδ − βγ + Tr(X, W ) − Tr(Y, Z), where x = ( α X Y β ) , y = ( γ Z W δ ) . (43a)

2. Quartic form q : F → F q(x) = −2[αβ − Tr(X, Y )]^2 − 8[αN(X) + βN(Y ) − Tr(X^♯, Y^♯)]. (43b) 3. Triple product T : F × F × F → F which is uniquely defined by {T (x, y, w), z} = q(x, y, w, z) (43c) where q(x, y, w, z) is the full linearisation of q(x) such that q(x, x, x, x) = q(x).

The automorphism group is given by the set of invertible F-linear transformations preserving the quadratic and quartic forms [73, 74], Aut(F) := {σ ∈ Iso_F(F)|q(σx) = q(x), {σx, σy} = {x, y}, ∀x, y ∈ F} = Conf (J) . (44) Generally, the automorphism group corresponds to the U-duality group of corresponding 4-dimensional supergravities (see for example [12, 32, 75, 76], and Refs. therein). The conventional concept of matrix rank may be generalised to Freudenthal triple systems in a natural and Aut(F) invariant manner. The rank of an arbitrary element x ∈ F is uniquely defined by [26, 77]: Rankx = 1 ⇔ 3T (x, x, y) + x{x, y}x = 0 ∀y; Rankx = 2 ⇔ ∃y s.t. 3T (x, x, y) + x{x, y}x ≠ 0, T (x, x, x) = 0; Rankx = 3 ⇔ T (x, x, x) ≠ 0, q(x) = 0; Rankx = 4 ⇔ q(x) ≠ 0.

(45)

B. N = 8

The (1 + 27) + (1 + 27) electric+magnetic BH charges may be represented as elements x = ( −q_0 P Q p^0 ) , where p^0, q^0 ∈ R and Q, P ∈ J^{Os}_3 (46)

of the Freudenthal triple system F^A := F(J^{Os}_3 ). The details may be found in section III A of [25], and in Refs. therein. The automorphism group Aut(F^{Os} ) ∼= Conf ( J^{Os}_3 ) = E_{7(7)} is the D = 4, N = 8 U-duality group, where x ∈ F^A transforms as the fundamental 56. The BH entropy is given by Eq. (2), where I_4(x) = Δ(x) =^1_2 q(x) is Cartan’s unique quartic invariant polynomial of E_{7(7)} [78]. The U-duality charge orbits are classified according to the E_{7(7)}-invariant FTS rank of the charge vector, as defined in (45). This reproduces the classification originally obtained in [11, 59]. More precisely, we have the following

Theorem 5. [11, 26, 50] Every BH charge vector x ∈ F^{Os} of a given rank is E_{7(7)} related one of the following canonical forms:

1. Rank 1

(a) x_1 = ( 1 0 0 0 )

2. Rank 2

(a) x_2 = ( 1 (1, 0, 0) 0 0 )

3. Rank 3

(a) x_3 = ( 1 (1, 1, 0) 0 0 )

4. Rank 4

(a) x_{4a} = k ( 1 (−1, −1, −1) 0 0 )

(b) x_{4b} = k ( 1 (1, 1, 1) 0 0 )

where k > 0.

As anticipated, there is one orbit per rank, but with rank 4 splitting into 4a (Δ > 0) 1/8-BPS and 4b (Δ < 0) non-BPS. The orbits are summarized in Table V.

TABLE V. Charge orbits, moduli spaces, and number # of “non-flat” scalar directions of D = 4, N = 8 supergravity defined over F^{Os} . M = E_{7(7)}/ SU(8), dimR = 70 [11].

Rank BH Susy Charge orbit O Moduli space M # 1 doubly critical 1/2^{E7(7)}_{E6(6) ⋉R27}^{E6(6)}_{Usp(8)} ⋉ R^{27} 1

2 critical 1/4^{E7(7)}_{SO(6,5)⋉R32 ×R}^{SO(6,5)}_{SO(6)×SO(5)} ⋉ R^{32} × R 7

3 light-like 1/8^{E7(7)}_{F4(4) ⋉R26}^{F4(4)}_{Usp(6)×SU(2)} ⋉ R^{26} 16

4(Δ > 0) large 1/8^{E7(7)}_{E6(2)}^{E6(2)}_{SU(6)×SU(2)} 30

4(Δ < 0) 0^{E7(7)}_{E6(6)}^{E6(6)}_{Usp(8)} 28

C. N = 2 Magic

The (4 + 3 dim A) + (4 + 3 dim A) electric+magnetic BH charges may be represented as elements x = ( −q_0 P Q p^0 ) , where p^0, q^0 ∈ R and Q, P ∈ J^A_3 (47)

of the Freudenthal triple system F^A := F(J^A_3 ). The details may be found in section III A, Ref. [25], and in Refs. therein. The magic D = 4, N = 2 U-duality groups G^A_4 are given by the automorphism group Aut(F^A) ∼= Conf ( J^A_3 ) . For A = R, C, H, O the U-duality group G^A_4 is Sp(6, R), SU(3, 3), SO^⋆(12), E_{7(−25)}. The (8 + 6 dim A) charges transform linearly as the threefold antisymmetric traceless tensor 14^′, the threefold antisymmetric self-dual tensor 20, the chiral spinor 32 and the fundamental 56 of Sp(6, R), SU(3, 3), SO^⋆(12) and E_{7(−25)}, respectively.

The BH entropy is given by Eq. (2), where I_4(x) = Δ(x) =^1_2 q(x) is the unique quartic invariant polynomial of G^A_4 . The U-duality charge orbits are classified according to the G^A_4 -invariant FTS rank of the charge vector, as defined in (45). More precisely, we have the following

Theorem 6. [11, 27] Every BH charge vector x ∈ F^A of a given rank is G^A_4 related one of the following canonical forms:

1. Rank 1

(a) x_1 = ( 1 0 0 0 )

2. Rank 2

(a) x_{2a} = ( 1 (1, 0, 0) 0 0 )

(b) x_{2b} = ( 1 (−1, 0, 0) 0 0 )

3. Rank 3

(a) x_{3a} = ( 1 (1, 1, 0) 0 0 )

(b) x_{3b} = ( 1 (−1, −1, 0) 0 0 )

4. Rank 4

(a) x_{4a} = k ( 1 (−1, −1, −1) 0 0 )

(b) x_{4b} = k ( 1 (1, 1, −1) 0 0 )

16 (c) x_{4c} = k ( 1 (1, 1, 1) 0 0 )

where k > 0.

Here, we see that the rank 2 and 3 orbits of the N = 8 theory split in to one 1/2-BPS orbit and one non-BPS orbit each. The splitting of the large BHs is a little more subtle [12]. There is, as always for N = 2, one 1/2-BPS (I_4 > 0) orbit, which we label 4a. However, there is also one non-BPS orbit for I_4 > 0, which has vanishing central charge at the horizon Z_H = 0. Finally, there is the universal non-BPS I_4 < 0, which has non-vanishing central charge at the horizon. The orbit stabilizers are summarized in Table VI. The exceptional octonionic case is given as a detailed example in section A 1, which thus provides an alternative derivation of the result obtained in [11].

1. N = 2 Magic Quaternionic versus N = 6

As is well known [12, 57, 112], N = 2 magic quaternionic and N = 6 supergravity share the very same bosonic sector; they are both related to the simple, rank-3 Jordan algebra J^H_3 over the quaternions, and their scalar manifold is the rank-3 symmetric coset^{SO∗(12)}_{U(6)} .

It should also be noticed that the two real, non-compact forms of E_7 given by E_{7(7)} and E_{7(−25)} contain SO^∗(12) × SU(2) as a maximal subgroup, and indeed both manifolds^{E7(−25)}_{E6×U(1)} (rank-3 special Kähler, with dim_C = 27) and^{E7(7)}_{SU(8)} (rank-7, with dim_R = 70) contain the coset space^{SO∗(12)}_{U(6)} as a submanifold. Such an observation reveals the dual role of the manifold^{SO∗(12)}_{U(6)} : it is at the same time the σ-model scalar manifold of N = 6 supergravity and of N = 2 magic quaternionic Maxwell-Einstein supergravity.

Starting from N = 8, the supersymmetry truncation down to N = 6 goes as follows:

N = 8 : [ (2) , 8 ( 3 2 ) , 28 (1) , 56 ( 1 2 ) , 70 (0) ] gravity mult. ↓ N = 6 : [ (2) , 6

(_3 2 ) , 16 (1) , 26

(_1 2 ) , 30 (0) ] gravity mult. 2 [(_3 2 ) , 6 (1) , 15

(_1 2 ) , 20 (0) , ] gravitino mults.

(48)

In order to truncate the two N = 6 gravitino multiplets away, one has to consider the U-duality branching for vectors reads E_{7(7)} ⊃ SO^∗ (12) × SU (2) ;

56 = (32, 1) + (12, 2) , (49) implying the truncation condition

SO^∗ (12) × SU (2) : (12, 2) = 0, (50)

as well as the R-symmetry branching (omitting U(1) charges)

N =8 R-symmetry

SU (8) ⊃^{N =6 R-symmetry}

U (6) × SU (2) ; (51) 8 = (6, 1) + (1, 2) ;

28 = (15, 1) + (1, 1) + (6, 2) ; 56 = (20, 1) + (6, 1) + (15, 2) ; 70 = (15, 1) + (15, 1) + (20, 2) , implying the truncation conditions

U (6) × SU (2) : (1, 2) = (6, 2) = (15, 2) = (20, 2) = 0. (52)

Note that the commuting SU (2) factor in (51) may be regarded as the “extra” R-symmetry truncated away in the supersymmetry reduction N = 8 → N = 6 obtained by imposing (50) and (52), which corresponds to the following scalar manifold embedding: E_{7(7)} SU (8) ⊃ SO^∗ (12)

U (6)

. (53)

On the other hand, the supersymmetry truncation N = 8 → N = 2 goes as follows:

N = 8 : [ (2) , 8 ( 3 2 ) , 28 (1) , 56 ( 1 2 ) , 70 (0) ] gravity mult. ↓

N = 2 :

[ (2) , 2

(_3 2 ) , (1) ] gravity mult. 6 [(_3 2 ) , 2 (1) ,

(_1 2 )] gravitino mults. 15 [ (1) , 2

(_1 2 ) , 2 (0) ] vector mults. 10 [ 2 (_1 2 ) , 4 (0) ] hypermults.

(54)

In order to truncate the six N = 2 gravitino multiplets away, the same condition (50) on U-irreps. has to be imposed. On the other hand, by reconsidering (51) with the the different interpretation of R-symmetry branching N = 8 → N = 2 (the commuting SU (6) factor in (51) now refers to the “extra” R-symmetry truncated away), the following truncation conditions, different from (52), are obtained:

U (6) × SU (2) : (6, 1) = (6, 2) = 0. (55)

Thus, by imposing (50) and (55), one achieves a consistent truncation of N = 8 down to N = 2 magic octonionic supergravity coupled to 15 vector multiplets and 10 hypermultiplets, which at the level of the scalar manifold reads:

E_{7(7)} SU (8) ⊃ SO^∗ (12)

U (6) × E_{6(2)} SU (6) × SU (2) . (56)

The N = 2 hyper sector can be consistently truncated away, by further imposing

U (6) × SU (2) : (20, 1) = (20, 2) = 0, (57)

thus yielding (53).

On the other hand, starting from the N = 2 exceptional magic supergravity with no hypermultiplets, the truncation down to its N = 2 magic quaternionic sub-theory is dictated by the following branchings (H is the local symmetry group of the scalar manifold, up to a U (1) factor):

U-duality : { E_{7(−25)} ⊃ SO^∗ (12) × SU (2) , 56 = (32, 1) + (12, 2) ; (58)

H-symmetry : { E_{6(−78)} ⊃ SU (6) × SU (2) , 27 = ( 6, 2 ) + (15, 1) , (59)

implying the truncation conditions

SO^∗ (12) × SU (2) : (12, 2) = 0; (60) SU (6) × SU (2) : ( 6, 2 ) = 0. (61)

Under such positions, one achieves a consistent truncation of N = 2 exceptional Maxwell-Einstein supergravity down to its N = 2 magic quaternionic sub-theory which at the level of the scalar manifold reads:

E_{7(−25)} E_{6(−78)} × U (1) ⊃ SO^∗ (12)

U (6)

. (62)

Once their origin as truncation has been clarified, it is thus evident that N = 2 quaternionic and N = 6, D = 4 supergravities exhibit indistinguishable bosonic sectors, and therefore their charge orbits are the same, and their attractor equations [12] have the same solutions.

In order to elucidate the different supersymmetry properties of the charge orbits, by recalling the spin content of the N = 6 gravity multiplet, it should be noticed that its 16 vector fields decompose as 15 + 1 with respect to the N = 6 R-symmetry (as well as the 26 gauginos and the 30 scalar fields decompose as 20 + 6 and 15 + 15, respectively). Thus, the N = 6 dyonic charge vector Q splits as

N = 6 : Q = ( X, Z_{AB} , Z^{AB} , X ) , (63) where X is a complex SU(6)-singlet, and Z_{AB} (A = 1, ..., 6) is the complex 6 × 6 antisymmetric central charge matrix. The intertwining supersymmetry-preserving properties for the “twin” theories N = 2 magic quaternionic versus “pure” N = 6 can be obtained by noticing that the N = 2 counterpart of (63) is given by

N = 2 : Q = ( Z, Z_i, Z_i, Z ) , (64)

where Z_i ≡ D_iZ are the so-called matter charges (namely, the Kähler-covariant derivatives of the N = 2 central charge Z). As summarized in Table 9 of [12], (63) and (64) imply that the role of “large” BPS orbits and non-BPS orbits with (all) central charge(s) vanishing is flipped under the exchange N = 2 ←→ N = 6; as mentioned, such a kind of “cross-symmetry” is easily understood when noticing that the N = 2 central charge Z corresponds to the SU(6)-singlet component X of Q (63), and that the 15 complex N = 2 matter charges Z_i correspond to the 15 independent complex elements of the 6 × 6 antisymmetric N = 6 central charge matrix Z_{AB} .

These considerations can be extended to “small” charge orbits, by observing that orbits with representatives having Z = 0 necessarily are non-BPS orbits (because they cannot saturate any BPS bound) and, in light of the above reasoning, they correspond to N = 6 orbits with X = 0 representative. These simple arguments, combined with the nilpotent orbits’ analysis summarized in Table V of [79], allows one to determine the intertwining supersymmetry-preserving properties related to the charge orbits, listed in the Table below (we use the orbit nomenclature reported in Table VI, and for small orbits the representatives are reported in brackets):

O N = 2, J^H_3 N = 6, J^H_3

4a 1/2-BPS nBPS : X_H ≠ 0, Z_{AB,H} = 0 4b nBPS : Z_H = 0 1/6-BPS : X_H = 0, Z_{AB,H} ≠ 0 4c nBPS : Z_H ≠ 0 nBPS : X_H ≠ 0, Z_{AB,H} ≠ 0 3a nBPS (Z = 0) 1/6-BPS (X = 0) 3b 1/2-BPS (Z ≠ 0) nBPS (X ≠ 0) 2a nBPS (Z = 0) 1/3-BPS (X = 0) 2b 1/2-BPS (Z ≠ 0) 1/6-BPS (X ≠ 0) 1 1/2-BPS (Z ≠ 0) 1/2-BPS (X ≠ 0)

(65)

For analogue treatment in D = 5, see [30].

D. The N = 4 and N = 2 Reducible Jordan Symmetric Sequences

1. N = 4

For N = 4 supergravity coupled to n_V vector multiplets, the (n + 6) + (n + 6) electric+magnetic BH charges (where n = n_V ⩾ 0) may be represented as elements x = ( −q_0 P Q p^0 ) , where p^0, q^0 ∈ R and Q, P ∈ J_{5,n−1} (66)

of the Freudenthal triple system F^{6,n} := F(J_{5,n−1}). The details may be found in section III A of [25], and in Refs. therein. The reducible D = 4, N = 4 U-duality group is given by the automorphism group Aut(F^{6,n}) = Conf (J_{5,n−1}) = SL(2, R) × SO(6, n) under which x ∈ F^{6,n} transforms as a (2, 6 + n). The BH entropy is once again given by Eq. (2), where I_4(x) = Δ(x) =^1_2 q(x) is the unique quartic invariant polynomial of SL (2, R) × SO (6, n). The U-duality charge orbits are classified according to the SL(2, R) × SO(6, n)-invariant FTS rank of the charge vector. More precisely, we have the following theorem [25].

Theorem 7. Every BH charge vector x ∈ F^{6,n} of a given rank is SL(2, R) × SO(6, n) related one of the following canonical forms:

1. Rank 1

(a) x_1 = ( 1 0 0 0 )

2. Rank 2

(a) x_{2a} = ( 1 E_1 0 0 )

TABLE VI. Charge orbits, moduli spaces, and number # of ”non-flat” scalar directions of the magic D = 4, N = 2 supergravities defined over F^A, A = R, C, H, O. M = Aut(F^A)/mcs(J^A_3 ). dimR M = 6 + 6 dim A [11]. Rank BH Susy F

O, nV = 27, M = E_{7(−25)}/[U(1) × E_{6(−78)}] F^H, nV = 15, M = SO^⋆(12)/ U(6) Orbit O Moduli space M # Orbit O Moduli space M # 1 small d. critical 1/2^{E7(−25)}_{E6(−26) ⋉R27}^{E6(−26)}_{F4(−52)} ⋉ R^{27} 1^{SO⋆(12)}_{SU⋆(6)⋉R15}^{SU⋆(6)}_{Usp(6)} ⋉ R^{15} 1 2a small critical 0^{E7(−25)}_{SO(2,9)⋉R32 ⊕R}^{SO(2,9)}_{SO(2)×SO(9)} ⋉ R^{32} ⊕R 3^{SO⋆(12)}_{[SO(2,5)×SO(3)]⋉R(8,2) ⊕R}^{SO(2,5)}_{SO(2)×SO(5)} ⋉ R^8 ⊕R^8⊕R 3 2b small critical 1/2^{E7(−25)}_{SO(1,10)⋉R32 ⊕R}^{SO(1,10)}_{SO(10)} ⋉ R^{32}⊕R 11^{SO⋆(12)}_{[SO(1,6)×SO(3)]⋉R(8,2) ⊕R}^{SO(1,6)}_{SO(6)} ⋉ R^8 ⊕ R^8 ⊕R 7 3a small light-like 0^{E7(−25)}_{F4(−20) ⋉R26}^{F4(−20)}_{SO(9)} ⋉ R^{26} 12^{SO⋆(12)}_{Usp(2,4)⋉R14}^{Usp(2,4)}_{Usp(2)×Usp(4)} ⋉ R^{14} 8 3b small light-like 1/2^{E7(−25)}_{F4(−52) ⋉R26} R^{26} 28^{SO⋆(12)}_{Usp(6)⋉R14} R^{14} 16 4a large time-like 1/2^{E7(−25)}_{E6(−78)} − 54^{SO⋆(12)}_{SU(6)} − 30 4b large time-like 0 (Z_H =0)^{E7(−25)}_{E6(−14)}^{E6(−14)}_{SO(10)×SO(2)} 22^{SO⋆(12)}_{SU(4,2)}^{SU(4,2)}_{SU(4)×SU(2)} 13 4c large space-like 0 (Z_H ≠0)^{E7(−25)}_{E6(−26)}^{E6(−26)}_{F4(−52)} 28^{SO⋆(12)}_{SU⋆(6)}^{SU⋆(6)}_{Usp(6)} 16 Rank BH Susy F

C, nV = 9, M = SU(3, 3)/[U(1) × SU(3) × SU(3)] F^R, nV = 6, M = Sp(6, R)/ U(3) Orbit O Moduli space M # Orbit O Moduli space M # 1 small d. critical 1/2^{SU(3,3)}_{SL(3,C)⋉R9}^{SL(3,C)}_{SU(3)} ⋉ R^9 1^{Sp(6,R)}_{SL(3,R)⋉R6}^{SL(3,R)}_{SO(3)} ⋉ R^6 1 2a small critical 0^{SU(3,3)}

[SO(2,3)×SO(2)]⋉R(4,2) ⊕R

SO(2,3) SO(2)×SO(3) ⋉ R

4 ⊕R4⊕R 3

Sp(6,R) SO(2,2)⋉R4 ⊕R

SO(2,2) SO(2)×SO(2) ⋉ R

4 ⊕R 3

2b small critical 1/2^{SU(3,3)}

[SO(1,4)×SO(2)]⋉R(4,2) ⊕R

SO(1,4) SO(4) ⋉ R

4⊕R4⊕R 5

Sp(6,R) SO(1,3)⋉R4 ⊕R

SO(1,3) SO(3) ⋉ R

4⊕R 4 3a small light-like 0^{SU(3,3)}_{SU(1,2)⋉R8}^{SU(1,2)}_{U(1)×SU(2)} ⋉ R^8 6^{Sp(6,R)}_{SU(1,1)⋉R5}^{SU(1,1)}_{U(1)×U(1)} ⋉ R^5 6 3b small light-like 1/2^{SU(3,3)}_{SU(3)⋉R8} R^8 10^{Sp(6,R)}_{SU(2)⋉R5} R^5 7 4a large time-like 1/2^{SU(3,3)}_{SU(3)×SU(3)} − 18^{Sp(6,R)}_{SU(3)} − 12 4b large time-like 0 (Z_H =0)^{SU(3,3)}_{SU(1,2)×SU(1,2)}^{SU(1,2)×SU(1,2)}_{[U(1)×SU(2)]2} 9^{Sp(6,R)}_{SU(1,2)}^{SU(1,2)}_{U(1)×SU(2)} 8 4c large space-like 0 (Z_H ≠0)^{SU(3,3)}_{SL(3,C)}^{SL(3,C)}_{SU(3)} 10^{Sp(6,R)}_{SL(3,R)}^{SL(3,R)}_{SO(3)} 7

20 (b) x_{2b} = ( 1 −E_1 0 0 )

(c) x_{2c} = ( 1 E_2 0 0 )

3. Rank 3

(a) x_{3a} = ( 1 E_2 + E_3 0 0 )

(b) x_{3b} = ( 1 E_2 − E_3 0 0 )

4. Rank 4

(a) x_{4a} = k ( 1 −E_1 + E_2 + E_3 0 0 )

(b) x_{4b} = k ( 1 E_1 + E_2 − E_3 0 0 )

(c) x_{4c} = k ( 1 −E_1 + E_2 − E_3 0 0 )

where k > 0 and the E_i are as given in (34).

The orbit stabilizers are summarized in Table VII.

2. N = 2

For N = 2 supergravity theories coupled to n_V vector multiplets whose scalar manifolds belong to the so-called Jordan symmetric sequence of special Kähler geometry, the (n + 2) + (n + 2) electric+magnetic BH charges (where n = n_V − 1 ⩾ 1) may be represented as elements x = ( −q_0 P Q p^0 ) , where p^0, q^0 ∈ R and Q, P ∈ J_{1,n−1} (67)

of the Freudenthal triple system F^{2,n} := F(J_{1,n−1}). The details may be found in section III A of [25], as well as in Refs. therein. The reducible D = 4, N = 2 U-duality group is given by the automorphism group Aut(F^{2,n}) ∼= Conf (J_{1,n−1}) = SL(2, R) × SO(2, n) under which x ∈ F^{2,n} transforms as a (2, 2 + n). The BH entropy is once again given by Eq. (2), where I_4(x) = Δ(x) =^1_2 q(x) is the unique quartic invariant polynomial of SL (2, R) × SO (2, n). The U-duality charge orbits are classified according to the SL(2, R) × SO(2, n)-invariant FTS rank of the charge vector. The orbit representatives are as in Theorem 7 [25]. However, physically each 1/4-BPS orbits of Table VII splits into one 1/2-BPS orbit and one non-BPS orbit, see Table VIII. This splitting is determined by the sign of the quantity [12]

I_2 = |Z|^2 − |D_S Z|^2. (68)

Here, Z is the central charge and D_S Z is the axion-dilaton matter charge, where D_S is the Kähler covariant derivative on the scalar manifold along the axion-dilaton direction; this is a “privileged” scalar direction, because the scalar manifold is factorized. In fact, noting that the N = 4, D = 4 1/4-BPS canonical forms all have a Jordan algebra element that has two disconnected components under Str_0(J_{1,n−1}), the sign condition on (68) can be rephrased in terms of the charges.

E. Interpretation of ♯ 1_{2 −BP S,rank-1} = 1

As reported in the Tables, all symmetric D = 4 theories share the same result, namely:

♯ 1_{2 −BP S,rank-1} = 1. (69)

TABLE VII. Charge orbits, moduli spaces, the number # of “non-flat” scalar directions of the reducible D = 4, N = 4 supergravities defined over F^{6,n} := F(J5,n−1). M = [SL(2, R) × SO(6, n)]/[SO(2) × SO(6) × SO(n)]. dimR(M) = 6n + 2. For comparison we have included the orbit labeling used in [22], and then in [23] and [24]. The table is split according as the BHs are small or large.

Rank BH Susy Charge orbit O Moduli space M # 1/A.3 d. critical 1/2^{SL(2,R)×SO(6,n)}

[SO(1,1)×SO(5,n−1)]⋉(R×R5,n−1 )

SO(1,1)×SO(5,n−1) SO(5)×SO(n−1) ⋉ R×R 5,n−1 1 2a/A.2 critical 0^{SL(2,R)×SO(6,n)}_{SO(6,n−1)×R}^{SO(6,n−1)}_{SO(6)×SO(n−1)} ⋉ R 7

2b/A.1 critical 1/2^{SL(2,R)×SO(6,n)}_{SO(5,n)×R}^{SO(5,n)}_{SO(5)×SO(n)} ⋉ R 2n + 2

2c/B critical 1/4^{SL(2,R)×SO(6,n)} [SO(2,1)⋉R]×[SO(4,n−2)⋉(R4,n−2 ⊕R4,n−2)] SO(2,1)×SO(4,n−2) SO(2)×SO(4)×SO(n−2) ⋉ R×[R 4,n−2⊕R4,n−2] 4 3a/C.1 light-like 1/4^{SL(2,R)×SO(6,n)} [SO(4,n−1)⋉R4,n−1 ]×R SO(4,n−1) SO(4)×SO(n−1) ⋉ R×R 4,n−1 n 3b/C.2 light-like 0^{SL(2,R)×SO(6,n)} [SO(5,n−2)⋉R5,n−2 ]×R SO(5,n−2) SO(5)×SO(n−2) ⋉ R×R 5,n−2 8 4a/α time-like 1/4^{SL(2,R)×SO(6,n)}_{SO(2)×SO(4,n)}^{SO(4,n)}_{SO(4)×SO(n)} 2n + 2

4b/γ time-like 0 (ẐAB,H = 0)^{SL(2,R)×SO(6,n)}_{SO(2)×SO(6,n−2)}^{SO(6,n−2)}_{SO(6)×SO(n−2)} 14

4c/β space-like 0 (ẐAB,H ≠ 0)^{SL(2,R)×SO(6,n)}_{SO(1,1)×SO(5,n−1)}^{SO(1,1)×SO(5,n−1)}_{SO(5)×SO(n−1)} n + 6

TABLE VIII. Charge orbits, moduli spaces, and number # of “non-flat” scalar directions of the reducible D = 4, N = 2 supergravities defined over F^{2,n} := F(J1,n−1). M = [SL(2, R) × SO(2, n)]/[SO(2)^2 × SO(n)]. dimR(M) = 2n + 2. For comparison, we have included the orbit labelling used in [22], and then in [23] and [24]. The table is split according as the BHs are small or large.

Rank [22] BH Susy Charge orbit O Moduli space M # 1 A.3 d. critical 1/2^{SL(2,R)×SO(2,n)}

[SO(1,1)×SO(1,n−1)]⋉(R×R1,n−1 )

SO(1,1)×SO(1,n−1) SO(n−1) ⋉ R × R 1,n−1 1 2a A.2 critical 0^{SL(2,R)×SO(2,n)}_{SO(2,n−1)×R}^{SO(2,n−1)}_{SO(2)×SO(n−1)} ⋉ R 3 2b A.1 critical 1/2^{SL(2,R)×SO(2,n)}_{SO(1,n)×R}^{SO(1,n)}_{SO(n)} ⋉ R n + 1 2c^+ B critical 1/2 I2 > 0^{SL(2,R)×SO(2,n)}

[SO(2,1)⋉R]×[SO(n−2)⋉(Rn−2 ⊕Rn−2)]

SO(2,1) SO(2) ⋉ R × [R

n−2 ⊕ R^{n−2}] 3 2c^− B critical 0 I2 < 0^{SL(2,R)×SO(2,n)}

[SO(2,1)⋉R]×[SO(n−2)⋉(Rn−2 ⊕Rn−2)]

SO(2,1) SO(2) ⋉ R × [R

n−2 ⊕ R^{n−2}] 3 3a^+ C.1 light-like 1/2 I2 > 0^{SL(2,R)×SO(2,n)}_{[SO(n−1)⋉Rn−1 ]×R} R × R^{n−1} n + 2 3a^− C.1 light-like 0 I2 < 0^{SL(2,R)×SO(2,n)}_{[SO(n−1)⋉Rn−1 ]×R} R × R^{n−1} n + 2 3b C.2 light-like 0^{SL(2,R)×SO(2,n)}_{[SO(1,n−2)⋉Rn−1 ]×R}^{SO(1,n−2)}_{SO(n−2)} ⋉ R^{n−1} × R 4 4a^+ α time-like 1/2 I2 > 0^{SL(2,R)×SO(2,n)}_{SO(2)×SO(n)} − 2n + 2 4a^− α time-like 0 I2 < 0^{SL(2,R)×SO(2,n)}_{SO(2)×SO(n)} − 2n + 2 4b γ time-like 0 ZH = 0^{SL(2,R)×SO(2,n)}_{SO(2)×SO(2,n−2)}^{SO(2,n−2)}_{SO(2)×SO(n−2)} 8 4c β space-like 0 ZH ≠ 0^{SL(2,R)×SO(2,n)}_{SO(1,1)×SO(1,n−1)}^{SO(1,1)×SO(1,n−1)}_{SO(n−1)} n + 2

Note that the rank-1, doubly critical orbit is always unique, corresponding to the maximum weight vector in the relevant representation space. Up to U-duality all rank-1 D = 4 black holes may be regarded as a pure KK state of the 5-dimensional parent theory. All along the^1_2 -BPS rank-1 scalar flow [23], there is only one “non-flat” scalar degree of freedom.

This can be easily interpreted by recalling that the first-order superpotential of the N = 2 BPS flows is nothing but W = |Z|, where Z is the N = 2 central charge [80]. Thus, by considering the general expression of Z in a generic d-special Kähler geometry (given by Eq. (4.9) of [29]) for the relevant representative 1-charge configuration in which the dependence on only one scalar field is manifest (which turns out to be {q_0}), one obtains:

W 1_{2 −BP S,rank-1} = |Z|_{{q0}} = |q_0| 2 √ 2 V^{−1/2}, (70)

where V ≡ r^3_{KK} , r_{KK} denoting the KK radius in the KK reduction D = 5 −→ D = 4 [29].

In the cases N = 8 and N = 4, similar results can be obtained from the treatment given in [81] and [22]. Analogous explanations can be given for the result (69) for D = 5 charge orbits, as reported in the relevant Tables.

F. The N = 2 ST U, ST^2 and T^3 Models 1. ST U The ST U model is N = 2 supergravity coupled to three vector multiplets. However, it has an additional discrete triality, which exchanges the roles of the three complex moduli. This triality has a stringy explanation first identified in [14]. It is essentially a remnant of the D = 6 equivalence between the heterotic string on T^4, the Type IIA string on K3 and the Type IIB string on its mirror. The ST U model is thus a noteworthy element (n = 2) of the N = 2, D = 4 Jordan symmetric sequence discussed above.

The (1 + 3) + (1 + 3) electromagnetic charges may be represented as elements x = ( −q_0 (p; p^μ) (q; q_ν ) p^0 ) , where p^0, q^0 ∈ R and (q; q_ν ), (p; p^μ) ∈ J_{1,1} (71)

of the Freudenthal triple system F^{2,2} := F(J_{1,1}).

The U-duality group Aut(F_{ST U} ) ∼= Conf (J_{1,1} = R ⊕ Γ_{1,1} = R ⊕ R ⊕ R) = SL(2, R) × SO(2, 2) may be recast in a form reflecting this triality symmetry using the isomorphism SO(2, 2) ∼= SL(2, R)×SL(2, R). From the the heterotic string perspective this corresponds to an SL(2, Z)_S strong/weak coupling duality and an SL(2, Z)_T × SL(2, Z)_U target space duality acting on the dilaton/axion, complex Kähler form and the complex structure fields S, T, U respectively. At the level of the FTS [20, 50, 82], this is realised by the Jordan algebra isomorphism J_{1,1} = R ⊕ Γ_{1,1} ∼= R ⊕ R ⊕ R = J_{ST U} which, for (q_1, q_2, q_3) ∈ J_{ST U} and (q; q_ν ) ∈ J_{1,1} is given by,

q_1 = q, q_2 = q_0 + q_1, q_3 = q_0 − q_1, (72)

so that the ST U cubic norm becomes

N(Q) = q_1q_2q_3. (73)

By renaming ( −q_0 (p_1, p_2, p_3) (q_1, q_2, q_3) p^0 ) → ( a_{000} (a_{011}, a_{101}, a_{110}) (a_{100}, a_{010}, a_{001}) a_{111} ) , (74)

the charges may be arranged into a 2 × 2 × 2 hypermatrix a_{ABC} , where A, B, C = 0, 1, transform as a (2, 2, 2) under SL_A(2, R) × SL_B (2, R) × SL_C (2, R). In such a way, the quartic norm is given by Cayley’s hyperdeterminant Det a_{ABC} [46, 83],

Δ = − Det a = 1 2 ϵ^{A1A2} ϵ^{B1B2} ϵ^{C1C3} ϵ^{A3A4} ϵ^{B3B4} ϵ^{C2C4} a_{A1B1 C1} a_{A2B2 C2} a_{A3B3 C3} a_{A4B4C4} (75) and S_{D=4,BH} = π √ | Det a|. (76)

This observation lies at the origin of the “black-hole/qubit correspondence” [50, 51, 82, 84–96]. The hyperdeterminant is manifestly invariant under the triality A ↔ B ↔ C. The role of more general hyperdeterminants in M-theory can be found in [97, 98].

The implication of this triality for the structure of the orbits is that what are distinct cosets for generic n_V become isomorphic for the ST U case. In particular, we find that for the ST U model [20]

O_{2a} ∼= O_{2b} ∼= O_{2c}, O_{3a} ∼= O_{3b} (77)

as can be seen immediately from Table VIII setting n = 2. However, while the cosets are isomorphic the distinct physical properties of each orbit are preserved, so that the ST U model can really be included in the generic sequence.

2. ST^2

On the other hand, the orbit structure of the ST^2 model, which can be seen as the first (n = 1) element of the Jordan symmetric sequence, N = 2 coupled to two vector multiplets, does depart from the one discussed so far. The (1 + 2) + (1 + 2) electromagnetic charges may be represented as elements x = ( −q_0 (p^1, p^2) (q_1, q_2) p^0 ) , where p^0, q^0 ∈ R and (p^1, p^2), (q_1, q_2) ∈ R ⊕ R (78)

of the Freudenthal triple system F^{2,1} := F(J_1). Here, J_1 = R ⊕ Γ_1 = R ⊕ R now has an “Euclidean” cubic norm

N(Q) = q_1(q_2)^2, Q ∈ J_{ST} 2 , (79)

which implies there is only one rank 2 Q ∈ J_{ST} 2 up to Str_0(J_{ST} 2 ) = SO(1, 1), which is now pure dilatation. Consequently, the third rank 2 orbit (in the FTS) of the generic sequence (n_V ≥ 3) vanishes [25].

The U-duality group is Aut(F_{ST} 2 ) ∼= Conf (R ⊕ R) = SL_A(2, R) × SL_B (2, R) under which the charges transform as a (2, 3). Again, this symmetry is made manifest by writing the charges as a hypermatrix

Q = a_{A(B1B2 )}. (80)

The BH entropy is given by Eq. (76), with the hyperdeterminant now being the “ST^2 degeneration” of the expression holding for the ST U model (see e.g. [18] for further details). The canonical forms are presented in Theorem 8 [25]. The orbits may be obtained from Table VIII by setting n = 1 (when this is still well defined - when it is not, the orbit is not present).

Theorem 8. [25] Every element x ∈ F_{ST} 2 of a given rank is SL(2, R) × SL(2, R) related to one of the following canonical forms:

1. Rank 1

(a) x_1 = ( 1 0 0 0 )

2. Rank 2

(a) x_{2a} = ( 1 (1; 0) 0 0 )

(b) x_{2b} = ( 1 (−1; 0) 0 0 )

3. Rank 3

(a) x_{3a} = ( 1 (0; 1) 0 0 )

4. Rank 4

(a) x_{4a} = k ( 1 (−1; 1) 0 0 )

(b) x_{4b} = k ( 1 (1; 1) 0 0 )

3. T^3

Finally, we come to the T^3 model. Unlike all the other cases treated here, the T^3 has a cubic Jordan algebra, J_T 3 = R, with a single non-zero rank. The cubic norm is given by

N(Q) = q^3, q ∈ R. (81)

Hence, there is only a single rank given by N(Q) ≠ 0: all non-zero elements are rank 3. Consequently, the rank 2, where we now mean in the FTS F(J_T 3 ), orbit disappears entirely [25]. That is, if a small BH is critical, then it is doubly critical.

The U-duality group is Aut(F_T 3 ) ∼= Conf (R) = SL_A(2, R) under which the charges transform as a 4 (spin s = 3/2). Again, this symmetry is made manifest by writing the charges as a hypermatrix

Q = a_{(A1A1 A2)}. (82)

The BH entropy is given by Eq. (76), with the hyperdeterminant now being the “T^3 degeneration” of the expression holding for the ST U model (see e.g. [18] for further details).

Accounting for the vanishing rank 2 case, the remaining SL_A(2, R)-orbits are given in Theorem 9.

Theorem 9. [25] Every element x ∈ F_T 3 of s given rank is SL(2, R) related to one of the following canonical forms:

1. Rank 1

(a) x_1 = ( 1 0 0 0 )

2. Rank 3

(a) x_{3a} = ( 0 1 0 0 )

3. Rank 4

(a) x_{4a} = k ( 1 −1 0 0 )

(b) x_{4b} = k ( 1 1 0 0 )

There are now just four orbits: small doubly critical (rank 1) 1/2-BPS, small light-like (rank 3) 1/2-BPS, large (rank 4) 1/2-BPS and non-BPS. This is consistent with the analysis of [99–101], which relies on the theory of nilpotent orbits. The BPS nature of both “small” (rank 3 and rank 1) charge orbits of this model can also be easily understood by recalling the result derived in Sec. 5.5 of [23], namely that the “small” limit of the first-order (“fake”) superpotentials of both BPS and non-BPS attractor scalar flows yields nothing but the absolute value |Z| of the N = 2 central charge.

Performing a time-like reduction (since we are interested in stationary solutions) the resulting 3-dimensional T^3 model has G_{2(2)} U-duality, with scalars parametrising the pseudo-Riemannian coset,

G_{2(2)} SO_0(2, 2)

. (83)

The nilpotent SO_0(2, 2)-orbits of g_{2(2)} correspond to six static (i.e. single or non-interacting centre) extremal solutions [99]. However, only four of these orbits, labeled O_1, O_2, O_{3K} , O_{4K}′ in [99], correspond to physically acceptable static solutions [99]. From our perspective the unphysical orbits cannot be seen and it can be checked that the four orbits we describe correspond precisely to the four physical orbits of [99–101]. Explicitly, where we use the labeling in Theorem 9,

O_1 ←→ O_{x1} small doubly critical (rank 1) 1/2-BPS, O_2 ←→ O_{x3} small light-like (rank 3) 1/2-BPS, O_{3K} ←→ O_{x4a} large (rank 4) 1/2-BPS, O_{4K}′ ←→ O_{x4b} large (rank 4) non-BPS.

(84)

The orbit stabilizers are summarized in Table IX. Note, the two large (1/2-BPS and non-BPS) orbits have no continuous stabilizers. However, the 1/2-BPS case does have a discrete Z_3 stabilizer generated by M = 1 2 ( −1 √ 3 − √ 3 −1 ) , (85)

where M ∈ SL(2, R). Note, this is a finite subgroup of the SL(2, R) U-duality and should not be misconstrued as a sub-group the ST U triality symmetry, which collapses upon identifying the moduli. The origin of Z_3 is easily understood in terms of the “parent” 1/2-BPS rank-4 ST U orbit stabilizer SO(2) × SO(2). Recall, the Lie algebra of the automorphism group Aut(F(J)) decomposes under the reduced structure group Str_0(J) according as

Aut(F(J)) = Str_0(J) ⊕ J ⊕ J ⊕ R. (86)

The 1/2-BPS rank-4 ST U stability group is conjugate to^4 an SO(2) × SO(2) generated by (using the notation introduced in appendix A) Φ = (0, X, −X, 0), Φ ∈ Str_0(J) ⊕ J ⊕ J ⊕ R, such that Tr(X) = 0. One possible parametrization of SO(2) × SO(2) ⊂ SL_A(2, R) × SL_B (2, R) × SL_C (2, R), obtained by exponentiating Φ, is given by, ( cos(ϕ) − sin(ϕ) sin(ϕ) cos(ϕ) ) ⊗ ( cos(ψ) − sin(ψ) sin(ψ) cos(ψ) ) ⊗ ( cos(ϕ + ψ) sin(ϕ + ψ) − sin(ϕ + ψ) cos(ϕ + ψ) ) . (87)

Symmetrizing down from the ST U model to the T^3 model implies identifying the three factors appearing in the above parametrization. This gives (85) and its powers, hence picking out a Z_3 finite subgroup. Alternatively, this may be checked directly using the totally symmetrized hypermatrix, which transforms as

a_{(A1A2A3 )} → ã_{(A1A2A3 )} = M_{A1}^{A′1} M_{A2}^{A′2} M_{A3}^{A′3} a_{(A}′_{1A}′_{2 A}′_{3)}, (88)

under SL(2, R). Solving ã^{4a}_{(A1A2A3)} = a^{4a}_{(A1A2 A3)}, where a^{4a}_{(A1A2A3)} is the orbit representative appearing in Theorem 9, yields the same conclusion. Since this Z_3 forms a finite sub-group of a compact stabilizer there should be no corresponding “discrete” moduli space.

By considering its embedding in the ST U model it is also particularly easy to see why there is no discrete stabilizer in the unique Δ < 0 non-BPS orbit. The Δ < 0 non-BPS ST U orbit stabilizer is conjugate to an SO(1, 1)×SO(1, 1) generated by Φ = (ϕ, 0, 0, 0), ϕ ∈ Str_0(J). Equivalently, there is a U-duality frame in which only the two graviphoton charges are turned on. Since the graviphotons are singlets under the D = 5 U-duality group the stabilizer is precisely Str_0(J). This is true for all D = 4 theories based on cubic Jordan algebras, explaining this common feature of the Δ < 0 non-BPS orbits. However, for the T^3 model Str_0(J) contains only the identity, hence there can be no discrete stabilizer. This expectation is borne out by explicit computation. Note, since the presence of only graviphoton charges implies Δ < 0, this charge configuration is only possible for Δ < 0 non-BPS states.

TABLE IX. Charge orbits, moduli spaces, and number # of ”non-flat” scalar directions of the D = 4, T^3 model. M = SL(2, R)/ SO(2), dimR = 2. L+ is the generator of SL(2, R) with positive grading with respect to its maximal subgroup SO (1, 1).

Rank BH Susy Charge orbit O Moduli space M # 1 doubly critical 1/2^{SL(2,R)}_{L+} R 1

3 light-like 1/2^{SL(2,R)}_1 − 2

4(Δ > 0) large 1/2^{SL(2,R)}_{Z3} − 2

4(Δ < 0) 0^{SL(2,R)}_1 − 2

G. N = 2 Minimally Coupled

We now consider N = 2, d = 4 ungauged supergravity minimally coupled (mc) [53] to n_V Abelian vector multiplets, whose scalar manifold is given by the sequence of homogeneous symmetric rank-1 special Kähler manifolds M_{N =2,mc,n} = CP^n ≡ G_{N =2,mc,n} H_{N =2,mc,n} = U(1, n) U(n) × U(1)

, dim_R = 2n, n = n_V ∈ N. (89)

4 In fact, for our orbit representative, equal to.

This theory cannot be uplifted to D = 5, and it does not enjoy an interpretation in terms of Jordan algebras. The 1 + n vector field strengths and their duals, as well as their asymptotical fluxes, sit in the fundamental 1 + n representation of the U-duality group G_{N =2,mc,n} = U (1, n), in turn embedded in the symplectic group Sp (2 + 2n, R). The unique algebraically independent invariant polynomial in the 1 + n of U (1, n) is quadratic:

I_2 = 1 2 [ q^2_0 − q^2_i + ( p^0

)_2 − ( p^i )_2] = |Z|^2 − Z_iZ^i. (90)

The general analysis of the Attractor Equations, BH charge orbits, attractor moduli spaces and split attractor of such a theory has been performed in [12, 57, 102, 103]; here we recall it briefly, and further consider the “small” charge orbit of such models.

1. the “large” (rank-2) BPS charge orbit reads [12] O_{BP S,rank−2} = U(1, n) U(n)

, dim_R = 2n + 1, I_2 > 0. (91)

Thus, as for all “large” BPS charge orbits [7], there is no associated attractor moduli space or, equivalently, the number of “non-flat” scalar directions along the flow is # = 2n.

2. the “large” (rank-2) non-BPS charge orbit (with Z_H = 0) reads [12] O_{nBP S,rank−2} = U(1, n) U(1, n − 1)

, dim_R = 2n + 1, I_2 < 0. (92)

Thus, the associated attractor moduli space reads M_{nBP S,rank−2} = CP^{n−1}, # = 2. (93) 3. the unique “small” (rank-1) BPS charge orbit reads O_{BP S,rank−1} = U(1, n) U(n − 1) × U (1) ⋉ C^{n−1}_n

, dim_R = 2n + 1, I_2 = 0, (94)

where the subscript denotes charge with respect to the U (1) commuting factor of the stabilizer. Thus, the associated attractor moduli space reads M_{BP S,rank−1} = C^{n−1}, # = 2. (95) It is worth of notice that (non-compact forms of) CP^n spaces as moduli spaces of string compactifications have appeared in the literature, either as particular subspaces of complex structure deformations of certain Calabi-Yau manifold [104, 105] or as moduli spaces of some asymmetric orbifolds of Type II superstrings [106–109], or of orientifolds [110].

H. N = 3

The (Kähler) scalar manifold is [54]

M_{N =3,n} = G_{N =3,n} H_{N =3,n} = U (3, n) SU (3) × U (n) × U (1)

, dim_R = 6n. (96)

This theory cannot be uplifted to D = 5, and it does not enjoy an interpretation in terms of Jordan algebras.

The 3 + n vector field strengths and their duals, as well as their asymptotical fluxes, sit in the fundamental 3 + n representation of the U-duality group G_{N =3,n} = U (3, n), in turn embedded in the symplectic group Sp (6 + 2n, R). The unique algebraically independent invariant polynomial in the 3 + n of U (3, n) is quadratic, and it reads (A = 1, 2, 3, I = 1, ..., n) [57]:

I_2 = 1 2 [ q^2_A − q^2_i + ( p^A )_2 − ( p^i )_2] = 1 2 Z_{AB} Z^{AB} − Z_I Z^I , (97)

The general analysis of the Attractor Equations, BH charge orbits, attractor moduli spaces and split attractor of such a theory has been performed in [57, 102, 103]; here we recall it briefly, and further consider the “small” charge orbit of this theory (the results are also consistent with the D = 3 analysis of [79]).

1. the “large” (rank-2)^1_3 -BPS charge orbit reads [111] O 1_{3 −BP S,rank−2} = U(3, n) U(2, n)

, dim_R = 2n + 5, I_2 > 0. (98)

The associated attractor moduli space, as all the^1_N -BPS attractor moduli spaces of N ⩾ 3-extended, D = 4 supergravity theories [112], is a quaternionic symmetric space (recall Eq. (93)): M 1_{3 −BP S,rank−2} = SU(2, n) SU(2) × SU(n) × U(1) = c ( CP^{n−1} ) = c (M_{N =2,mc,nBP S,rank−2}) , # = 2n, (99) where “c” denotes the c-map [113].

2. the “large” (rank-2) non-BPS charge orbit (with Z_{AB,H} = 0) reads [111] O_{nBP S,rank−2} = U(3, n) U(3, n − 1)

, dim_R = 2n + 5, I_2 < 0. (100)

Thus, the associated attractor moduli space reads M_{nBP S,rank−2} = U (3, n − 1) SU (3) × U (n − 1) × U (1)

= M_{N =3,n−1}, # = 6. (101)

3. the unique “small” (rank-1)^2_3 -BPS charge orbit reads O 2_{3 −BP S,rank−1} = U(3, n) U(2, n − 1) × U (1) ⋉ C^{2,n−1}_{n+2}

, dim_R = 2n + 5, I_2 = 0, (102)

where the subscript denotes charge with respect to the U (1) commuting factor of the stabilizer. Thus, the associated attractor moduli space reads (recall Eq. (93)) M 2_{3 −BP S,rank−1} = SU(2, n − 1) SU(2) × SU(n − 1) × U(1) = c ( CP^{n−2} ) = c ( M_{N =2,mc,nBP S,rank−2}|_{n→n−1} ) , # = 2. (103)

I. N = 5

The (special Kähler) scalar manifold is [55]

M_{N =5} =

G_{N =5} H_{N =5} = SU (1, 5) SU (5) × U (1)

, dim_R = 10. (104)

No matter coupling is allowed (pure supergravity). This theory cannot be uplifted to D = 5, but it is associated to the Jordan triple system M_{2,1} (O) generated by the 2 × 1 vectors over O [10, 56].

The 10 vector field strengths and their duals, as well as their asymptotical fluxes, sit in the three-fold antisymmetric irrepr. 20 of the U-duality group G_{N =5} = SU (1, 5). As discussed in [57], unique algebraically independent invariant polynomial in the 20 of SU (1, 5) is quartic in the bare charges (see e.g. the treatment of [57]), but is a perfect square of a quadratic expression when written in terms of the scalar-dependent skew-eigenvalues Z_1 and Z_2 of the central charge matrix Z_{AB} (A = 1, ..., 5): I_4 (p, q) ≡ Z_{AB} Z^{BC} Z_{CD}Z^{DA} − 1 4 ( Z_{AB} Z^{AB} )_2 = ( Z^2_1 − Z^2_2

)_2 . (105)

This property distinguishes the N = 5 “pure” theory from the previously treated N = 2, D = 4 magic Maxwell- Einstein theory associated to J^C_3 , whose U-duality group SU(3, 3) is a different non-compact from of SU(6), and makes the discussion of charge orbits much simpler.

The general analysis of the Attractor Equations, BH charge orbits and attractor moduli spaces of such a theory has been performed in [57, 114]; here we recall it briefly, and further consider the “small” charge orbit of this theory (the results are also consistent with the D = 3 analysis of [79]).

1. the “large” (rank-2)^1_5 -BPS charge orbit reads [111] O 1_{5 −BP S,rank−2} = SU(1, 5) SU(3) × SU (2, 1)

, dim_R = 19, I_4 > 0. (106)

The associated attractor moduli space, as all the^1_N -BPS attractor moduli spaces of N ⩾ 3-extended, D = 4 supergravity theories [112], is a quaternionic symmetric space, namely the universal hypermultiplet space: M 1_{5 −BP S,rank−2} = SU(2, 1) SU(2) × U(1)

= CP^2, # = 6. (107)

2. the unique “small” (rank-1)^2_5 -BPS charge orbit reads O 2_{5 −BP S,rank−1} = SU(1, 5) SU(3) ⋉ R^8

, dim_R = 19, I_4 = 0 ⇔ Z_1 = Z_2. (108)

Thus, the associated attractor moduli space reads

M 2_{5 −BP S,rank−1} = R^8, # = 2. (109)

Note that the stabilizer of O 2_{5 −BP S,rank−1} is the same as the stabilizer of the rank-3^1_2 -BPS orbit of the N = 2 magic theory associated to J^C_3 .

By comparing Eqs. (95), (103) and (109), it follows that the N = 2 minimally coupled, N = 3 matter-coupled and N = 5 “pure” theories, besides the fact that they cannot be uplifted to D = 5, all share the property that the number of “non-flat” directions supported by the unique rank-1 charge orbit is 2.

ACKNOWLEDGMENTS

We would like to thank Duminda Dahanayake for useful discussions. The work of LB and SF is supported by the ERC Advanced Grant no. 226455 SUPERFIELDS. Furthermore, the work of SF is also supported in part by DOE Grant DE-FG03-91ER40662. The work of MJD is supported by the STFC under rolling grant ST/G000743/1. LB is grateful for hospitality at the Theoretical Physics group at Imperial College London and the CERN theory division (where he was supported by the above ERC Advanced Grant).

Appendix A: Orbit Stabilizers

In order to determine the stabilizers of the orbits we will use the infinitesimal Lie action of Aut(F) ∼= Conf (J) acting on the corresponding representative canonical forms. Hence, one needs to define the action of the Lie algebra Aut(F(J)) in the Str_0(J)-covariant basis. To this end, one can introduce the Freudenthal product, ∧ : F × F → Hom_R(F), which for x = (α, β, A, B), y = (δ, γ, C, D) is defined by

x ∧ y = Φ(ϕ, X, Y, ν), where ϕ = −(A ∨ D + B ∨ C) X = −^1_2 (B × D − αC − δA) Y =^1_2 (A × C − βD − γB) ν =^1_4 (Tr(A, D) + Tr(C, B) − 3(αγ + βδ))

(A1)

and A ∨ B ∈ Str_0(J) is defined by (A ∨ B)C =^1_2 Tr(B, C)A +^1_6 Tr(A, B)C −^1_2 B × (A × C). The action of Φ : F → F is given by Φ(ϕ, X, Y, ν) ( α A B β ) = ( αν + (Y, B) ϕA −^1_3 νA + 2Y × B + βX −^tϕB +^1_3 νB + 2X × A + αY −βν + (X, A) ) . (A2)

The maps Φ ∈ Hom_R(F) are in fact Lie algebra elements. Moreover, every Lie algebra element is given by some Φ. More precisely we have the following theorem [43].

Theorem 10 (Imai and Yokota, 1980).

Aut(F) = {Φ(ϕ, X, Y, ν) ∈ Hom_R(F)|ϕ ∈ Str_0(J), X, Y ∈ J, ν ∈ R}. (A3) where the Lie bracket [Φ(ϕ_1, X_1, Y_1, ν_1), Φ(ϕ_2, X_2, Y_2, ν_2)] = Φ(ϕ, X, Y, ν) (A4) is given by ϕ = [ϕ_1, ϕ_2] + 2(X_1 ∨ Y_2 − X_2 ∨ Y_1) X = (ϕ_1 + 2 3 ν_1)X_2 − (ϕ_2 + 2 3 ν_2)X_1

Y = (ϕ_2 + 2 3 ν_2)Y_1 − (^tϕ_1 + 2 3 ν_1)Y_2 ν = Tr(X_1, Y_2) − Tr(Y_1, X_2).

(A5)

We will frequently consider (see also [25]) the Lie algebra elements of the form ^Φ(X, Y ) := Φ(0, X, Y, 0). (A6)

The Hermitian conjugate is defined by ^Φ^†(X, Y ) = ^Φ(Y, X). (A7)

Hermitian (resp. anti-Hermitian) generators are non-compact (resp. compact) [12].

1. An Example : The Exceptional Magic Theory

As an example, which may be quite simply generalised to all models treated here, we examine the case of F(J^O_3 ). In order to determine the stabilizers of the the orbits, we will use the infinitesimal Lie algebra action (A2) to fix the Lie sub-algebras annihilating the the canonical forms presented in Theorem 6 [27]. Note, in this specific case the construction of the Lie algebra elements Φ(ϕ, X, Y, ν) corresponds to the decomposition, E_{7(−25)} ⊃ E_{6(−26)} 133 → 1 + 27 + 27^′ + 78

(A8)

where ϕ, X, Y , and ν sit in the 78, 27, 27^′ and 1, respectively.

For all canonical forms one obtains

Φ(x_{can}) = ( ν ϕA_{can} −^1_3 νA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) , where x_{can} = ( 1 A_{can} 0 0 ) , (A9)

so we may set the dilatation generator ν to zero throughout.

a. Rank 1: A_{can} = 0

Φ(x_1) = ( 0 0 Y 0 ) (A10)

⇒ Y = 0 while X and ϕ are unconstrained. Hence, the stability group is H_1 = E_{6(−26)} ⋉ R^{27}, (A11) where E_{6(−26)} is generated by ϕ and the 27 translations are generated by X.

b. Rank 2a: A_{can} = (1, 0, 0)

Φ(x_{2a}) = ( 0 ϕA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) (A12)

From the D = 5 analysis [27] we know that the Lie sub-algebra of Str_0(J^O_3 ) satisfying ϕA_{can} = 0 has 36 compact, 9 non-compact semi-simple generators and 16 translational generators giving so(1, 9)⊕R^{16}. For the remaining 27+27 generators we obtain the following constraints:

1. Tr(Y, A_{can}) = 0 ⇒ y_{11} = 0. (A13) 2. X × A_{can} + Y = 0 ⇒

0 0 0 0 x_{33} −x_{23} 0 −x_{23} x_{22} = 0 −y_{12} −y_{13} −y_{12} −y_{22} −y_{23} −y_{13} −y_{23} −y_{33}

(A14)

This gives 1 compact and 9 non-compact semi-simple generators

^Φ(X̃, Ỹ ), (A15)

where, writing x_{22} = x + y and x_{33} = x − y,

X̃ =

0 0 0 0 x + y x_{23} 0 x_{23} x − y , Ỹ = 0 0 0 0 −x + y x_{23} 0 x_{23} −x − y

. (A16)

These, together with the 36 compact and 9 non-compact generators from so(1, 9) ⊂ Str_0(J^O_3 ), give a total of 37 compact generators and 18 non-compact semi-simple generators producing so(2, 9), where we have used the fact that SO(m, n) has [m(m − 1) + n(n − 1)]/2 compact and mn non-compact generators.

The other 1 + 16 components of X generate translations,

X^′ = x_{11} 0 0 0 0 0 0 0 0 , X^{′′} = 0 x_{12} x_{13} x_{12} 0 0 x_{13} 0 0

, (A17)

where X^′ commutes with so(2, 9). The remaining 16+16 translational generators transform as the spinor of so(2, 9). Hence, the stability group is

H_{2a} = SO(2, 9) ⋉ R^{32} × R. (A18)

c. Rank 2b: A_{can} = (−1, 0, 0)

Φ(x_1) = ( 0 ϕA_{can} X × A_{can} − Y Tr(Y, A_{can}) ) (A19)

The analysis goes through as above but with the sign of Ỹ flipped. This gives a total of 45 compact and 10 non-compact semi-simple generators giving so(1, 10). Hence, the stability group is

H_{2b} = SO(1, 10) ⋉ R^{32} × R. (A20)

d. Rank 3a: A_{can} = (1, 1, 0)

Φ(x_{3a}) = ( 0 ϕA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) (A21)

From the D = 5 analysis [27], we know that the Lie sub-algebra of Str_0(J^O_3 ) satisfying ϕA_{can} = 0 has 36 compact semi-simple generators and 16 translational generators, yielding so(9) ⊕ R^{16}. For the remaining 27 + 27 generators, we obtain the following constraints: 1. Tr(Y, A_{can}) = 0 ⇒ y_{11} = −y_{22}. (A22) 2. X × A_{can} + Y = 0 ⇒ x_{33} 0 −x_{13} 0 x_{33} −x_{23} −x_{13} −x_{23} x_{11} + x_{22} = −y_{11} −y_{12} −y_{13} −y_{12} y_{11} −y_{23} −y_{13} −y_{23} −y_{33}

⇒ x_{33} = y_{11} = 0.

(A23)

This gives 16 non-compact semi-simple generators,

^Φ(X̃, Ỹ ), (A24)

where,

X̃ = Ỹ =

0 0 x_{13} 0 0 x_{23} x_{13} x_{23} 0

. (A25)

These, together with the 36 semi-simple generators from so(9) ⊂ Str_0(J^O_3 ), give a total of 36 compact generators and 16 non-compact generators producing F_{4(−20)}, which is a non-compact form of Aut(J^O_3 ).

The remaining 10 components of X generate translations which, together with the 16 preserved translational generators of Str_0(J^O_3 ), transform as the fundamental 26 of F_{4(−20)}.

Hence, the stability group is

H_{3a} = F_{4(−20)} ⋉ R^{26}. (A26)

e. Rank 3b: A_{can} = (−1, −1, 0)

Φ(R_1) = ( 0 ϕA_{can} X × A_{can} − Y Tr(Y, A_{can}) ) (A27)

The analysis goes through as above, but with the sign of Ỹ flipped so that the 16 previously non-compact semi-simple generators become compact giving the compact form F_{4(−52)} = Aut(J^O_3 ). Hence, the stability group is

H_{3a} = F_{4(−52)} ⋉ R^{26}. (A28)

f. Rank 4a: A_{can} = (−1, −1, −1)

Φ(x_{4a}) = ( 0 ϕA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) (A29)

From the D = 5 analysis we know that the Lie sub-algebra of Str_0(J^O_3 ) satisfying ϕA_{can} = 0 has 52 compact semi-simple generators giving F_{4(−52)}. For the remaining 27 + 27 generators, we obtain the following constraints: 1. Tr(Y, A_{can}) = 0 ⇒ y_{11} + y_{22} + y_{33} = 0. (A30) 2. X × A_{can} + Y = 0 ⇒ x_{11} x_{12} x_{13} x_{12} x_{22} x_{23} x_{13} x_{23} −(x_{11} + x_{22}) = −y_{11} −y_{12} −y_{13} −y_{12} −y_{22} −y_{23} −y_{13} −y_{23} (y_{11} + y_{22})

, (A31)

where we have abused the notation by use the same symbols for X, Y after imposing the condition Tr(Y ) = 0. We have also used the identity X ×(−1) = X −Tr(X)1 so that X ×A_{can} +Y = 0 implies Tr(X) = 0, therefore giving the implication in (A31).

This gives 26 compact semi-simple generators,

^Φ(X̃, Ỹ ), (A32)

where

X̃ = x_{11} x_{12} x_{13} x_{12} x_{22} x_{23} x_{13} x_{23} −(x_{11} + x_{22}) , Ỹ = −x_{11} −x_{12} −x_{13} −x_{12} −x_{22} −x_{23} −x_{13} −x_{23} (x_{11} + x_{22})

. (A33)

These, together with the 52 compact semi-simple generators from F_{4(−52)}, give a total of 78 compact generators producing E_{6(−78)}.

Hence, the stability group is

H_{4a} = E_{6(−78)}. (A34) g. Rank 4b: A_{can} = (1, 1, −1)

Φ(x_{4b}) = ( 0 ϕA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) (A35)

From the D = 5 analysis [27], we know that the Lie sub-algebra of Str_0(J^O_3 ) satisfying ϕA_{can} = 0 has 36 compact and 16 non-compact semi-simple generators giving F_{4(−20)}. For the remaining 27 + 27 generators, we obtain the following constraints: 1. Tr(Y, A_{can}) = 0 ⇒ y_{11} + y_{22} = y_{33}. (A36) 2. X × A_{can} + Y = 0 ⇒ x_{11} x_{12} −x_{13} x_{12} x_{22} −x_{23} −x_{13} −x_{23} x_{11} + x_{22} = −y_{11} −y_{12} −y_{13} −y_{12} −y_{22} −y_{23} −y_{13} −y_{23} −(y_{11} + y_{22})

. (A37)

This gives 10 compact and 16 non-compact semi-simple generators,

^Φ(X̃, Ỹ ), (A38)

where

X̃ = x_{11} x_{12} x_{13} x_{12} x_{22} x_{23} x_{13} x_{23} x_{11} + x_{22} , Ỹ = −x_{11} −x_{12} x_{13} −x_{12} −x_{22} x_{23} x_{13} x_{23} −(x_{11} + x_{22})

. (A39)

These, together with the 36 compact and 16 non-compact semi-simple generators from F_{4(−20)}, give a total of 46 compact generators and 32 non-compact generators producing E_{6(−14)}.

Hence, the stability group is

H_{4b} = E_{6(−14)}. (A40)

h. Rank 4c: A_{can} = (1, 1, 1)

Φ(x_{4c}) = ( 0 ϕA_{can} X × A_{can} + Y Tr(Y, A_{can}) ) (A41)

From the D = 5 analysis [27], we know that the Lie sub-algebra of Str_0(J^O_3 ) satisfying ϕA_{can} = 0 has 52 compact semi-simple generators giving F_{4(−52)} = Aut(J^O_3 ). For the remaining 27 + 27 generators, we obtain the following constraints: 1. Tr(Y, A_{can}) = 0 ⇒ y_{11} + y_{22} + y_{33} = 0. (A42) 2. X × A_{can} + Y = 0 ⇒

−x_{11} −x_{12} −x_{13} −x_{12} −x_{22} −x_{23} −x_{13} −x_{23} x_{11} + x_{22} = −y_{11} −y_{12} −y_{13} −y_{12} −y_{22} −y_{23} −y_{13} −y_{23} y_{11} + y_{22}

. (A43)

This gives 26 non-compact semi-simple generators,

^Φ(X̃, Ỹ ), (A44)

where

X̃ = Ỹ = x_{11} x_{12} x_{13} x_{12} x_{22} x_{23} x_{13} x_{23} −(x_{11} + x_{22})

. (A45)

These, together with the 52 compact semi-simple generators from F_{4(−52)}, give a total of 52 compact generators and 26 non-compact generators producing E_{6(−26)} = Str_0(J^O_3 ).

Hence, the stability group is

H_{4c} = E_{6(−26)}. (A46)

This procedure can be repeated for all magical theories, yielding the results reported in Table 6, as well as for all N = 2, D = 4 symmetric supergravity theories with a Jordan algebraic interpretation (see also the treatment of [25]). For the D = 5 treatment, see [27].

[1] E. Cremmer and B. Julia, Nucl. Phys. B159, 141 (1979) [2] C. M. Hull and P. K. Townsend, Nucl. Phys. B438, 109 (1995), arXiv:hep-th/9410167 [3] S. Ferrara, R. Kallosh, and A. Strominger, Phys. Rev. D52, 5412 (1995), arXiv:hep-th/9508072 [4] A. Strominger, Phys. Lett. B383, 39 (1996), arXiv:hep-th/9602111 [5] S. Ferrara and R. Kallosh, Phys. Rev. D54, 1514 (1996), arXiv:hep-th/9602136 [6] S. Ferrara and R. Kallosh, Phys. Rev. D54, 1525 (1996), arXiv:hep-th/9603090 [7] S. Ferrara, G. W. Gibbons, and R. Kallosh, Nucl. Phys. B500, 75 (1997), arXiv:hep-th/9702103 [8] J. D. Bekenstein, Phys. Rev. D7, 2333 (1973) [9] J. M. Bardeen, B. Carter, and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973) [10] M. Günaydin, G. Sierra, and P. K. Townsend, Phys. Lett. B133, 72 (1983) [11] S. Ferrara and M. Günaydin, Int. J. Mod. Phys. A13, 2075 (1998), arXiv:hep-th/9708025 [12] S. Bellucci, S. Ferrara, M. Günaydin, and A. Marrani, Int. J. Mod. Phys. A21, 5043 (2006), arXiv:hep-th/0606209 [13] M. Cvetic and D. Youm, Phys. Rev. D53, 584 (1996), arXiv:hep-th/9507090 [14] M. J. Duff, J. T. Liu, and J. Rahmfeld, Nucl. Phys. B459, 125 (1996), arXiv:hep-th/9508094 [15] M. Cvetic and A. A. Tseytlin, Phys. Rev. D53, 5619 (1996), arXiv:hep-th/9512031 [16] M. Cvetic and C. M. Hull, Nucl. Phys. B480, 296 (1996), arXiv:hep-th/9606193 [17] K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova, and W. K. Wong, Phys. Rev. D54, 6293 (1996), arXiv:hep-th/9608059 [18] S. Bellucci, A. Marrani, E. Orazi, and A. Shcherbakov, Phys. Lett. B655, 185 (2007), arXiv:0707.2730 [hep-th] [19] S. Bellucci, S. Ferrara, A. Marrani, and A. Yeranyan, Entropy 10, 507 (2008), arXiv:0807.3503 [hep-th] [20] L. Borsten, D. Dahanayake, M. J. Duff, W. Rubens, and H. Ebrahim, Phys. Rev. A80, 032326 (2009), arXiv:0812.3322 [quant-ph] [21] S. Ferrara and J. M. Maldacena, Class. Quant. Grav. 15, 749 (1998), arXiv:hep-th/9706097 [22] B. L. Cerchiai, S. Ferrara, A. Marrani, and B. Zumino, Phys. Rev. D79, 125010 (2009), arXiv:0902.3973 [hep-th] [23] L. Andrianopoli, R. D’Auria, S. Ferrara, and M. Trigiante, JHEP 08, 126 (2010), arXiv:1002.4340 [hep-th] [24] A. Ceresole, S. Ferrara, and A. Marrani, Phys. Lett. B693, 366 (2010), arXiv:1006.2007 [hep-th] [25] L. Borsten, M. Duff, S. Ferrara, A. Marrani, and W. Rubens(2011), * Temporary entry *, arXiv:1108.0908 [math.RA] [26] S. Krutelevich, J. Algebra 314, 924 (2007), arXiv:math/0411104 [27] O. Shukuzawa, Commun. Algebra 34, 197 (2006) [28] S. Ferrara and M. Gunaydin, Nucl. Phys. B759, 1 (2006), arXiv:hep-th/0606108 [29] A. Ceresole, S. Ferrara, and A. Marrani, Class. Quant. Grav. 24, 5651 (2007), arXiv:0707.0964 [hep-th] [30] B. L. Cerchiai, S. Ferrara, A. Marrani, and B. Zumino, Phys. Rev. D82, 085010 (2010), arXiv:1006.3101 [hep-th] [31] L. Borsten, D. Dahanayake, M. J. Duff, and W. Rubens, Phys. Rev. D80, 026003 (2009), arXiv:0903.5517 [hep-th] [32] L. Borsten, D. Dahanayake, M. Duff, S. Ferrara, A. Marrani, et al., Class.Quant.Grav. 27, 185003 (2010), arXiv:1002.4223 [hep-th] [33] M. Bianchi, S. Ferrara, and R. Kallosh, Phys.Lett. B690, 328 (2010), arXiv:0910.3674 [hep-th] [34] M. Bianchi, S. Ferrara, and R. Kallosh, JHEP 03, 081 (2010), arXiv:0912.0057 [hep-th] [35] A. Dabholkar, D. Gaiotto, and S. Nampuri, JHEP 01, 023 (2008), arXiv:hep-th/0702150 [36] A. Sen, Gen. Rel. Grav. 40, 2249 (2008), arXiv:0708.1270 [hep-th] [37] S. Banerjee and A. Sen, JHEP 03, 022 (2008), arXiv:0712.0043 [hep-th] [38] S. Banerjee, A. Sen, and Y. K. Srivastava, JHEP 05, 098 (2008), arXiv:0802.1556 [hep-th] [39] S. Banerjee and A. Sen, JHEP 04, 012 (2008), arXiv:0801.0149 [hep-th] [40] A. Sen, JHEP 07, 118 (2008), arXiv:0803.1014 [hep-th] [41] A. Sen, JHEP 08, 037 (2008), arXiv:0804.0651 [hep-th] [42] L. Andrianopoli, R. D’Auria, and S. Ferrara, Int. J. Mod. Phys. A13, 431 (1998), arXiv:hep-th/9612105 [43] K. Yokota(2009), arXiv:0902.0431 [math.DG] [44] K. McCrimmon, A Taste of Jordan Algebras (Springer-Verlag New York Inc., New York, 2004) ISBN 0-387-95447-3 [45] P. Jordan, J. von Neumann, and E. P. Wigner, “On an algebraic generalization of the quantum mechanical formalism,” Ann. Math. 35 (1934) no. 1, 29–64 [46] M. J. Duff, Phys. Rev. D76, 025017 (2007), arXiv:hep-th/0601134

[47] E. Cremmer, C. Kounnas, A. Van Proeyen, J. Derendinger, S. Ferrara, et al., Nucl.Phys. B250, 385 (1985) [48] B. de Wit, P. Lauwers, and A. Van Proeyen, Nucl.Phys. B255, 569 (1985) [49] A. Strominger, Commun.Math.Phys. 133, 163 (1990) [50] L. Borsten, D. Dahanayake, M. J. Duff, H. Ebrahim, and W. Rubens, Phys. Rep. 471, 113 (2009), arXiv:0809.4685 [hep-th] [51] P. Levay, Phys.Rev. D82, 026003 (2010), arXiv:1004.3639 [hep-th] [52] E. Cremmer and A. Van Proeyen, Class. Quant. Grav. 2, 445 (1985) [53] J. Luciani, Nucl.Phys. B132, 325 (1978) [54] L. Castellani, A. Ceresole, S. Ferrara, R. D’Auria, P. Fre, et al., Nucl.Phys. B268, 317 (1986) [55] B. de Wit and H. Nicolai, Nucl.Phys. B188, 98 (1981) [56] M. Günaydin, G. Sierra, and P. K. Townsend, Nucl. Phys. B242, 244 (1984) [57] S. Ferrara, A. Gnecchi, and A. Marrani, Phys. Rev. D78, 065003 (2008), arXiv:0806.3196 [hep-th] [58] N. Jacobson, Structure and Representations of Jordan Algebras, Vol. 39 (American Mathematical Society Colloquium Publications, Providence, Rhode Island, 1968) [59] H. Lu, C. N. Pope, and K. S. Stelle, Class. Quant. Grav. 15, 537 (1998), arXiv:hep-th/9708109 [60] S. Krutelevich, J. Algebra 253, 276 (2002) [61] B. de Wit and A. Van Proeyen, Phys.Lett. B293, 94 (1992), arXiv:hep-th/9207091 [hep-th] [62] B. de Wit, F. Vanderseypen, and A. Van Proeyen, Nucl.Phys. B400, 463 (1993), arXiv:hep-th/9210068 [hep-th] [63] B. de Wit and A. Van Proeyen, Commun.Math.Phys. 149, 307 (1992), arXiv:hep-th/9112027 [hep-th] [64] A. Salam and E. Sezgin, Phys.Scripta 32, 283 (1985), reprinted in *Salam, A. (ed.), Sezgin, E. (ed.): Supergravities in diverse dimensions, vol. 2* 1152-1154 [65] S. Randjbar-Daemi, A. Salam, E. Sezgin, and J. Strathdee, Phys.Lett. B151, 351 (1985) [66] S. Ferrara, R. Minasian, and A. Sagnotti, Nucl.Phys. B474, 323 (1996), arXiv:hep-th/9604097 [hep-th] [67] L. Andrianopoli, S. Ferrara, and M. Lledo, JHEP 0406, 018 (2004), arXiv:hep-th/0406018 [hep-th] [68] S. Ferrara, F. Riccioni, and A. Sagnotti, Nucl.Phys. B519, 115 (1998), arXiv:hep-th/9711059 [hep-th] [69] F. Riccioni and A. Sagnotti, Phys.Lett. B436, 298 (1998), arXiv:hep-th/9806129 [hep-th] [70] H. Nishino and E. Sezgin, Nucl.Phys. B505, 497 (1997), arXiv:hep-th/9703075 [hep-th] [71] C. Angelantonj and A. Sagnotti, Phys.Rept. 371, 1 (2002), dedicated to John H. Schwarz on the occasion of his sixtieth birthday, arXiv:hep-th/0204089 [hep-th] [72] I. Antoniadis, H. Partouche, and T. Taylor, Nucl.Phys.Proc.Suppl. 61A, 58 (1998), arXiv:hep-th/9706211 [hep-th] [73] H. Freudenthal, Nederl. Akad. Wetensch. Proc. Ser. 57, 218 (1954) [74] R. B. Brown, J. Reine Angew. Math. 236, 79 (1969) [75] M. Rios(2007), talk given at 26th International Colloquium on Group Theoretical Methods in Physics (ICGTMP26), New York City, New York, 26-30 Jun 2006, arXiv:hep-th/0703238 [76] M. Rios(2010), arXiv:1005.3514 [hep-th] [77] C. J. Ferrar, “Strictly Regular Elements in Freudenthal Triple Systems,” Trans. Amer. Math. Soc. 174 (1972) 313–331 [78] R. Kallosh and B. Kol, Phys. Rev. D53, 5344 (1996), arXiv:hep-th/9602014 [79] G. Bossard, H. Nicolai, and K. Stelle, JHEP 0907, 003 (2009), arXiv:0902.4438 [hep-th] [80] A. Ceresole and G. Dall’Agata, JHEP 0703, 110 (2007), arXiv:hep-th/0702088 [hep-th] [81] A. Ceresole, S. Ferrara, and A. Gnecchi, Phys. Rev. D80, 125033 (2009), arXiv:0908.1069 [hep-th] [82] L. Borsten, Fortschr. Phys. 56, 842 (2008) [83] A. Cayley, “On the theory of linear transformations,” Camb. Math. J. 4 (1845) 193–209 [84] P. Lévay, Phys. Rev. D74, 024030 (2006), arXiv:hep-th/0603136 [85] M. J. Duff and S. Ferrara, Phys. Rev. D76, 025018 (2007), arXiv:quant-ph/0609227 [86] P. Lévay, Phys. Rev. D75, 024024 (2007), arXiv:hep-th/0610314 [87] M. J. Duff and S. Ferrara, Phys. Rev. D76, 124023 (2007), arXiv:0704.0507 [hep-th] [88] P. Lévay, Phys. Rev. D76, 106011 (2007), arXiv:0708.2799 [hep-th] [89] L. Borsten, D. Dahanayake, M. J. Duff, W. Rubens, and H. Ebrahim, Phys. Rev. Lett. 100, 251602 (2008), arXiv:0802.0840 [hep-th] [90] P. Lévay, M. Saniga, and P. Vrana, Phys. Rev. D78, 124022 (2008), arXiv:0808.3849 [quant-ph] [91] P. Levay, M. Saniga, P. Vrana, and P. Pracna, Phys. Rev. D79, 084036 (2009), arXiv:0903.0541 [hep-th] [92] L. Borsten, D. Dahanayake, M. J. Duff, and W. Rubens, Phys. Rev. D81, 105023 (2010), arXiv:0908.0706 [quant-ph] [93] P. Levay and S. Szalay, Phys.Rev. D82, 026002 (2010), arXiv:1004.2346 [hep-th] [94] L. Borsten, D. Dahanayake, M. J. Duff, A. Marrani, and W. Rubens, Phys. Rev. Lett. 105, 100507 (2010), arXiv:1005.4915 [hep-th] [95] L. Borsten, M. Duff, A. Marrani, and W. Rubens, Eur.Phys.J.Plus 126, 37 (2011), arXiv:1101.3559 [hep-th] [96] M. Rios(2011), arXiv:1102.1193 [hep-th] [97] Y. Fang, S. Levkowitz, H. Sati, and D. Thompson, J.Phys.A A43, 505401 (2010), arXiv:1001.5166 [hep-th] [98] P. Gibbs(2010), arXiv:1010.4219 [math.GM] [99] S.-S. Kim, J. L. Hornlund, J. Palmkvist, and A. Virmani, JHEP 08, 072 (2010), arXiv:1004.5242 [hep-th] [100] P. Fre, A. S. Sorin, and M. Trigiante(2011), arXiv:1103.0848 [hep-th] [101] P. Fre, A. S. Sorin, and M. Trigiante(2011), arXiv:1107.5986 [hep-th] [102] S. Ferrara and A. Marrani, Phys. Lett. B652, 111 (2007), arXiv:0706.1667 [hep-th] [103] S. Ferrara, A. Marrani, and E. Orazi, Nucl.Phys. B846, 512 (2011), arXiv:1010.2280 [hep-th]

[104] A. Ceresole, R. D’Auria, and T. Regge, Nucl.Phys. B414, 517 (1994), arXiv:hep-th/9307151 [hep-th] [105] L. J. Dixon, V. Kaplunovsky, and J. Louis, Nucl.Phys. B329, 27 (1990) [106] S. Ferrara and C. Kounnas, Nucl.Phys. B328, 406 (1989) [107] S. Ferrara and P. Fre, Int.J.Mod.Phys. A5, 989 (1990) [108] A. Dabholkar and J. A. Harvey, JHEP 9902, 006 (1999), arXiv:hep-th/9809122 [hep-th] [109] C. Kounnas and A. Kumar, Nucl.Phys. B511, 216 (1998), arXiv:hep-th/9709061 [hep-th] [110] A. R. Frey and J. Polchinski, Phys.Rev. D65, 126009 (2002), arXiv:hep-th/0201029 [hep-th] [111] S. Bellucci, S. Ferrara, R. Kallosh, and A. Marrani, Lect.Notes Phys. 755, 115 (2008), arXiv:0711.4547 [hep-th] [112] L. Andrianopoli, R. D’Auria, and S. Ferrara, Phys.Lett. B403, 12 (1997), arXiv:hep-th/9703156 [hep-th] [113] S. Cecotti, S. Ferrara, and L. Girardello, Int. J. Mod. Phys. A4, 2475 (1989) [114] L. Andrianopoli, R. D’Auria, S. Ferrara, and M. Trigiante, Lect. Notes Phys. 737, 661 (2008), arXiv:hep-th/0611345