arXiv:1108.1118v2 [math.DG] 13 Mar 2012

THE ATTENUATED RAY TRANSFORM FOR CONNECTIONS AND HIGGS FIELDS

GABRIEL P. PATERNAIN, MIKKO SALO, AND GUNTHER UHLMANN

Abstract. We show that for a simple surface with boundary the attenuated ray transform in the presence of a unitary connection and a skew-Hermitian Higgs field is injective modulo the natural obstruction for functions and vector fields. We also show that the connection and the Higgs field are uniquely determined by the scattering relation modulo a gauge transformation. The proofs involve a Pestov type energy identity for connections together with holomorphic gauge transformations which arrange the curvature of the connection to have definite sign.

1. Introduction

In this paper we consider a generalization of the attenuated ray transform in two dimensions to the case when the attenuation is given by a connection and a Higgs field. Before describing the problem in more detail we recall the case of the attenuated ray transform on manifolds.

Let (M, g) be a compact oriented Riemannian manifold with smooth boundary, and let SM = {(x, v) ∈ T M ; |v| = 1} be the unit tangent bundle. The geodesics going from ∂M into M can be parametrized by the set ∂_+(SM) = {(x, v) ∈ SM ; x ∈ ∂M, ⟨v, ν⟩ ≤ 0} where ν is the outer unit normal vector to ∂M. For any (x, v) ∈ SM we let t → γ(t, x, v) be the geodesic starting from x in direction v. We assume that (M, g) is nontrapping, which means that the time τ(x, v) when the geodesic γ(t, x, v) exits M is finite for each (x, v) ∈ SM.

If a ∈ C^∞(M) is the attenuation coefficient, consider the attenuated ray transform of a function f ∈ C^∞(M), defined for (x, v) ∈ ∂_+(SM) by I_af(x, v) = ∫_{τ (x,v)} 0 f(γ(t, x, v)) exp [ ∫ t 0 a(γ(s, x, v)) ds ] dt. In [22] it is shown that the attenuated ray transform is injective for simple two dimensional manifolds. Moreover in this article stability estimates and a reconstruction procedure of the function from the attenuated transform are given. Also the case of integrating along one forms was considered. A compact Riemannian manifold with boundary is said to be simple if for any point p ∈ M the exponential map exp_p is a diffeomorphism onto M, and if the boundary is strictly convex. The notion of simplicity arises naturally in the context of the boundary rigidity problem [14]. In the case of Euclidean space with the Euclidean metric the attenuated ray transform is the basis of the medical imaging technology of SPECT and has been extensively studied, see [8] for a review and also the remarks after Theorem 1.3. 1

When studying ray transforms it is very useful to consider them as boundary values of solutions of transport equations. For the case considered above the appropriate transport equation is Xu + au = −f in SM, u|_{∂−(SM)} = 0. Here X is the geodesic vector field and ∂_−(SM) = {(x, v) ∈ SM ; x ∈ ∂M, ⟨v, ν⟩ ≥ 0}. The attenuated ray transform is then given by I_af := u|_{∂+(SM)}. In this paper we will consider a generalization of the above setup to systems, where instead of a scalar function a on M the attenuation is given by a connection and a Higgs field on the trivial bundle M × C^n . For us a connection A will be a complex n × n matrix whose entries are smooth 1-forms on M. Another way to think of A is to regard it as a smooth map A : T M → C^{n×n} which is linear in v ∈ T_xM for each x ∈ M. Very often in physics and geometry one considers unitary or Hermitian connections. This means that the range of A is restricted to skew-Hermitian matrices. In other words, if we denote by u(n) the Lie algebra of the unitary group U(n), we have a smooth map A : T M → u(n) which is linear in the velocities. There is yet another equivalent way to phrase this. The connection A induces a covariant derivative d_A on sections s ∈ C^∞(M, C^n ) by setting d_As = ds + As. Then A being Hermitian or unitary is equivalent to requiring compatibility with the standard Hermitian inner product of C^n in the sense that

d⟨s_1, s_2⟩ = ⟨d_As_1, s_2⟩ + ⟨s_1, d_As_2⟩

for any pair of functions s_1, s_2. Another geometric object which is often introduced in physics is a Higgs field. For us, this means a smooth matrix-valued function Φ : M → C^{n×n} . Often in gauge theories, the structure group is U(n) and the field Φ is required to take values in u(n). We call a Higgs field Φ : M → u(n) a skew- Hermitian Higgs field.

The pairs (A, Φ) often appear in the so-called Yang-Mills-Higgs theories and the most popular and important structure groups are U(n) or SU(n). A good example of this is the Bogomolny equation in Minkowski (2+1)-space given by d_AΦ = ⋆F_A. Here d_A stands for the covariant derivative induced on endomorphism d_AΦ = dΦ + [A, Φ], F_A = dA + A ∧ A is the curvature of A and ⋆ is the Hodge star operator of Minkowski space. The Bogomolny equation appears as a reduction of the self-dual Yang-Mills equation in (2 + 2)-space and has been object of intense study in the literature of Solitons and Integrable Systems, see for instance [5], [11, Chapter 8], [10, Chapter 4] and [13].

Consider the following transport equation for u : SM → C^n , Xu + Au + Φu = −f in SM, u|_{∂−(SM)} = 0. Here A(x, v) (the restriction of A to SM) and Φ(x) act on functions on SM by multiplication. On a fixed geodesic the transport equation becomes a linear system of ODEs with zero initial condition, and therefore this equation has a unique solution u = u^f .

Definition 1.1. The geodesic ray transform of f ∈ C^∞(SM, C^n ) with attenuation determined by the pair (A, Φ) is given by I_{A,Φ}f := u^f |_{∂+(SM)}. When Φ = 0 we abbreviate I_A := I_{A,0}.

We state our first main result for the case of functions independent of the fiber and Higgs field equal to zero.

Theorem 1.2. Let M be a compact simple surface. Assume that f : M → C^n is a smooth function and let A : T M → u(n) be a unitary connection. If I_A(f) = 0, then f = 0. In fact the last result is a corollary of the following theorem, which also includes a skew-Hermitian Higgs field and applies to functions f which are sums of 0-forms and 1-forms.

Theorem 1.3. Let M be a compact simple surface. Assume that f : SM → C^n is a smooth function of the form F (x) + α_j (x)v^j, where F : M → C^n is a smooth function and α is a C^n -valued 1-form. Let also A : T M → u(n) be a unitary connection and Φ : M → u(n) a skew-Hermitian matrix function. If I_{A,Φ}(f) = 0, then F = Φp and α = d_Ap, where p : M → C^n is a smooth function with p|_{∂M} = 0.

We remark that in connection with injectivity results for ray transforms, there is great interest in reconstruction procedures and inversion formulas. For the attenuated ray transform in R^2 with Euclidean metric and scalar attenuation function, an explicit inversion formula was proved by R. Novikov [15]. A related formula also including 1-form attenuations appears in [3], inversion formulas for matrix attenuations in Euclidean space are given in [7, 16], and the case of hyperbolic space H^2 is considered in [1]. We are not aware of explicit inversion formulas in geometries with nonconstant curvature in the literature; even with zero attenuation, only Fredholm type inversion formulas on simple surfaces are available in general [20] (see however the recent work [2]). A possible reconstruction procedure for the scalar attenuated ray transform on simple surfaces was discussed in [22]. The methods in the current paper suggest a similar procedure for systems, except that the current proof of Theorem 6.6 is not constructive.

Let us move to the final main result of this paper, concerning an inverse problem with scattering data. On a nontrapping compact manifold (M, g) with strictly convex boundary, the scattering relation α = α_g : ∂_+(SM) → ∂_−(SM) maps a starting point and direction of a geodesic to the end point and direction. If (M, g) is simple, then knowing α_g is equivalent to knowing the boundary distance function d_g which encodes the distances between any pair of boundary points [14]. On two dimensional simple manifolds, the boundary distance function d_g determines the metric g up to an isometry which fixes the boundary [21].

Given a connection and a Higgs field on the bundle M × C^n , there is an additional piece of scattering data. Consider the unique matrix solution U_− : SM → GL(n, C ) to the transport equation

XU_− + AU_− + ΦU_− = 0 in SM, U_−|_{∂+(SM)} = Id.

Definition 1.4. The scattering data (or relation) corresponding to a matrix attenuation pair (A, Φ) in (M, g) is the map C^{A,Φ}_− : ∂_−(SM) → GL(n, C ), C^{A,Φ}_− := U_−|_{∂−(SM)}. The scattering relation for the case of a connection with Higgs field is gauge invariant. Let Q : M → GL(n, C ) be a smooth function taking values in invertible matrices, then Q^{−1}U_− satisfies

(X + Q^{−1}(X + A)Q + Q^{−1}ΦQ)(Q^{−1}U_−) = 0 in SM, Q^{−1}U_−|_{∂+(SM)} = Q^{−1}|_{∂+(SM)}.

The scattering data has therefore the gauge invariance C^{Q−1(X+A)Q,Q−1ΦQ} − = C^{A,Φ}_− if Q ∈ C^∞(M, GL(n, C )) satisfies Q|_{∂M} = Id.

It follows that from the knowledge of C^{A,Φ}_− one can only expect to recover A and Φ up to a gauge transformation via Q which satisfies Q|_{∂M} = Id. If A is unitary and Φ is skew-Hermitian, the map U_− and the scattering relation C^{A,Φ}_− take values in the unitary group U(n) and the scattering relation remains unchanged under unitary gauge transformations which are the identity on the boundary.

In Section 8, we prove that in the unitary case the scattering relation determines the pair (A, Φ) up to the natural gauge equivalence; the proof uses the injectivity result for the attenuated ray transform given in Theorem 1.3.

Theorem 1.5. Assume M is a compact simple surface, let A and B be two Hermitian connections, and let Φ and Ψ be two skew-Hermitian Higgs fields. Then C^{A,Φ}_− = C^{B,Ψ}_− implies that there exists a smooth U : M → U(n) such that U|_{∂M} = Id and B = U^{−1}dU + U^{−1}AU, Ψ = U^{−1}ΦU.

Various versions of Theorem 1.5 have been proved in the literature, often for the case Φ = 0. Sharafutdinov [25] proves the theorem assuming that the connections are C^1 close to another connection with small curvature (but in any dimension). In the case of domains in the Euclidean plane the theorem was proved by Finch and Uhlmann [6] assuming that the connections have small curvature and by G. Eskin [7] in general. R. Novikov [16] considers the case of connections which are not compactly supported (but with suitable decay conditions at infinity) and establishes local uniqueness of the trivial connection and gives examples in which global uniqueness fails (existence of “ghosts”). Global uniqueness also fails in the case of closed manifolds and a complete description of the ghosts (“transparent connections and pairs”) appears in [17, 18, 19] for the case of negatively curved surfaces and structure group SU(2). A full classification of U(n) transparent connections for the round metric on S^2 has been obtained by L. Mason (unpublished) using methods from twistor theory as in [12].

There is a remarkable connection between the Bogomolny equation and the scattering data associated with the transport equation considered in this paper. As it is explained in [29] (see also [5, Section 8.2.1]), certain soliton pairs (A, Φ) have the property that when restricted to space-like planes the scattering data is trivial. These are precisely the examples considered by R. Novikov [16] and mentioned above. In this way one obtains connections and Higgs fields in R^2 with the property of having trivial scattering data but which are not gauge equivalent to the trivial pair. Of course these pairs are not compactly supported in R^2 but they have a suitable decay at infinity.

We also point out that the problem of determining a connection from the scattering relation arises naturally when considering the hyperbolic Dirichlet-to-Neumann map associated to the Schrödinger equation with a connection. It was shown in [6] that when the metric is Euclidean, the scattering relation for a connection A (with zero Higgs field) can be determined from the hyperbolic Dirichlet-to-Neumann map. A similar result holds true on Riemannian manifolds: a combination of the methods in [6] and [27] shows that the hyperbolic Dirichlet-to-Neumann map for a connection determines the scattering data C^{A,0}_− . We do not consider the details here.

A brief summary of the rest of the paper is as follows: in Section 2 we review some preliminary material and we establish a commmutator formula between the fibrewise Hilbert transform and the operator X + A + Φ. In Section 3 we discuss in more detail the attenuated ray transform, we define the scattering data and show its gauge equivalence. In Section 4 we consider the scalar case. We prove that the transport equation in this case has holomorphic and antiholomorphic (in the fiber variable) integrating factors. A special case of this result was considered in [22]. This result will be used in the subsequent sections. In Section 5 we study the regularity of solutions of the transport equation. In Section 6 we show injectivity of the attenuated transform on simple surfaces when the Higgs field vanishes using (what appears to be) a new Pestov type identity (or Energy identity). Using the existence of holomorphic integrating factors we are able to modify the connection to control the relevant curvature term appearing in the Pestov type identity. The ideas employed here resemble the familiar techniques in Complex Geometry that establish results like the Kodaira vanishing theorem. In Section 7 we prove injectivity in the general case when there is a Higgs field present. This requires an additional analysis since new terms need to be controlled in the Pestov identity. Finally, in Section 8 we prove that the scattering relation determines the connection and the Higgs field modulo a gauge transformation.

Acknowledgements. M.S. was supported in part by the Academy of Finland, and G.U. was partly supported by NSF, a Senior Clay Award and a Chancellor Professorship at UC Berkeley. This work was initiated during the MSRI program on Inverse problems and applications, and the authors would like to express their gratitude to MSRI and the organizers of the program. The last two authors would also like to thank the organizers of the Trimester on inverse problems in Madrid (project CSD2006-00032 on Inverse problems and scattering), where part of the work was done. Finally, the authors would like to thank Colin Guillarmou and Leo Tzou for several helpful discussions on the topic.

2. Preliminaries

Let (M, g) be a compact oriented two dimensional Riemannian manifold with smooth boundary ∂M. As usual SM will denote the unit circle bundle which is a compact 3-manifold with boundary given by ∂(SM) = {(x, v) ∈ SM : x ∈ ∂M}. The outer unit normal of ∂M is denoted by ν and the sets of inner and outer vectors on ∂M are given by ∂_±(SM) = {(x, v) ∈ SM : x ∈ ∂M, ±⟨v, ν⟩ ≤ 0}. The nonnegative time when the geodesic determined by (x, v) exits M is denoted by τ(x, v). The manifold is said to be nontrapping if τ(x, v) is finite for any (x, v) ∈ SM. The boundary of M is said to be strictly convex if its second fundamental form is positive definite. Recall that given x ∈ ∂M, the second fundamental form of the boundary at x is the quadratic form Π_x : T_x∂M × T_x∂M → R defined by Π_x(w, w) = ⟨∇_wν, w⟩. Hence we require that Π_x is positive definite for all x ∈ ∂M. The manifold is said to be simple if it is compact with smooth strictly convex boundary, and the exponential map at any point is a diffeomorphism onto M.

If (M, g) is nontrapping and has strictly convex boundary then τ is continuous on SM and smooth in SM \ S(∂M), see [23, Section 4.1]. Moreover the function τ_− : ∂(SM) → R defined by τ_−(x, v) = { τ(x, v)/2, (x, v) ∈ ∂_+(SM) −τ(x, −v)/2, (x, v) ∈ ∂_−(SM) is smooth. Recall that the geodesic flow φ_t is defined as follows: given (x, v) ∈ SM we let t → γ(t, x, v) be the geodesic starting from x in the direction of v; then φ_t(x, v) = (γ(t, x, v), γ̇(t, x, v)). We also define the scattering relation α : ∂(SM) → ∂(SM) by α(x, v) = φ_{2τ−(x,v)}(x, v). Then α is a diffeomorphism and α^2 = Id.

Let X denote the vector field associated with the geodesic flow. Since M is assumed oriented there is a circle action on the fibers of SM with infinitesimal generator V called the vertical vector field. It is possible to complete the pair X, V to a global frame of T (SM) by considering the vector field X_⊥ := [X, V ], where [·, ·] stands for the Lie bracket or commutator of two vector fields. There are two additional structure equations given by X = [V, X_⊥] and [X, X_⊥] = −KV where K is the Gaussian curvature of the surface. Using this frame we can define a Riemannian metric on SM by declaring {X, X_⊥, V } to be an orthonormal basis and the volume form of this metric will be denoted by dΣ^3 and referred to as the usual volume form on SM. The fact that {X, X_⊥, V } are orthonormal together with the commutator formulas implies that the Lie derivative of dΣ^3 along the three vector fields vanishes, and consequently these vector fields are volume preserving.

Given functions u, v : SM → C^n we consider the inner product ⟨u, v⟩ = ∫ SM ⟨u, v⟩_C n dΣ^3.

The space L^2(SM, C^n ) decomposes orthogonally as a direct sum

L^2(SM, C^n ) = ⨁ k∈Z H_k where −iV acts as k Id on H_k. Following Guillemin and Kazhdan in [9] we introduce the following first order elliptic operators η_+, η_− : C^∞(SM, C^n ) → C^∞(SM, C^n ) given by η_+ := (X + iX_⊥)/2, η_− := (X − iX_⊥)/2.

Clearly X = η_+ + η_−. Let Ω_k := C^∞(SM, C^n ) ∩ H_k. The commutation relations [−iV, η_+] = η_+ and [−iV, η_−] = −η_− imply that η_+ : Ω_k → Ω_{k+1}, η_− : Ω_k → Ω_{k−1}.

These operators will be particularly useful when a Higgs field is introduced.

A smooth function u : SM → C^n has a Fourier series expansion u = ∞∑ k=−∞ u_k, where u_k ∈ Ω_k. Locally we can always choose isothermal coordinates (x_1, x_2) so that the metric can be written as ds^2 = e^{2λ}(dx^2_1 + dx^2) where λ is a smooth real-valued function of x = (x_1, x_2). This gives coordinates (x_1, x_2, θ) on SM where θ is the angle between a unit vector v and ∂/∂x_1. In these coordinates we may write V = ∂/∂θ and u_k = ũ_k(x)e^{ikθ}. For completeness we include formulas for X and X_⊥ even though these will not be needed in the sequel: X = e^{−λ} ( cos θ ∂ ∂x_1 + sin θ ∂ ∂x_2 + ( − ∂λ ∂x_1 sin θ + ∂λ ∂x_2 cos θ ) ∂ ∂θ ) ;

X_⊥ = −e^{−λ} ( − sin θ ∂ ∂x_1 + cos θ ∂ ∂x_2 − ( ∂λ ∂x_1 cos θ + ∂λ ∂x_2 sin θ ) ∂ ∂θ ) . Another important ingredient in our approach is the fibrewise Hilbert transform H.

This can be introduced in various ways (cf. [21, 22]), but perhaps the most informative approach is to indicate that it acts fibrewise and for u_k ∈ Ω_k, H(u_k) = −sgn(k) iu_k where we use the convention sgn(0) = 0. Moreover, H(u) = ∑ k H(u_k). Observe that

(Id + iH)u = u_0 + 2 ∞∑ k=1 u_k,

(Id − iH)u = u_0 + 2 −1∑ k=−∞ u_k.

Definition 2.1. A function u : SM → C^n is said to be holomorphic if (Id − iH)u = u_0. Equivalently, u is holomorphic if u_k = 0 for all k < 0. Similarly, u is said to be antiholomorphic if (Id + iH)u = u_0 which is equivalent to saying that u_k = 0 for all k > 0. As in previous works (cf. [21, 22]) the following commutator formula of Pestov- Uhlmann [21] will play a key role:

(1) [H, X]u = X_⊥u_0 + (X_⊥u)_0, u ∈ C^∞(SM, C^n ).

We will extend this bracket relation so that it includes a connection A and a Higgs field Φ. We often think of A as a function restricted to SM. We also think of A as acting on smooth functions u ∈ C^∞(SM, C^n ) by multiplication. Note that V (A) is a new function on SM which can be identified with the restriction of − ⋆ A to SM, so we will simply write V (A) = − ⋆ A. Here ⋆ denotes the Hodge star operator of the metric g. We now show:

Lemma 2.2. For any smooth function u we have [H, X + A + Φ]u = (X_⊥ + ⋆A)(u_0) + {(X_⊥ + ⋆A)(u)}_0.

Proof. In view of (1) and [H, Φ] = 0 we only need to prove that (2) [H, A]u = ⋆Au_0 + (⋆Au)_0.

Expanding u in Fourier series we see that we only need to check the formula for functions u_k ∈ Ω_k. In this case H(u_k) = −sgn(k)iu_k, where as above we use the convention sgn(0) = 0. Since A is a 1-form its Fourier expansion is given by: A = A_{−1} + A_1.

We compute:

[H, A]u_k = H(A_{−1}u_k + A_1u_k) − A(−sgn(k)iu_k) = −sgn(k − 1)iA_{−1}u_k − sgn(k + 1)iA_1u_k + A(sgn(k)iu_k) = iA_{−1}u_k(sgn(k) − sgn(k − 1)) + iA_1u_k(sgn(k) − sgn(k + 1)).

Let us analyze this expression for various values of k. If |k| ≥ 2 we see that [H, A]u_k = 0 which proves (2) since its right hand side clearly vanishes. If k = 0, [H, A]u_0 = iA_{−1}u_0 − iA_1u_0. On the other hand ⋆A = −V (A) = iA_{−1} − iA_1. Thus [H, A]u_0 = ⋆Au_0 + (⋆Au_0)_0 = ⋆Au_0 which proves (2) in this case. If k = 1, then [H, A]u_1 = iA_{−1}u_1. But (⋆Au_1)_0 = iA_{−1}u_1 and (u_1)_0 = 0 which also shows (2). The case k = −1 is checked in the same way. □

3. The attenuated ray transform and scattering data We wish to give a precise definition of the attenuated geodesic ray transform and scattering data in the presence of a connection and a Higgs field. In this section we assume that (M, g) is a nontrapping compact manifold, of dimension d ≥ 2, with strictly convex boundary.

First recall that in the scalar case, the attenuated ray transform I_af of a function f ∈ C^∞(SM, C ) with attenuation coefficient a ∈ C^∞(SM, C ) can be defined as the integral I_af(x, v) := ∫_{τ (x,v)} 0 f(φ_t(x, v))exp [∫_t 0 a(φ_s(x, v)) ds ] dt, (x, v) ∈ ∂_+(SM). Alternatively, we may set I_af := u|_{∂+(SM)} where u is the unique solution of the transport equation Xu + au = −f in SM, u|_{∂−(SM)} = 0. The last definition generalizes without difficulty to the case of systems. Assume that A ∈ C^∞(SM, C^{n×n} ) is a matrix attenuation coefficient and let f ∈ C^∞(SM, C^n ) be a vector valued function. At this point both A and f may be quite arbitrary, although in this paper we will mostly be interested in the special case A(x, v) = Φ(x) + A_j (x)v^j , f(x, v) = F (x) + α_j(x)v^j .

Here A_j dx^j is a C^{n×n} -valued smooth 1-form (called the connection) and Φ is a C^{n×n} valued smooth function on M (called the Higgs field), and F ∈ C^∞(M, C^n ) and α = α_j dx^j is a C^n -valued 1-form. Consider the following transport equation for u : SM → C^n , Xu + Au = −f in SM, u|_{∂−(SM)} = 0. On a fixed geodesic the transport equation becomes a linear system of ODEs with zero initial condition, and therefore this equation has a unique solution u = u^f .

Definition 3.1. The geodesic ray transform of f ∈ C^∞(SM, C^n ) with attenuation A ∈ C^∞(SM, C^{n×n} ) is given by I_Af := u^f |_{∂+(SM)}. In the special case A(x, v) = A_j(x)v^j + Φ(x) we write I_{A,Φ}f := I_Af. We note that I_{A,Φ} acting on sums of 0-forms and 1-forms always has a nontrivial kernel, since

I_{A,Φ}((X + A + Φ)p) = 0 for any p ∈ C^∞(M, C^n ) with p|_{∂M} = 0. Thus from the ray transform I_{A,Φ}f one only expects to recover f up to an element having this form.

The transform I_A also has an integral representation. Consider the unique matrix solution U_− : SM → GL(n, C ) to the transport equation: { XU_− + AU_− = 0, U_−|_{∂+(SM)} = Id.

Similarly, we can consider the unique matrix solution of { XU_+ + AU_+ = 0, U_+|_{∂−(SM)} = Id.

Note that U^{−1}_− solves X(U^{−1}_− ) − U^{−1}_− A = 0. This implies that

X(U^{−1}_− u^f ) = X(U^{−1}_− )u^f + U^{−1}_− X(u^f ) = U^{−1}_− (Au^f − f − Au^f ) = −U^{−1}_− f.

Therefore integrating between 0 and τ(x, v) for (x, v) ∈ ∂_+(SM) we derive the integral representation I_Af(x, v) = ∫_{τ (x,v)} 0 U^{−1}_− (φ_t(x, v))f(φ_t(x, v)) dt. Recall that in the nontrapping manifold (M, g) we have the scattering relation α : ∂(SM) → ∂(SM), mapping an initial point and direction (x, v) of a geodesic to the end point and direction. Given a matrix attenuation coefficient A ∈ C^∞(SM, C^{n×n} ) we also have a corresponding parallel transport type operator, which takes a vector h(0) ∈ C^n to the vector h(τ(x, v)) ∈ C^n where h^′(t) + A(φ_t(x, v))h(t) = 0 for t ∈ [0, τ(x, v)]. It is easy to see that h(τ(x, v)) is the same as U_−(α(x, v))h(0), and so the operator h(0) → h(τ(x, v)) for (x, v) ∈ ∂_+(SM) is completely determined by U_−|_{∂−(SM)} and α.

Definition 3.2. The scattering data corresponding to a matrix attenuation coefficient A in (M, g) is the map C^A_− : ∂_−(SM) → GL(n, C ), C^A_− := U_−|_{∂−(SM)}. In the special case A(x, v) = A_j(x)v^j + Φ(x) we write

C^{A,Φ}_− := C^A_− .

There is also a corresponding map C^A_+ : ∂_+(SM) → GL(n, C ), C^A_+ := U_+|_{∂+(SM)}. However, one has

X(U^{−1}_− U_+) = X(U^{−1}_− )U_+ + U^{−1}_− X(U_+) = U^{−1}_− AU_+ − U^{−1}_− AU_+ = 0.

Thus U^{−1}_− U_+|_{∂−(SM)} = (U^{−1}_− U_+) ∘ α|_{∂−(SM)} which gives (C^A_− )^{−1} = C^A_+ ∘ α.

Consequently C^A_+ is uniquely determined by C^A_− and α.

Finally we discuss gauge invariance of the transport equation in the case where A(x, v) = A_j (x)v^j + Φ(x). Suppose u = u^f solves (X + A + Φ)u = −f in SM, u|_{∂−(SM)} = 0.

If Q : M → GL(n, C ) is a smooth function taking values in invertible matrices, then Q^{−1}u satisfies

X(Q^{−1}u) = Q^{−1}(Xu − (XQ)Q^{−1}u) = −Q^{−1}(Au + Φu + f + (XQ)Q^{−1}u) and consequently (X + Q^{−1}AQ + Q^{−1}XQ + Q^{−1}ΦQ)(Q^{−1}u) = −Q^{−1}f.

Therefore Q^{−1}u satisfies a transport equation with new connection Q^{−1}(X +A)Q and new Higgs field Q^{−1}ΦQ. It also follows that I_Q−1_{(X+A)Q,Q}−1_{ΦQ}(Q^{−1}f) = Q^{−1}|_{∂+(SM)}I_{A,Φ}f. Thus, when proving injectivity results for I_{A,Φ} we have the freedom to change the connection and Higgs field into gauge equivalent ones. This idea will be useful in our proof of injectivity on compact simple surfaces, where the connection will be gauge transformed to one whose curvature has a definite sign (however the gauge transform will be more general and Q will depend on direction as well).

As for the scattering data, if U_− solves (X +A+Φ)U_− = 0 in SM with U_−|_{∂+(SM)} = Id, then Q^{−1}U_− satisfies (X + Q^{−1}(X + A)Q + Q^{−1}ΦQ)(Q^{−1}U_−) = 0 in SM, Q^{−1}U_−|_{∂+(SM)} = Q^{−1}|_{∂+(SM)}. The scattering data has therefore the gauge invariance C^{Q−1(X+A)Q,Q−1ΦQ} − = C^{A,Φ}_− if Q ∈ C^∞(M, GL(n, C )) satisfies Q|_{∂M} = Id.

It follows that from the knowledge of C^{A,Φ}_− one can only expect to recover A and Φ up to a gauge transform via Q which satisfies Q|_{∂M} = Id.

4. Holomorphic integrating factors in the scalar case Let (M, g) be a 2D simple manifold. In this section we will prove the existence of holomorphic and antiholomorphic integrating factors for the equation Xu + Au = −f in SM in the scalar case where n = 1. We assume that A(x, v) = Φ(x) + α_j(x)v^j where Φ is a smooth complex valued function on M and α is a complex 1-form. The discussion is parallel to [22] which considered the case α = 0. All functions in this section will be scalar and complex valued.

By a holomorphic (resp. antiholomorphic) integrating factor we mean a function e^{−w}, where w ∈ C^∞(SM) is holomorphic (resp. antiholomorphic) in the angular variable, such that for all r ∈ C^∞(SM) e^wX(e^{−w}r) = Xr + Ar in SM. This is equivalent with the equation Xw = −A in SM. The main result of this section shows that when A is the sum of a function and 1-form, holomorphic and antiholomorphic integrating factors always exist.

Theorem 4.1. Let (M, g) be a simple two-dimensional manifold and f ∈ C^∞(SM). The following conditions are equivalent.

(a) There exist a holomorphic w ∈ C^∞(SM) and antiholomorphic w̃ ∈ C^∞(SM) such that Xw = Xw̃ = −f.

(b) f(x, v) = F (x) + α_j (x)v^j where F is a smooth function on M and α is a 1-form.

Furthermore, the following conditions are equivalent.

(α) There is a holomorphic (resp. antiholomorphic) w ∈ C^∞(SM) with Xw = −f. (β) f = f^′ + f^{′′} where f^′ ∈ C^∞(SM) is holomorphic (resp. antiholomorphic) and f^{′′}(x, v) = α_j(x)v^j for some 1-form α.

We begin with some regularity results which are valid on any nontrapping compact manifold (M, g) with strictly convex boundary. If f ∈ C^∞(SM) define u^f (x, v) = ∫_{τ (x,v)} 0 f(φ_t(x, v)) dt, (x, v) ∈ SM, where τ is the exit time of the geodesic determined by (x, v). Note that τ is continuous on SM and smooth in SM \ S(∂M), but may fail to be smooth in SM. The same properties are true for u^f . We also have that τ_− is smooth in SM. Recall the definition C^∞_α (∂_+(SM)) = {h ∈ C^∞(∂_+(SM)) ; h_ψ ∈ C^∞(SM)} where h_ψ(x, v) = h(φ_{−τ (x,−v)}(x, v)). If u is a function on SM we denote the even and odd parts with respect to v by

u_+(x, v) = 1 2 (u(x, v) + u(x, −v)), u_−(x, v) = 1 2 (u(x, v) − u(x, −v)). Lemma 4.2. Let (M, g) be a nontrapping compact manifold with strictly convex boundary and let b ∈ C^∞(SM). If b is even then u^b_− is smooth in SM. Similarly, if b is odd then u^b_+ is smooth in SM.

Proof. The case where b is even was proved in [22, Lemma 2.3], and the odd case follows by repeating that proof almost verbatim. For completeness we give the details. The proof is based on [21, Lemma 1.1] which gives the characterization C^∞_α (∂_+(SM)) = {h ∈ C^∞(∂_+(SM)) ; Eh ∈ C^∞(∂(SM))} where E is the operator of even continuation with respect to the scattering relation, Eh(x, v) = { h(x, v), (x, v) ∈ ∂_+(SM), h(α(x, v)), (x, v) ∈ ∂_−(SM). Let (M̃, g) be a nontrapping manifold with strictly convex boundary chosen so that M ⊆ M̃^{int} (this can be achieved by embedding (M, g) to a compact manifold (S, g) without boundary and by looking at a small neighborhood of M in S). If τ̃(x, v) is the exit time of geodesics in (M̃, g), we know that τ̃ is smooth in S(M̃^{int}).

Extend b as a smooth odd function into SM̃, and define ũ(x, v) = ∫_{τ̃ (x,v)} 0 b(φ_t(x, v)) dt where φ_t is the geodesic flow in (M̃, g). Then ũ ∈ C^∞(SM) and Xũ = −b in SM.

Let h = (ũ − u^b_+)|_{∂+(SM)}. Since X(ũ − u^b_+) = 0 in S(M^{int}) (here we used that b is odd) and ũ − u^b_+ is continuous in SM, we obtain ũ − u^b_+ = h_ψ. Thus, to show that u^b_+ is smooth in SM it is enough to prove that Eh is in C^∞(∂(SM)). We have for (x, v) ∈ ∂(SM) Eh(x, v) = 1 2 ∫_{τ̃ (x,v)} 0 b(φ_t(x, v)) dt + 1 2 ∫_{τ̃ (x,v)} 2τ_−(x,v) b(φ_t(x, v)) dt. Here 2τ_− is smooth in ∂(SM) and so also Eh is smooth. □ The next step is an abstract characterization of those functions f on SM for which the equation Xw = −f admits a holomorphic solution w.

Lemma 4.3. Let (M, g) be a nontrapping compact surface with strictly convex boundary, and let f ∈ C^∞(SM). The following are equivalent.

(1) There exists a holomorphic function w ∈ C^∞(SM) with Xw = −f. (2) There exist b ∈ C^∞(SM) and h, h^′ ∈ C^∞_α (∂_+(SM)) such that

f = (Id + iH)b + iX_⊥(u^{b−} )_0 + iX_⊥(h_ψ)_0 + i(X_⊥u^{b+} )_0 + i(X_⊥h^′_ψ)_0. Proof. Suppose w is holomorphic and Xw = −f. Write w = (Id + iH)ŵ where ŵ =^1_2 (w + w_0), so ŵ ∈ C^∞(SM). Then, using the commutator formula for H and X, −f = X(Id + iH)ŵ = (Id + iH)Xŵ − i[H, X]ŵ = (Id + iH)Xŵ − iX_⊥ŵ_0 − i(X_⊥ŵ)_0.

Write b = −Xŵ. Separating the even and odd parts we have Xŵ_+ = −b_− and Xŵ_− = −b_+, and consequently ŵ_+ = u^{b−}_+ + (h_ψ)_+, ŵ_− = u^{b+}_− + (h^′_ψ)_− for some h, h^′ ∈ C^∞_α (∂_+(SM)). (Here we use that u^{b+}_− and u^{b−}_+ are smooth in SM by Lemma 4.2.) It follows that f can be written in the required form.

Conversely, assume that f has the stated form. Let ŵ = u^{b−}_+ + (h_ψ)_+ + u^{b+}_− + (h^′_ψ)_−.

Then ŵ ∈ C^∞(SM) and Xŵ = −b. Define w = (Id + iH)ŵ, so that w ∈ C^∞(SM) is holomorphic. Then Xw = (Id + iH)Xŵ − i[H, X]ŵ = −(Id + iH)b − iX_⊥ŵ_0 − i(X_⊥ŵ)_0. This shows that Xw = −f. □ The characterization of those f which admit antiholomorphic solutions is analogous.

Lemma 4.4. Let (M, g) be a nontrapping compact surface with strictly convex boundary, and let f ∈ C^∞(SM). The following are equivalent.

(1) There exists an antiholomorphic w̃ ∈ C^∞(SM) with Xw̃ = −f. (2) There exist b ∈ C^∞(SM) and h, h^′ ∈ C^∞_α (∂_+(SM)) such that

f = (Id − iH)b − iX_⊥(u^{b−} )_0 − iX_⊥(h_ψ)_0 − i(X_⊥u^{b+} )_0 − i(X_⊥h^′_ψ)_0.

We will focus on the following maps appearing in Lemmas 4.3 and 4.4,

C^∞_α (∂_+(SM)) → C^∞(M), h → (X_⊥h_ψ)_0, (3) C^∞_α (∂_+(SM)) → C^∞_δ (M, Λ^1), h → X_⊥(h_ψ)_0. (4) Here C^∞_δ (M, Λ^1) is the space of solenoidal complex 1-forms on M (that is, 1-forms α satisfying δα = 0, where δ is the codifferential). Note that if F ∈ C^∞(M) then X_⊥F (x, v) = (⋆dF )_j(x)v^j where ⋆dF is indeed a solenoidal 1-form.

It was proved in [22] that the map (3) is surjective when (M, g) is a simple twodimensional manifold. We need an analogous result for (4).

Proposition 4.5. If (M, g) is a simple surface, the map (4) is surjective.

Assuming this, we can present the proof of the main result of this section.

Proof of Theorem 4.1. We first prove that (α) implies (β). If Xw = −f where w is (anti)holomorphic, then Lemmas 4.3 and 4.4 show that f is the sum of an (anti)holomorphic function and a 1-form as required.

Conversely, let f = f^′ + f^{′′} where f^′ is holomorphic and f^{′′} is a 1-form. We assume for the moment that f^{′′} is solenoidal. Following Lemma 4.3 we take b =^1_2 (f^′ + (f^′)_0), so that (Id + iH)b = f^′. It is then enough to find h, h^′ ∈ C^∞_α (∂_+(SM)) such that

iX_⊥(h_ψ)_0 + i(X_⊥h^′_ψ)_0 = f^{′′} − iX_⊥(u^{b−} )_0 − i(X_⊥u^{b+} )_0.

The right hand side is the sum of a function on M and a solenoidal 1-form, and the surjectivity of the maps (3) and (4) imply that there exist h and h^′ which have the required property. Lemma 4.3 shows the existence of a holomorphic solution w.

If f^{′′}(x, v) = α_j (x)v^j is a general 1-form we decompose α = α^s + dp where α^s is a solenoidal 1-form and p is a smooth function on M, and note that Xw = −f is equivalent with Xw^′ = −f^′ −(α^s)_jv^j for w^′ = w +p. We have already proved that the last equation has a holomorphic solution w^′, and then w^′ − p is the required solution of the original equation. This proves that (β) implies (α) in the holomorphic case, and the antiholomorphic case is proved similarly by Lemma 4.4.

It follows immediately that (b) implies (a). Also, if (a) is valid then f = f^′ + f^{′′} = f̃ ′ + f̃ ′′ where f ′ is holomorphic, f̃ ′ is antiholomorphic, and f ′′ and f̃ ′′ are 1-forms. By looking at Fourier coefficients one obtains that f is the sum of a 0-form and a 1-form. □

It remains to prove Proposition 4.5. The map (4) may be identified with the operator

(5) S : C^∞_α (∂_+(SM)) → C^∞_δ (M, Λ^1), Sh = ⋆d(h_ψ)_0.

It is well known that (h_ψ)_0 = I^∗h where I : L^2(M) → L^2(∂_+(SM)) is the usual geodesic ray transform acting on functions, and L^2(∂_+(SM)) is equipped with the volume form −⟨v, ν(x)⟩ d(∂(SM)) (see [21]).

Proof of Proposition 4.5. Let β ∈ C^∞_δ (M, Λ^1) be a solenoidal 1-form. Since d ⋆ β = 0 and M is simply connected, there is F ∈ C^∞(M) such that dF = − ⋆ β. From [21] we know that the map I^∗ : C^∞_α (∂_+(SM)) → C^∞(M) is surjective. Take h ∈ C^∞_α (∂_+(SM)) so that I^∗h = F . It follows that Sh = ⋆d(I^∗h) = ⋆dF = β as required. □

5. A regularity result for the transport equation The purpose of this section is to show a regularity result for the transport equation which will be useful later on. The result is quite general (requires M non-trapping and with strictly convex boundary) and essentially says that if a smooth function is in the kernel of the attenuated ray transform, the solution to the associated transport equation must be smooth in all SM.

Given a smooth w ∈ C^∞(∂_+(SM), C^n ) consider the unique solution w^♯ : SM → C^n to the transport equation: { X(w^♯) + Aw^♯ = 0, w^♯|_{∂+(SM)} = w. Observe that w^♯(x, v) = U_−(x, v)w(α ∘ ψ(x, v)) where ψ(x, v) := φ_{τ (x,v)}(x, v) (recall that φ_t is the geodesic flow and τ(x, v) is the time it takes the geodesic determined by (x, v) to exit M). If we introduce an operator Q : C(∂_+(SM), C^n ) → C(∂(SM), C^n ) by setting Qw(x, v) = { w(x, v) if (x, v) ∈ ∂_+(SM) C^A_− (x, v)(w ∘ α)(x, v) if (x, v) ∈ ∂_−(SM), then w^♯|_{∂(SM)} = Qw. Define

S^∞(∂_+(SM), C^n ) := {w ∈ C^∞(∂_+(SM), C^n ) : w^♯ ∈ C^∞(SM, C^n )}. We characterize this space purely in terms of scattering data as follows:

Lemma 5.1. The set of those smooth w such that w^♯ is smooth is given by S^∞(∂_+(SM), C^n ) = {w ∈ C^∞(∂_+(SM), C^n ) : Qw ∈ C^∞(∂(SM), C^n )}.

Proof. We will reduce this lemma to Lemma 1.1 in [21]. Let us recall its statement. The solution of the boundary value problem for the transport equation: X(u) = 0, u|_{∂+(SM)} = s can be written in the form u = s_ψ := s ∘ α ∘ ψ. As in Section 4, define the extension operator E : C(∂_+(SM), C^n ) → C(∂(SM), C^n ) by setting Es(x, v) = { s(x, v) if (x, v) ∈ ∂_+(SM) s ∘ α(x, v) if (x, v) ∈ ∂_−(SM), then s_ψ|_{∂(SM)} = Es. Lemma 1.1 in [21] asserts that s_ψ is smooth if and only if Es is smooth.

Embed M into a closed manifold S and extend smoothly the metric g to S and the attenuation A to the unit circle bundle of S. Let W be an open neighborhood of M in S. If W is small enough, then W will be non-trapping and with strictly convex boundary and assume such a W is chosen. Consider the unique solution to the transport equation in SW : { X(R) + AR = 0, R|_{∂+(SW )} = Id.

If we restrict R to SM we obtain a smooth map and we denote this restriction also by R. In fact for what follows any smooth solution R : SM → GL(n, C ) to X(R)+AR = 0 will do. Define p := R^{−1}|_{∂+(SM)}. The main observation is that we can write w^♯ = R(pw)_ψ. Also we have the following expression for Q: Qw(x, v) = { R(x, v)p(x, v)w(x, v) if (x, v) ∈ ∂_+(SM) R(x, v)((pw) ∘ α)(x, v) if (x, v) ∈ ∂_−(SM), Obviously, if w^♯ is smooth, then Qw = w^♯|_{∂(SM)} is also smooth. Assume now that Qw is smooth. Since R is smooth R^{−1}Qw = Epw is also smooth. As explained above [21, Lemma 1.1] asserts that (pw)_ψ is smooth. Once again, since R is smooth it follows that w^♯ is smooth. □

Given a smooth f : SM → C^n , recall that u^f is the unique solution to { X(u) + Au = −f, u|_{∂−(SM)} = 0. The function u^f may fail to be differentiable at S(∂M) due to the non-smoothness of τ. However, we now show that if f is in the kernel of I_A then u^f is smooth on SM.

Proposition 5.2. Let f : SM → C^n be smooth with I_A(f) = 0. Then u^f : SM → C^n is smooth.

Proof. As in the proof of Lemma 5.1 embed M into a closed manifold S and extend smoothly the metric g to S, and f and A to the unit circle bundle of S. Let W be an open neighborhood of M in S. If W is small enough, then W will be non-trapping and with strictly convex boundary and assume such a W is chosen. Consider the unique solution to the following problem in SW : { X(r) + Ar = −f, r|_{∂−(SW )} = 0. Then, the restriction of r to SM, still denoted by r, is a smooth solution r : SM → C^n to (X + A)(r) = −f. Observe that r − u^f solves (X + A)(r − u^f ) = 0, thus if we let w := (r − u^f )|_{∂+(SM)}, then w^♯ = r − u^f . It follows that u^f is smooth if and only if w^♯ is. But smoothness of w^♯ is characterized by Lemma 5.1. If u^f |_{∂+(SM)} = I_A(f) = 0, then Qw = w^♯|_{∂(SM)} = r|_{∂(SM)} which is smooth. It follows that u^f is smooth. □

6. Injectivity properties of I_A

Recall that SM has a canonical framing {X, X_⊥, V }, where X is the geodesic vector field, V is the vertical vector field and X_⊥ = −[V, X]. Recall also that X = [V, X_⊥] and [X, X_⊥] = −KV , where K is the Gaussian curvature of the surface.

Let dΣ^3 be the usual volume form in SM. Given functions u, v : SM → C^n we consider the inner product ⟨u, v⟩ = ∫ SM ⟨u, v⟩_C n dΣ^3. Assume A is a unitary (or Hermitian) connection, in other words, A takes values in the set u(n) of skew-Hermitian matrices. Recall that the curvature F_A of the connection A is defined as F_A = dA+A∧A. Then ⋆F_A : M → u(n). Let v ∈ T_xM be a unit vector and let iv ∈ T_xM be the unique unit vector such that {v, iv} is an oriented orthonormal basis of T_xM. Then ⋆F_A(x) = F_A(v, iv) = dA(v, iv) + A(v)A(iv) − A(iv)A(v). On the other hand it is easy to check that A(v)A(iv) − A(iv)A(v) = [⋆A, A](v) and dA(v, iv) = (X_⊥(A) − X(⋆A))(x, v) hence (6) ⋆ F_A = X_⊥(A) − X(⋆A) + [⋆A, A]. We will also have a Higgs field Φ : M → u(n). Recall that the connection A induces a covariant derivative d_A on endomorphisms so that d_AΦ = dΦ + [A, Φ].

We will begin by establishing an energy identity or a “Pestov type identity”, which generalizes the standard Pestov identity [23] to the case where a connection and Higgs field are present. There are several predecessors for this formula [28, 25], but in the form stated below it appears to be new. The derivation of the identity and its use for simple surfaces is in the spirit of [26, 4].

Lemma 6.1 (Energy identity). If u : SM → C^n is a smooth function such that u|_{∂(SM)} = 0, then |(X + A + Φ)(V u)|^2 − ⟨K V (u), V (u)⟩ − ⟨⋆F_Au, V (u)⟩ − ℜ⟨(⋆d_AΦ)u, V (u)⟩ − ℜ⟨Φu, (X + A + Φ)u⟩ = |V [(X + A + Φ)(u))]|^2 − |(X + A + Φ)(u)|^2.

Before proving the identity we need a preliminary lemma. Lemma 6.2. For any pair of smooth functions u, g : SM → C^n we have ⟨V (u), g⟩ = −⟨u, V (g)⟩. Moreover, if in addition u|_{∂(SM)} = 0, then ⟨P u, g⟩ = −⟨u, P g⟩ where P = X + A + Φ or P = X_⊥ + ⋆A.

Proof. The Lie derivative of the volume form dΣ^3 along the vector fields X, X_⊥ and V is zero, therefore for Y = X, X_⊥, V and any smooth function f we have ∫ SM Y (f) dΣ^3 = ∫ ∂(SM) f i_Y (dΣ^3).

Since i_V (dΣ^3) vanishes on ∂(SM) the first claim of the lemma follows.

If we assume that u vanishes on ∂(SM) we deduce similarly that ⟨X(u), g⟩ = −⟨u, X(g)⟩, ⟨X_⊥(u), g⟩ = −⟨u, X_⊥(g)⟩. Combining this with the fact that A + Φ and ⋆A are skew-Hermitian matrices the second claim of the lemma easily follows. □ Proof of Lemma 6.1. The starting point are the structure equations of the surface [V, X] = −X_⊥, [V, X_⊥] = X, [X, X_⊥] = −KV. The way to introduce the connection and the Higgs field is to replace the operators X by X + A + Φ and X_⊥ by X_⊥ − V (A) = X_⊥ + ⋆A. Here we understand as always that A and Φ act on functions u : SM → C^n by multiplication.

Thus we compute [V, X + A + Φ] = −X_⊥ − ⋆A, [V, X_⊥ + ⋆A] = (X + A + Φ) − Φ, [X + A + Φ, X_⊥ + ⋆A] = −KV − ⋆F_A − ⋆d_AΦ. For the last equation one needs to use (6) and that X_⊥(Φ) = ⋆dΦ.

Now we use the first two bracket relations in the following string of equalities together with the first claim of Lemma 6.2.

−2⟨(X_⊥ + ⋆A)(u), V ((X + A + Φ)(u))⟩

= −⟨(X_⊥ + ⋆A)(u), V ((X + A + Φ)(u))⟩ + ⟨V ((X_⊥ + ⋆A)(u)), (X + A + Φ)(u)⟩ = ⟨(X_⊥ + ⋆A)(u), (X_⊥ + ⋆A)(u) − (X + A + Φ)(V u)⟩

− ⟨−(X + A + Φ)(u) + Φu − (X_⊥ + ⋆A)(V u), (X + A + Φ)(u)⟩ = |(X_⊥ + ⋆A)(u)|^2 + |(X + A + Φ)(u)|^2 − ⟨(X_⊥ + ⋆A)(u), (X + A + Φ)(V u)⟩ + ⟨(X_⊥ + ⋆A)(V u), (X + A + Φ)(u)⟩ − ⟨Φu, (X + A + Φ)u⟩. So far we have not used that u vanishes on ∂(SM). We will use it now via the second claim in Lemma 6.2 together with the third bracket relation involving curvatures. Note that V (u)|_{∂(SM)} = 0. We have

− ⟨(X_⊥ + ⋆A)(u), (X + A + Φ)(V u)⟩ = ⟨(X + A + Φ)(X_⊥ + ⋆A)(u), V (u)⟩ = −⟨KV (u) + ⋆F_Au + (⋆d_AΦ)u, V (u)⟩ + ⟨(X_⊥ + ⋆A)(X + A + Φ)(u), V (u)⟩ = −⟨KV (u) + ⋆F_Au + (⋆d_AΦ)u, V (u)⟩ − ⟨(X + A + Φ)(u), (X_⊥ + ⋆A)V (u)⟩ = −⟨KV (u) + ⋆F_Au + (⋆d_AΦ)u, V (u)⟩ − ⟨(X_⊥ + ⋆A)V (u), (X + A + Φ)(u)⟩. Combining we obtain:

−2⟨(X_⊥ + ⋆A)(u), V ((X + A + Φ)(u))⟩ (7) = |(X_⊥ + ⋆A)(u)|^2 + |(X + A + Φ)(u)|^2 − ⟨KV (u), V (u)⟩ − ⟨⋆F_Au, V (u)⟩ − ⟨(⋆d_AΦ)u, V u⟩ − ⟨Φu, (X + A + Φ)(u)⟩ + 2iℑ⟨(X_⊥ + ⋆A)(V u), (X + A + Φ)(u)⟩. To obtain the identity in the lemma we need one more step. We use the bracket relation [V, X + A + Φ] = −X_⊥ − ⋆A to derive

|(X + A + Φ)(V u)|^2 = 2ℜ⟨(X_⊥ + ⋆A)(u), V ((X + A + Φ)(u))⟩ + |V ((X + A + Φ)u)|^2 + |(X_⊥ + ⋆A)(u)|^2, which combined with the real part of (7) above proves the lemma. □ Remark 6.3. The same Energy identity holds true for closed surfaces.

To use the Energy identity we need to control the signs of various terms. The first easy observation is the following:

Lemma 6.4. Assume (X + A + Φ)(u) = F (x) + α_j (x)v^j, where F : M → C^n is a smooth function and α is a C^n -valued 1-form. Then |V [(X + A + Φ)(u))]|^2 − |(X + A + Φ)(u)|^2 = −|F |^2 ≤ 0.

Proof. It suffices to note the identities: |V [(X + A + Φ)(u))]|^2 = |V (α)|^2 = |α|^2, |F + α|^2 = |α|^2 + |F |^2. □ Next we have the following lemma due to the absence of conjugate points on simple surfaces (compare with [4, Theorem 4.4]):

Lemma 6.5. Let M be a compact simple surface. If u : SM → C^n is a smooth function such that u|_{∂(SM)} = 0, then |(X + A + Φ)(V u)|^2 − ⟨K V (u), V (u)⟩ ≥ 0.

Proof. Consider a smooth function a : SM → R which solves the Riccati equation X(a) + a^2 + K = 0. These exist by the absence of conjugate points (cf. for example [24, Theorem 6.2.1] or proof of Lemma 4.1 in [26]). Set for simplicity ψ = V (u). Clearly ψ|_{∂(SM)} = 0.

Let us compute using that A + Φ is skew-Hermitian:

‖(X + A + Φ)(ψ) − aψ‖^2_C n = ‖(X + A + Φ)(ψ)‖^2_C n − 2ℜ⟨(X + A + Φ)(ψ), aψ⟩_C n + a^2‖ψ‖^2_C n = ‖(X + A + Φ)(ψ)‖^2_C n − 2aℜ⟨X(ψ), ψ⟩_C n + a^2‖ψ‖^2_C n . Using the Riccati equation we have X(a‖ψ‖^2) = (−a^2 − K)‖ψ‖^2 + 2aℜ⟨X(ψ), ψ⟩_C n thus ‖(X + A + Φ)(ψ) − aψ‖^2_C n = ‖(X + A + Φ)(ψ)‖^2_C n − K‖ψ‖^2_C n − X(a‖ψ‖^2_C n ). Integrating this equality with respect to dΣ^3 and using that ψ vanishes on ∂(SM) we obtain |(X + A + Φ)(ψ)|^2 − ⟨K ψ, ψ⟩ = |(X + A + Φ)(ψ) − aψ|^2 ≥ 0. □ For the remainder of this section we will assume that Φ ≡ 0. This will expose the underlying argument for injectivity of I_A more clearly. The Higgs field will be reinstated in the next section and a more involved argument will be needed to deal with it.

The next theorem is one of the key technical results. Given a smooth function f : SM → C^n we consider its Fourier expansion f(x, v) = ∞∑ k=−∞ f_k, where f_k ∈ Ω_k.

Theorem 6.6. Let f : SM → C^n be a smooth function. Suppose u : SM → C^n satisfies { X(u) + Au = −f, u|_{∂(SM)} = 0. Then if f_k = 0 for all k ≤ −2 and i ⋆ F_A(x) is a negative definite Hermitian matrix for all x ∈ M, the function u must be holomorphic. Moreover, if f_k = 0 for all k ≥ 2 and i ⋆ F_A(x) is a positive definite Hermitian matrix for all x ∈ M, the function u must be antiholomorphic.

Proof. Let us assume that f_k = 0 for k ≤ −2 and i⋆F_A is a negative definite Hermitian matrix; the proof of the other claim is similar.

We need to show that (Id − iH)u only depends on x. We apply X + A to it and use Lemma 2.2 together with (Id − iH)f = f_0 + 2f_{−1} to derive: (X + A)[(Id − iH)u] = −f − i(X + A)(Hu) = −f − i(H((X + A)(u)) − (X_⊥ + ⋆A)(u_0) − {(X_⊥ + ⋆A)(u)}_0) = −(Id − iH)(f) + i(X_⊥ + ⋆A)(u_0) + i{(X_⊥ + ⋆A)(u)}_0 = −f_0 − 2f_{−1} + i(X_⊥ + ⋆A)(u_0) + i{(X_⊥ + ⋆A)(u)}_0 = F (x) + α_x(v),

where F : M → C^n and α is a C^n -valued 1-form. Now we are in good shape to use the Energy identity from Lemma 6.1. We will apply it to v = (Id − iH)u = u_0 + 2 ∑_{−1} k=−∞ uk. We know from Lemma 6.4 that its right hand side is ≤ 0 and using

Lemma 6.5 we deduce ⟨⋆F_Av, V (v)⟩ ≥ 0. But on the other hand ⟨⋆F_Av, V (v)⟩ = −4 −1∑ k=−∞ k⟨i ⋆ F_Au_k, u_k⟩ and since i ⋆ F_A is negative definite this forces u_k = 0 for all k < 0. □ We are now ready to prove the main result on injectivity of I_A.

Theorem 6.7. Let M be a compact simple surface. Assume that f : SM → C^n is a smooth function of the form F (x) + α_j (x)v^j, where F : M → C^n is a smooth function and α is a C^n -valued 1-form. If I_A(f) = 0, then F ≡ 0 and α = d_Ap, where p : M → C^n is a smooth function with p|_{∂M} = 0.

Proof. Consider the area form ω_g of the metric g. Since M is a disk there exists a smooth 1-form φ such that ω_g = dφ. Given s ∈ R, consider the Hermitian connection A_s := A − isφ Id.

Clearly its curvature is given by F_{As} = F_A − isω_gId therefore i ⋆ F_{As} = i ⋆ F_A + sId, from which we see that there exists s_0 > 0 such that for s > s_0, i ⋆ F_{As} is positive definite and for s < −s_0, i ⋆ F_{As} is negative definite.

Since I_A(f) = 0, Proposition 5.2 implies that there is a smooth u : SM → C^n such that (X +A)(u) = −f and u|_{∂(SM)} = 0 (to abbreviate the notation we write u instead of u^f ).

Let e^{sw} be an integrating factor of −isφ. In other words w : SM → C satisfies X(w) = iφ. By Theorem 4.1 we know we can choose w to be holomorphic or antiholomorphic, this will be crucial below. Observe now that u_s := e^{sw}u satisfies u_s|_{∂(SM)} = 0 and solves (X + A_s)(u_s) = −e^{sw}f. Choose w to be holomorphic. Since f = F (x) + α_j (x)v^j, the function e^{sw}f has the property that its Fourier coefficients (e^{sw}f)_k vanish for k ≤ −2. Choose s such that s < −s_0 so that i ⋆ F_{As} is negative definite. Then Theorem 6.6 implies that u_s is holomorphic and thus u = e^{−sw}u_s is also holomorphic.

Choosing w antiholomorphic and s > s_0 we show similarly that u is antiholomorphic. This implies that u = u_0 which together with (X +A)u = −f, gives d_Au_0 = −f. If we set p = −u_0 we see right away that F ≡ 0 and α = d_Ap as desired. □

7. Injectivity in the presence of a Higgs field

We now extend the injectivity result in the previous section to the case where a Higgs field is included. This proves Theorem 1.3 from the Introduction, restated here:

Theorem 7.1. Let M be a compact simple surface. Assume that f : SM → C^n is a smooth function of the form F (x) + α_j (x)v^j, where F : M → C^n is a smooth function and α is a C^n -valued 1-form. Let also A : SM → u(n) be a unitary connection and Φ : M → u(n) a skew-Hermitian matrix function. If I_{A,Φ}(f) = 0, then F = Φp and α = d_Ap, where p : M → C^n is a smooth function with p|_{∂M} = 0.

Proof. Since I_{A,Φ}(f) = 0, there is a function u : SM → C^n with u|_{∂(SM)} = 0 satisfying (X + A + Φ)u = −f. It follows from Proposition 5.2 that u ∈ C^∞(SM, C^n ). We will prove that u is both holomorphic and antiholomorphic. If this is the case then u = u_0 only depends on x and u_0|_{∂M} = 0, and we have

du_0 + Au_0 = −α, Φu_0 = −F.

The theorem follows upon choosing p = −u_0.

It remains to show that u is holomorphic (the antiholomorphic case follows by an analogous argument). The first step, as in the proof of Theorem 6.7, is to replace A by a connection whose curvature has a definite sign. We choose a real valued 1-form φ such that dφ = ω_g, and let A_s := A + isφId. Here s > 0 so that A_s is Hermitian and i ⋆ F_{As} = i ⋆ F_A − sId. We use Theorem 4.1 to find a holomorphic scalar function w ∈ C^∞(SM) satisfying Xw = −iφ. Then u_s = e^{sw}u satisfies (X + A_s + Φ)u_s = −e^{sw}f.

Let v = (Id − iH)u_s − (u_s)_0. The commutator formula in Lemma 2.2 shows that

(X + A_s + Φ)v = (Id − iH)((X + A_s + Φ)u_s) + i[H, X + A_s]u_s − (X + A_s + Φ)(u_s)_0 = −(Id − iH)(e^{sw}f) + i(X_⊥ + ⋆A_s)(u_s)_0 + i {(X_⊥ + ⋆A_s)u_s}_0 − (X + A_s + Φ)(u_s)_0. Here (Id − iH)(e^{sw}f) is the sum of a 0-form and a 1-form since w is holomorphic. Consequently (X + A_s + Φ)v = −h(x) − β_j(x)v^j where h ∈ C^∞(M, C^n ) and β is a 1-form.

Applying the Energy identity in Lemma 6.1 with connection A_s to the function v, which also satisfies v|_{∂(SM)} = 0, we see that (8) |(X + A_s + Φ)(V v)|^2 − ⟨K V (v), V (v)⟩ + |(X + A_s + Φ)v|^2 − |V [(X + A_s + Φ)v]|^2 − ⟨⋆F_{As} v, V (v)⟩ − ℜ⟨(⋆d_{As} Φ)v, V (v)⟩ − ℜ⟨Φv, (X + A_s + Φ)v⟩ = 0. It was proved in Lemmas 6.4 and 6.5 that |(X + A_s + Φ)(V v)|^2 − ⟨K V (v), V (v)⟩ ≥ 0, (9) |(X + A_s + Φ)v|^2 − |V [(X + A_s + Φ)v]|^2 = |h|^2 ≥ 0.

(10) The term involving the curvature of A_s satisfies (11) − ⟨⋆F_{As} v, V (v)⟩ = −1∑ k=−∞ |k|⟨−i ⋆ F_{As} v_k, v_k⟩ ≥ (s − ‖F_A‖_L∞_{(M)}) −1∑ k=−∞ |k||v_k|^2. Here we can choose s > 0 large to obtain a positive term. For the next term in (8), we consider the Fourier expansion of d_{As} Φ = d_AΦ = a_1 + a_{−1} where a_{±1} ∈ Ω_{±1}. Note that ⋆d_AΦ = −V (d_AΦ) = −ia_1 + ia_{−1}. Then, since v_k = 0 for k ≥ 0, ⟨(⋆d_AΦ)v, V (v)⟩ = −1∑ k=−∞ ⟨−ia_1v_{k−1} + ia_{−1}v_{k+1}), ikv_k⟩

= −1∑ k=−∞ |k| [⟨a_1v_{k−1}, v_k⟩ − ⟨a_{−1}v_{k+1}, v_k⟩] . Consequently (12) ℜ⟨(⋆d_AΦ)v, V (v)⟩ ≤ C_{A,Φ} −1∑ k=−∞ |k||v_k|^2.

The last term in (8) requires the most work. We note that v_k = 0 for k ≥ 0 and that (X + A_s + Φ)v is the sum of a 0-form and a 1-form. Therefore

⟨Φv, (X + A_s + Φ)v⟩ = ⟨Φv_{−1}, ((X + A_s + Φ)v)_{−1}⟩.

Recall from Section 2 that we may write X = η_+ +η_− where η_+ = (X +iX_⊥)/2 : Ω_k → Ω_{k+1} and η_− = (X − iX_⊥)/2 : Ω_k → Ω_{k−1}. Expand A = A_1 + A_{−1} and φ = φ_1 + φ_{−1} so that A_s = (A_1 + isφ_1Id) + (A_{−1} + siφ_{−1}Id) := a_1 + a_{−1} where a_j ∈ Ω_j . Since A_s is Hermitian we have a^∗_{±1} = −a_{∓1}.

The equation (X + A_s + Φ)v = −h(x) − β_j (x)v^j implies that

η_+v_{−2} + a_1v_{−2} + Φv_{−1} = ((X + A_s + Φ)v)_{−1}, η_+v_{−k−1} + a_1v_{−k−1} + η_−v_{−k+1} + a_{−1}v_{−k+1} + Φv_{−k} = 0, k ≥ 2.

Note that ⟨η_±a, b⟩ = −⟨a, η_∓b⟩ when a|_{∂(SM)} = 0; this is proved exactly as in Lemma 6.2. Using this and that Φ is skew-Hermitian, we have

ℜ⟨Φv_{−1}, ((X + A_s + Φ)v)_{−1}⟩ = ℜ⟨Φv_{−1}, η_+v_{−2} + a_1v_{−2} + Φv_{−1}⟩ = ℜ [ ⟨η_−v_{−1}, Φv_{−2}⟩ − ⟨(η_−Φ)v_{−1}, v_{−2}⟩ + ⟨Φv_{−1}, a_1v_{−2}⟩ + |Φv_{−1}|^2 ] . We claim that for any N ≥ 1 one has

ℜ⟨Φv_{−1}, ((X + A_s + Φ)v)_{−1}⟩ = p_N + q_N

where p_N := (−1)^{N−1}ℜ⟨η_−v_{−N} , Φv_{−N−1}⟩, q_N := ℜ N∑ j=1 [ (−1)^j⟨(η_−Φ)v_{−j} , v_{−j−1}⟩ + (−1)^{j−1}⟨Φv_{−j} , a_1v_{−j−1}⟩ + (−1)^{j−1}|Φv_{−j} |^2 ]

+ℜ N−1∑ j=1 (−1)^j⟨a_{−1}v_{−j}, Φv_{−j−1}⟩. We have proved the claim when N = 1. If N ≥ 1 we compute

p_N = (−1)^N ℜ⟨(η_+ + a_1)v_{−N−2} + a_{−1}v_{−N} + Φv_{−N−1}, Φv_{−N−1}⟩

= (−1)^N ℜ [ ⟨Φv_{−N−2}, η_−v_{−N−1}⟩ − ⟨v_{−N−2}, (η_−Φ)v_{−N−1}⟩ + ⟨a_1v_{−N−2} + a_{−1}v_{−N} + Φv_{−N−1}, Φv_{−N−1}⟩ ] = p_{N+1} + q_{N+1} − q_N .

This proves the claim for any N.

Note that since |η_−v|^2 = ∑ |η_−v_k|^2, we have η_−v_k → 0 and similarly v_k → 0 in L^2(SM) as k → −∞. Therefore p_N → 0 as N → ∞. We also have |q_N | ≤ C_Φ ∑ |v_k|^2 + | | | | N∑ j=1 (−1)^j⟨[a_{−1}, Φ]v_{−j}, v_{−j−1}⟩ | | | | ≤ CA,Φ ∑ |v_k|^2.

Here it was important that the term in a_{−1} involving s is a scalar, so it goes away when taking the commutator [a_{−1}, Φ]. After taking a subsequence, (q_N ) converges to some q having a similar bound. We finally obtain

(13) ℜ⟨Φv, (X + A_s + Φ)v⟩ = lim_{N→∞}(p_N + q_N ) ≤ C_{A,Φ} ∑ |v_k|^2. Collecting the estimates (9)–(13) and using them in (8) shows that

0 ≥ |h|^2 + (s − C_{A,Φ}) −1∑ k=−∞ |k||v_k|^2. Choosing s large enough implies v_k = 0 for all k. This proves that u_s is holomorphic, and therefore u = e^{−sw}u_s is holomorphic as required. □

8. Scattering data determines the connection and the Higgs field

Given a Hermitian connection A and skew-Hermitian Higgs field Φ, let C^{A,Φ}_+ : ∂_+(SM) → U(n) denote the scattering data introduced in Section 3. (Recall that C^{A,Φ}_+ and C^{A,Φ}_− are equivalent information once the scattering relation α for (M, g) is known.) For brevity we omit the subscript “ + ” in C^{A,Φ}_+ from now on.

In this section we prove Theorem 1.5 from the Introduction. We restate it in the following form:

Theorem 8.1. Assume M is a compact simple surface, let A and B be two Hermitian connections, and let Φ and Ψ be two skew-Hermitian matrix functions. Then C^{A,Φ} = C^{B,Ψ} implies that there exists a smooth U : M → U(n) such that U|_{∂M} = Id and B = U^{−1}dU + U^{−1}AU, Ψ = U^{−1}ΦU.

Proof. Consider the unique matrix solution U_{A,Φ} : SM → U(n) to the transport equation: { (X + A + Φ)U_{A,Φ} = 0, U_{A,Φ}|_{∂−(SM)} = Id. Then C^{A,Φ} = U_{A,Φ}|_{∂+(SM)}. Similarly consider the unique matrix solution U_{B,Ψ} : SM → U(n) to the transport equation: { (X + B + Ψ)U_{B,Ψ} = 0, U_{B,Ψ}|_{∂−(SM)} = Id. Then C^{B,Ψ} = U_{B,Ψ}|_{∂+(SM)}.

Define U := U_{A,Φ}(U_{B,Ψ})^{−1} : SM → U(n). One easily checks that U satisfies: { XU + AU + ΦU − UB − UΨ = 0, U|_{∂(SM)} = Id. We are going to show that U is in fact smooth and it only depends on the base point x ∈ M thus giving rise to the desired function U : M → U(n).

Consider W := U − Id : SM → C^{n×n} , where C^{n×n} stands for the set of all n × n complex matrices. Clearly W satisfies XW + AW − W B + ΦW − W Ψ = B − A + Ψ − Φ, (14) W |_{∂(SM)} = 0. (15)

We now interpret these last two equations in terms of a suitable attenuated ray transform. We introduce a new connection Â on the trivial bundle M × C^{n×n} and a new Higgs field Φ̂ as follows: given a matrix R ∈ C^{n×n} we define Â(R) := AR − RB and Φ̂(R) := ΦR − RΨ. One easily checks that Â is Hermitian if A and B are, and also that Φ̂ is skew-Hermitian when Φ and Ψ are. Then equations (14) and (15) are saying precisely that I_{Â,Φ̂}(A − B + Φ − Ψ) = 0. Note that there is a unique solution W : SM → C^{n×n} satisfying (14) and W |_{∂−(SM)} = 0.

Up to this point the argument is valid on any nontrapping compact manifold with strictly convex boundary. We now use that fact that (M, g) is simple, and apply Theorem 1.3 to conclude that there is a smooth function p : M → C^{n×n} such that p vanishes on ∂M and Xp + Ap − pB + Φp − pΨ = B − A + Ψ − Φ. Hence W = p and U = W + Id has all the desired properties. □

References

[1] G. Bal, Ray transforms in hyperbolic geometry, J. Math. Pures Appl. 84 (2005), 1362–1392. [2] G. Bal, N. Hoell, The inversion of ray transforms on a conformal class of curves, preprint, arXiv:1011.3547.

[3] J. Boman, J.-O. Strömberg, Novikov’s inversion formula for the attenuated Radon transform – a new approach, J. Geom. Anal. 14 (2004), 185–198.

[4] N. Dairbekov, G.P. Paternain, Entropy production in Gaussian thermostats, Comm. Math.

Phys. 269 (2007) 533–543.

[5] M. Dunajski, Solitons, instantons, and twistors. Oxford Graduate Texts in Mathematics, 19.

Oxford University Press, Oxford, 2010.

[6] D. Finch, G. Uhlmann, The X-ray transform for a non-abelian connection in two dimensions, Inverse Problems 17 (2001) 695–701.

[7] G. Eskin, On non-abelian Radon transform, Russ. J. Math. Phys. 11 (2004) 391–408. [8] D. Finch, The attenuated X-ray transform: recent developments, in Inside Out: Inverse Problems and Applications (edited by G. Uhlmann), p. 47–66, MSRI Publications 47, Cambridge University Press, Cambridge (2003).

[9] V. Guillemin, D. Kazhdan, Some inverse spectral results for negatively curved 2-manifolds, Topology 19 (1980) 301–312.

[10] N.J. Hitchin, G.B. Segal, R.S. Ward, Integrable systems. Twistors, loop groups, and Riemann surfaces. Oxford Graduate Texts in Mathematics, 4. The Clarendon Press, Oxford University Press, New York, 1999.

[11] N. Manton, P. Sutcliffe, Topological solitons. Cambridge Monographs on Mathematical Physics.

Cambridge University Press, Cambridge, 2004.

[12] L.J. Mason, Global anti-self dual Yang-Mills fields in split signature and their scattering, J.

Reine Angew. Math. 597 (2006) 105–133.

[13] L.J. Mason, N.M.J. Woodhouse, Integrability, self-duality, and twistor theory. London Mathematical Society Monographs. New Series, 15. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1996.

[14] R. Michel, Sur la rigidité imposée par la longueur des géodésiques, Invent. Math. 65 (1981) 71–83.

[15] R. Novikov, An inversion formula for the attenuated X-ray transformation, Ark. Mat. 40 (2002), 145–167.

[16] R. Novikov, On determination of a gauge field on R^d from its non-abelian Radon transform along oriented straight lines, J. Inst. Math. Jussieu 1 (2002) 559–629.

[17] G.P. Paternain, Transparent connections over negatively curved surfaces, J. Mod. Dyn. 3 (2009) 311–333.

[18] G.P. Paternain, Bäcklund transformations for transparent connections, J. Reine Angew. Math.

658 (2011) 27–37.

[19] G.P. Paternain, Transparent pairs, to appear in J. Geom. Anal.

[20] L. Pestov, G. Uhlmann, On characterization of the range and inversion formulas for the geodesic X-ray transform, Int. Math. Res. Not. 80 (2004), 4331–4347.

[21] L. Pestov, G. Uhlmann, Two dimensional compact simple Riemannian manifolds are boundary distance rigid, Ann. of Math. 161 (2005) 1089–1106.

[22] M. Salo, G. Uhlmann, The attenuated ray transform on simple surfaces, J. Diff. Geom. 88 (2011) 161–187.

[23] V.A. Sharafutdinov, Integral geometry of tensor fields, Inverse and Ill-posed Problems Series.

VSP, Utrecht, 1994.

[24] V.A. Sharafutdinov, Ray Transform on Riemannian Manifolds. Eight Lectures on Integral Geometry, available at http://www.math.nsc.ru/~ sharafutdinov/publ.html.

[25] V.A. Sharafutdinov, On an inverse problem of determining a connection on a vector bundle, J.

Inverse and Ill-Posed Problems 8 (2000) 51–88.

[26] V.A. Sharafutdinov, G. Uhlmann, On deformation boundary rigidity and spectral rigidity of Riemannian surfaces with no focal points, J. Diff. Geom. 56 (2000) 93–110.

[27] G. Uhlmann, The Cauchy data and the scattering relation, IMA Publications, 137, “Geometric methods in inverse problems and PDE control” (2003) 263–288.

[28] L.B. Vertgeim, Integral geometry with a matrix weight, and a nonlinear problem of recovering matrices, Sov. Math.-Dokl. 44 (1992) 132–135.

[29] R.S. Ward, Soliton solutions in an integrable chiral model in 2+1 dimensions, J. Math. Phys.

29 (1988) 386–389.

Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, Cambridge CB3 0WB, UK

E-mail address: g.p.paternain@dpmms.cam.ac.uk

Department of Mathematics and Statistics, University of Helsinki and University of Jyväskylä

E-mail address: mikko.salo@helsinki.fi

Department of Mathematics, University of Washington and University of California, Irvine

E-mail address: gunther@math.washington.edu