arXiv:1108.1433v3 [hep-ph] 18 Nov 2011

Flavour Physics in the Soft Wall Model

Paul R. Archer^{a,1}, Stephan J. Huber^{a,2} and Sebastian Jäger^{a,3}

aDepartment of Physics & Astronomy, University of Sussex, Brighton BN1 9QH, UK

Abstract

We extend the description of flavour that exists in the Randall-Sundrum (RS) model to the soft wall (SW) model in which the IR brane is removed and the Higgs is free to propagate in the bulk. It is demonstrated that, like the RS model, one can generate the hierarchy of fermion masses by localising the fermions at different locations throughout the space. However, there are two significant differences. Firstly the possible fermion masses scale down, from the electroweak scale, less steeply than in the RS model and secondly there now exists a minimum fermion mass for fermions sitting towards the UV brane. With a quadratic Higgs VEV, this minimum mass is about fifteen orders of magnitude lower than the electroweak scale. We derive the gauge propagator and despite the KK masses scaling as m^2_n ∼ n, it is demonstrated that the coefficients of four fermion operators are not divergent at tree level. FCNC’s amongst kaons and leptons are considered and compared to calculations in the RS model, with a brane localised Higgs and equivalent levels of tuning. It is found that since the gauge fermion couplings are slightly more universal and the SM fermions typically sit slightly further towards the UV brane, the contributions to observables such as ϵ_K and Δm_K , from the exchange of KK gauge fields, are significantly reduced.

1p.archer@sussex.ac.uk 2s.huber@sussex.ac.uk 3s.jaeger@sussex.ac.uk

1 Introduction

The soft wall (SW) model was originally proposed as a potential dual to a field theory with linear confinement [1], the idea being that under the AdS/CFT correspondence bound states in the, now broken, conformal field theory are conjectured to be dual to Kaluza-Klein (KK) modes on the gravity side [2]. When, as in QCD, confinement is modelled such that the quark energy grows linearly with the quark separation then the mass of the nth meson will be subject to ‘Regge scaling’, m^2_n ∼ n. However, on the gravity side, when a discrete KK spectrum is obtained by imposing two hard cut offs on the space, for example by cutting off the space with two branes, then the KK masses will generically scale as m^2_n ∼ n^2 [3, 4].

In the SW model, the hard cut off in the IR of the theory is replaced by a smooth cut off. To be specific, one considers an AdS_5 space which is cut off in the UV by a brane but extends to infinity in the IR in an analogous fashion to the the RSII model [5]. However, in the IR the space has a cut off due to a smoothly decaying background value of a ‘dilaton’ given by S = ∫ d^5 x √ ge^{−Φ}L where Φ = ( z R^′

)_ν . (1)

Although we refer to this field as a dilaton, it should be stressed this is very much a ‘bottom up’ model. When ν > 1 this smooth cut off gives rise to a discrete (bosonic) KK spectrum with [6, 7]

m^2_n ∼ n^{2− 2}ν R^{′ 2} . Hence with ν = 2 one obtains a Regge scaling in the KK spectrum. For the majority of this paper we shall focus on this scenario, although it is worth pointing out that when ν < 1 one obtains a continuous KK spectrum, or in other words the propagator has no poles. Such a scenario is conjectured to be dual to unparticles. When ν = 1 one obtains a continuous KK spectrum above a mass gap.

In recent years there has been significant interest in the phenomenological implications of AdS_5 in the context of the Randall and Sundrum (RS) model [8]. This is principally because the model appears to offer a geometrical explanation of the two apparent hierarchies of the standard model (SM). In particular by localising the Higgs on the IR brane, the electroweak scale is gravitionally redshifted down from the Planck scale and hence the model offers a potential resolution to the gauge hierarchy problem. Likewise, by allowing the SM fermions and gauge fields to propagate in the bulk, one can use a bulk mass term to localise the fermions towards the UV and away from the Higgs. Such a scenario not only offers an explanation of the hierarchy in the fermion masses [9, 10, 11] but it also offers a suppression of potential flavour changing neutral currents (FCNC’s) [12, 13]. While this provides a compelling description of flavour it is found that a problem arises when one considers the heavier quarks. With the Higgs localised on the IR brane the possible fermion zero mode masses scale down from the electroweak scale and hence the heavier quarks typically have to sit quite far towards the IR brane and in a region where FCNC’s are no longer suppressed. This results in constraints, in particular from K^0 − K̄^0 mixing, forcing the mass of the first KK gauge mode to be ≳ 20 − 30 TeV [14, 15, 16].

From the holographic perspective the RS model is conjectured to be dual to a theory which is closely related to technicolor [17, 18, 19], albeit technicolor without linear confinement. So a natural question one may ask is which of the phenomenological features of the RS model be translated across to the SW model. For example, can the space be stabilised such that the gauge hierarchy problem be resolved? When one stabilises such spaces using the Goldberger-Wise mechanism [20] one finds an IR curvature singularity [21, 22, 23]. Hence with no IR cut off, the SW model suffers from a naked singularity. In any valid solution the boundary terms in the equations of motions must vanish at this singularity [24]. This provides an additional constraint, on the SW model, which forbids the space from being cut off too sharply. In particular it has been argued that a warp factor, sufficient to resolve the gauge hierarchy problem, can be generated when ν < 1 [25] or ν < 2 [24]. None the less it is interesting to note that Regge scaling, in the KK masses, occurs in a class of SW solutions at the limit of what can still potentially offer a resolution of the hierarchy problem.

Of course generating a large hierarchy is only one aspect of resolving the gauge hierarchy problem. One must also demonstrate that electroweak symmetry can be broken such that corrections to electroweak observables do not force the KK scale to a level at which one reintroduces a so called ‘little hierarchy problem’. In the SW model, with the absence of an IR brane, the Higgs must necessarily propagate in the bulk. This gives rise to a z dependent Higgs VEV, h(z) ∼ h_0z^α. If such a Higgs VEV is too flat then it is found that one requires fine tuning in order to generate the correct electroweak scale, in particular it is found that to avoid this tuning α ≳ 2 [26]. However a bulk Higgs also leads to a suppression in the couplings between KK gauge fields and the Higgs, which in turn gives rise to a significant reduction in the constraints coming from electroweak observables [6, 26, 27, 28]. The extent to which electroweak constraints are suppressed is sensitive to how flat the Higgs VEV is although, with a nearly quadratic Higgs VEV, it is possible to reduce the constraints to M_{KK} ≳ 1 TeV without a custodial symmetry [26].

The focus of this paper is to examine whether or not the RS description of flavour can be translated to models with a SW: Can the model generate a hierarchy of fermion masses without a hierarchy in the Yukawa couplings, and to what extent are FCNC’s suppressed? Before one can carry out a meaningful study there are a number of issues that must be addressed. Firstly, as explained in [29, 30, 31], when the fermions are propagating in the bulk, the smooth cut off provided by the dilaton is not sufficient to give rise to a discrete KK spectrum. In order to ensure the latter, one must couple the fermions to something that is gaining a z dependent VEV. A natural candidate for this (used in [29, 30, 32]) is the Higgs. However here, following [31], we introduce a generic z dependent mass term that could arise from the Yukawa couplings to the Higgs or some other new physics (such as couplings to the dilaton or a Goldberger-Wise scalar [33]). It should be stressed that such a z-dependent term must be present in any realistic soft wall model with bulk fermions. We then proceed to demonstrate that a hierarchy of fermion masses can be generated when α ≳ 2.

FCNC’s occur in such a model due to the tree level exchange of KK gauge fields. The standard approach to computing the size of such FCNC’s is to integrate out the KK modes in order to obtain the coefficients of four fermion operators. The computation of such coefficients will include a sum over the KK modes. Naively one may be concerned that, with m^2_n ∼ n, such a sum would be logarithmically divergent, i.e. such processes would be dominated by the higher KK modes. It is generally thought, however, that models such as the present one are effective theories and unknown UV dynamics will cut off any such divergence. Either way, in section 3, the gauge propagator is computed and it is demonstrated that, provided the fermion bulk mass is sufficiently z-dependent, this divergence does not occur at tree level.

In section 4 we compute the tree level corrections to certain flavour violating lepton decays. This study allows us to check the validity of our approximations against earlier work [32] and examine some of the central physics. Finally, in section 5, we apply our results to a study of the quark sector. It should be stressed that this can not be considered a complete study. Firstly we do not consider SW models in generality but focus on a specific model with a quadratic Higgs VEV (α = 2) and a quadratic dilaton (i.e. Regge scaling in the KK spectrum, ν = 2). This model has been chosen since it is believed to be close to the optimal resolution of the gauge hierarchy problem, i.e. it is still able to generate the large hierarchy but with minimal constraints coming from the electroweak precision tests [26]. It also allows for a reasonable level of analytical control over the calculation. Secondly we only consider the tree level contribution to gauge mediated FCNC’s in the kaon sector. As mentioned, some of the tightest constraints on the RS model come from the contribution to ϵ_K coming from the exchange of KK gluons. Hence here we primarily focus on the kaon sector. It is found that, due to the Higgs propagating in the bulk, all the SM fermion zero modes can sit further towards the UV brane than in the RS model and hence one finds that the contribution to ϵ_K is much smaller in the SW model. So although we focus on the kaon sector we anticipate that the same effect would cause an increased suppression in all FCNC’s compared to that of the RS model, with the Higgs localised on the IR brane. However, as found in [34], one would anticipate that an analogous suppression of FCNC’s would be present in the RS model with a bulk Higgs. Although we also find a slight increase in the universality, of the couplings between KK gauge fields and UV localised fermions, which is caused by the removal of the IR brane. We conclude in section 6.

2 Obtaining the Fermion Mass Hierarchy in the Softwall Model

In extending the RS description of flavour to the SW model one faces a number of additional complications related to the backreaction of the Higgs on the fermion profiles. In the RS model, studies of flavour typically involve large scans over many possible Yukawa couplings [14, 15, 16, 35, 36]. In the SW model, the fermion profiles receive contributions from the Yukawa couplings and the bulk mass terms. Hence the same scans over parameter space would be computationally challenging. As explained in [7, 29, 31], an interesting feature of the SW model is that one must couple the fermions to the Higgs VEV, or some z dependent mass quantity, in order to obtain a discrete KK spectrum and so one cannot simply neglect such backreactions. In this paper, following [31, 37], we shall employ a bulk mass term consisting of a constant and a z-dependent part. Fortunately we find that, when the fermions are localised towards the UV, deformations in the fermion profile brought about by changes to the constant part of the (effective) bulk mass terms are far larger than those caused by changes in the z-dependent part. Hence in this paper we shall assume the z dependence as flavour-independent, giving a universal correction to the fermion profiles. The validity of this approximation is checked in this paper. In this section we shall clarify our assumptions, compute the fermion profiles and demonstrate when one can generate a fermion mass hierarchy.

2.1 The Fermion Profile

Let us begin by considering the SM fermions propagating in AdS_5,

ds^2 = (R z )_2 (

η^{μν}dx_μdx_ν − dz^2 ) , (2)

where η^{μν} = diag(+ − −−). The space runs from a UV brane at z = R to infinity but is dynamically cut off by the background value of the dilaton, S = ∫ d^5 x √ ge^{−Φ}L where Φ = z^2 R^{′ 2}

. (3)

As mentioned in the introduction here we shall focus on a quadratic dilaton that yields Regge scaling in the KK masses. In this model the KK scale will be given by M_{KK} =^1_{R′} , while the 4D effective Planck mass will be of the order M_{Pl} ∼^1_R . Hence, in order to offer a potential resolution to the gauge hierarchy problem one requires a warp factor of Ω ≡ R^′ R ∼ 10^{15}.

Here we shall not consider the stability of the space but simply impose this warp factor by hand and refer readers to [24] for specific realisations of this model. In order to yield a low energy chiral SM it is necessary to include both doublets (Ψ) and singlets (Υ) under S U(2). If one couples the fermions, with a Yukawa coupling Y, to a bulk Higgs (assumed to be a S U(2) doublet) that gains a VEV h(z) then a single generation is described by S = ∫ d^5 x √ ge^{−Φ} [ 1 2 (iΨ̄Γ^M∇_M Ψ − i∇_MΨ̄Γ^MΨ) − M_ΨΨ̄Ψ + 1 2 (iῩΓ^M∇_M Υ − i∇_MῩΓ^MΥ) − M_ΥῩΥ + Y(hΨ̄Υ + h.c.) ] , (4)

where Γ^M = E^M_A γ^A, E^M_A is the Fünfbein, γ^A are the Dirac matrices, ∇_M = D_M +ω_M is the covariant derivative and ω_M is the spin connection. The upper latin indices run over all five dimensions, while μ, ν run from 0 to 3. Since in five dimensions fermions are not chiral, one can include a bulk mass term M.

We decompose the fermion field into two Weyl fermions such that Ψ = ψ_L + ψ_R and γ^5ψ_{L,R} = ∓ψ_{L,R} and then make the KK decompositions

Ψ_{L,R} = ∑ n z^2 R^2 e^{Φ/2} f^{(n)}_{Ψ L,R}(z)Ψ^{(n)}_{L,R} and Υ_{L,R} = ∑ n z^2 R^2 e^{Φ/2} f^{(n)}_{Υ L,R}(z)Υ^{(n)}_{L,R}, (5)

requiring ∫_∞ R dz ( f^{(n)}_{Ψ L,R} f^{(m)}_{Ψ L,R} + f^{(n)}_{Υ L,R} f^{(m)}_{Υ L,R} ) = δ^{nm}. (6)

If one defines the four dimensional effective mass by the Dirac equation iγ^μ∂_μψ^{(n)}_{L,R} = m_nψ^{(n)}_{R,L}, then the equations of motion are given by [7, 30, 32]

± ∂_z f (n) Ψ R,L

f^{(n)}_{Υ R,L} + R z ( M_Ψ Yh(z) Yh(z) M_Υ ) f^{(n)}_{Ψ R,L} f^{(n)}_{Υ R,L}

= m_n f (n) Ψ L,R

f^{(n)}_{Υ L,R}

. (7)

It is now possible to see the double role of the Higgs. Firstly it is giving mass to the fermion zero modes which are associated with the SM particles. Secondly, in order to arrive at a discrete fermion KK spectrum, it is necessary for (6) to be convergent and hence the fermion profiles must go to zero as z → ∞. Here this is achieved by coupling the fermions to the Higgs such that lim_{z→∞}^{h(z)}_z = ∞ [30]. One can also see the difficulties that would arise in scanning over many anarchic Yukawa couplings, since for each 3 × 3 Yukawa matrix one would have to solve the six coupled differential equations and normalise all the solutions.

Hence here we shall follow [31] and introduce a z dependent, flavour-diagonal, bulk mass term S = ∫ d^5 x √ ge^{−Φ} ( Ψ̄(iΓ^M ∇_M − M(z))Ψ ) , (8)

where M(z) = c_0 R + c_1 R z^α R^{′ α}

. (9)

There are two possible interpretations of such a mass term. One possibility is to view such a mass term as arising from diagonalising (7), and hence one would anticipate that there would be nontrivial relationships between c_0 and M_{Ψ/Υ} and between c_1z^α and Yh(z). This equivalence has been discussed in [30]. Alternatively one could attribute the term to some new high scale physics, in which case the exponent of the mass term α need not be the same as that of the Higgs VEV. Here we shall try to remain as open minded as possible as to the underlying physics, keeping in mind that, in order to arrive at a discrete fermion spectrum, c_1 cannot be zero and hence any realistic scenario must give rise to such a term. Through a slight abuse of notation, we shall refer to the c_0 term as a bulk mass parameter and the c_1 term as the term arising from the Yukawa coupling. The advantage with introducing such a mass term is one can now find analytical expressions for the fermion profiles. In particular after making the same KK decomposition (5) such that ∫_∞ R dz f^{(n)}_{L,R} f^{(m)}_{L,R} = δ_{nm}, (10)

and the equations of motion are now ( ∂_z ± R z M(z) ) f^{(n)}_{L,R} = ±m_n f^{(n)}_{R,L}, (11)

where the ± act on f_L and f_R respectively. The zero mode profile (m_n = 0) can now be solved for

f^{(0)}_{L,R} =

±_{2c1}

(R^′)^{1∓2c0}

(_α

±2c_1

)_{1−}^{1∓2c}0_α Γ (_{1∓2c0} α , ±^{2c1}_α Ω^{−α}

) z^{∓c0} exp ( ∓ c_1 α z^α R^{′ α} ) , (12)

where Γ(a, x) =

∫_∞ x e^{−t}t^{a−1}dt is the incomplete gamma function. Note the zero mode only exists if^{c1}_α > 0 for ψ_L (and ψ_R has UV Dirichlet boundary conditions) or^{c1}_α < 0 for ψ_R (and ψ_L has UV Dirichlet boundary conditions). Also, as in the RS case, the ψ_L(ψ_R) profile will sit towards the UV when c_0 >^1_2 (c_0 < −^1_2 ). To find the profiles of the KK fermions one can combine (11) to obtain

∂^2_z ∓ ( c_0 z^2 + (1 − α)c_1 z^2 z^α R^{′ α} ) − c^2_0 z^2 − 2c_0c_1 z^2 z^α R^{′ α} − c^2_1 z^2 z^α R^{′ α}

+ m^2_n f_{L,R} = 0.

Imposing boundary conditions, obtained from requiring (11) to allow a zero mode, this can be analytically solved when α = 2 to give [31]

f^{(n)}_L =

N exp

(_{−c1z2}

2R^{′ 2} ) z^{−c0} U ( −^{R′ 2m2n}_{4c1} ,^1_2 − c_0,^{c1z2}_{R′ 2} ) for c_1 > 0

−N^{mn}_2 exp

(_{c1z2}

2R^{′ 2} ) z^{1+c0} U ( 1 +^{R′ 2m2n}_{4c1} ,^3_2 + c_0,^{−c1z2}_{R′ 2} ) for c_1 < 0

f^{(n)}_R =

N^{mn}_2 exp

(_{−c1z2}

2R^{′ 2} ) z^{1−c0} U ( 1 −^{R′ 2m2n}_{4c1} ,^3_2 − c_0,^{c1z2}_{R′ 2} ) for c_1 > 0

N exp

(_{c1z2}

2R^{′ 2} ) z^{c0} U

(_{R′ 2m2n}

4c_1 , 1 2 + c_0,^{−c1z2}_{R′ 2} ) for c_1 < 0

(13)

where U(α, β, x) are confluent hypergeometric functions or Kummer functions. The KK masses of these fields have been included in table 1 and are in agreement with [31].

2.2 The Fermion Masses

Having obtained the fermion zero mode profile we will treat the fermion mass, arising from the coupling to the Higgs, as a perturbation. I.e. we let the fermion zero mode masses be approximated by

M_{i j} =

∫_∞ R dz R z Y_{i j}h(z) f^i_L(z) f^j_R(z), (14) where i, j are flavour indices and f^i_{L,R} is the zero mode profile (12) with c_0 = c^{L,R i}_0 and c_1 = c^{L,R i}_1 . Here we parameterise the Yukawa couplings by Y_{i j} = λ_{i j} √ R, where λ_{i j} are taken to be complex and order one. The Higgs VEV is assumed to be of the form [7]

h(z) = h_0R^{− 32} ( z R^′

)_α

, (15)

where h_0 is a dimensionless constant. If one assumes that the c_1 term in (9) has arisen from the Higgs VEV then there will be a non trivial relationship between the c^{L,R i}_1 values and h_0λ_{i j}. Since the only way to know such a relationship would be to solve (7), one would wonder whether the situation has been improved. However fortunately it is found that, when the fermions are sitting towards the UV brane, the four dimensional effective couplings, that govern the low energy phenomenology, are far more sensitive to changes in the c_0 bulk mass parameters than changes in the c_1 parameters. This allows us to make the approximation of assuming a universal c_1 value, i.e. assuming that c^{Li}_1 = −c^{Ri}_1 = c_1.

Turning back to the fermion masses (14) and substituting in (12) gives

M_{i j} = h_0 λ_{i j} R^′

2^{( 1−c} Li 0 +c R j 0 α )(c^{Li}_1 )^{1−2c} Li 0 2α (−c^{R j}_1 )^{1+2c} R j 0 2α α^{1−αα} (c^{Li}_1 − c^{R j}_1 )^{α−c} Li 0 +c R j 0 α Γ (_{α−cLi}

0 +c^{R j}_0

α ,^{cLi1 −cR j1}_α Ω^{−α} ) √ Γ (_{1−2cLi0}

α ,^{2cLi1}_α Ω^{−α} ) Γ (_{1+2cR j} 0 α ,^{−2cR j1}_α Ω^{−α}

). (16)

Note that the integral in (14) is convergent only when α > 0, (c^{Li}_1 − c^{R j}_1 ) > 0 and^{α−cLi0 +cR j0}_α > 0. One can also see that the c_0 terms always appear in the exponent while the c_1 terms appear in the base. If one now assumes universal c_1 values then this expression simplifies to

M_{i j} = h_0 λ_{i j} R^′ ( α 2c_1

) α−1_α Γ

(_{α−cLi0 +cR0 j} α ,^{2c1}_α Ω^{−α} ) √ Γ (_{1−cLi0}

α ,^{2c1}_α Ω^{−α} ) Γ (_{1+cRi0}

α ,^{2c1}_α Ω^{−α}

). (17)

This should be compared with the analogous expression for the RS model with the Higgs localised on the IR brane and f^{(0)}_{(L,R)} = Ne^{∓cL,R kr} [11]^4,

M_{i j} = λ_{i j}vΩ k f^i_L(R) f^j_R(R) = λ_{i j}v √ (1 − 2c^i_L)(1 + 2c^j_R)

Ω^{1−ciL+c j}R √ (Ω^{1−2ci}L − 1) (Ω^{1+2c j}R − 1)

, (18)

where v ≈ 174 GeV is the Higgs VEV.

The ranges of possible masses have been plotted in figure 1. One can see two significant differences from the RS case. The first and most obvious, is that as one localises the fermions closer and closer to the UV one hits a minimum fermion mass. The location of this minimum is very sensitive to both the warp factor and the form of the Higgs VEV. In particular one would struggle to generate the hierarchy of fermion masses with a linear Higgs VEV or, for that a matter, a small warp factor. What is particularly interesting is that the optimum solutions to the gauge hierarchy problem, found in [26], appear to correspond to Ω ≈ 10^{15} and α ≈ 2. This would put the minimum fermion mass about fifteen orders of magnitude lower than the mass of

4 Here we have used the metric ds^2 = e^{−2kr} η^{μν}dx_μdx_ν − dr^2 with r ∈ [0, R] such that Ω ≡ e^{kR}

(a) The RS Model (b) α = 1

(c) α = 2 (d) α = 4

Figure 1: The hierarchy of fermion masses for different Higgs VEV exponents. Here c_1 = 1 but it is found that the results are not sensitive to the value of c_1, while c_{L,R} refer to the c_0 constant bulk mass terms. We take Ω = 10^{15} and M_{KK} ≡^1_{R′} = 1 TeV.

an IR localised fermion. If one took h_0 M_{KK} ∼ 100 GeV then this would correspond to a minimum fermion mass of the order 0.1 meV which is roughly the scale of the observed neutrino masses. It is curious to note that this approximately corresponds to models which are found to have minimal electroweak constraints [26]. Hence the majority of this paper will focus on models with α = 2. One could obtain a lower mass by considering a split fermion scenario, in which the left-handed fermions are localised towards the opposite side of the space to the right-handed fermions. However one would suspect that this scenario would give rise to large FCNC’s and hence would not be phenomenologically viable. Note that this potential relationship between the neutrino masses and the warp factor, in scenarios with a bulk Higgs, was first pointed out in [38].

The second difference, from the RS model, is the gradient of the slope. In both the RS model and the SW model the possible masses drop away exponentially. However, in the SW model, the exponent is no longer constant. This leads us to anticipate small mass hierarchies for light fermions, such as neutrinos, and larger mass hierarchies between heavier fermions, such as the the top and bottom quarks. This reduced c_0 dependence also has implications in the suppression of FCNC’s which we shall consider in later sections.

It should be noted that, although here we have treated the Yukawa couplings as a perturbation, these results are in good agreement with the corresponding plot in [30] (with α = 2 and Ω = 10^3). One would also expect that these differences would be present in any model with a bulk Higgs (see for example [33]). Since this notion of a minimum in the 4D effective Yukawa coupling is generic to all couplings between fermion zero modes and profiles sitting towards the IR. It is, for example, well known that the same effect is present in the fermion couplings to KK gauge fields (see figure 2(a)).

3 The Gauge Position / Momentum Space Propagator

Having demonstrated that, with α ≳ 2 and Ω = 10^{15}, one can generate the hierarchy of fermion masses we shall move on to look at FCNC’s. In the RS model, the tree level exchange of KK gauge fields gives rise to FCNC’s which provide some of the most stringent constraints on the model. The computations of such processes involve a sum over the KK tower (∼

∑_n

1/m^2_n) which, as already discussed, are potentially logarithmically divergent with m^2_n ∼ n. Even if such processes are not divergent, due to the slower convergence with n, it is clearly necessary to include more KK modes than in the RS model in order to arrive at an accurate result, although it is not clear how many need to be included. With this in mind we shall now compute the 5D gauge propagator that inherently includes the full KK tower. For the remainder of this paper we shall restrict ourselves to studying models with a quadratic Higgs VEV (α = 2).

3.1 The Photon Propagator

We start by considering a U(1) gauge field in the space (2) S = ∫ d^5 x √ ge^{−Φ} ( − 1 4 F_{MN} F^{MN} ) , (19)

where M, N run over the five space time indices and μ, ν run over the four large dimensions. Integrating by parts and introducing a gauge fixing term of the form L_{GF} = −^1_{2ξ}^R_z e^{−Φ} ( ∂_μA^μ − ξe^{Φ z}_R ∂_5(^R_z e^{−Φ}A^5)

)_2

, one gets S = ∫ d^5 x

[e_{−Φ} 2 R z A_μ ( η^{μν}∂^2 − ( 1 − 1 ξ ) ∂^μ∂^ν − e^Φz R η^{μν}∂_5 ( e^{−Φ} R z ∂_5 )) A_ν − e^{−Φ} 2 R z A_5∂^2A_5 + ξe^{−Φ} 2 R z A_5 ∂_5 ( e^Φ z R ∂_5 ( e^{−Φ} R z A_5

)) ] . (20)

In this paper we will work at tree level in the unitary gauge (ξ → ∞) and so neglect contributions from ghosts and the unphysical A_5 goldstone bosons. We refer the reader to [39] for a discussion of alternative gauges. After Fourier transforming with respect to the four large dimensions, such that p_μ = i∂_μ, the gauge propagator is given by ⟨A^μA^ν⟩ = −iG_p(z, z^′) ( η^{μν} − p^μ p^ν p^2 ) , (21) where ( e^Φ z R ∂_5 ( e^{−Φ} R z ∂_5 ) + p^2 ) G_p(z, z^′) = e^Φ z R δ(z − z^′). (22)

The point of all this is that in order to obtain a 4D effective theory one just has to integrate out the Green’s function G_p(z, z^′). With a dilaton of the form Φ =^{z2}_{R′ 2} , the most general solution of (22) is

G_p(z, z^′) =

Az^2 M(1 − a, 2,^{z2}_{R′ 2} ) + Bz^2U(1 − a, 2,^{z2}_{R′ 2} ) if z < z^′ Cz^2 M(1 − a, 2,^{z2}_{R′ 2} ) + Dz^2U(1 − a, 2,^{z2}_{R′ 2} ) if z > z^′

(23)

where A, B, C, D are constants of integration. We have also introduced the quantity a ≡ R^{′ 2} p^2 4 , while M(α, β, x) and U(α, β, x) are again Kummer functions^5 . Throughout the remainder of this paper we will repeatedly use relations taken from [40, 41, 42]. Following [39], we introduce u = min(z, z^′) and v = max(z, z^′) and impose the continuity condition that matches the two solutions at z = z^′, i.e. G_p(u, u) = G_p(v, v), obtaining

G_p(u, v) = Nu^2v^2 ( AM ( 1 − a, 2, u^2 R^{′ 2} ) + BU ( 1 − a, 2, u^2 R^{′ 2} ))

× ( CM ( 1 − a, 2, v^2 R^{′ 2} ) + DU ( 1 − a, 2, v^2 R^{′ 2} )) . Here N is a normalisation constant found by integrating over (22) to get the ‘jump’ condition

lim_{ϵ→0} ∂_zG_p(u, v)|^{z′ +ϵ}_{z′ −ϵ} = exp ( z^{′ 2} R^{′ 2} ) z^′ R , giving N = Γ(1 − a) 2(BC − AD)RR^{′ 2} , where we have used the relation e^x x (M(1 − a, 2, x)U(−a, 2, x) + (1 + a)U(1 − a, 2, x)M(−a, 2, x))

= Γ(1 − a).

To fix the constants of integration we impose Neumann boundary conditions on the UV brane, i.e. ∂_uG_p(u, v)|_{u=R} = 0, to get

A(a) = (Ω^{−2} − a)U(1 − a, 2, Ω^{−2}) − U(−a, 2, Ω^{−2}), (24) B(a) = (a − Ω^{−2})M(1 − a, 2, Ω^{−2}) − (1 + a)M(−a, 2, Ω^{−2}). (25)

Since there is no IR brane, the determination of C and D is a little more subtle. Here we replace one of the boundary conditions with a ‘normalisability’ condition that dictates that the propagator be comprised of KK modes which are normalisable with respect to

∫_∞ R dz e^{−Φ R}_z f^2_n = 1. This condition implies that ∫_∞ R dz e^{−Φ} R z G_p(z, z) = ∑ n ∫_∞ R dz e^{−Φ} R z f^2_n (z) p^2 − m^2_n ∼ ∑ n 1 n . (26)

5Here we use the notation of [40], although M(α, β, x) can be alternatively denoted by_1 F_1 (α, β, x) or Φ(α, β, x), and likewise U(α, β, x) can be denoted x^{−α}_2 F_0(α, 1 + α − β); ; −^1_x ) or Ψ(α, β, x).

Hence we require that the integral (26) be logarithmically divergent. For large x, Kummer functions scale as M(α, β, x) ∼^{Γ(β)}_{Γ(α)} e^x x^{α−β} and U(α, β, x) ∼ x^{−α}. The integrand will then scale as ∫_∞ R dz e^{−Φ} R z G_p(z, z) ∼

∫_∞ R dz ( ACe^z 2 R′ 2 z−4a−1 + (AD + BC)z−1 + BDe− z2 R′ 2 z4a−1 ) . The last term is clearly convergent, and so with A and B already fixed, only by setting C = 0 can one obtain a logarithmic divergence. This then results in D being arbitrary and the full propagator being given by

G_p(u, v) = −

Γ(1 − a)u^2v^2

2ARR^{′ 2} ( AM ( 1 − a, 2, u^2 R^{′ 2} ) + BU ( 1 − a, 2, u^2 R^{′ 2} )) U ( 1 − a, 2, v^2 R^{′ 2} ) . (27)

The KK masses will be given by the poles of the propagator, i.e. when A(a) = 0. G_p(u, v) will have the same form for the gluons, whereas the W/Z propagator will be slightly deformed.

3.2 The W/Z Gauge Fields

Before considering the W/Z propagator it is useful to first consider the individual KK modes. Working post spontaneous symmetry breaking, we add to (19) a mass term of the form

ΔL = 1 4 h(z)^2g^2A_μA^μ,

where g is the 5D coupling to the Higgs (or for the Z boson^1_4 h(z)^2(g^2 + g^{′ 2})A_μA^μ) and h is the Higgs VEV (15). Carrying out the usual KK decomposition, A_μ =

∑_n

f_n(z)A^{(n)}_μ (x^μ), such that ∫_∞ R dz e^{−Φ} R z f_n f_m = δ_{nm}, (28)

the gauge profile will then be given by

∂^2_5 − ( 2z R^{′ 2} + 1 z ) ∂_5 − g^2h^2_0 2Rz^2 ( z R^′

)_{2α}

+ m^2_n f_n = 0. (29)

When α = 2 this can be solved to give

f_n(z) = Nz^2 exp ( 1 2 z^2 R^{′ 2}

(1 − ζ) ) U ( 1 − ã_n, 2, ζ z^2 R^{′ 2} ) , (30)

where we have introduced the quantities

ζ ≡ √ g^2h^2_0 2R + 1 and ã_n ≡ m^2_nR^{′ 2} 4ζ . Note on sending g^2h^2_0 → 0, ζ → 1 and bearing in mind that U(α, β, x) = x^{1−β}U(1 + α − β, 2 − β, x), one regains the gauge profiles for massless gauge fields found in [7]. We have also imposed the normalisability condition (28) resulting in the coefficient in front of the M(α, β, x) part of the solution being set to zero. Imposing Neumann boundary conditions on the UV brane (∂_5 f_n|_{z=R}= 0) then gives ( (1 + ζ)Ω^{−2} − 2ã_n ) U ( 1 − ã_n, 2, ζΩ^{−2} ) − 2U ( −ã_n, 2, ζΩ^{−2} ) = 0.

Once again as ζ → 1, the KK masses are the same as those given by the poles of the propagator (24). ζ can then be found by solving

(1 + ζ)Ω^{−2} −

M^2_{W/Z} R^{′ 2} 2ζ U 1 − M^2_{W/Z} R^{′ 2} 4ζ , 2, ζΩ^{−2}

= 2U − M^2_{W/Z} R^{′ 2} 4ζ , 2, ζΩ^{−2} .

With M_{KK} ≈ 1 − 10 TeV, then ζ_Z ≈ 1.28 − 1.0028 and hence when M_{KK} � M_{W/Z} then g^2 ∼ O(R). In other words, provided the KK scale is not too large, one does not have to introduce any couplings that are very large or very small in order to generate the correct W and Z masses.

We can now estimate h_0 by comparison with electroweak observables. Ideally one should compare to all observables in particular the Fermi constant. However, since one of the motivations for studying this model was its relatively small electroweak corrections, it is reasonable to just fit the gauge couplings and h_0 to three observables. In particular if one fits to the Z mass, fine structure constant, α, and weak mixing angle, θ_w, then 4πα = g^2 s^2_w f^2_0 , where s^2_w = sin^2 θ_w and c^2_w = 1 − s^2_w. We have also introduced the flat normalised photon gauge profile

f_0 = √ 2 R E_1(Ω^{−2}) and E_1(x) =

∫_∞ x dt e^{−t} t . (31)

Hence for a quadratic Higgs VEV we find

h^2_0 ≈

(ζ^2_Z − 1)c^2_w s^2_w πα E_1(Ω^{−2}) . By fitting the couplings of the five dimensional gauge field, g and g^′, directly to observables we are assuming that the ratio of the 5D couplings is the same as the ratio of the 4D effective couplings. Hence we are neglecting O(M^2_{W/Z} /M^2_{KK}) corrections to both the W and Z couplings and masses. One can check the validity of this approximation by numerically verifying that

ζ^2_W − 1 ζ^2_Z − 1

= ĉ^2_w ≈ c^2_w,

which gives ĉ^2_w = 0.7564, 0.7716, 0.7759 and 0.7771 for M_{KK} = 1, 2, 4 and 10 TeV. Using these relations h_0 M_{KK} ≈ 262 − 245 GeV for Ω = 10^{15} and M_{KK} = 1 − 10 TeV. Having obtained h_0 one can now repeat the analysis of the previous section to obtain the W/Z propagator using ( ∂^2_5 − ( 2z R^{′ 2} + 1 z ) ∂_5 − g^2 Rz^2 ( z R^′

)_4

+ p^2 ) G^{(W,Z)}_p (z, z^′) = e^Φ z R δ(z − z^′),

to give

G^{(W/Z)}_p (u, v) = − ζΓ(1 − ζ)u^2v^2 exp

(_1 2 u^2 R^{′ 2} (1 − ζ) + 1 2 v^2 R^{′ 2} (1 − ζ) ) 2ARR^{′ 2} ( AM ( 1 − ã, 2, ζu^2 R^{′ 2} )

+BU ( 1 − ã, 2, ζu^2 R^{′ 2} ) ) U ( 1 − ã, 2, ζv^2 R^{′ 2} ) , (32) where ã ≡^{p2R′ 2}_{4ζ} and

A(ã) = ( Ω^{−2}(1 + ζ) − 2ã ) U ( 1 − ã, 2, ζΩ^{−2} ) − 2U ( −ã, 2, ζΩ^{−2} ) , (33)

B(ã) = ( 2ã − Ω^{−2}(1 + ζ) ) M ( 1 − ã, 2, ζΩ^{−2} ) − 2(1 + ã)M ( −ã, 2, ζΩ^{−2} ) . (34)

As already mentioned, for the majority of this paper we shall focus on the quadratic Higgs VEV (α = 2). None the less it is worth pointing out the special case of a linear VEV. With α = 1, (29) can be solved to give

f_n = Nz^2U ( ζ̂ − a_n, 2, z^2

R^{′ 2} ) , where ζ̂ = 1 + g^2h^2_0 8R and a_n = m^2_nR^{′ 2} 4 . (35)

Once again imposing Neumann boundary conditions on the UV brane gives the condition

2(1 − ζ̂ + a_n)zN ( (a_n − ζ̂)U ( 1 + ζ̂ − a_n, 2, Ω^{−2} ) + U ( ζ̂ − a_n, 2, Ω^{−2} )) = 0,

which in turn implies ζ̂ = 1 +^{M2W/Z R′ 2}_4 and

f_0 = Nz^2U ( 1, 2, z^2 R^{′ 2} ) = N.

Hence in the case of a linear VEV (α = 1), the zero mode profile of the W and Z gauge fields are flat. This can alternatively be seen by noting that ∂_5 f_0 = 0 satisfies (29) when g^2h^2_0 = 2m^2_0RR^{′ 2}. In models with warped extra dimensions, the deformation of the W and Z zero mode gives rise to a number of significant constraints, for example corrections to the Zb̄b vertex, rare lepton decays and corrections to electroweak observables, in particular the S parameter. One would anticipate that a flat W/Z profile would lead to a significant suppression of such constraints, although one would expect that it would also be difficult to generate the fermion mass hierarchy with a linear VEV.

3.3 Convergence of Four Fermion Operators

We are now in a position to test whether or not the coefficients of the four fermion operators, of interest to flavour physics, are divergent (at tree level) with respect to summing over KK number. As we shall see, in section 5, these coefficients are determined by the integral I = ∫_∞ R dz ∫_∞ R dz^′ f^i_{L/R}(z) f^i_{L/R}(z)G_p(u, v) f^j_{L/R}(z^′) f^j_{L/R}(z^′). (36)

Typically this integral cannot be done analytically, although one can make a small momentum (i.e. small a) approximation^6

G_p(u, v) ≈

R^{′ 2} 2R ( 1 − exp ( u^2 R^{′ 2} ) − B(a) A(a) ) ( 1 + av^2 R^{′ 2}

+ O(a^2) ) . (37)

6Here we have used that M(1, 2, x) =^{ex−1}_x and Taylor expanded

x^2U ( 1 − a, 2,^{x2}_{R′ 2} ) ≈^{R′ 2}_{Γ(1−a)} ( 1 +^{ax2}_{R′ 2} [ 1 − 2γ − Ψ(1 − a) − ln(^{x2}_{R′ 2} ) +^{x2}_{R′ 2}

(_{5−2Ψ(2−a)−4γ−2 ln( x2}

R′ 2 4 )] + O (_{a2 x4}

R′ 4 )) ≈^{R′ 2}_{Γ(1−a)} ( 1 +^{ax2}_{R′ 2} ) + O(a^2),

where Ψ is a digamma function and γ is the Euler constant.

n = 1 n = 2 c_1 = 0.5 c_1 = 1 c_1 = 1.5 c_1 = 0.5 c_1 = 1 c_1 = 1.5 c_0^{mn}_{MKK}^{Yeff}√_{2λ}^{mn}_{MKK}^{Yeff}√_{2λ}^{mn}_{MKK}^{Yeff}√_{2λ}^{mn}_{MKK}^{Yeff}√_{2λ}^{mn}_{MKK}^{Yeff}√_{2λ}^{mn}_{MKK}^{Yeff}√_{2λ} 0.3 1.41 1.90 2.00 1.34 2.45 1.10 2.00 2.62 2.83 1.85 3.46 1.51 0.4 1.41 1.88 2.00 1.33 2.45 1.09 2.00 2.60 2.83 1.84 3.46 1.50 0.51 1.43 1.89 2.02 1.34 2.47 1.09 2.01 2.59 2.84 1.83 3.48 1.50 0.6 1.48 1.93 2.10 1.37 2.57 1.12 2.05 2.62 2.90 1.85 3.55 1.51 0.7 1.55 1.98 2.19 1.40 2.68 1.14 2.10 2.66 2.97 1.88 3.63 1.53

Table 1: The masses and couplings of the first two KK fermion modes. Included is the effective Yukawa coupling Y^{(n,n)}_{eff} for fermion fields that have a zero mode. M_{KK} ≡^1_{R′} = 1 TeV, Ω = 10^{15}.

This allows (36) to be approximated as

I ≈ N^2_i N^2_j

R^{′ 2} 4R [ ∫_∞ R dzz^{−2ci0} exp

−c^i_1z^2 R^{′ 2} ( 1 − exp ( z^2 R^{′ 2} ) − B A ) ( c^j_1 R^{′ 2}

c^j_0−^1_2 Γ 1 2 − c^j_0, z^2c^j_1 R^{′ 2} + a R^{′ 2} c^j_1 R^{′ 2}

c^j_0−^3_2 Γ 3 2 − c^j_0, z^2c^j_1 R^{′ 2} ) + ∫_∞ R dz^′ ( (z → z^′), (i ↔ j) ) ] . (38)

The point is that this can be approximately evaluated using ∫_∞ 0 dx x^{μ−1}e^{−βx}Γ(ν, αx) = α^νΓ(μ + ν) μ(α + β)^{μ+ν 2}

F_1 ( 1, μ + ν; μ + 1; β α + β ) , but only when c^i_1 + c^j_1 − 1 > 0 and c^i_0, c^j_0 <^1_2 (i.e. only when the fermions are localised towards the IR) [43]. Alternatively one can check when the integrand blows up. Making a large x expansion of the Kummer functions gives I ≈ N^2_i Γ(1 − a)N^2_j 2ARR^{′ 2}

[ ∫_∞ R dz ∫_∞

z^′=z

dz^′z^{2−2ci0} exp

−c^i_1z^2 R^{′ 2} [ A Γ(1 − a) exp ( z^2 R^{′ 2} ) ( z^2 R^{′ 2}

)_{−1−a}

+B ( z^2 R^{′ 2}

)_{a−1} ] ( z^{′ 2} R^{′ 2}

)_{a−1} z^{′ 2−2c j0} exp

−c^j_1z^{′ 2} R^{′ 2} + ∫_∞ R dz^′

∫_∞

z=z^′ dz ( (z ↔ z^′), (i ↔ j) ) ] . (39)

Clearly, for large z the integrand will be dominated by the exponential and so will go to zero only when, once again, c^i_1 + c^j_1 − 1 > 0. (40) It is straightforward to check this empirically, for the exact integrand, and it is found to hold for every case checked. So, although we have not been able to prove it explicitly, we strongly suspect that the coefficients of four fermion operators will only be convergent when (40) is satisfied. That is to say, the four fermion operator coefficients will be divergent, at leading order, if the fermions bulk mass term is not sufficiently z-dependent, i.e. the c_1 parameter is too small.

If one interprets the c_1 values as arising from the Yukawa couplings then one would anticipate that c_1 ∼ h_0λ_{i j}. With h_0 ∼ (250 GeV)/M_{KK} then naively one would expect that quite large Yukawa couplings (λ_{i j}) are needed in order to arrive at order one c_1 values. However, as was discussed in [14, 36], if the Yukawa couplings are too large one loses perturbative control of the theory. One can use naive dimensional analysis to estimate an upper bound, on the Yukawa couplings, from ensuring perturbative control over the one loop correction to the fermion masses. In particular one requires

|Y_{eff}|^2 16π^2

Λ^2 m^2_n

< 1,

where Y_{eff} is the effective coupling between the KK fermions and the Higgs. If one requires that the theory is perturbative up to at least the second KK mode (Λ ∼ 2m_n) then this requires that Y_{eff} ≲ 2π. Before one can compute Y_{eff} , one must specify the details of the Higgs sector, in particular the bulk and brane potentials. However if we assume that the Higgs VEV is dominated by the zero mode and so approximate the Higgs zero mode profile by f_H(z) ≈ Nh(z), such that

∫_∞ R e^{−Φ R3}_{z3} f^2_H = 1 and hence N ≈ √ 2R^′ h_0 , this would imply that

Y^{(n,m)}_{eff} √ 2 ≈ Y √ 2 ∫_∞ R dz R z f_H f^{(n)}_L f^{(m)}_R ≈ λ

∫_∞ R dz z R^′ f^{(n)}_L f^{(m)}_R , (41)

where the fermion profiles are given in (13). These effective couplings are shown in table 1. Hence, as in the RS model, if c_1 ∼ O(1) then one would anticipate losing perturbative control of the theory, at a scale lower than the KK scale, when |λ_{i j}| ≳ 3. Unfortunately it is difficult to make any concrete statements, about what scale one loses perturbative control of the theory, since we do not know the exact relation between the Yukawa couplings and the c_1 parameter. It is also possible that the z-dependent mass arises through some alternative physics other than the Higgs. Due to these uncertainties in the model here we shall not investigate potentially interesting effects arising from large or small c_1 values. Rather here we shall consider c_1 values for which the results are reasonably independent of the specific c_1 value, in particular c_1 = 0.5, 1, 1.5.

c^i_0 c^j_0 Propagator 5 KK modes 10 KK modes 20 KK modes 0.3 0.4 1.7550 × 10^{−8} 1.6729 × 10^{−8} 1.7158 × 10^{−8} 1.7325 × 10^{−8} 0.3 0.65 −1.8710 × 10^{−8} −1.7570 × 10^{−8} −1.8202 × 10^{−8} −1.8471 × 10^{−8} 0.6 0.65 6.8463 × 10^{−9} 6.1236 × 10^{−9} 6.4615 × 10^{−9} 6.6265 × 10^{−9}

Table 2: In the propagator column is the quantity^1_{p2} −^I_{f 20} , while in the remaining columns is the quantity

−^1_{f 20}

∑_{5,10,20} n=1 g^i_ng^j_n p^2−m^2_n . Here Ω = 10

2, c_1 = 1, p = 10 GeV and M_{KK} ≡^1_{R′} = 1 TeV.

In practice, for large warp factors, the integral (36) is difficult to do even numerically. In order to carry out the scans over parameter space required to study flavour, it is easier to work with the individual KK modes. Eq. (36) can be equated to I = ∞∑ n=0 g^i_ng^j_n p^2 − m^2_n

, where g^i_n =

∫_∞ R dz f^i_{L/R}(z) f_n(z) f^i_{L/R}(z), (42)

and f_n is the gauge profile (30 with ζ = 1). The question then remains, how many KK modes should be summed over. In table 2 we compare this convergence for a low warp factor. Note, at momenta much lower than the KK scale, the propagator is dominated by the zero mode which we have subtracted off. We observe a reasonably good convergence. In practice we sum over the first 15 KK modes and hence would expect an error of the order of a few percent.

Before moving on to look at the results it is worth briefly looking at the relative gauge fermion couplings plotted in figure 2(a). The only reason why a convergence in (36) is possible is because the higher KK modes

(a)

(b)

Figure 2: The relative coupling between the fermion zero modes and the first (solid lines), second (dashed lines) and third (dots) gauge KK modes for the RS model (black) and the SW model with c_1 = 0.5 (red), c_1 = 1 (blue) and c_1 = 1.5 (green). Here Ω = 10^{15} and M_{KK} ≡^1_{R′} = 1 TeV. The lower graph focuses on the universality of the couplings of fermions localised towards the UV brane.

are increasingly weakly coupled to the fermion zero modes. One can also see that the couplings of the RS model do appear to fall away more rapidly than those of the SW model, although it is not really possible to say much when considering just 3 modes.

The scale of constraints from flavour physics is partly determined by the difference or non-universality of the coupling of different flavours, particularly when they are localised towards the UV brane (c_0 >^1_2 ). This has been plotted in figure 2(b) for an arbitrary bulk mass parameter of c_0 = 0.65. Firstly one can see the source of the so called RS-GIM mechanism since, when the the fermions are sitting towards the UV brane, the gauge fermion coupling is approximately universal. One can also see, from figure 2(b), that the SW model has an equivalent level of universality to that of the RS model. Critically, one can also see from figure 2(a), that when the fermions are localised towards the UV, differences in the couplings are dominated by differences in the c_0 bulk mass term and not the c_1 term. Hence here assuming universal c_1 parameters does not significantly change the results. However as one localises the fermions further and further towards the IR then one can see that the couplings becomes increasingly sensitive to the c_1 parameter.

4 The Lepton Sector

Before considering the quark sector we shall first look at the tree level decays involving just the charged leptons. The advantage to this is that one need only fit to the lepton masses and this will allow us to demonstrate the central physics a little more clearly. In light of the current experimental status of the PMNS matrix one is inclined to favour configurations with large charged lepton mixings (i.e. closely spaced c_0 parameters). However here we will consider scenarios with both large and small mixings.

We shall also consider only the zero modes of the fermions. One may be concerned that, when the full mass matrix MM^† is diagonalised, the mixing of the zero modes would receive contributions from the terms that are off diagonal with respect to KK number. In the RS model these off diagonal terms are partially suppressed by the orthogonality of the fermion profiles (10) [12]. One would expect a similar effect being present in the SW model although it would be partially reduced due to the presence of the Higgs profile. As in the case of the RS model, one should be particularly cautious, about neglecting the contribution from the fermion KK modes, when one has matching c_0 values. Since this gives rise to particularly universal couplings which can, if the KK modes are not considered, exaggerate the suppression of FCNC’s.

The process we will consider here is the tree level decay l_j → l_il_il̄_i which is given by [44]

Γ(l_j → l_il_il̄_i) =

G^2_Fm^5_{l j}

48π^3 ( 2|C^L_{i j}|^2 + 2|C^R_{i j}|^2 + |D^L_{i j}|^2 + |D^R_{i j}|^2 ) , where

C^{L/R}_{i j} = ∑ n M^2_Z m^2_n ( B^{L/R}_{(n)} ) i j ( B^{L/R}_{(n)} ) ii and D^{L/R}_{i j} = ∑ n M^2_Z m^2_n ( B^{L/R}_{(n)} ) i j ( B^{R/L}_{(n)} ) ii , and B^{L/R}_{(n)} = 1 f_0

U_{L/R} g_n U^†_{L/R}.

U_{L,R} are the unitary matrices that diagonalise the fermion mass matrix. This process receives contributions from both the exchange of KK photons and KK Z bosons but in practice we find it to be completely dominated by the deformation of the Z zero mode plotted in figure 3. We do not include the contribution from

Figure 3: The coupling of the Z zero mode for the RS model (black) and the SW model with c_1 = 0.5 (red), c_1 = 1 (blue) and c_1 = 1.5 (green). Here Ω = 10^{15} while M_{KK} = 1 TeV (solid lines) and M_{KK} = 3 TeV (dashed lines).

the Higgs or KK modes of the Higgs. The current experimental bounds on these processes are [45, 46]

Br(μ^− → e^−e^+e^−) < 1.0 × 10^{−12}, Br(τ → μ^−μ^+μ^−) < 2.1 × 10^{−8}, Br(τ^− → e^−e^+e^−) < 2.7 × 10^{−8}.

4.1 Numerical Analysis and Results

This slightly simplified study essentially serves three purposes. Firstly, it allows us to look at the central physics for a relatively simple example. Secondly, it allows us to compare the results from the present model, with a z-dependent mass (9), with a model in which one uses the Yukawa couplings to get a discrete fermion spectrum [30, 32]. Thirdly, it allows us to test the validity of the assumption of a universal c_1 value. This is rather crudely tested by assuming a universal c_1 value and then looking at the results for any c_1 dependence. By considering just these three decays, it is reasonable to just fit to the three charged lepton masses. However, one still has a sizeable number of input parameters. Although we assume a universal c_1 value, we still allow for anarchic Yukawa couplings λ in (17). We shall also assume real, flavour-diagonal c_0 values.

Here we take the c_L (c^{(L)}_0 ) as input parameters and randomly generate ten 3 × 3 complex Yukawa couplings, |λ_{i j}| ∈ [1, 3], allowing the c_R values to be solved for by fitting to the lepton masses [45].

m_e = 0.511 MeV m_μ = 106 MeV m_τ = 1780 MeV.

We then proceed to generate a further 10,000 Yukawa couplings and for each one compute the branching ratios and lepton masses. Inevitably most of these configurations will not give the correct masses, and so we take the 100 configurations which give the most accurate masses. From these 100 configurations we plot the average of the branching ratios in figure 4. We then repeat this for a hundred random KK scales M_{KK} ≡^1_{R′} ∈ [1, 10] TeV, three c_1 values and five c_L values;

(A) c_L = [0.710, 0.700, 0.690] (B) c_L = [0.750, 0.700, 0.650] (C) c_L = [0.601, 0.600, 0.599] (D) c_L = [0.650, 0.600, 0.550] (E) c_L = [0.560, 0.550, 0.540]. (43)

We then proceed to compute the branching ratios for the RS model using exactly the the same method. In the literature there always appears to be a slight debate over what should be referred to as the KK scale. Here we define the KK scale to be^1_{R′} for the SW model and^k_Ω for the RS model. However in the interests of comparison, when plotting the RS points, we rescale M_{KK} by a factor of^{2.0}_{2.45} such that the mass of the first KK gauge mode will, for both models, be about two times M_{KK}. The results are plotted in figure 4.

Firstly, it should be noted that the (C) configuration, with c_1 ≈ 1, is in good agreement with the equivalent calculation done without the z dependent mass term [32]. Secondly, as one would expect, there is an increasing c_1 dependence as one moves the f_L profile towards the IR, although this dependence is still small compared to changes in the c_0 parameters, e.g. going from configuration (C) to (D). None the less we find that this dependence is negligible for configurations (A) and (B). Bearing in mind that these configurations typically have c^R_0 values sitting further towards the UV this suggests that the assumption of universal c_1 values is good when c^L_0 ≳ 0.6 ( or c^R_0 ≲ −0.6).

These figures also highlight the implications of the reduced c_0 dependence in the range of fermion masses (i.e. the gradient in figure 1). One can clearly see that as one localises the left-handed fermions closer and closer towards the UV brane (i.e. larger c_L values), the scale of the branching ratios is reduced. In order to maintain the correct masses, the corresponding right-handed fermions must sitter closer towards the IR. Sooner or later this leads to a problem via either a large value of Br(τ^− → μ^−μ^+μ^−) or even a difficulty obtaining the correct masses. However, due to this reduced gradient the corresponding c^R_0 are not as extreme in the SW model as in the RS model. Hence the RS model has problematic points in parameter space before the SW model. For example a Br(μ^− → e^−e^+e^−) < 10^{−18} is difficult to achieve in the RS model but not in the SW model. In other words the reduced c_0 dependence, in the SW model, gives rise to a larger phenomenologically viable parameter space than in the RS model.

In a more complete study, that included processes such as μ → eγ, it would be necessary to include both neutrino masses as well as mixings. This would restrict the range of possible configurations (43) but one would anticipate that the basic results still hold.

5 The Quark Sector

As mentioned in the introduction, some of the most stringent constraints on the RS model come from FCNC’s in the kaon sector [14, 15, 16, 47, 34], so we wish to see how they are affected in the SW model. As in [14, 16, 48], we integrate out the the non-zero gluon and photon KK modes, as well as all weak gauge boson modes, at tree level, arriving at the 4D effective Hamiltonian [49]

H^{△S =2}eff = 5∑ i=1 C_iQ^{sd}_i + 3∑ i=1 C̃_iQ̃^{sd}_i . (44)

(a)

(b) (c)

Figure 4: Branching ratios for rare lepton decays in the RS model (solid dots) and the SW model with c_1 = 0.5 (square), c_1 = 1 (star) and c_1 = 1.5 (diamond). The five configurations considered are given in (43), i.e. (A) in red, (B) in magenta, (C) in blue, (D) in cyan and (E) in green. Note the RS configuration (A) points have not been plotted due to the difficulty in obtaining a reasonable fit to the masses. The black lines indicate the experimental bound although the branching ratios for τ^− → e^−e^+e^− lie well below the experimental bound. Ω = 10^{15}.

Parameter 95% allowed range (GeV^{−2}) Parameter 95% allowed range (GeV^{−2}) Re C_1 [−9.6, 9.6] × 10^{−13} Im C_1 [−4.4, 2.8] × 10^{−15} Re C_2 [−1.8, 1.9] × 10^{−14} Im C_2 [−5.1, 9.3] × 10^{−17} Re C_3 [−6.0, 5.6] × 10^{−14} Im C_3 [−3.1, 1.7] × 10^{−16} Re C_4 [−3.6, 3.6] × 10^{−15} Im C_4 [−1.8, 0.9] × 10^{−17} Re C_5 [−1.0, 1.0] × 10^{−14} Im C_5 [−5.2, 2.8] × 10^{−17}

Table 3: Allowed ranges for the ΔF = 2 Wilson coefficients [50].

Here Q^{sd}_1 = (d̄_Lγ^μ s_L)(d̄_Lγ_μ s_L) Q̃^{sd}_1 = (d̄_Rγ^μ s_R)(d̄_Rγ_μ s_R) Q^{sd}_2 = (d̄_R s_L)(d̄_R s_L) Q̃^{sd}_2 = (d̄_L s_R)(d̄_L s_R) Q^{sd}_3 = (d̄^α_R s^β_L)(d̄^β_R s^α_L) Q̃^{sd}_3 = (d̄^α_L s^β_R)(d̄^β_L s^α_R) Q^{sd}_4 = (d̄_R s_L)(d̄_L s_R) Q^{sd}_5 = (d̄^α_R s^β_L)(d̄^β_L s^α_R) and α and β are colour indices. Model-independent bounds on the Wilson coefficients C_i, C̄_i have been given in [50], as quoted in Table 3. Let us define the integral

I^{(A)}_{ψkχlξmσn} = 3∑ i, j=1

(U^†_ψ)^{ki}(U_χ)^{il}

[∫_∞ R dz ∫_∞ R dz^′ f^i_ψ(z) f^i_χ(z)G^{(A)}_p (u, v) f^j_ξ (z^′) f^j_σ(z^′) ] (U^†_ξ )^{m j}(U_σ)^{jn}, (45)

where ψ, χ, ξ, σ = L, R while U_{L/R} are the unitary matrices that diagonalise the mass matrices and i, j, k, l, m, n are flavour indices. The Wilson coefficients are then given by

C_1 = g^2_s 6 I^{(G)}_{Ld Ls Ld Ls} + g^2 2c^2_w (1 2 − 1 3 s^2_w

)_2 I^{(Z)}_{Ld Ls Ld Ls} + e^2 18 I^{(A)}_{Ld Ls Ld Ls} , (46)

C̃_1 = g^{2s} 6 I^{(G)}_{RdRsRdRs} + g^2 s^4_w 18c^2_w

I^{(Z)}_{RdRsRdRs} + e^2 18 I^{(A)}_{RdRsRdRs} , (47)

C_4 = −g^2_s I^{(G)}_{Ld LsRdRs} , (48)

C_5 = g^2_s 3 I^{(G)}_{Ld LsRdRs} +

2g^2 s^2_w 3c^2_w (1 2 − 1 3 s^2_w ) I^{(Z)}_{Ld LsRdRs} −

2e^2 9 I^{(A)}_{Ld LsRdRs} , (49)

where s^2_w = sin^2 θ_W , c^2_w = cos^2 θ_W , θ_W is the weak mixing angles and g_s, g, e are the 5D couplings of the (five-dimensional) gluon, Z and photon fields. Here we are not interested in electroweak constraints, so we shall equate g^2_s f^2_0 = 4πα_s, g^2 f^2_0 = 4πα/s^2_w, and e^2 f^2_0 = 4πα.

The K_L − K_S mass difference and the indirect CP violation parameter ϵ_K follow from the weak Hamiltonian (44). Because the former is more sensitive to uncertain long-distance effects than the latter and because of the small experimental value (ϵ_K )_{exp} = (2.228 ± 0.011) × 10^{−3} [45], the stronger constraints are on the (CP-violating) imaginary parts of the Wilson coefficients (cf Table 3). These stronger constraints typically translate into the strongest constraints on the model, as is the case in the RS model (or the MSSM, for that matter). We expect the same to hold for the SW model. The new-physics (NP) contributions to ϵ_K and ΔM_K are calculated using [16] ϵ_K = κ_ϵ e^{iφϵ} √ 2(△m_K)_{exp}

Im ⟨K^0|H^{△S=2}eff |K̄^0⟩ , (50)

1 TeV 3 TeV 10 TeV 30 TeV B_1 0.407 0.395 0.384 0.374 B_4 0.938 0.938 0.938 0.938 B_5 -0.336 -0.373 -0.404 -0.427

Table 4: “Bag” factors B_i(μ) for the relevant hadronic matrix elements at representative renormalisation scales.

Δm_K = 2 Re ⟨K^0|H^{△S=2}eff |K̄^0⟩ (51)

where φ_ϵ = 43.51^∘ and κ_ϵ = 0.92 [51]. The hadronic matrix elements of the four-fermion operators are parameterised as

⟨K^0|Q^{sd}_1 (μ)|K̄^0⟩ = m_K f^2_K 3 B_1(μ) ,

⟨K^0|Q^{sd}_4 (μ)|K̄^0⟩ = ( m_K m_d(2M_{KK}) + m_s(2M_{KK})

)_2 m_K f^2_K 4 B_4(μ) ,

⟨K^0|Q^{sd}_5 (μ)|K̄^0⟩ = ( m_K m_d(2M_{KK}) + m_s(2M_{KK})

)_2 m_K f^2_K 12 B_5(μ) ,

where m_K = 497.6 MeV, f_K = 156.1 MeV, and we have indicated the dependence on the renormalisation scale μ. Tremendous effort has gone into higher-order corrections to the SM calculation of C_1, to the formula (50) , and the determination of the B_i-factors, in particular the SM one, B_1. In fact, some recent studies have hinted that the SM contribution may be slightly too small to explain the experimental value [52, 53]. While this is intriguing, in view of our tree-level analysis and other approximations made, we will ignore the SM contributions, comparing the new-physics contribution in this model directly to the experimental values for ϵ_K and ΔM_K . We also restrict ourselves to a leading-log analysis, renormalising our Wilson coefficients at μ = μ_0 = 2M_{KK} and evolving [54] (at leading log) the bag factors given in [55] up to μ_0. Representative numerical values are given in Table 4.

5.1 Numerical Analysis and Results

Here we wish to investigate two points. Firstly, can the SW model reproduce the correct quark masses and mixing angles and secondly, to what extent are FCNC’s suppressed. However, even if one assumes real, flavour-diagonal, bulk mass parameters and universal, order unity, c_1 values then one still has 18 complex Yukawas and 9 real c_0 parameters to fit. Such a large parameter space gives rise to an under constrained problem or in other words the existing constraints from flavour physics can always be satisfied with sufficient tuning of the free parameters. Hence the relevant question, we wish to address here, is which of the two models requires the least tuning in order to reproduce all existing observables. Ideally one should carry out a full Monte Carlo analysis, although accurately carrying out the integrals is numerically too slow for this to be a computationally viable option. Another possible approach would be to compute the fine tuning parameter (introduced in [56]) including all know observables. However this approach would offer no indication as to the ‘typical’ size of a given observable in a given model.

The approach taken here is to find points in parameter space that give the correct masses, mixing angles and Jarlskog invariant and then proceed to calculate the size of the additional contributions, to ϵ_K and Δm_K , from

Configuration c^u_R c^d_R

(A) c_1 = 0.5 [−0.66 ± 0.04, −0.47 ± 0.12, 0.46 ± 0.10] [−0.63 ± 0.01, −0.61 ± 0.01, −0.57 ± 0.01] c_1 = 1 [−0.65 ± 0.04, −0.45 ± 0.11, 0.47 ± 0.07] [−0.62 ± 0.01, −0.60 ± 0.01, −0.56 ± 0.01] c_1 = 1.5 [−0.64 ± 0.03, −0.43 ± 0.13, 0.45 ± 0.13] [−0.62 ± 0.01, −0.59 ± 0.01, −0.56 ± 0.01] RS [−0.62 ± 0.01, −0.44 ± 0.05, 4.63 ± 1.98] [−0.60 ± 0.01, −0.58 ± 0.01, −0.55 ± 0.01]

(B) c_1 = 0.5 [−0.69 ± 0.03, −0.52 ± 0.03, 0.38 ± 0.18] [−0.66 ± 0.01, −0.61 ± 0.01, −0.60 ± 0.01] c_1 = 1 [−0.69 ± 0.07, −0.46 ± 0.14, 0.46 ± 0.13] [−0.65 ± 0.01, −0.61 ± 0.01, −0.58 ± 0.01] c_1 = 1.5 [−0.67 ± 0.01, −0.46 ± 0.12, 0.45 ± 0.15] [−0.65 ± 0.01, −0.60 ± 0.01, −0.58 ± 0.01] RS [−0.65 ± 0.01, −0.48 ± 0.04, 1.09 ± 0.67] [−0.63 ± 0.01, −0.59 ± 0.01, −0.57 ± 0.01]

(C) c_1 = 0.5 [−0.72 ± 0.04, −0.56 ± 0.01, −0.25 ± 0.22] [−0.69 ± 0.01, −0.65 ± 0.01, −0.62 ± 0.01] c_1 = 1 [−0.71 ± 0.01, −0.53 ± 0.08, 0.06 ± 0.33] [−0.68 ± 0.01, −0.64 ± 0.01, −0.61 ± 0.01] c_1 = 1.5 [−0.70 ± 0.03, −0.52 ± 0.06, 0.30 ± 0.32] [−0.68 ± 0.01, −0.63 ± 0.01, −0.60 ± 0.01] RS [−0.68 ± 0.01, −0.53 ± 0.01, −0.06 ± 0.14] [−0.66 ± 0.01, −0.62 ± 0.01, −0.60 ± 0.01]

(D) c_1 = 0.5 [−0.74 ± 0.01, −0.60 ± 0.01, −0.37 ± 0.08] [−0.72 ± 0.01, −0.67 ± 0.01, −0.62 ± 0.01] c_1 = 1 [−0.73 ± 0.01, −0.58 ± 0.01, −0.23 ± 0.21] [−0.71 ± 0.01, −0.67 ± 0.01, −0.61 ± 0.01] c_1 = 1.5 [−0.73 ± 0.01, −0.56 ± 0.06, −0.15 ± 0.24] [−0.71 ± 0.01, −0.66 ± 0.01, −0.61 ± 0.01] RS [−0.72 ± 0.01, −0.57 ± 0.01, −0.29 ± 0.06] [−0.69 ± 0.01, −0.65 ± 0.01, −0.61 ± 0.01]

(E) c_1 = 0.5 [−0.77 ± 0.01, −0.63 ± 0.01, −0.43 ± 0.03] [−0.75 ± 0.01, −0.71 ± 0.01, −0.63 ± 0.01] c_1 = 1 [−0.76 ± 0.01, −0.62 ± 0.01, −0.36 ± 0.07] [−0.74 ± 0.01, −0.71 ± 0.01, −0.62 ± 0.01] c_1 = 1.5 [−0.76 ± 0.01, −0.62 ± 0.01, −0.21 ± 0.24] [−0.73 ± 0.01, −0.70 ± 0.01, −0.61 ± 0.01] RS [−0.74 ± 0.01, −0.61 ± 0.01, −0.35 ± 0.05] [−0.72 ± 0.01, −0.69 ± 0.01, −0.61 ± 0.01]

Table 5: Bulk mass parameters (c_R = c^{Ri}_0 ) of the right-handed fermions obtained by fitting to quark masses and mixing angles with the left-handed fermions having the bulk configurations; (A) c_L = [0.72, 0.64, 0.52], (B) c_L = [0.69, 0.63, 0.49], (C) c_L = [0.66, 0.60, 0.42], (D) c_L = [0.63, 0.57, 0.34], (E) c_L = [0.60, 0.52, 0.25]. Quoted is the mean and standard deviation taken over 50 random points, see text.

the KK gauge fields. In selecting such points one should be aware of two factors. Firstly, is the point fine tuned, i.e. are the output observables sensitive to small changes in the input parameters. Secondly, is the point a particularly rare point in parameter space. In order to address the second issue, here we endeavour to scan over as wide a range of the parameter space as is computationally viable. For the first point we will compute the fine tuning parameter at each point considered. To be a little more explicit our method is as follows.

• With the exception of the overall warp factor (Ω = 10^{15}) and the KK scale, the only input parameters we fix by hand are the bulk mass parameters c_L and the universal c_1 parameter. Here we consider five configurations of c_L

(A) c_L = [0.72, 0.64, 0.52] (B) c_L = [0.69, 0.63, 0.49] (C) c_L = [0.66, 0.60, 0.42] (D) c_L = [0.63, 0.57, 0.34] (E) c_L = [0.60, 0.52, 0.25] (52)

and three c_1 values, c_1 = 0.5, 1, 1.5. The five c_L configurations have been chosen such that they give roughly the correct mixing angles. Note that for configurations with 0.74 < c^{L1}_0 (c^1_L) < 0.60 it becomes increasingly difficult to get a good fit to the quark masses without including quite large bulk mass parameters.

(a)

(b) Figure 5: The mean values of ϵ^{NP}_K and Δm^{NP}_K for the RS model (stars) and the SW model with c_1 = 1.5 (circles), c_1 = 1 (squares) and c_1 = 0.5 (diamonds). The c_L values are given in (52). For the SW model configuration (A) is plotted in dark blue, (B) is plotted in light blue, (C) is plotted in cyan, (D) is plotted in light green and (E) is plotted in dark green. While for the RS model (A) is plotted in dark red, (B) is plotted in light red, (C) is plotted in orange, (D) in yellow and (E) in dark yellow. For both the RS model and the SW model the mass of the first gauge KK mode will be about two times M_{KK}. Note plotted here are the average values. Typically one can always find tuned points, in parameter space, that satisfy the experimental constraints for all configurations and all KK scales considered. Ω = 10^{15}.

(a)

(b)

Figure 6: The percentage of points that are consistent with experimental values. The colours and points correspond to those used in figure 5. Due to the fact that only a 100 points were used, a large number of the configurations and KK scales considered yielded either one or zero points consistent with ϵ_K (figure 6(a)). Such configurations would require a significant level of tuning in order to be consistent with experimental constraints.

• Next we find the ‘natural’ c^u_R and c^d_R values. By natural we mean the bulk mass parameters that give the correct masses and mixing angles assuming that there is no hierarchy in the Yukawa couplings. For this we generate ten sets of two Yukawa matrices and for each one solve for c^{u/d}_R by fitting to the quark masses. To avoid accidentally using a fairly extreme Yukawa, the c_R values used is the median of these ten values. The Yukawa matrices are generated such that |λ_{i j}| ∈ [1, 3]. As discussed in section 3.3 we avoid using large Yukawa couplings. These average c_R values are given in table 5.

• With the nine bulk mass parameters fixed, we proceed to find 100 points in parameter space, that give the correct quark masses, mixing angles and Jarlskog invariant by solving for the Yukawa couplings. The quark masses are run up from 2 GeV to the mass of the first KK gauge mode (2M_{KK}) using the 2 GeV values

m_u = 2.5 MeV m_c(3 GeV) = 0.986 GeV m_t = 164 GeV m_d = 4.95 MeV m_s = 96.2 MeV m_b = 4.163 GeV (53)

and the mixing angles are [45, 50]

V_{us} = 0.2254 ± 0.00065 V_{cb} = 0.0408 ± 0.00045 V_{ub} = 0.00376 ± 0.0002 J = 2.91^{+0.19}_{−0.11} × 10^{−5}. (54)

• By randomly generating the initial guess of the solver one would anticipate that these points would be spread evenly over the parameter space. However one still needs to check the level of tuning required to obtain masses and mixing angles. Hence here we compute the fine tuning parameter [56]

Δ_{BG}(O_i, p_j) = | | | p_j O_i

ΔO_i Δp_j | | | , (55)

where the observables, O_i, run over all the masses, mixing angle and Jarlskog invariant and the input parameters, p_j, run over the all the Yukawas. In practice we vary the Yukawas over a range of 0.1+0.1i (i.e. Δp_j). The fine tuning parameter is then taken as the maximum value with respect to both input parameters and output parameters. Plotted in figure 7 is the mean value taken over the 100 points.

• Having found these 100 viable points in parameter space we proceed to compute the size of the contributions to ϵ_K and Δm_K. The mean value, taken over these 100 points, have been plotted in figure 5. We have also plotted, in figure 6, the percentage of the points that are consistent with experimental results. Again in the case of the RS model the KK mass has been scaled by a factor of^2_{2.45} such that the mass of the first gauge KK mode would be about the same in the two models.

• This process is then repeated for 50 KK scales, randomly chosen such that M_{KK} ∈ [1, 10] TeV, for both the RS model and the SW model with c_1 = 0.5, c_1 = 1 and c_1 = 1.5 and also at each configuration in (52).

As mentioned before, it is hoped that this approach will offer an unbiased spread of points over the region of parameter space of relevance to generating SM fermion masses and mixing angles. Let us turn now to the first question, posed at the beginning of this section, can the SW model generate the correct fermion masses and mixings? As one would expect the answer is yes. For both the RS model and the SW model, not one of the points plotted in figure 7 show any sign of significant fine tuning (i.e Δ_{BG} > 10). This is of course because of bulk configurations (52) taken as input parameters. Had one chosen more UV or IR localised

Figure 7: The fine tuning parameter giving an indication of the sensitivity of the quark masses, mixing angles and Jarlskog invariant to variations in the Yukawa couplings. The colours and points correspond to those used in figures 5.

configurations then clearly more tuning would have been required in order to get the correct masses and mixing angles.

This then brings us to the second question, related to the the suppression of FCNC’s. By grouping points in parameter space according to their configurations of bulk mass parameters (52), one is essentially comparing points which require equivalent levels of tuning in order to obtain the correct masses and mixing angles (see figure 7). Even with this comparison it is still difficult to meaningfully quantify the extent to which FCNC’s are suppressed. None the less one can see that, for all points considered, FCNC’s are considerably more suppressed in the SW model than in the RS model with an equivalent level of tuning. For example, one can see from figure 6(a) that, in the SW model with configuration (E), in order to have about 20% of the points consistent with ϵ_K one would require M_{KK} ≳ 4 TeV (corresponding to a KK gluon mass of ∼ 8 TeV). Where as in the RS model one would require M_{KK} ≳ 10 TeV (corresponding to a KK gluon mass of ∼ 25 TeV). Alternatively one can look at the total number of points that satisfy the ϵ_K constraint regardless of KK scale. In the SW for configuration (E) with c_1 = 1.5, 1, 0.5 this is about 31%, 31%, 19% respectively. While for configuration (A) this is about 4.2%, 2.5%, 2.6%. This can be compared to the RS model which is about 8% for configuration (E) and 0.22% for configuration (A).

There are a number of factors contributing to this increased suppression of FCNC’s. The extent to which

FCNC’s are suppressed is largely determined, at tree level, by how universal the gauge-fermion couplings, that appear in (45), are. As can be seen in figure 2(a), as one localises the fermions further and further towards the UV, the gauge fermion coupling becomes increasingly universal. While this is true for both the SW model and the RS model one can also see, from figure 2(b), that in the SW model, with c_1 ≳ 1 that the gauge fermion couplings are slightly more universal than the RS model. In addition to this in the SW model, due to the presence of the bulk Higgs, the fermions will typically sit slightly further towards the UV than in the RS model (see table 5). This effect should be combined with the reduced c_0 dependence in the range of possible fermion masses (the gradient in figure 1). This results in avoiding extreme bulk mass parameters in configurations in which either the left-handed or right-handed fermions are localised quite far towards the UV. For example, see c^{u3}_R for configurations (A) and (B) in table 5 for an extreme example. When all these effects are combined one finds that, for all points in parameter space considered, FCNC’s are more suppressed in the SW model than in the RS model.

One of the underlying assumptions in this analysis is that of a universal c_1 value. However, upon examining the results one can see that, despite most of the bulk mass parameters of relevance to kaon physics having c^R_0 ≲ −0.6, there is still a very small c_1 dependence. In particular smaller c_1 values tend to give slightly more UV localised fermions and slightly less universal gauge fermion couplings. These effects are quite small and hence negligible when compared to varying the bulk mass parameters, c_0. So here we would argue that these results would not change significantly if one was to relax this assumption. None the less, since the exact origin of the c_1 term has not been clearly defined it is not clear if this number can be quite large or small. Here we shall leave investigation of this to future work.

It should also be stressed that this cannot be considered a complete study for a number of reasons. Firstly we only consider tree level gauge mediated FCNC’s. One would also anticipate additional contributions to FCNC’s arising from, for example, the dilaton or the Higgs [36, 57, 58, 59]. The inclusion of such additional contributions would inevitably enlarge the parameter space and hence make a fair comparison with the RS model more difficult. However one would anticipate that such fields would be IR localised and hence such FCNC’s should also be suppressed. Secondly we also only focus on kaon physics. One can see from table 5 that a study involving top physics or B physics would involve fermions sitting further towards the IR where the assumption of universal c_1 values is arguably less valid. So here we will leave a more comprehensive study to future work.

It is important to realise that the central physics involved in this result is not necessarily related to the soft wall but rather the change in the relationship between fermion masses and their positions. In particular the reduction of the gradient in figure 1. One would anticipate such an effect showing up, to some extent, in any bulk Higgs scenario. For example, a similar reduction, in the constraints from ϵ_K , was found in the RS model with a bulk Higgs in [34]. However soft wall models offer a framework in which the Higgs can propagate in the bulk and the gauge hierarchy problem can still potentially be resolved.

6 Discusion and Conclusions

The primary motivation of this paper was to demonstrate that the description of flavour that exists in the RS model can be transferred across to the SW model. Here we believe that we have done this but there is one major difference. Whereas in the RS model, with the Higgs on the brane, the fermion masses are determined by the end points of the fermion profiles, in the SW model they are determined by the overlap integral of the Higgs VEV and the fermion profiles. This gives rise to two significant differences between the SW model and the RS model. Firstly, although the range of possible masses still falls exponentially, in the SW model the exponent is no longer constant. Secondly, with both left-handed and right-handed fermions sitting towards the UV one obtains a minimum possible fermion mass.

Both the gradient in the fermion masses and the minimum fermion mass are very sensitive to both the warp factor and the form of the Higgs VEV. One would also suspect that it would be sensitive to the form of the dilaton background value as well. Although here we have fixed ν = 2 in order to arrive at a Regge scaling in the KK masses. It should also be noted that one cannot obtain the hierarchy of fermion masses if the warp factor is too small or the Higgs VEV is too flat. However, with a warp factor of Ω = 10^{15} the case of a quadratic Higgs VEV is particularly interesting since it results in a minimum fermion mass being approximately fifteen orders of magnitude lower than the EW scale. This appears to be in rough agreement with the observed range of neutrino masses and hence the majority of this paper has focused on this case. Further still it was found in [26] that an approximately quadratic Higgs VEV gave the lowest EW constraints.

Having restricted the study to that of a quadratic Higgs VEV we proceeded to investigate the implications for flavour physics. Studies of flavour in the SW model suffer from a number of additional complications to that of the RS model. Firstly, one must necessarily ensure that the bulk fermions gain a z-dependent mass term in order to obtain a discrete KK spectrum. The most natural source of such a mass term is the Yukawa couplings to the Higgs. However here, following [31], we use a generic bulk mass (9) term which could or could not be related to the Yukawa couplings. The advantage to this bulk mass term is that it allows for analytical expressions to be obtained for the fermion profiles and hence simplifies the study. The disadvantage is that one does not know the precise relationship between the c_1 parameters and the Yukawa couplings. Fortunately it is found that when the fermions are localised towards the UV and one assumes c_1 ∼ O(1) then the results are relatively independent of c_1. Hence for the physics considered here, notably kaon physics and lepton decays, one can assume a universal c_1 value and still arrive at a reasonably reliable result.

The situation receives an additional complication when one tries to estimate at what scale one loses perturbative control of the calculation. With the KK masses scaling as m^2_n ∼ n, one would naively expect a tree level sum over the KK tower to be logarithmically divergent. I.e. tree level processes are dominated by the higher KK modes and hence one must impose a cut off in the KK number. By computing the five dimensional gauge propagator, it is demonstrated that this divergence does not occur provided the fermions gain a sufficiently z-dependent mass term, i.e. c_1 ≳ 0.5. If one assumes that the Yukawa couplings are the source of the c_1 term and that c_1 ∼ λh_0 then this would suggest that one needs large Yukawa couplings to avoid such a tree level divergence. However this would result in a loss of perturbative control, at next to leading order, at a scale much lower than the KK scale. Alternatively one could look for an another source of the z-dependent mass term such as couplings to the dilaton or a Goldberger-Wise scalar [33].

None the less, assuming c_1 ∼ O(1) and a quadratic Higgs VEV, we are then able to investigate the phenomenological implications of the change in the range of possible fermion masses. Due to the difficulties in quantifying the extent to which FCNC’s are suppressed here we choose to compare the SW model to the well studied RS model. In other words, we are using the RS model as a point of reference. Firstly, a relatively simple study of rare lepton decays is made primarily to check the assumption of universal c_1 values as well as allowing for comparison with some earlier work [32]. With c_1 ≈ 1, good agreement is found with models in which the backreaction of the Yukawa couplings, on the fermion profiles, is included. Next we proceed to examine K^0 − K̄^0 mixing for both the RS model and the SW model, comparing points in parameter space that require equivalent levels of tuning in order obtain the correct masses, mixing angles and Jarlskog invariant. It is found that, in the SW model, the fermions typically sit slightly further towards the UV than in the RS model, with a brane localised Higgs. Also the gauge fermion couplings are slightly more universal. This results in FCNC’s being more suppressed in SW model than in the RS model for nearly all points in parameter space considered. Hence here we would conclude that, despite its computational difficulties and uncertainties, the SW model arguably offers a more appealing description of flavour than the RS model. This result, coupled with the result of [26, 27], suggests that there is a strong case to be made for considering models with a bulk Higgs.

Acknowledgements

We would like to thank Michael Atkins for collaboration in the early stages of this work. P.R.A. was supported by the Science and Technology Facilities Council. S.J.H. was supported by the Science and Technology Facilities Council [grant number ST/G000573/1]. S.J. was supported by the Science and Technology Facilities Council [grant number ST/H004661/1] and acknowledges support from the NExT institute and SEPnet.

References

[1] A. Karch, E. Katz, D. T. Son, and M. A. Stephanov, Linear Confinement and AdS/QCD, Phys. Rev.

D74 (2006) 015005, [hep-ph/0602229].

[2] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor.

Math. Phys. 2 (1998) 231–252, [hep-th/9711200].

[3] E. Schreiber, Excited mesons and quantization of string endpoints, hep-th/0403226.

[4] M. Shifman, Highly excited hadrons in QCD and beyond, hep-ph/0507246.

[5] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690–4693, [hep-th/9906064].

[6] A. Falkowski and M. Perez-Victoria, Electroweak Breaking on a Soft Wall, JHEP 12 (2008) 107, [arXiv:0806.1737].

[7] B. Batell, T. Gherghetta, and D. Sword, The Soft-Wall Standard Model, Phys. Rev. D78 (2008) 116011, [arXiv:0808.3977].

[8] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370–3373, [hep-ph/9905221].

[9] Y. Grossman and M. Neubert, Neutrino masses and mixings in non-factorizable geometry, Phys. Lett.

B474 (2000) 361–371, [hep-ph/9912408].

[10] T. Gherghetta and A. Pomarol, Bulk fields and supersymmetry in a slice of AdS, Nucl. Phys. B586 (2000) 141–162, [hep-ph/0003129].

[11] S. J. Huber and Q. Shafi, Fermion Masses, Mixings and Proton Decay in a Randall- Sundrum Model, Phys. Lett. B498 (2001) 256–262, [hep-ph/0010195].

[12] S. J. Huber, Flavor violation and warped geometry, Nucl. Phys. B666 (2003) 269–288, [hep-ph/0303183].

[13] K. Agashe, G. Perez, and A. Soni, Flavor structure of warped extra dimension models, Phys. Rev.

D71 (2005) 016002, [hep-ph/0408134].

[14] C. Csaki, A. Falkowski, and A. Weiler, The Flavor of the Composite Pseudo-Goldstone Higgs, JHEP 09 (2008) 008, [arXiv:0804.1954].

[15] M. Blanke, A. J. Buras, B. Duling, S. Gori, and A. Weiler, Δ F=2 Observables and Fine-Tuning in a Warped Extra Dimension with Custodial Protection, JHEP 03 (2009) 001, [arXiv:0809.1073].

[16] M. Bauer, S. Casagrande, U. Haisch, and M. Neubert, Flavor Physics in the Randall-Sundrum Model:

II. Tree- Level Weak-Interaction Processes, JHEP 09 (2010) 017, [arXiv:0912.1625]. [17] N. Arkani-Hamed, M. Porrati, and L. Randall, Holography and phenomenology, JHEP 08 (2001) 017, [hep-th/0012148].

[18] R. Rattazzi and A. Zaffaroni, Comments on the holographic picture of the Randall-Sundrum model, JHEP 04 (2001) 021, [hep-th/0012248].

[19] M. Perez-Victoria, Randall-Sundrum models and the regularized AdS/CFT correspondence, JHEP 05 (2001) 064, [hep-th/0105048].

[20] W. D. Goldberger and M. B. Wise, Modulus stabilization with bulk fields, Phys. Rev. Lett. 83 (1999) 4922–4925, [hep-ph/9907447].

[21] S. S. Gubser, Curvature singularities: The good, the bad, and the naked, Adv. Theor. Math. Phys. 4 (2000) 679–745, [hep-th/0002160].

[22] S. M. Aybat and D. P. George, Stability of Scalar Fields in Warped Extra Dimensions, JHEP 09 (2010) 010, [arXiv:1006.2827].

[23] D. P. George and M. Postma, Avoiding the dangers of a soft-wall singularity, arXiv:1105.3390. [24] J. A. Cabrer, G. von Gersdorff, and M. Quiros, Soft-Wall Stabilization, New J. Phys. 12 (2010) 075012, [arXiv:0907.5361].

[25] T. Gherghetta and N. Setzer, On the stability of a soft-wall model, Phys. Rev. D82 (2010) 075009, [arXiv:1008.1632].

[26] J. A. Cabrer, G. von Gersdorff, and M. Quiros, Suppressing Electroweak Precision Observables in 5D Warped Models, arXiv:1103.1388.

[27] J. A. Cabrer, G. von Gersdorff, and M. Quiros, Warped Electroweak Breaking Without Custodial Symmetry, arXiv:1011.2205.

[28] A. Carmona, E. Ponton, and J. Santiago, Phenomenology of Non-Custodial Warped Models, arXiv:1107.1500.

[29] A. Delgado and D. Diego, Fermion Mass Hierarchy from the Soft Wall, Phys. Rev. D80 (2009) 024030, [arXiv:0905.1095].

[30] T. Gherghetta and D. Sword, Fermion Flavor in Soft-Wall AdS, Phys. Rev. D80 (2009) 065015, [arXiv:0907.3523].

[31] S. Mert Aybat and J. Santiago, Bulk Fermions in Warped Models with a Soft Wall, Phys. Rev. D80 (2009) 035005, [arXiv:0905.3032].

[32] M. Atkins and S. J. Huber, Suppressing Lepton Flavour Violation in a Soft-Wall Extra Dimension, Phys. Rev. D82 (2010) 056007, [arXiv:1002.5044].

[33] A. D. Medina and E. Ponton, Warped Universal Extra Dimensions, JHEP 06 (2011) 009, [arXiv:1012.5298].

[34] K. Agashe, A. Azatov, and L. Zhu, Flavor Violation Tests of Warped/Composite SM in the Two- Site Approach, Phys. Rev. D79 (2009) 056006, [arXiv:0810.1016].

[35] K. Agashe, A. E. Blechman, and F. Petriello, Probing the Randall-Sundrum geometric origin of flavor with lepton flavor violation, Phys. Rev. D74 (2006) 053011, [hep-ph/0606021].

[36] S. Casagrande, F. Goertz, U. Haisch, M. Neubert, and T. Pfoh, Flavor Physics in the Randall-Sundrum Model: I. Theoretical Setup and Electroweak Precision Tests, JHEP 10 (2008) 094, [arXiv:0807.4937].

[37] S. M. Aybat and J. Santiago, Bulk Fermions in Soft Wall Models, AIP Conf. Proc. 1200 (2010) 611–614, [arXiv:0909.3999].

[38] K. Agashe, T. Okui, and R. Sundrum, A Common Origin for Neutrino Anarchy and Charged Hierarchies, Phys.Rev.Lett. 102 (2009) 101801, [arXiv:0810.1277].

[39] L. Randall and M. D. Schwartz, Quantum field theory and unification in AdS5, JHEP 11 (2001) 003, [hep-th/0108114].

[40] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas Graphs and Mathematical Tables. Dover, New York, ninth dover printing tenth gpo printing ed., 1964.

[41] L. J. Slater, Confluent Hypergeometric Functions. Cambridge University Press, Cambridge, 1960. [42] H. Buchholz, The Confluent Hypergeometric Function. Springer, Heidelberg, 1969. [43] I. Gradshteyn and I. Ryzhik, Table of Integrals, Series and Products. Elsevier, New York, seventh edition ed., 2007.

[44] P. Langacker and M. Plumacher, Flavor changing effects in theories with a heavy Z^′ boson with family nonuniversal couplings, Phys. Rev. D62 (2000) 013006, [hep-ph/0001204].

[45] Particle Data Group Collaboration, K. Nakamura et al., Review of particle physics, J. Phys. G37 (2010) 075021.

[46] K. Hayasaka et al., Search for Lepton Flavor Violating Tau Decays into Three Leptons with 719 Million Produced Tau+Tau- Pairs, Phys. Lett. B687 (2010) 139–143, [arXiv:1001.3221].

[47] O. Gedalia, G. Isidori, and G. Perez, Combining Direct & Indirect Kaon CP Violation to Constrain the Warped KK Scale, Phys. Lett. B682 (2009) 200–206, [arXiv:0905.3264].

[48] W.-F. Chang, J. N. Ng, and J. M. S. Wu, Flavour Changing Neutral Current Constraints from Kaluza- Klein Gluons and Quark Mass Matrices in RS1, Phys. Rev. D79 (2009) 056007, [arXiv:0809.1390].

[49] J. A. Bagger, K. T. Matchev, and R.-J. Zhang, QCD corrections to flavor-changing neutral currents in the supersymmetric standard model, Phys. Lett. B412 (1997) 77–85, [hep-ph/9707225].

[50] UTfit Collaboration, M. Bona et al., Model-independent constraints on Δ F=2 operators and the scale of new physics, JHEP 03 (2008) 049, [arXiv:0707.0636].

[51] A. J. Buras and D. Guadagnoli, Correlations among new CP violating effects in ΔF = 2 observables, Phys.Rev. D78 (2008) 033005, [arXiv:0805.3887].

[52] A. J. Buras and D. Guadagnoli, On the consistency between the observed amount of CP violation in the K- and B(d)-systems within minimal flavor violation, Phys. Rev. D79 (2009) 053010, [arXiv:0901.2056].

[53] E. Lunghi and A. Soni, Possible Indications of New Physics in B_d-mixing and in sin(2β) Determinations, Phys.Lett. B666 (2008) 162–165, [arXiv:0803.4340].

[54] A. J. Buras, S. Jager, and J. Urban, Master formulae for Delta F=2 NLO QCD factors in the standard model and beyond, Nucl.Phys. B605 (2001) 600–624, [hep-ph/0102316].

[55] R. Babich, N. Garron, C. Hoelbling, J. Howard, L. Lellouch, et al., K0 - anti-0 mixing beyond the standard model and CP-violating electroweak penguins in quenched QCD with exact chiral symmetry, Phys.Rev. D74 (2006) 073009, [hep-lat/0605016].

[56] R. Barbieri and G. F. Giudice, Upper Bounds on Supersymmetric Particle Masses, Nucl. Phys. B306 (1988) 63–76.

[57] A. Azatov, M. Toharia, and L. Zhu, Higgs Mediated FCNC’s in Warped Extra Dimensions, Phys. Rev.

D80 (2009) 035016, [arXiv:0906.1990].

[58] K. Agashe and R. Contino, Composite Higgs-Mediated FCNC, Phys. Rev. D80 (2009) 075016, [arXiv:0906.1542].

[59] A. J. Buras, M. V. Carlucci, S. Gori, and G. Isidori, Higgs-mediated FCNCs: Natural Flavour Conservation vs. Minimal Flavour Violation, JHEP 10 (2010) 009, [arXiv:1005.5310].