arXiv:1108.1191v1 [hep-ph] 4 Aug 2011

SHEP-11-20

An improved model of vector mesons in holographic QCD

Raul Alvares^∗ School of Physics and Astronomy, Southampton University, Southampton, SO17 1BJ, UK

Carlos Hoyos^† and Andreas Karch^‡ Department of Physics, University of Washington, Seattle, WA 98915-1560, USA

We analyze the sector of dimension-three vector meson operators in the “hard wall” model of holographic QCD, including the vector and axial currents, dual to gauge fields in the bulk, and the tensor operator ψσ^{μν} ψ, dual to a two-form field satisfying a complex self-duality condition. The model includes the effect of chiral symmetry breaking on vector mesons, that involves a coupling between the dual gauge field and the two-form field. We compute the leading logarithmic terms in the operator product expansion of two-point functions and the leading non-perturbative contribution to the tensor-vector correlator. The result is consistent with the operator product expansion of QCD. We also study the spectrum of vector mesons numerically.

I. INTRODUCTION

Popular phenomenological models of QCD, such as the “hard wall model” [1, 2] as well as “the soft wall model” [3], rely on the assumption that one can map QCD to an effective theory in the bulk of the holographic fifth dimension. This is a very strong assumption, which is not fully justified. Such an effective description implies a large hierarchy of scales between meson masses and flux tube tension, which is not present in QCD. This is the main reason why these are at best phenomenological models. Nevertheless, they are a useful resource as they provide quick and easy ways to estimate many quantitative properties, provided one is willing to live with errors which, in most instances where these models can be compared to data, turn out to be in the 10–30% range. These simple tools are nice to have for QCD. They are even more valuable when studying QCD-like theories in particle physics, most notably as a theory of technicolor, or more generally as a potential “hidden sector” which may leave an imprint on LHC data. As far as, for example, meson spectra in QCD are concerned, holographic models will never be competitive with lattice gauge theories. However, when exploring theories of technicolor or hidden sectors one does not know, a priori, what the correct Lagrangian is. So one needs to explore many different models, each of which would require years of extensive computer simulations on the lattice, but only days in a holographic model.

While using a 5D effective theory for QCD is not necessarily justified, it should at least be done self-consistently. In the 5D effective theory, not only are higher derivative interactions and high dimension operators suppressed — one is also suppressing an infinite number of additional fields. In holography, we know that every boundary operator should correspond to a field in the bulk. Fields kept in the simplest holographic models correspond to boundary operators of UV dimension[22] 3. One can say that bulk fields dual to operators of higher dimension, which are more massive and hence can be integrated out, are being neglected. In a top-down holographic theory, such as the AdS_5 × S^5 dual of large N = 4 SYM with a large number of colors N_c and at strong ’t Hooft coupling λ [4–6], a similar reduction to a small subset of boundary operators and hence bulk fields is entirely justified: there is only a finite number of ten-dimensional fields dual to BPS operators, which retain their free field dimension. All other operators acquire anomalous dimensions of order λ^{1/4}, so their dual fields in the bulk acquire masses of the same order in λ and can safely be integrated out. In the phenomenological approach one includes the fields dual to dimension 3 operators, but hopes to be able to neglect operators of dimensions 4, 5, 6 and so on.

There are, however, two additional dimension 3 operators, ψ̄σ^{μν} ψ and ψ̄σ^{μν} γ_5ψ (σ^{μν} = i/2[γ^μ, γ^ν ] being the antisymmetrized product of two gamma matrices), whose dual field is not included in the simplest bulk model. The corresponding field, a complex bifundamental anti-symmetric rank-two tensor field B_{μν} , should be included for selfconsistency of the model. Real and imaginary part of this field correspond to the tensor operators with and without γ_5 insertion respectively. An immediate benefit resulting from the inclusion of this extra field is that one will obtain masses for isospin triplet vector mesons with J^{P C} = 1^{+−}, starting with the b_1 at a mass of 1235 MeV. They clearly

∗Electronic address: raulalvares@gmail.com †Electronic address: choyos@phys.washington.edu ‡Electronic address: karch@phys.washington.edu

should be part of the setup which, as it stands, can otherwise only incorporate 1^{−−} and 1^{++} vector mesons like the ρ and a_1.

Including a new field in the Lagrangian comes with new interaction terms and coupling constants. The original work on the hard wall model in ref. [1] has proposed a rigorous procedure to fix those, which so far has been very successful phenomenologically: first of all, we assume that the bulk is described by an effective field theory so we only write down interaction terms of bulk field theory dimension 5 or less (not to be confused with the dimension of boundary operators, which after all maps to the mass of the bulk field). The corresponding coupling constants as well as the normalization of the kinetic terms and the masses are obtained by demanding that at large momentum correlation functions in the bulk agree with the corresponding field theory values at weak coupling. This is basically the statement that one trusts the effective field theory picture in the bulk all the way into the UV. While this is a very strong assumption, it at least is a hypothesis that can be tested as it allows one to make predictions for particle masses and decay constants based on very few inputs. In the original hard wall model this procedure was used to fix the mass of the vectors and the scalar in the bulk, the five-dimensional gauge coupling and, as was pointed out later in ref. [7], it was also needed to fix the map between the asymptotic form of the scalar field and the quark mass, as well as the quark condensate ⟨ψ̄ψ⟩ in the field theory. Out of these, only the mass of the vectors could have been justified[23] without the assumption of a valid effective theory in the UV. But already for the determination of the gauge coupling one had to rely on the two-point functions of the currents, whose overall normalization is not protected.

Preliminary advances in including the B_{μν} field in the bulk has recently appeared in the pioneering work [8], but only in a form which does not account for chiral symmetry breaking. In that work only the real part of B_{μν} is considered; this field propagates the new 1^{+−} tensor mesons, but also an additional copy of 1^{−−} vector mesons. More importantly, only quadratic terms were included in the action for the new B-field. Its mass is fixed to 1 in AdS units by requiring that the dual operator has dimension 3; the normalization of the kinetic term is fixed, as in the original hard wall model, by requiring the large momentum limit of two-point functions to agree with asymptotically free QCD. However there is one more bulk operator of dimension 5 or less that needs to be included in the action to communicate the effects of chiral symmetry breaking to the B_{μν} field and ensure that there is only a single set of vector mesons and no double counting, that would happen since gauge fields and the B_{μν} fields have the same degenerate spectra in the absence of this term. This extra term has the form T r(X^†F_LB + BF_RX^† + h.c.), where X is the bifundamental scalar responsible for chiral symmetry breaking and F_{L/R} are the field strengths for the bulk gauge fields dual to the chiral symmetry currents. The coupling constant in front of this term may be fixed by demanding the correct OPE structure of the correlator in the UV.

More progress in this direction was made in ref. [9], where it was proposed that the action of the complex B_{μν} field should be first order, in such a way that the four-dimensional components satisfy a complex self-duality condition. The reason behind this choice is that in four dimensions the tensor operators ψ̄σ^{μν} ψ and ψ̄σ^{μν} γ_5ψ are not independent, but given the definition of γ_5 = iγ^0γ^1γ^2γ^3, they are related by ψ̄σ^{μν} γ_5ψ = i 2 ϵ^{μν}_{αβ}ψ̄σ^{αβ} ψ. (1) Hence a similar condition must be imposed on the two-form field. Following a similar procedure, we choose the action for the B_{μν} to be a Chern-Simons action with a mass term,[24] schematically

S_B = − ∫ d^5x [ i(B ∧ dB^† − B^† ∧ dB) + m_B |B|^2 ] . (2)

The duality condition follows from the equations of motion. We differ from ref. [9] in several ways. Just like in ref. [8], the authors do not include the effects of the dimension 5 bulk operator that communicates chiral symmetry breaking to the tensor sector, even though they correctly point out that its effect should be included. Secondly, in order to fix the degeneracies resulting from this truncation to a free field theory, they let the mass of the bulk B_{μν} field take different values, so that the field is dual to operators of dimension Δ different than 3. While it is true, as we pointed out above, that using matching to free field theory is not a well justified procedure, it is at least a testable assumption and so far has met with surprisingly large phenomenological success. If one abandons this, one should not just treat the mass of the B_{μν} field as a new free parameter, but also the five-dimensional gauge coupling, the mass and normalization of the bulk scalar field as well as the normalization of the B_{μν} kinetic term, all of which affect the correlation functions in the boundary theory. In this case the model loses virtually all predictive power. Given the surprising accuracy with which the hard wall model so far has predicted particle masses, we believe it is premature to abandon the procedure of matching to UV correlators at this stage. We fix our parameters to reproduce the boundary expansion of a field dual to an operator of dimension Δ = 3.

In this paper we will explicitly carry out the calculation for the short distance behavior of the bulk correlation functions of B_{μν} . Comparing to the operator product expansion (OPE) of weakly coupled QCD we will indeed be able to completely fix all new coupling constants in the bulk. In fact, the set of conditions we obtain for the couplings is overdetermined and the fact that we can find values that allow us to reproduce all QCD correlation functions to leading order is a nice consistency check. The upshot is that this improved model has no new undetermined parameters. For now this serves as a proof of principle that this matching can be done. One has an improved hard wall model with no new free input parameters but several new predictions (masses and decay constants for the tensor and axial tensor mesons). Whether the phenomenological success of the model survives these additions will be a good test to what extent the underlying assumption of an effective description in five dimensions gives an accurate picture of real QCD. We analyze the meson spectrum, we demonstrate that the cubic coupling indeed removes all the unwanted degeneracies of masses that were present in the case of a free B_{μν} , but unfortunately the meson spectrum that we observe does not match with what has been measured for QCD.

The organization of this paper is as follows: in section II we will review the short distance structure of the correlation functions involving the dimension 3 vector operators in QCD, as this is what we want to reproduce. In section III we present the improved holographic model. We derive equations of motion and the renormalized action in sections IV and V respectively. In section V we calculate the short distance correlation functions in the theory with massive quarks and extract the bulk coupling constants from comparing to QCD. As some of the correlation functions have the leading short distance terms proportional to the mass, in the chiral limit several correlators are dominated by the subleading term involving the chiral condensate. As our bulk Lagrangian at this stage is entirely determined, reproducing these correlators is a non-trivial check of our construction. We demonstrate that this indeed works out in section VI. In section VII we analyze the meson spectrum and the phenomenological issues that appear in the new model. In section VIII we summarize our results.

II. CORRELATION FUNCTIONS IN QCD

In two-flavor QCD, the relevant two-point functions in the vector sector are: Π^{μν, ab} V V (q^2) = i ∫ d^4x e^{iqx}⟨Ω|T {V^{μ a}(x)V^{ν b †}(0)}|Ω⟩, (3) Π^{μ;νρ, ab} V T (q^2) = i ∫ d^4x e^{iqx}⟨Ω|T {T^{νρ a}(x)V^{μ† b}(0)}|Ω⟩, (4) Π^{μν;αβ, ab} T T (q^2) = i ∫ d^4x e^{iqx}⟨Ω|T {T^{μν a}(x)T^{αβ† b}(0)}|Ω⟩, (5) where V^{μ a}(x) = ψ̄(x)γ^μτ^a ψ(x) and T^{μν a}(x) = ψ̄(x)σ^{μν} τ^a ψ(x) are the vector and tensor isospin triplet currents respectively, and |Ω⟩ is the non-perturbative vacuum. We choose a normalization for the isospin generators such that tr (τ^aτ^b) =^1_2 δ^{ab}. The two-point functions above have the following kinematic structure: Π^{μν, ab} V V (q^2) = δ^{ab}(q^μq^ν − q^2η^{μν} )Π_{V V} (q^2), (6) Π^{μν;αβ, ab} T T (q^2) = δ^{ab}Π^+_{T T} (q^2)F^{μν;αβ}_+ + δ^{ab}Π^−_{T T} (q^2)F^{μν;αβ}_− , (7) Π^{μ;νρ, ab} V T (q^2) = iδ^{ab}(η^{μν} q^ρ − η^{μρ}q^ν )Π_{V T} (q^2), (8)

where, defining the projector q^2P_{μν} = q^2η_{μν} − q_μq_ν ,

P^α_{[μ}P^β_{ν]} = 1 q^2

F^{αβ}_{+μν} ; (9)

projects onto positive parity. Its counterpart is F^{μν;αβ} − = F^{μν;αβ}_+ − q^2(η^{μα}η^{νβ} − η^{μβ} η^{να}), (10)

so F_− ∼ F_+ − 1 is the negative parity projector. Notice that the sign of F_− is chosen so it is actually minus the projector F^{μν;αβ} − = −(q^ν q^β η^{μα} + q^μq^αη^{νβ} − q^ν q^αη^{μβ} − q^μq^βη^{να}). (11)

We also have:

(δ^α_μ δ^β_ν − δ^β_μ δ^α_ν ) − P^α_{[μ} P^β_{ν]} = − 1 q^2

F_−^{αβ}_{μν} , (12) with F_±^{μν}_{αβ} F_±^{αβ}_{σρ} = ±2q^2F_±^{μν}_{σρ}. (13) In the large-N_c limit the two-point functions above are saturated by single-particle exchange of an infinite number of stable mesons, in this approximation to real QCD we can write, up to subtractions, the two-point functions above as:

Π_{V V} (q^2) = ∑ n f^2_{ρ,n} M^2_{ρ,n} − q^2

; Π^−_{T T} (q^2) = ∑ n (f^T_{ρ,n})^2 M^2_{ρ,n} − q^2

(14)

Π^+_{T T} (q^2) = ∑ n f^2_{b,n} M^2_{b,n} − q^2

; Π_{V T} (q^2) = ∑ n f_{ρ,n}f^T_{ρ,n} M^2_{ρ,n} − q^2

with the decay constants defined as: ⟨Ω|V^a_μ |ρ^b_n(p, λ)⟩ = M_{ρ,n}δ^{ab}f_{ρ,n}ϵ_μ(p, λ), (15) ⟨Ω|T^a_{μν} |ρ^b_n(p, λ)⟩ = iδ^{ab}f^T_{ρ,n}[p_μϵ_ν (p, λ) − p_ν ϵ_μ(p, λ)], (16) ⟨Ω|T^a_{μν} |b^b_n(p, λ)⟩ = iδ^{ab}f_{b,n}ε_{μναβ} p^αϵ^β (p, λ). (17) As it is made explicit by the notation above, the current V^μ produces vector mesons (J^{P C} = 1^{−−}) like the ρ, while the tensor operator T^{μν} produces both vector mesons and their even-parity partners (J^{P C} = 1^{+−}), like the b_1 meson. For large Euclidean momentum Q^2 = −q^2 → ∞ contributions to these correlators can be organized according to the operator product expansion (OPE), with a leading perturbative contribution plus an expansion on the several vacuum condensates, ⟨ψ̄ψ⟩, ⟨α_sG^2⟩, etc., that capture the non-perturbative effects. This was originally done for three colors in refs. [10–12]. Expressions for a general number of colors can also be found in refs. [13–15]. To leading order we have: lim Q^2→∞ Π_{V V} (Q^2) = − N_c 24π^2 log Q^2 μ^2 + O ( α_s Q^4 ) , (18) lim Q^2→∞ Π^±_{T T} (Q^2) = − N_c 48π^2 log Q^2 μ^2 ∓ N_c 8π^2 m^2 Q^2 log Q^2 μ^2 + O ( α_s Q^4 ) , (19) lim Q^2→∞ Π_{V T} (Q^2) = N_c 16π^2 m log

Q^2 μ^2 − ⟨ψ̄ψ⟩ Q^2 + O ( α_s Q^4 ) , (20)

where m is the quark mass. This is the large momentum behaviour of the correlators that we will use to fix the free parameters of the five-dimensional action.

III. IMPROVED MODEL OF HOLOGRAPHIC QCD

The model we consider is an extension of the hard wall model of ref. [1], but it can be generalized to other holographic QCD models like the soft wall model of ref. [3]. We use a five-dimensional geometry to describe the dynamics of four-dimensional QCD with a large number of colors N_c → ∞. The metric is that of AdS_5 with a radius ℓ, we choose a mostly minus signature and work with the coordinate system

ds^2 = g_{MN} dx^M dx^N = ℓ^2 z^2 ( −dz^2 + η_{μν} dx^μdx^ν ) . (21)

In these coordinates the boundary is at z = 0. In order to recover some of the physics of confinement, we introduce a cutoff in the radial coordinate z_m. Since the radial coordinate maps to a renormalization group scale in the dual theory, with z = 0 corresponding to the UV, the cutoff 1/z_m can be interpreted as an IR scale where the theory becomes confining.

We introduce a set of fields ϕ(x, z) in the five-dimensional theory that are dual to mesonic operators O(x) in the field theory with conformal dimensions Δ ≤ 3 and spin J ≤ 1. In previous works this was done considering scalar and vector fields. This included both scalar and pseudoscalar mesons, as well as vector mesons 1^{−−} and axial vector mesons 1^{++}, but the full set of vector mesons include also 1^{+−} states, that were missing in the original formulation. These can be included by considering a complex two-index antisymmetric field B_{μν} , or two-form for short.

The five-dimensional theory has a U(2)_L × U(2)_R gauge symmetry, that maps to the global flavor symmetry of two-flavor QCD. The fields A_{L μ} and A_{R μ} will be the associated gauge bosons, while the complex fields X and B_{μν} are in a bifundamental representation X −→ U_LXU^†_R, B_{μν} −→ U_LB_{μν} U^†_R. (22) The map between operators and fields can be summarized as:

4D : O(x) 5D : ϕ(x, z) Δ m^2_ϕℓ^2 √ 2ψ_Lγ_μτ^aψ_L A^a_{L μ} 3 0 √ 2ψ_Rγ_μτ^aψ_R A^a_{R μ} 3 0 ψ^α_Lψ^β_R X^{αβ} 3 −3 ψ^α_Lσ_{μν} ψ^β_R B^{αβ}_{μν} 3 1 Where m^2_ϕℓ^2 is the mass of the field. We have chosen masses such that the conformal dimension Δ of the dual operator matches with its free value. Although quantum corrections will change the conformal dimension of operators in the IR, QCD is a free theory in the UV and is in this regime where we will do the matching with our model, hence our choice of masses both for the scalar and the two-form field. We can also form the real combinations

4D : O(x) 5D : ϕ(x, z) Δ m^2_ϕℓ^2 ψγ_μτ^aψ V^a_μ = (A^a_{R μ} + A^a_{L μ})/ √ 2 3 0 ψγ_μγ_5τ^aψ A^a_μ = (A^a_{R μ} − A^a_{L μ})/ √ 2 3 0 ψ^αψ^β X^{αβ}_+ = X^{αβ} + X^{† αβ} 3 −3 i v^αγ_5ψ^β X^{αβ}_− = i ( X^{αβ} − X^{† αβ} ) 3 −3 1√ 2 ψ^ασ_{μν} ψ^β B^{αβ}_{+ μν} = (B^{αβ}_{μν} + B^{† αβ}_{μν} )/ √ 2 3 1 i√ 2 ψ^ασ_{μν} γ_5ψ^β B^{αβ}_{− μν} = i ( B^{αβ}_{μν} − B^{† αβ}_{μν} ) / √ 2 3 1

Although the flavor representation is correct, in four dimensions a complex two-form has too many degrees of freedom, the reason is that the tensor operators are not all independent, but satisfy the duality condition (1). This relation implies that the complex two-form has to be imaginary anti self-dual.

Defining F_L and F_R as the field strengths of A_L and A_R, H = dB − iA_L ∧ B + iB ∧ A_R as the three-form field strength of B, and DX = dX − iA_LX + iXA_R as the covariant derivative of X, the action takes the form S = ∫ d^5x √ −g tr [ − 1 4g^2_5

(F^2_L + F^2_R) + g^2_X ( |DX|^2 + 3 |X|^2 ) − 2g_B ( i 1 6 (B ∧ H^† − B^† ∧ H) + m_B |B|^2 ) + + λ 2 (X^†F_LB + BF_RX^† + h.c.) ] . (23)

The trace is taken over the gauge indices. The factors of the AdS radius ℓ have been absorbed in the coupling constants or the masses.

Let us comment on the different terms. The first term is the kinetic action of the gauge fields, its coefficient was fixed in the original hard wall model comparing the expansion of the holographic vector-vector correlation function at large Euclidean momentum with the OPE of QCD [1]. The result was 1 g^2_5 = N_c 12π^2

. (24)

The second term is the scalar action, that is usually canonically normalized, which can be achieved by rescaling g_X X → X in (23). The asymptotic value of the scalar field close to the boundary z = 0 determines the quark mass m and the condensate ⟨ ψψ ⟩ in the dual theory. With canonical normalization, g_X now appears in this relation:

X = 1 2 ( g_X m z + ⟨ ψψ ⟩ g_X z^3 ) 1_{2×2} ≡ g_X 2 v(z)1_{2×2} . (25)

The reason that there are not two independent normalization constants in this relation is that the expectation value of the mass operator ⟨ ψψ ⟩ can be obtained from varying the on-shell action with respect to m. The value of g_X was determined in ref. [7] comparing the holographic scalar-scalar correlation function at large Euclidean momentum with the OPE of QCD,

g^2_X = N_c 4π^2

. (26)

The third term is the action of the two-form field. The kinetic term in the action has been replaced by a Chern- Simons term, and the mass m_B is a free parameter. We will see latter that the right self-duality condition for the two-form field can be derived from the equations of motion of this action by fixing the mass. Then, following the usual procedure, we will compute the holographic tensor-tensor correlator, expand it at large Euclidean momentum, and match with the OPE of QCD. The last term is the most general gauge-invariant term of dimension five or less that couple isospin triplet vector mesons and preserve parity and charge conjugation in the dual theory [9].

We can rewite the interaction term in (23) using real fields tr ( X^†F_LB + BF_RX^† + h.c. ) = 1 2 tr ( X_+ ( {F_V , B_+} + i[F_A, B_−] ) + X_− ( {F_V , B_−} − i[F_A, B_+] )) . (27)

The term (27) determines how chiral symmetry breaking affects to the isospin triplet 1^{−−} vector mesons. Without this coupling the spectrum will be determined by the equations of motion of the V field, but once we introduce it, the B_+ field and the V field are coupled.

Using the expression (25) for the background scalar field and taking the trace in the action (23), we get in the vector sector

S_V = ∫ d^5x √ −g [ − 1 4g^2_5 ∑ i=V,A F_{i MN} F^{i MN} + g_B 3 ε^{MNLP Q} ( B_{−MN} H_{+LP Q} − B_{+MN} H_{−LP Q} ) −

− g_B m_B ∑ α=+,− B_{αMN} B^{MN}_α + λ 2 v(z)F_{V MN} B^{MN}_+ ] , (28)

where we have suppressed gauge indices. In total we have introduced three new parameters, g_B , m_B and λ. We will now fix m_B imposing the self-duality condition and g_B and λ using the matching with the OPE of QCD. The only free parameters left in the model are the mass m, the condensate σ = ⟨ ψψ ⟩ /g^2_X and the IR scale 1/z_m. Although by introducing the B field we have added a new sector of vector mesons and therefore of masses and decay constants we can compare the model with, we have not increased the number of free parameters. Notice that the axial sector, involving the fields X and A is untouched.

IV. EQUATIONS OF MOTION

Our next step is to calculate the equations of motion for the fields B^{μz}_± ,B^{μν}_± , and V^μ from the action (28). We will write explicitly all the factors involving the radial coordinate and raise and lower indices with the flat metric, using g_{MN} =^1_{z2} η_{MN} . Greek letters for the indices will refer to the flat Minkowsky directions and capitalized italic letters will include the radial direction z. Let us consider first the case with no interaction, λ = 0. From (28) we get the equations of motion for the components of the two-form ± 1 3 ε^{MNLP Q}H_{∓MNL} + m_B B^{P Q}_± = 0. (29) Including explicit powers of z we have: ±ϵ^{zαβμν} H_{∓zαβ} + m_B z B^{μν}_± = 0, (30) ±ϵ^{zαβγμ}H_{∓αβγ} + 3m_B z B^{μz}_± = 0, (31)

with the definition ϵ_{zαβμν} ≡ ϵ_{αβμν} =⇒ ϵ^{zαβμν} = −ϵ^{αβμν} . After some algebra, one can write the equations of motion as z∂_z ( zH^{zμν}_± ) + z^2∂_αH^{αμν}_± + m^2_B 4 B^{μν}_± = 0, (32) ∂_αH^{αμz}_± + m^2_B 4z^2

B^{μz}_± = 0. (33)

Note that equation (29) is of the type dB − ∗B = 0 which implies the constraint d ∗ B = 0. In components,

∂_μB^{μz}_± = 0, (34) ∂_μB^{μν}_± + z∂_z 1 z B^{zν}_± = 0. (35)

Using (35) in (32) and (33) we can eliminate ∂_zB^{νz}_± from the former and B^{μν}_± from the latter. Expanding solutions in Fourier modes of four-momentum q^μ we get:

z^2∂^2_z B^{μν}_± + z∂_zB^{μν}_± + ( z^2q^2 − m^2_B 4 ) B^{μν}_± = 2izq^{[μ}B^{ν]z}_± , (36)

∂^2_z B^{μz}_± − 1 z ∂_zB^{μz}_± + ( q^2 +

4 − m^2_B 4z^2 ) B^{μz}_± = 0. (37)

Let us use the following decomposition

B^{μν}_± = iq^{[μ}T^{ν]}_± + iϵ^{μνσρ}q_σ T_{± ρ}. (38)

If the two-form field is dual to an operator of conformal dimensions Δ = 3, then its expansion at small z should be

T^μ_± = 1 z T^{(0)μ}_± + z log zT^{(1)μ}_± + zT^{(2)μ}_± + · · ·

T^μ_± = 1 z T^{(0)μ}_± + z log zT^{(1)μ}_± + zT^{(2)μ}_± + · · · (39)

This is possible if we set m^2_B = 4. Setting m_B = 2 and using the original equations (30) and (31), from the leading ∼ 1/z^2 term we get the conditions

T^{(0)μ}_∓ = ±T^{(0)μ}_± . (40)

The conditions (40) above imply that

B^{(0)}_{+ μν} + 1 2 ϵ_{μναβ} B^{(0)αβ}_− = 0. (41)

Let us define b_{μν} = B^{(0)}_{+ μν} − iB^{(0)}_{− μν} . In terms of b, the condition above means it is imaginary anti-self-dual

b + i ∗ b = 0. (42)

The conjugate b^† is imaginary self-dual.

Let us now study the effect of adding to the action a kinetic term for the two-form field, with a relative coefficient C > 0. ΔS = g_B C ∫ d^5x √ −g [ ∑ α=+,− H_{αMNL}H^{MNL}_α ] , (43)

Given arbitrary mass m_B , we find the following equations C∇_LH^{LMN} ± ± 1 3 ε^{MNABC} H_{∓ ABC} + m_B B^{MN}_± = 0 . (44) Where ∇_L ≡^{1√}_{−g} ∂_L √ −g. Assuming that the leading term in the small-z expansion of the two-form field is B^{μν}_± ≃ z^ν B^{(0)μν}_± , one finds that B^{(0)μν}_± satisfies an imaginary (anti) self-duality condition if

Cν^2 ∓ 2ν − m_B = 0. (45)

The upper sign corresponds to the condition (41). The derivation is valid if m_B − Cν^2 ≠ 0, otherwise the leading term is a logarithm and the analysis is different. The equations for plus and minus components can be decoupled, giving a fourth order equation

(4 + 2m_BC)∇_K H^{KP Q}_± + m^2_B B^{P Q}_± +

C^2 2 ∇_L [( g^{KP} g^{CQ}g^{DL} + (P QL) ) ∂_K ( g_{CU} g_{DV} ∇_S H^{SUV}_± )] = 0. (46)

Where by (P QL) we denote permutations with a minus sign if they are odd with respect to the first term. To leading order in z, the equation for the spacetime components B^{μν}_± imposes a constraint on ν in the form of a quartic equation

C^2ν^4 − (4 + 2m_B C)ν + m^2_B = 0. (47)

We can rewrite this equation as

(Cν^2 + 2ν − m_B )(Cν^2 − 2ν − m_B ) = 0. (48)

Therefore, when the solution is (anti) self-dual the quartic equation is automatically satisfied. This shows that we can always impose the right self-duality condition, although we can also have solutions with opposite self-duality conditions if we change ν, we have to set those to zero by hand. Instead, we will drop the kinetic term, we will show that it does not affect to properties of the model like the meson spectrum, although it can affect to correlation functions because it contributes to the boundary action.

If we set C = 0, then the equations (46) become ∇_K H^{KP Q} ± + m^2_B 4 B^{P Q}_± = 0. (49)

Let us now do the following trick, we can rewrite (44) as C [ ∇_LH^{LMN} ± + m̃^2_B 4 B^{MN}_± ] ± 1 3 ε^{MNABC} H_{∓ ABC} + ( m_B − m̃^2_B C 4 ) B^{MN}_± = 0 . (50)

Then, if

m_B = m̃_B + m̃^2_B C 4 , (51)

the solutions to the C = 0 decoupled equation (49) with mass m̃_B would make the term that multiplies C in the first bracket vanish, so one would recover the C = 0 equations again. Now let us fix the asymptotic expansion (39) (ν = −1) and impose the self-duality condition (41). By fixing the mass to the value m_B = 2 + C we can solve the system with C ≠ 0 using the solutions for C = 0.[25] If one examines the equations involving the interaction term below one sees that the same is true if the coupling is rescaled appropriately. An exception to this rule may be the case m_B = 0, where there is an additional gauge invariance associated to the two-form field δB_{MN} = ∂_{[M} Λ_{N]} and the separation in two parts of the equations of motion involves introducing gauge non-invariant terms. It also coincides with the case ν = 0, where the leading solution is logarithmic. We will neglect this case and set C = 0 from now on.

We now consider the interaction term, it does not affect to the leading asymptotic behavior, so the value of m_B = 2 is not changed. The equations of motion of the B_+ two-form are

z∂_αH^{αμν}_+ + ∂_zzH^{zμν}_+ + B^{μν}_+ z = λ 8g_B v(z) F^{μν}_V z , (52) ∂_αzH^{ανz}_+ + B^{νz}_+ z = λ 8g_B v(z) z F^{νz}_V , (53) z∂_αH^{αμν}_− + ∂_zzH^{zμν}_− + B^{μν}_− z = − λ 8g_B v^′(z)F_{V αβ} ϵ^{αβμν} , (54) ∂_αzH^{ανz}_− + B^{νz}_− z = 0. (55)

The equations of motion of the vector fields and the constraints for the two-form fields are ∂_z 1 z B^{νz}_+ − 1 z ∂_μB^{μν}_+ = λ 8g_B [ ∂_z v(z) z F^{νz}_V − v(z) z ∂_μF^{μν}_V ] , (56) ∂_z 1 z F^{νz}_V − 1 z ∂_μF^{μν}_V = λg^2_5 [ ∂_z v(z) z B^{νz}_+ − v(z) z ∂_μB^{μν}_+ ] , (57) ∂_z 1 z B^{νz}_− − 1 z ∂_μB^{μν}_− = 0, (58) ∂_z 1 z F^{νz}_A − 1 z ∂_μF^{μν}_A = g^2_5 g^2_X v^2(z) z^3

A^ν . (59)

We now expand in Fourier modes and simplify the system to: ∂_zB^{νz}_+ − f(z) g(z) B^{νz}_+ − iq_μB^{μν}_+ = λ 8g_B v^′(z) g(z) ∂_zV^ν (60)

∂^2_z V^ν − f(z) g(z) ∂_zV^ν + q^2V^ν = λg^2_5 v^′(z) g(z) B^{νz}_+ (61) ∂_zB^{νz}_− − 1 z B^{νz}_− − iq_μB^{μν}_− = 0 (62)

∂^2_z A^ν − 1 z ∂_zA^ν + q^2A^ν = g^2_5 g^2_X v^2(z) z^2

A^ν (63)

Where f(z) =^1_z + χ zv(z)(^{v(z)}_z )^′, g(z) = 1 − χ v(z)^2 and χ = λ^2g^2_5 /(8g_B). Note the structure of the equations, we can understand how the fields mix among themselves by considering parity conservation: the vector mode V^μ (negative parity) couples to its vector partner B^{νz}_+ (61) and to the tensor component of negative parity (52). We can further decouple the system of equations above: [ ∂^2_z − f(z) g(z) ∂_z − (C_1(z) − q^2) ] B^{νz}_+ = − λ 8g_B [ C_2(z)V^{′ν} + v^′(z)q^2 g(z) V^ν ] , (64) [ ∂^2_z − 1 z ∂_z + q^2 ] B^{νz}_− = 0, (65)

where

C_1(z) = ∂_z f(z) g(z) + 1 z^2 + χ v^{′2} g(z)^2

, (66)

C_2(z) = v(z) z^2 − ∂_z v^′(z) g(z) − v^′(z) f(z) g^2(z)

. (67)

The equations for the tensor components of the two-form field are [ z∂_zz∂_z − 1 + z^2q^2 ] B^{μν}_+ = −i λ 8g_B [ v(z)q^{[μ}V^{ν]} − z^2v^′(z) g(z) ∂_z q^{[μ}V^{ν]} ] + ( z^2 f(z) g(z) + z ) iq^{[μ}B^{ν]z}_+ , (68) [ z∂_zz∂_z − 1 + z^2q^2 ] B^{μν}_− = −i λ 8g_B zv^′(z)q_{[α}V_{β]}ϵ^{αβμν} + 2ziq^{[μ}B^{ν]z}_− . (69) Our final equations of motion can then be divided in the vector (61), axial vector (63), and two-form components (64), (65), (68) and (69). A more convenient grouping is in four decoupled sets: {A^μ}, {V^μ, B^{μz}_+ , (δ^μ_α −P^μ_α )B^{αν}_+ , P^μ_α P^ν_β B^{αβ}_− }, {P^μ_α P^ν_β B^{αβ}_+ } and {B^{μz}_− , (δ^μ_α −P^μ_α )B^{αν}_− }. Normalizable solutions of the first two sets correspond to 1^{++} and 1^{−−} mesons in the dual theory, respectively. The last two are not independent since they are coupled in the original system of first order equations (30), (31), and normalizable solutions correspond to 1^{+−} mesons. Notice that b^{μν}_+ ≡ zP^μ_α P^ν_β B^{αβ}_+ satisfies the same equation as B^{μz}_− , and that this one is the same as the equation for vector mesons (61) in the absence of the interaction term λ = 0. Therefore, the interaction lifts the degeneracy between 1^{−−} and 1^{+−} mesons.

A. Boundary expansion

We now proceed to do a Frobenius expansion of solutions close to the boundary at z = 0. This will be useful for both the calculation of renormalized two-point functions and the calculation of the meson spectrum. Using (38) in (30), we find the conditions

∓ (∂_zT_{∓ μ} + B_{∓ μz} ) + 1 z T_{± μ} = 0,

∂_z T^μ_− + 1 z T^μ_+ = λ 8g_B v z V^μ, − ∂_zT^μ_+ + 1 z T^μ_− = 0. (70)

And from (31) we have

− q^2T^μ_− + 1 z B^{μz}_+ = λ 8g_B v z ∂_zV^μ, q^2T^μ_+ + 1 z B^{μz}_− = 0. (71)

The expansion of the vector components at small z is given by (39) and

A^μ_± = A^{(0)μ}_± + z^2 log zA^{(1)μ}_± + z^2A^{(2)μ}_± + · · · , B^{μz}_± = B^{(0)μ}_± + z^2 log zB^{(1)μ}_± + z^2B^{(1)μ}_± + · · · , (72)

where we have defined A^μ_+ = V^μ and A^μ_− = A^μ. Expanding (70), (71), (57) and (59) for small z we find a set of conditions that allows us to solve for the coefficients of the logarithmic terms and give us a relation between the leading terms, dual to sources in the field theory. In particular we recover the imaginary self-duality condition (40) for the components of the two-form field. Defining λ̃_+ = λ/(8g_B ), λ̃_− = 0, q^2_+ = q^2 and q^2_− = q^2 − g^2_X g^2_5 m^2, we can write them in a compact form

B^{(0)μ}_± = ±q^2T^{(0)μ}_±, T^{(0)μ}_∓ = ±T^{(0)μ}_±,

T^{(1)μ}_± = q^2 2 T^{(0)μ}_± − λ̃_± 2 mA^{(0)μ}_±, T^{(1)}_∓ = ∓ q^2 2 T^{(0)μ}_± ± λ̃_± 2 mA^{(0)μ}_±, T^{(2)μ}_∓ = ∓T^{(2)μ}_± ± 1 2 (q^2T^{(0)μ}_± + λ̃_±mA^{(0)μ}_±) A^{(1)μ}_± = − 1 2 (q^2_±A^{(0)μ}_± − g^2_5 λ_±mq^2T^{(0)μ}_±). (73)

V. HOLOGRAPHIC RENORMALIZATION

We will follow the usual holographic procedure to compute correlation functions, deriving the on-shell action with respect to the sources of dual operators. The action usually diverges, so we will introduce a cutoff at a small value of the radial coordinate z = ε to regularize it. We will introduce counterterms following the usual prescription [16] to make the action finite before removing the cutoff ε → 0.

The on-shell regularized action is S_{o.s.} = ∫ d^4x √ −g [ 1 2g^2_5 g^{zz}g^{μν} ∑ a=± F_{± zμ}A_{± ν} − λvg^{zz}g^{μν} B_{+,zμ}A_{+,ν} ] z=ε + S_{CS}. (74)

Where we have introduced the cutoff ε and the overall sign corresponds to taking the lower limit in the z integral. S_{CS} is the contribution of the two-form Chern-Simons action. The action has the form S_{CS} = −g_B ∫ d^5x i 3 tr ( B ∧ H^† − B^† ∧ H ) = g_B 3 ∫ d^5xε^{MNLP Q} ( B_{−MN} H_{+LP Q} − B_{+MN} H_{−LP Q} ) . (75)

A variation gives, to leading order, δS_{CS} = − g_B 3 ∫ d^4x ε^{μναβ} ( B_{−μν} δB_{+αβ} − B_{+μν} δB_{−αβ} ) . (76)

Where the fields are evaluated at the cutoff z = ε. The condition (41) implies that we cannot vary B_+ and B_− independently, but since B_+ + ∗B_− = 0 at the boundary, we should treat B_+ − ∗B_− as the variable boundary value. In order to have a consistent variational principle we need to add a boundary term to the action, of the form

S_0 = 2g_B 3 ∫ d^4x √ −γ tr ( γ^{μα}γ^{νβ}B^†_{μν} B_{αβ} ) , (77)

where the indices are raised with the induced boundary metric γ_{μν} = ε^{−2}η_{μν} . The variation of this term, with expicit ε factors, is

δS_0 = 2g_B 3 ∫ d^4x ( B^{μν}_+ δB_{+μν} + B^{μν}_− δB_{−μν} ) . (78)

The sum of the two variations gives

δ(S_{CS} + S_0) = 2g_B 3 ∫ d^4x ( B^{μν}_+ + 1 2 ϵ^{μναβ} B_{− αβ} ) δ ( B_{+μν} − 1 2 ϵ^{σρ}_{μν} B_{− σρ} ) . (79)

This gives a consistent variational principle.

The total on-shell regularized action is S_{o.s.} = ∫ d^4x [ − 1 2g^2_5 1 z ∑ a=± ∂_zA^μ_a A_{a μ} + λ v z B^μ_{+ z}V_μ + g_B 3 ∑ a=± B_{a μν} B^{μν}_a ] z=ε . (80)

The bulk contribution vanishes on-shell.

Expanding for small ε we find that, for Fourier modes of momentum q_μ, 1 z ∂_zA^μ_±A_{± μ} ∼ (2A^{(2)}_{± μ} + A^{(1)}_{± μ})A^{(0)μ}_± +

+2 log(Qε)A^{(1)}_{± μ}A^{(0)μ}_±, (81) v z B^μ_{± z} A_{± μ} ∼ −mB^{(0)}_{± μ}A^{(0)μ}_±, (82) ∑ a=± B_{a μν} B^{μν}_a ∼ 4q^2 log(Qε) ( q^2T^{(0)μ}_+T^{(0)}_{+ μ} + q^2T^{(0)μ}_+T^{(0)}_{+ μ} − λ 8g_B mT^{(0)μ}_+A^{(0)}_{+ μ} ) + +8q^2(T^{(0)μ}_+T^{(2)}_{+ μ} − T^{(0)μ}_+T^{(2)}_{+ μ}) + · · · (83)

Where the dots refer to local terms in the sources, they will not be relevant because we can remove them with finite counterterms.

To this action we have to add some boundary counterterms to remove the divergences that appear as ε → 0. As expected, the leading divergence 1/ε^2 does not appear in the action of the two-form field. There are however additional logarithmic divergences. In order to completely cancel them we need more counterterms, of the form H^2, F^2, (dX)^2 and XF B. More explicitly, we have that the finite regularized action is

S_{reg} = S_{o.s} + S_1 + S_2 + S_{3 +} + S_{3 −} + S_4 + S_{finite} (84)

where

S_1 = c_1 ∫ d^4x log(με) √ −γ ∑ a=± H_{a μνσ} H^{μνσ}_a , (85) S_2 = c_2 ∫ d^4x log(με) √ −γX_+F_{V μν} B^{μν}_+ , (86) S_{3,±} = c_{3,±} ∫ d^4x log(με) √ −γF_{± μν} F^{μν}_± . (87) S_4 = c_4 ∫ d^4x log(με) √ −γ(D_μX)^†(D^μX). (88)

Notice that we can also have finite conterterms, corresponding to S_1, S_2, S_{3 ±} and S_4 with no log factors. We will introduce the finite counterterms in S_{finite} and use them later on.

In the ε → 0 limit, the counterterms become

S_1 ∼ −6(q^2)^2 ( T^{(0)}_{+ μ}T^{(0)μ}_+ + T^{(0)}_{+ μ}T^{(0)μ}_+ ) , (89)

S_2 ∼ −2mq^2A^{(0)}_{+ μ}T^{(0)μ}_+, (90) S_{3 ±} ∼ −2q^2A^{(0)}_{± μ}A^{(0)μ}_±, (91) S_4 ∼ m^2A^{(0)μ}_−A^{(0)}_{− μ}. (92)

One can cancel the quadratic and logarithmic divergences if

c_1 = 2g_B 9 , c_2 = − λ 6 , c_{3 ±} = 1 4g^2_5

, c_4 = g^2_X 2 . (93)

Now one can take the ε → 0 limit, and use finite counterterms to remove the pieces that are local in the sources S_{ren} = ∫ d^4q (2π)^4 [ − 1 g^2_5 ∑ a=± A^{(0)}_{a μ}A^{(2)μ}_a + 8g_B 3 q^2(T^{(0)μ}_+T^{(2)}_{+ μ} − T^{(0)μ}_+T^{(2)}_{+ μ}) +

+q^2 log

Q^2 μ^2 ( 1 4g^2_5 ∑ a=± q^2_a q^2

A^{(0)}_{a μ}A^{(0)μ}_a − λ 6 mA^{(0)μ}_+T^{(0)}_{+ μ} + + 2g_B 3 q^2(T^{(0)μ}_+T^{(0)}_{+ μ} + T^{(0)μ}_+T^{(0)}_{+ μ}) )] . (94)

A. Two-point functions and matching to QCD

We now proceed to write the renormalized action in terms of general sources v_μ and t_{μν} . The transverse vector field is

A^{(0)}_μ = P^α_μ a_α = ( δ^α_μ − q_μq^α q^2 ) a_α. (95)

The transverse tensor is t^T_{μν} = 1 2 P^α_{[μ} P^β_{ν]} t_{αβ} = 1 2q^2

F_+^{αβ}_{μν} t_{αβ} . (96)

The longitudinal part of the tensor is t^L_{μν} = 1 2 [ (δ^α_μ δ^β_ν − δ^β_μ δ^α_ν ) − P^α_{[μ} P^β_{ν]} ] t_{αβ} = − 1 2q^2

F_−^{αβ}_{μν} t_{αβ} (97)

Using the expansion

t_{μν} = iϵ_{μνσρ}q^σ T^{(0)ρ} + iq_{[μ}T^{(0)}_{ν]}, (98)

we indeed find

t^T_{μν} = iϵ_{μνσρ}q^σT^{(0)ρ}, t^L_{μν} = iq_{[μ}T^{(0)}_{ν]}. (99)

We now assume that the subleading terms are proportional to the sources

A^{(2)}_{+ μ} = G_{V V} (q^2)A^{(0)}_{+ μ} + G_{V T} (q^2)T^{(0)}_{+ μ}, T^{(2)}_{+ μ} = G^−_{T T} (q^2)T^{(0)}_{+ μ} + G_{T V} (q^2)A^{(0)}_{+ μ}, T^{(2)}_{+ μ} = G^+_{T T} (q^2)T^{(0)}_{+ μ}. (100)

And using (13)

A^{(0)}_μA^{(0)μ} = a_μP^μ_αP^{αν} a_ν = a_μP^{μν} a_ν

T^{(0)}_μT^{(0)μ} = 1 (q^2)^2 q^αt^L_{αμ}q^β t^{L μ}_β = − 1 4(q^2)^2 t_{μν} F^{μν;αβ} − t_{αβ} A^{(0)}_μT^{(0)μ} = − i 2q^2 q_{[μ}P^σ_{ν]}a_σt^{Lμν} = i 2q^2 a_μ(η^{μα}q^β − η^{μβ} q^α)t_{αβ} T^{(0)}_μT^{(0)μ} = 1 4(q^2)^2 ϵ^{μνσρ}ϵ^{αβγδ}g_{μα}q_ν q_β t^T_{σρ}t^T_{γδ} = − 1 4(q^2)^2 t_{μν} F^{μν;αβ} + t_{αβ}. Introducing these expressions in the renormalized action (94) and deriving twice with respect to the sources, we find the following correlation functions Π^{μν, ab} V V (q^2) = δ^{ab}(q^μq^ν − q^2η^{μν} )Π_{V V} (q^2), (101) Π^{μ;νρ, ab} V T (q^2) = iδ^{ab}(η^{μν} q^ρ − η^{μρ}q^ν )Π_{V T} (q^2), (102) Π^{μν;αβ, ab} T T (q^2) = δ^{ab}Π^+_{T T} (q^2)F^{μν;αβ}_+ + δ^{ab}Π^−_{T T} (q^2)F^{μν;αβ}_− . (103)

Where

Π_{V V} (q^2) = − 1 2g^2_5 log Q^2 μ^2 + 2 g^2_5 q^2

G_{V V} (q^2), (104)

Π_{V T} (q^2) = − λ 12 m log

Q^2 μ^2 − 1 2g^2_5q^2

G_{V T} (q^2) + 4 3 g_B G_{T V} (q^2), (105)

Π^+_{T T} (q^2) = − g_B 3 log Q^2 μ^2 + 4 3 g_B q^2

G^+_{T T} (q^2), (106)

Π^−_{T T} (q^2) = − g_B 3 log Q^2 μ^2 − 4 3 g_B q^2

G^−_{T T} (q^2). (107)

Comparing with the expressions (18), (19) and (20) we get 1 g^2_5 = N_c 12π^2

, g_B = N_c 16π^2 , λ = − 3N_c 4π^2

. (108)

Together with (26), this fixes all the coupling constants of the bulk action.

VI. MATCHING TO THE MASSLESS THEORY

We have used the coefficients of the logarithmic divergences of the correlation functions to fix the parameters of the model. Notice that in the massless limit m → 0 the logarithmic contribution to the vector-tensor correlator (105) vanish. In QCD, perturbative contributions vanish to all orders, so the only contributions left come from non-perturbative physics, this is clear in (20), where the leading term when the mass is zero is proportional to the condensate. Therefore, for massless QCD this is the term we have to match to fix the value of the parameter λ. Since the coefficient of this term is independent of the mass we should get the same value for λ, we will se that this is indeed the case, so the model passes this non-trivial consistency check.

In order to find the non-perturbative contributions to the OPE, we need to compute the functions ‘G(q^2)’ that appear in (100) and plug them in the expressions for the correlators that we have found in the previous section. The overall strategy will be to solve the relevant equations of motion and match the near boundary expansion of the solutions to the coefficients of the series defined in (39) and (72).

As we mentioned before, there are four coupled equations describing the negative parity mesons. Plugging (38) in equations (60), (61), (64), (68) and (69) and keeping only the negative parity modes (V, T^ν_+, T^ν_−, B^{zν}_+ ), we have the equations: [ ∂^2_z − f(z) g(z) ∂_z − (C_1(z) − q^2) ] B^{νz}_+ = − λ 8g_B [ C_2(z)V^{′ν} + v^′(z)q^2 g(z) V^ν ] , (109)

∂^2_z V^ν − f(z) g(z) ∂_zV^ν + q^2V^ν = λg^2_5 v^′(z) g(z) B^{νz}_+ , (110) [ z∂_zz∂_z − 1 + z^2q^2 ] T^ν_+ = − λ 8g_B [ v(z)V^ν − z^2v^′(z) g(z) ∂_zV^ν ] + ( z^2 f(z) g(z) + z ) B^{νz}_+ , (111) [ z∂_zz∂_z − 1 + z^2q^2 ] T^ν_− = − λ 8g_B zv^′(z)V^ν (112)

With the aditional constraint:

∂_z B^{νz}_+ − f(z) g(z) B^{νz}_+ + iq^2T^ν_+ = λ 8g_B v^′(z) g(z) ∂_zV^ν . (113)

The mixing term proportional to λv(z) in the equations of motion is a small perturbation for small values of z, as v(z) falls off towards the boundary. As the large Q behavior of spatial correlators with Q^2 = −q^2 is dominated by the small z behavior of the solution, we can determine the short distance behavior of correlation functions analytically by treating λ as a small parameter and solving the the equations of motion perturbatively in λ. However, we don’t need to solve all the four equations. First, the constraint above implies that B^{νz} is not independent, and the relations (73) imply that close to the boundary, T^ν_+ is not independent of T^ν_−. For convenience, we will focus on equations (111) and (112). Dropping all terms of order λ^2 in the equations above, and taking the ansatz:

V^ν = V_0(x)v^ν + V_λ(x)b^ν (114) T^ν_− = T_0(x)t^ν_− + T_λ(x)v^ν (115)

Our problem is reduced to solving the equations below ( ∂^2_x − 1 x ∂_x + q^2 ) V_0(x) = 0, (116) ( ∂^2_x − 1 x ∂_x + 1 ) V_λ(x) = λ(α_1 + α_2x^2)B_0(x), (117) [ x^2∂^2_x + ∂_x − 1 − x^2 ] T_0(x) = 0, (118) [ x∂^2_x + ∂_x −

1 + x^2 x ] T_λ(x) = −λ(Γ_1x + Γ_2x^3)V_0(x). (119)

Where α_1 =^{g25 m}_{Q2} , α_2 =^{3g25 σ}_{Q4} , Γ_1 =^m_{8gB Q} and Γ_2 =^{3σ}_{8gB Q3} . V_0, T_0 are the homogeneous solutions and V_λ, T_λ the perturbative corrections of order λ. B_0 satisfies the same equation as V_0. Focusing first on the vector mode, V_0 and B_0 have well known solutions in terms of Bessel functions:

V_0(x) = x(aI_1(x) + K_1(x)), (120) B_0(x) = x(bI_1(x) + K_1(x)), (121)

Where a and b are constants fixed after imposing the IR boundary condition. For V_0(x), following previous work we are going to choose a Neumann boundary condition at x_m, ∂_xV_0(x) | |_{xm} = 0 which allows us to set

a =^{K0 (xm)}

I_0(x_m) . To choose the appropriate boundary condition for B0 we note that a Dirichlet boundary condition

imposed on B_0(x), which sets b = −^{K1(xm)}_{I1 (xm)} , implies, by use of the constrain (113) to leading order, a Neumann boundary condition for the leading tensor mode, but a choice of Neumann boundary condition for the former is not consistent. As B_0 and V_0 describe completely independent modes, this already captures the most general solution.

To compute V_λ we will use a Green’s function method. Note that we can write a solution for equation (117) of the form:

V_λ(x) = λ ∫_{xm} x_ε dx^′[α_1 + α_2x^{′2}]B_0(x^′) G_V (x, x^′) x^′ . (122)

Provided G_V satisfies the equation: ( ∂^2_x − 1 x ∂_x − 1 ) G_V (x, x^′) = xδ(x − x^′). (123)

With boundary conditions G_V (x_ε, x^′) = G^′_V (x, x_m) = 0. We solve the equation above in the two regions x > x^′ and x < x^′ and match the two solutions at x = x^′. It is not hard to show that G_V (x,^′ x) can be written as:

G_V (x, x^′) = xx^′ AD − BC [AI_1(x_>) + BK_1(x_>)][CI_1(x_<) + DK_1(x_<)]. (124)

Where x_{<,>} = {min, max}(x, x^′) is book keeping notation to specify the two branches of the Green’s function. The coefficients are A = −K_0(x_m); B = I_0(x_m);C = K_1(x_ε);D = −I_1(x_ε). Taking the limit x_ε → 0 we can set above D = 0 and C = 1. Replacing back in (122) we have: V_λ(x) = −λ ∫_x 0 dx^′[α_1x^′ + α_2x^{′3}]K_1(x^′)I_1(x^′) − λ x^2 2 ∫_{xm} x dx^′[α_1x^′ + α_2x^{′3}]K^2_1 (x^′). (125)

Where we used: x(CI_1(x) + DK_1(x)) AD − BC = −xI_1(x) ≃ − x^2 2 , (126)

x(AI_1(x) + BK_1(x)) AD − BC ≃ −1, (127) and B_0 ≃ xK_1(x). (128)

We also have ignored all the terms proportional to^A_B ∼ e^{−2xm} since in the limit of large momentum these terms vanish quickly. Physically this means that as the momentum increases what happens in the IR region becomes less important, as expected. In fact, these solutions near the boundary and for large momentum become oblivious of the IR boundary conditions, since both Neumann and Dirichlet boundary conditions will enforce factors that fall off exponentially. Moroever, we will ignore the contribution of the first integral, that is negligible since these contributions vanish too quickly near the boundary.

We then have: V_λ(x) = −λ x^2 2 ∫_{xm} x dx^′(α_1x^′ + α_2x^{′3})K_1(x^′)K_1(x^′) ≃ λα_1 x^2 2 ( 1 2 + log x ) − λ x^2 3 α_2. (129)

The near boundary solution for V^ν is:

V^ν (x) = V_0(x)v^ν + V_λb^ν = ( 1 − x^2 4 + x^2 2 log x ) v^ν + ( λα_1 x^2 2 ( 1 2 + log x ) − λ x^2 3 α_2 ) b^ν . (130)

Matching the solution above to the expansion defined in (72), and using (73), we find:

A^{(2)}_{+μ} ≡ V^{(2)}_μ = −

Q^2 4 V^{(0)} − λQ^4 ( α_1 4 − α_2 3 ) T^{(0)}_+ . (131)

Therefore:

G^+_{V V} (Q^2) = −

Q^2 4 , G^+_{V T} (Q^2) = −λQ^4 (α_1 4 − α_2 3 ) . (132)

Following similar steps, we can now compute near boundary solutions for equations (118) and (119). The homogeneous equation has a well known solution of the form:

T_−(x) = cI_1(x) + K_1(x) ≃ K_1(x). (133)

For the second equation, again, we can write a solution with a Green’s function: T_λ(x) = −λ ∫_{xm} x_ϵ dx^′(Γ_1x^′ + Γ_2x^{′3})K_1(x^′)G_T (x, x^′), (134)

where analogously to the previous calculation, G_T (x, x^′) satisfies: [ x∂^2_x + ∂_x −

1 + x x 2] G_T (x, x^′) = δ(x − x^′). (135)

It can be shown that:

G_T (x, x^′) ≃ −K_1(x_>)I_1(x_<), (136)

in the limit where x_ϵ → 0 and x_m → ∞. Finally, we find that the solution for the tensor field is:

T_λ(x) = λ x 2 ∫_∞ x dx^′[(Γ_1x^′ + Γ_2x^{′3})K_1(x^′)]K_1(x^′) = λ ( Γ_2 3 − Γ_1 4 ) x, (137)

therefore,

T^{(2)μ}_− = −

Q^2 4 T^{(0)μ}_− + Q ( Γ_2 3 − Γ_1 4 ) V^{(0)μ}. (138)

However, we are really after T^{(2)μ} = G_{T T} (Q^2)T^{(0)μ} + G^+_{T V} (Q^2)V^{(0)μ}. To compute the latter, we use the relations we have found previously:

T^{(2)μ}_− = −T^{(2)μ}_+ + 1 2 ( q^2T^{(0)μ}_+ + λ 8g_B mV^{(0)μ} ) (139)

T^{(0)}_− = T^{(0)μ}_+ . (140)

Solving for T^{(2)μ}_+ we get:

T^{(2)μ}_+ = −T^{(2)μ}_− + 1 2 ( q^2T^{(0)μ}_+ + λ 8g_B mV^{(0)μ} ) = − Q^2 4 T^{(0)μ}_+ + [ 5λm 32G_B − σλ 32g_BQ^2 ] V^{(0)μ}. (141)

So the result is,

G^+_{T T} (Q^2) = −

Q^2 4 , G^+_{T V} (Q^2) = 5λm 32 − σλ 8g_BQ^2

. (142)

We can now compare with the OPE of vector and tensor correlators (104-107). Setting the mass to zero, the only nonzero contributions are G_{V V} = − Q^2 4 , G_{V T} = λg^2_5 σ, (143) G^±_{T T} = − Q^2 4 G_{T V} = −^{λσ}_{8gB Q2} . (144)

The contributions G_{V V} and G_{T T} give contact terms that can be removed using counterterms in the regularized action. The only non-perturbative contributions to this order are

Π_{V T} (q^2) = ( 1 2 − 2 3 ) λσ Q^2 = − λ 6g^2_X ⟨ψψ⟩ Q^2 = − ⟨ψψ⟩ Q^2

. (145)

Comparing with the OPE in QCD (20), we see this term has the right coefficient, including the sign. The results we have obtained are insensitive to the details of the IR, so they should be valid for any models that are asymptotically AdS space. However, the value of the condensate itself and other quantities like the meson spectrum will be sensitive to IR physics. In the next section we will study how the inclusion of the new terms in the action affect to some of these quantities.

VII. MESON SPECTRUM

So far we have discussed the UV physics of our model, focusing in the matching with the OPE of correlators in QCD. We will now comment on some of the IR physics, in particular the meson spectrum. In our analysis we have seen that the two-form field splits in a transverse part and a longitudinal part, that mixes with the vector fields. We can summarize the correspondence between the fields and meson states in the following table:

B_{μν} mixes J^{P C} mesons transverse − 1^{+−} longitudinal V_μ 1^{−−}

The lightest isospin triplet states that can be found in the Particle Data Group (PDG) review [17], are

meson J^{P C} mass (MeV) b_1(1235) 1^{+−} ∼ 1229.5 ± 3.2 ρ(770) 1^{−−} ∼ 775.49 ± 0.34 a_1(1260) 1^{++} ∼ 1230 ± 40

Notice that according to the PDG estimate, the b_1 and a_1 mesons are almost degenerate, although the error in the estimate of the a_1 mass is very large. Other estimates give a mass to the a_1 ∼ 1255 MeV, with somewhat smaller errors [18].

In the holographic model the b_1 state is obtained from the transverse components of the B field, that are decoupled from the rest of the fields. The degeneracy between the ρ and the b_1 is broken in our model, thanks to the interaction term proportional to λ in ref. (23). Had we not considered this term, the spectrum would be degenerate, as has been observed in ref. [8]. So we should include this cubic interaction term both from the perspective of the large momentum OPE and from the properties of the meson spectrum.

We follow a similar procedure as in ref. [1] to compute numerically the lowest masses of the vector meson spectrum. We must specify suitable boundary conditions for the fields at the IR radial cutoff z = z_m (Neumann or Dirichlet) and at the boundary z = 0 (normalizability). Solutions do not exist for any value of the four-momentum q^2, but only for a discrete set of values, which correspond to the masses of mesons in the holographic dual m^2_n = q^2. We have checked that our results for the meson spectrum and the pion decay constant f_π coincide with those of ref. [1] when we set the coupling λ = 0.

We start with the spectrum of 1^{+−} mesons, dual to the field components {P^μ_α P^ν_β B^{αβ}_+ } and {B^{μz}_− , (δ^μ_α − P^μ_α )B^{αν}_− }. Notice that we can solve first for B^{μz}_− in (65) and then use (69) to solve for (δ^μ_α − P^μ_α )B^{αν}_− . As we have explained (68) is equivalent to (65), so for the purpose of finding the masses it is enough to focus on (65). Close to the boundary, a normalizable solution has the asymptotic expansion (72) with B^{(0)μ}_− = 0. At the cutoff we impose Neumann boundary conditions, since for Dirichlet boundary conditions there is a normalizable solution at q^2 = 0, which would be dual to a massless vector meson. Normalizable solutions are Bessel functions B^{μz}_− = b^μzJ_1(|q|z) and the Neumann boundary condition is satisfied for values of the momentum such that J_0(|q|z_m) = 0. Then, the mass of the lowest mode is

m_{b1} z_m ≃ 2.405. (146)

Notice that this value is independent of the quark mass and condensate. The remaining modes do depend on them and we have to solve numerically the equations.

We will first solve for modes dual to pseudoscalar mesons, whose lowest mode corresponds to the pion. We need to solve the set of equations [1] φ^{′′} − 1 z φ^′ + g^2_5 g^2_X v z^3

(π − φ) = 0, (147)

− q^2φ^′ + g^2_5 g^2_X v^2 z^2 π^′ = 0. (148)

For this, we first derive a single second order equation by solving algebraically for π in the first equation, plugging the result in the second equation and defining ϕ = φ^′. Then, using g^2_X g^2_5 = 3 and defining h(z) = 3v(z)^2/z^3, we obtain ϕ^{′′}(z) + h^′ h ϕ(z) − (( h^′ h )_2 − h^{′′} h + zh − q^2 ) ϕ(z) = 0. (149)

Normalizable solutions at the boundary behave as ϕ(z) ∼ z and we impose a Dirichlet boundary condition at the cutoff for the field ϕ. Then, for given values of mz_m and σz^3_m we find the lowest value of q^2_1 z^2_m = m^2_πz^2_m such that a solution satisfying the boundary conditions exists. We can then use the physical value of the pion mass m_π = 139.6 MeV to fix the scale z_m.

The spectrum of axial vector mesons 1^{++} can be found by solving equation (63). From (72) a normalizable solution A^{(0)μ}_− = 0 vanishes at the boundary. At the cutoff, we impose Neumann boundary conditions. Finally, the spectrum of vector mesons can be computed from the system of coupled equations (61) and (64), with conditions A^{(0)μ}_+ = 0, B^{(0)μ}_+ = 0 in the expansions at the boundary (72). Regarding the boundary conditions at the cutoff, we must be careful since equations (64) and (68) have an additional singular point at z_∗ such that g(z_∗) = 1. We are then constrained to values of the quark mass and the condensate such that z_∗ > 1 or to impose suitable boundary conditions at the singular point. A quick analysis shows that the two possible behaviors of solutions close to the singular point are ∼ (z_∗ − z)^{1/2} and ∼ 1 for V^μ and ∼ (z − z_∗)^{(1±√13)/4} for B^{μz}_+ . We can then make the solution regular by imposing a Neumann boundary condition for V^μ and a Dirichlet boundary condition for B^{μz}_+ .

For the values of the mass and the condensate we have explored 0.0001 ≤ mz_m ≤ 0.1, 0.0125 ≤ σz^3_m ≤ 0.5 we do not find a realistic spectrum of mesons, the lightest vector meson 1^{−−} is always heavier than both parity even mesons 1^{++}, 1^{+−}. For larger values of the mass we can understand this as a consequence of the singularity at z = z_∗. The curvature of AdS makes the classical problem of finding normalizable modes effectively as the quantum mechanical problem of finding the energy spectrum of a particle in a box, with one of the walls at the cutoff. For the 1^{−−} modes we are forced to impose boundary conditions at the singularity z_∗ < z_m, so the “box” is smaller and the spectrum is lifted to higher values. This could be a problem of how infrared effects are implemented in this particular model, maybe different constructions like the soft wall could avoid this issue.

There is a way to find a more realistic meson spectrum, with the parity odd vector meson below the other modes. Instead of introducing the cutoff, we can impose boundary conditions for the vector mesons at the singularity even when it sits at a radial position beyond the cutoff z_∗ > z_m. For large enough values, the vector mesons become lighter and the spectrum can be tuned to realistic values, for instance for mz_m = 0.0005, σz^3_m = 0.05375 we find that m_ρ ≃ 753.95 MeV, m_{a1} ≃ 1238.24 MeV and m_{b1} ≃ 1237.87 MeV. Although this would fix the meson spectrum, there are other quantities that are important to determine whether the model is phenomenologically viable. One such quantity is the pion decay constant, f_π, that in QCD is approximately f_π ≃ 91.92 MeV. In the holographic model it is given by the formula [1]

f^2_π = − 1 g^2_5 ∂_zA(z) z | | | |_{z=ε} , (150)

where A(z) is a solution to (63) satisfying A(ε) = 1, A^′(z_m) = 0. With the parameters that give a realistic meson spectrum, the value of the pion decay constant is quite low f_π ≃ 4.07 MeV.

VIII. CONCLUSIONS

We have carried out, for the first time, a complete treatment of the hard-wall model including all fields dual to operators of free field theory dimension 3. We followed the standard procedure of fixing bulk parameters by matching the short distance behavior of correlation functions to perturbative QCD. Reassuringly, the structure of the correlators we obtained from our holographic model precisely matched the expressions in perturbative QCD, so this program can be carried out consistently. With this matching in hand, we calculated physical properties of mesons which, unfortunately, no longer match QCD. While this result casts into doubt whether the simple hard wall model can serve as a good stand-in for QCD, one may hope that an improved IR model could potentially lead to a better spectrum. As our analysis of the short-distance behavior of correlation functions only relies on the UV asymptotics of the geometry, the action we derived (including the numerical values of the coupling constants) should serve as the starting point for any such exploration of complete (in the sense of including all dimension 3 field theory operators) holographic bottom-up models with alternative IR boundary conditions. As we discussed in section IV, it is possible to modify the bulk action of the two-form field by adding a kinetic term, giving a one-parameter family of theories with the desired self-duality condition and asymptotic behavior. Since this will modify the boundary action, in principle the value of the bulk couplings will be shifted when the matching to QCD is done. It is possible then, that by changing this parameter, a more realistic spectrum can be found.

Let us point out some differences between our approach and what one expects in a top-down models like Sakai- Sugimoto [19, 20], based on a string theory construction. The matter content of the model is such that it coincides with large-N_c QCD at low energies in some region of parameter space where the UV theory is weakly coupled. In particular, 1^{+−} mesons should be part of the spectrum. However, in the holographic description where supergravity is valid such modes are missing. This should not come as a surprise: since the tensor operator is not a BPS protected operator, its conformal dimension can receive large corrections of order ∼ λ^{1/4}, where λ is the ’t Hooft coupling. In the holographic description this means that the tensor operator is dual to a field with a mass of order of the string scale, and therefore beyond the supergravity approximation. Since corrections to non-BPS operators are very large, it is even possible that the lowest 1^{+−} meson is not described by a field dual to the tensor operator we have considered in our model, but to a different operator with the same quantum numbers but larger conformal dimension in the free theory. This indeed seems to be the case in the Sakai-Sugimoto model, where the 1^{+−} mode is described by some components of a symmetric field in the bulk [21]. Clearly, in this case we do not expect that the OPE of the model will match with that of QCD, so in some sense the approach of refs. [8, 9] is closer to the top-down model. However, if the dimension of the tensor operator is chosen to be larger than 3, it is more difficult to argue that the effective theory description in the bulk stays valid anymore.

We have studied the extension of the model that takes into account 1^{+−} mesons, like b and ω. In principle the model can be further extended to include other modes in the QCD spectrum that have been observed experimentally. A mode that is somewhat heavier, but not that much, than vector and axial vector modes is the π_1(1400) meson, with J^{P C} = 1^{−+} and a mass m_{π1} ∼ 1354 ± 25 MeV [17]. A peculiarity of this mode is that it cannot be predicted within the valence quark model, or in other words a simple quark bilinear operator would not create this kind of mode. An operator with the right quantum numbers would involve also a gluon field ψF_{ij} γ_5ψ. Then, in order to include mesons with the quantum numbers of π_1, we would have to introduce a field dual to the dimension-five operators ψF_{μν} γ_5ψ, and ψF_{μν} ψ. The obvious candidate is again a complex two-form field, with bulk mass m^2ℓ^2 = 9 and no Chern-Simons action, since there is no self-duality constraint for these operators.

Acknowledgments

We thank Gary Howell and Dam Son for collaboration during early stages of this work. We also thank Oscar Cata, Tuhin Roy and Shigeki Sugimoto for useful discussions. This work was supported in part by the U.S. Department of Energy under Grant No. DE-FG02-96ER40956.

[1] J. Erlich, E. Katz, D. T. Son, and M. A. Stephanov, Phys. Rev. Lett. 95, 261602 (2005), hep-ph/0501128. [2] L. Da Rold and A. Pomarol, Nucl. Phys. B721, 79 (2005), hep-ph/0501218.

[3] A. Karch, E. Katz, D. T. Son, and M. A. Stephanov, Phys. Rev. D74, 015005 (2006), hep-ph/0602229. [4] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200. [5] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys. Lett. B428, 105 (1998), hep-th/9802109. [6] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998), hep-th/9802150. [7] A. Cherman, T. D. Cohen, and E. S. Werbos, Phys. Rev. C79, 045203 (2009), 0804.1096. [8] L. Cappiello, O. Cata, and G. D’Ambrosio, Phys. Rev. D82, 095008 (2010), 1004.2497. [9] S. K. Domokos, J. A. Harvey, and A. B. Royston (2011), 1101.3315. [10] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B147, 385 (1979).

[11] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nuclear Physics B 147, 519 (1979), ISSN 0550-3213, URL

http://www.sciencedirect.com/science/article/B6TVC-471XM35-JV/2/47a817585b020b0f0a02dcb35fcb1cd5.

[12] J. Govaerts, L. Reinders, F. D. Viron, and J. Weyers, Nuclear Physics B 283, 706 (1987), ISSN 0550-3213, URL

http://www.sciencedirect.com/science/article/B6TVC-472T2W8-1GC/2/298f7dc1a3312db65aac0cfa60762003.

[13] L. J. Reinders, H. Rubinstein, and S. Yazaki, Phys. Rept. 127, 1 (1985). [14] N. S. Craigie and J. Stern, Phys. Rev. D 26, 2430 (1982). [15] O. Cata and V. Mateu, Phys. Rev. D77, 116009 (2008), 0801.4374.

[16] S. de Haro, S. N. Solodukhin, and K. Skenderis, Commun. Math. Phys. 217, 595 (2001), hep-th/0002230. [17] K. Nakamura et al. (Particle Data Group), J. Phys. G37, 075021 (2010). [18] M. Alekseev et al. (COMPASS), Phys. Rev. Lett. 104, 241803 (2010), 0910.5842. [19] T. Sakai and S. Sugimoto, Prog.Theor.Phys. 113, 843 (2005), hep-th/0412141. [20] T. Sakai and S. Sugimoto, Prog.Theor.Phys. 114, 1083 (2005), hep-th/0507073. [21] T. Imoto, T. Sakai, and S. Sugimoto, Prog. Theor. Phys. 124, 263 (2010), 1005.0655.

[22] In an asymptotically free gauge theory such as QCD the dimensions of operators evolve with scale together with the coupling constant. In the UV the theory becomes free and all operators take on the free field dimensions.

[23] A gauge field always has to be massless; the dual field theory current is conserved and so has dimension 3 protected by a Ward identity [24] We could also add a kinetic term of the form (dB)^2 to the action, we will comment more on this in section IV. [25] We can consider C < 0 by changing the overall sign of the action.