arXiv:1108.4643v2 [hep-th] 20 Mar 2013

Coulomb Gas and Sine-Gordon Model in Arbitrary Dimension

I. Nándori^{1, 2} 1Institute of Nuclear Research, P.O.Box 51, H-4001 Debrecen, Hungary 2MTA-DE Particle Physics Research Group, P.O.Box 51, H-4001 Debrecen, Hungary

Exact phase structure of the neutral Coulomb gas has been mapped out by the functional renormalization group study of the equivalent sine-Gordon field theory in arbitrary dimension. The high temperature fixed point is obtained and it is shown that the Coulomb gas has a single phase for d > 2. Renormalization group equations of the 3-dimensional sine-Gordon model are compared to those of the vortex-loop gas i.e. the gas of topological defects of the 3-dimensional isotropic XY spin model which demonstrates that the two models belong to different universality classes.

PACS numbers: 11.10.Hi, 05.70.Fh, 64.60.-i, 05.10.Cc

I. INTRODUCTION

Universality which expresses the idea that different microscopic physics can give rise to the same scaling behavior at a phase transition, is one of the most powerful tool of critical phenomena. For example, if two different models can be mapped onto each other then they should belong to the same universality class hence by the study of one model one can obtain the critical behavior of the other one. If the critical behaviors of two models agree or disagree it is possible to decide whether they belong to the same universality class. Furthermore, models of the same class of universality can be used to test and compare various types of methods suitable for the study of critical behavior. A canonical example for model equivalences is the sine-Gordon (SG) scalar field theory defined by the Euclidean action [1–5] S = ∫ d^dx [ 1 2 (∂_μφ_x)^2 + u cos(βφ_x) ] , (1)

which belongs to the universality class of the neutral Coulomb gas (CG) [6] and the isotropic XY classical spin model [1] for d = 2. They undergo a Kosterlitz- Thouless-Berezinski [7] (KTB) phase transition which was well reproduced in the framework of the O(N) symmetric scalar field theory for d = 2 and N = 2 [8]. Furthermore, the SG scalar theory is the bose form of the 2-dimensional fermionic Thirring model [9] and the bosonic counterpart of multi-flavor Quantum Electrodynamics and multi-color Quantum Chromodynamics are also SG type models [10]. Although bosonization is well established only in d = 2 dimensions, it is known that the mapping between the SG theory (1) and the neutral CG holds in arbitrary dimension [1, 3].

The goal of this work is (i) to consider possible equivalences between CG, SG, XY models in d ≠ 2 dimensions, (ii) to map out the exact phase structure of the d-dimensional neutral CG by the functional renormalization group (RG) study of the equivalent SG scalar theory. Thus, in Sec. II and III the RG study of the single and double frequency SG model is discussed, respectively. The CG and XY models are considered in Sec. IV and V. Finally, Sec. VI stands for the summary.

II. RG STUDY OF THE SG MODEL

By the inclusion of the wave function renormalization in the functional RG study of the SG scalar field theory performed in arbitrary dimension we go beyond the approximations used in previous works [2–5]. We use the effective average action functional RG method [11] where the evolution equation reads as

k∂_kΓ_k[φ] = 1 2 Tr[(R_k + ∂^2_φΓ_k[φ])^{−1} k∂_kR_k], (2)

where k is the running momentum cutoff, the trace Tr stands for the integration over all momenta. We introduce the power-law regulator function R_k = p^2 ( k^2/p^2 )_b where b ≥ 1. Let us note, that the field carries a dimension for d ≠ 2 thus the frequency of the SG model (1) becomes a dimensionful parameter for d ≠ 2, i.e. β^2 = k^{2−d}β̃^2 where β̃ is dimensionless. Eq. (2) has been solved over the functional subspace spanned by the ansatz for the SG model

Γ_k = ∫ d^dx [ 1 2 1 β̃2_k (∂^μφ^x)^2 + u^k cos(k 2−d 2 φ_x) ] , (3)

where the local potential contains a single Fourier mode and the field has been rescaled as φ → φ/β̃. In case of the d-dimensional SG model it is convenient to introduce a dimensionless variable φ̃ = k^{(2−d)/2}φ, then (3) reads as

Γ_k = ∫ d^dx [ 1 2 z_k(∂_μφ̃_x)^2 + V_k(φ̃_x) ] , V_k(φ̃_x) = u_k cos(φ̃_x) (4)

where z_k ≡ 1/β^2_k = 1/(k^{2−d}β̃^2_k ) stands for the fieldindependent wave-function renormalization which has a dimension of k^{d−2}. The RG equation has been modified if a dimensionless field variable φ̃ has been introduced,

k∂_kΓ_k[φ̃] = 1 2 Tr [ k∂_kR_k R_k + k^{d−2}Γ^{′′}_k [φ̃] ] (5) with the notation^′ = ∂/∂φ̃. Let us note the term −[(d − 2)/2]φ̃∂_{φ̃} is neglected on l.h.s. of (5) because it does not give contribution to the periodic part of the action [3] and the blocked potential V_k (φ̃_x) contains only periodic interactions (and z_k is field-independent). Although RG transformations generate higher harmonics, we use the ansatz (4) which contains a single Fourier mode since in case of the 2-dimensional SG model [12] it was found to be an appropriate approximation [13]. Then Eq. (5) leads to the evolution equations for the blocked potential V_k(φ̃) and the wave-function renormalization z_k,

∂_kV_k = 1 2 ∫ d^dp (2π)^d

D_k k∂_kR_k, (6) k∂_kz_k = ( 1 2π ∫_{2π} 0 dφ̃ ) (k^{2−d}V^{′′′}_k )^2 ∫ d^dp (2π)^d D^2_k k∂_kR_k ( 2 d ∂^2D_k ∂p^2∂p^2 p^2 + ∂D_k ∂p^2 ) , (7)

with D_k = (z_kk^{2−d}p^2+R_k +k^{2−d}V^{′′}_k )^{−1}. Let us note since the l.h.s of (7) is independent of the field, a projection onto the field-independent subspace has been introduced on the r.h.s of (7). The scale k covers the momentum interval from the high-energy/ultraviolet (UV) cutoff Λ to zero. Inserting the ansatz (4) into Eqs. (6), (7), flow equations for the dimensionful couplings are k∂_ku_k = ∫ p k∂_kR_k k^{2−d}u_k ( P − √ P^2 − (k^{2−d}u_k)^2 √ P^2 − (k^{2−d}u_k)^2 ) , (8)

k∂_kz_k = ∫ p k∂_kR_k 2 [ −(k_{2−d}u_k)_2P (∂_{p2} P +_{2d} p_2∂_{2p2} P )

[P^2 − (k^{2−d}u_k)^2]^{5/2} + (k^{2−d}u_k)^2p^2(∂_p2 P )^2(4P^2 + (k^{2−d}u_k)^2) d [P^2 − (k^{2−d}u_k)^2]^{7/2} ] , (9)

where P = z_kk^{2−d}p^2 + R_k and ∫ p = ∫ dp p^{d−1}Ω_d/(2π)^d with the d-dimensional solid angle Ω_d. Momentum integrals have to be performed numerically, except the linearized form of Eqs. (8), (9) around the Gaussian fixed point where analytical results available. The linearized RG with dimensionless couplings ũ_k = k^{−d}u_k, z̃_k = k^{2−d}z_k reads as for d = 1 dimensions

(1 + k∂_k)ũ_k = 1 4b sin(^π_{2b} ) z̃^{1−2b2b}_k ũ_k + O(ũ^2_k) (10)

(−1 + k∂_k)z̃_k = − c_1(b) 4π z̃^{5−4b2b}_k ũ^2_k + O(ũ^3_k) (11)

with c_1(b) =^{5π(55+4π(5b−18))}

48b sin[5π/(2b)] . Eqs. (10), (11) have a non-

trivial fixed point at z̃_⋆ = [4b sin(π/(2b)]^{2b/(1−2b)}, ũ_⋆ = (4π/c_1)z̃^{3−5/(2b)}

⋆ . For d = 2, linearized RG equations are

(2 + k∂_k)ũ_k = 1 4πz̃_k ũ_k + O(ũ^2_k) (12) k∂_kz̃_k = − c_2(b) 8π z̃^{2−2bb}_k ũ^2_k + O(ũ^3_k) (13)

with c_2(b) =^{2π(b−2)(b−1)}

3b^2 sin[2π/b] and result in a KTB type (i.e.

infinite order) phase transition with z̃_⋆ = 1/(8π) [12, 13].

Finally, for d = 3, linearized RG equations are

(3 + k∂_k)ũ_k = 1 8πb sin(^π_{2b} ) z̃^{−1−2b2b}_k ũ_k + O(ũ^2_k) (14)

(1 + k∂_k)z̃_k = − c_3(b) 8π^2 z̃^{3−4bb}_k ũ^2_k + O(ũ^3_k) (15)

with c_3(b) =^{π(3+4b(b−2))}

16b^2 sin[3π/(2b)] . Due to the tree-level scaling

of z̃_k, the non-trivial fixed point appears for d < 2 and disappears for d > 2 in the RG flow. However, a ”turning point” can be identified for d > 2 where the irrelevant coupling ũ_k turns to a relevant one. For d = 3 the turning point is at z̃_⋆ = [24πb sin(π/(2b)]^{−2b/(1+2b)}.

In general, RG equations (8) and (9) (exact for a single Fourier mode) have to be solved numerically. Important feature of the exact RG flow the emergence of a new lowenergy/infrared (IR) fixed point related to the degeneracy of the blocked action. Namely, Eqs. (8), (9) become singular at the momentum scale where k̄ − k^{2−d}u_k = 0 with k̄ = min_p2 P = bk^2[z̃_k/(b − 1)]^{1−1/b}. Therefore, it is convenient to redefine the dimensionless coupling constant as ū_k ≡ k^{2−d}u_k/k̄ = k^2ũ/k̄ which tends to one in case of degeneracy. Exact RG equations (8), (9) were solved for b = 2 and flow diagrams are plotted in Fig. 1 for d = 1, and in Fig. 2 for d = 3 dimensions. The phase

FIG. 1: Phase diagram of the SG and the equivalent CG models for d = 1 dimensions (similar RG flow can be drawn for d < 2). Arrows indicate the direction of the flow. Parameters ū, z̃ are related to the fugacity y and the temperature T̃ .

structure is independent of b but we use b = 2 here since it was found to be an optimal renormalization scheme for SG type models [14]. The IR fixed point corresponds to the degeneracy was found in any dimensions. However, the d = 1 case possibly needs further improvement since its phase structure shows similarities to the QM anharmonic oscillator where spontaneous symmetry breaking is not allowed [15]. There the higher order terms in the gradient expansion handle the problem.

Let us emphasize that only the exact RG flow with the inclusion of the wave function renormalization is suitable for the determination of the IR fixed point since the

FIG. 2: Phase diagram of the SG and the equivalent CG models for d = 3 dimensions which indicates a single phase for d > 2.

perturbative (truncated) RG equations are non-singular [2]. Thus any previous attempts based on perturbation theory [2] or by the usage of the local potential approximation [3–5] were unable to determine the IR behavior in a reliable manner. Furthermore, the exact RG flow changes the position of the non-trivial fixed point obtained for d = 1. Indeed, for b = 2, linearized RG equations (10), (11) result in 1/z̃_⋆ = 2^{10/3} ≈ 10.08 and ū_⋆ = ũ_⋆/(2 √ z̃_⋆) = 2/ √ 15 ≈ 0.52 which have been modified by the exact RG, see Fig. 1. Similarly, the turning point of the d = 3 case determined by the exact RG coincides with that of the linearized RG which is 1/z̃_⋆ = 4(3π)^{2/3} ≈ 41.9 only for small ū, see Fig. 2. Finally, let us mention that the comparison of exact and perturbative (linearized) RG flow can be used for optimizing the renormalization schemes. For d = 1 and b = 1 the non-trivial fixed point determined by the linearized RG (1/z̃_⋆ = 16 and ū_⋆ = ũ_⋆ = 4/ √ 5 ≈ 1.79) is out of the range of validity of the exact flow (ū_k = ũ_k ≤ 1), hence it represents a drawback on the applicability of the RG scheme b = 1 for d ≠ 2 dimensions.

III. DOUBLE-FREQUENCY SG MODEL

In this section we study the influence of higher harmonics on the phase structure of the single-frequency SG model. For d = 2 dimensions the higher frequency modes of the SG model corresponds to vortices with higher vorticity of the related XY model and it is known that they do not play any role in the vortex dynamics. However, the equivalence between the SG and the XY models has been proven in d = 2 dimensions, thus it is important to clarify the results of the previous section which were obtained for the single-frequency SG model for d ≠ 2. Let us consider the double-frequency SG model which is defined by the effective action,

Γ_k = ∫ x [ z_k 2 (∂_μφ̃_x)^2 + u_{1k} cos(φ̃_x) + u_{2k} cos(2φ̃_x) ] (16)

where the first Fourier amplitude is equivalent to that of the single-frequency SG model, u_{1k} ≡ u_k. In case of the double-frequency model the parameter space is three-dimensional thus its projection to the ū, 1/z̃ plane is used to compare RG trajectories of the 1-dimensional SG model with single and double frequency, see Fig. 3. Let us note, the same normalized Fourier amplitude ū is

FIG. 3: Lower half of the phase portraits of the SG model with single (4) and double frequency (16) are compared (in the ū, 1/z̃ plane) for d = 1. Results are in qualitative agreement.

used both for the single- and the double-frequency cases. The definition of ū is given by the low-energy behavior of the inverse propagator (see the previous section) and it is normalized in such a way that for the single-frequency model it tends to 1.0 in the low-energy limit of the broken phase. The low-energy limit of ū in the broken phase of the double-frequency SG model is similar to that of the single-frequency model. Similarly, a non-trivial saddle point appears in d = 1 dimension in the RG flow of the SG model both for the single- and double-frequency cases but its position differs from each other, see Fig. 3. Let us also mention that the numerical results shown in Fig. 3 are obtained by solving the RG equations (6) and (7) both for the single- and double-frequency SG models in d = 1 using the same initial condition for u_{1Λ} ≡ u_Λ and for the double-frequency case the other Fourier amplitude is chosen as u_{2Λ} = 0.1u_{1Λ}.

The main conclusion is that results of the RG analysis of the single- and double-frequency SG models are in qualitative agreement which demonstrates that similarly to the d = 2 case, the higher harmonics do not modify the phase structure given by the single-frequency model. However, we note that the RG treatment of the multifrequency model is a more involved problem compared to the single-frequency one since the Fourier decomposition of the multi-frequency SG theory cannot be done analytically.

IV. PHASE STRUCTURE OF THE NEUTRAL CG The CG model has been the subject of an intense study in last decades [2, 3, 6, 16–18] and there is a continuos interest in the usage of the SG representation of CG systems [2, 3, 6, 18] since it has an important relevance in various models of critical phenomena (e.g. superfluid transition in He films, melting of crystals in d = 2, arrays of Josephson junctions, roughening transition). However, the complete understanding of the critical behavior of the d-dimensional neutral CG which is a plasma of equal number of positive and negative charges is still lacking. For example, previous investigations (even for the well studied 2-dimensional CG model) were restricted to the case of low densities (limit of low fugacity) and there are different competing views of what happens to the neutral plasma at high densities [17, 18]. Thus, an RG study of the d-dimensional CG beyond the dilute gas approximation is required which is the goal of the present work.

Since the mapping between the CG and SG models holds in arbitrary dimension [3, 6] (and it is exact in case of point-like charges) the RG study of the d-dimensional SG model can be directly used to map out the phase structure of the CG model. In the framework of perturbation theory (limit of low fugacity) RG equations of the CG model in arbitrary dimension [16] reads as dx dl = −x(xy^2 + d − 2), dy dl = −y(x − d) (17)

with ∂_l = −k∂_k, y ∼ ũ_k and x ∼ 1/T̃ ∼ 1/z̃_k where T̃ is the temperature and y is the fugacity. Using these identities Eq. (17) can be rewritten as

((d−2)+k∂_k)z̃_k = −c_zũ^2_k, (d+k∂_k )ũ_k = c_u 1 z̃_k ũ_k, (18)

with constants c_u, c_z and they are found to be similar to the linearized RG equations obtained for the SG model, e.g. the non-trivial fixed point of the 1-dimensional SG model can be identified in the flow generated by (18). In the sharp cutoff limit (b → ∞) the linearized RG equation derived for the Fourier amplitude of the SG model reduces to (d + k∂_k )ũ_k = Ω_dũ_k/(z̃_k2(2π)^d) which is identical to the second equation of (18). However, the sharp cutoff does not support to the derivative expansion at higher order, i.e. for b → ∞ the multiplicative constant c_d(b) of the RG equation obtained for z̃_k becomes infinity.

Most important new results of the exact RG flow are the existence of the high temperature (ū_⋆ = 1, 1/z̃_⋆ = 0) and the absence of new further non-trivial fixed points. Let us note that, the perturbative (truncated) RG has a non-singular structure hence it is not able to recover the degenerate potential therefore it is not suitable to observe the high temperature fixed point [16]. Moreover, the exact RG changes the position of the non-trivial fixed point for d < 2 and the turning point for d > 2. Furthermore, since the mapping between the SG and CG models is exact for point-like charges the exact RG flow indicates a single phase for the CG for d > 2.

V. ISOTROPIC CLASSICAL XY SPIN MODEL

The partition function of the d-dimensional isotropic classical XY spin model [1] can be expressed in terms of topological excitations of the original degrees of freedom. For d = 2 dimensions, the dual theory is the vortex gas which is known to belong to the class of universality of the neutral CG [19, 20, 23]. Two-dimensional generalized models are well known where both the CG and the vortex gas are included as particular limiting cases [19, 20, 23] and are self-dual under the duality transformation. For d = 3, the dual theory is the gas of interacting vortex loops [21, 22] (i.e. the lattice CG [23]). Corresponding flow equations have been derived for the parameters K (i.e. the coupling between the spins) and y (i.e. the fugacity of the vortex loops) by real-space RG method (a ∼ 1/k) in the limit of low fugacity [3, 21, 22], a∂_aK = K − 4π^3 3 K^2y, a∂_ay = ( 6 − π^2KL ) y, (19)

where L approaches a constant in the IR limit (L → 1) [21], or it is weakly divergent (L → ln(a/a_c) + 1) [22]. Since a∂_a = −k∂_k and by using the identities y ≡ ũ, K ≡ 1/z̃, RG equations of (19) are rewritten as

k∂_kz̃_k = z̃_k −

4π^3 3 ũ^2_k, k∂_kũ_k = ( 1 z̃_k π^2L 2 − 3 ) ũ_k, (20)

which can be compared to the linearized RG obtained for the SG (14), (15) and the CG (18) models in d = 3 dimensions. The only disagreement is the sign of the treelevel scaling term of z̃_k but it has important consequences since the RG flow of the vortex-loop gas has a non-trivial fixed point which is absent in case of the 3-dimensional SG and CG models. Therefore, it demonstrates that the vortex-loop gas has a different critical behavior, thus it belongs to a class of universality differs from that of the SG and CG models for d ≠ 2 (for d = 2, couplings K, z̃ have no tree-level scaling thus SG, CG, XY models are in the same universality class). Let us emphasize that RG equations are compared at the linearized level, however the exact RG study of the SG and CG models is required since it shows the absence of new non-trivial fixed points, thus there is no room to find a mapping between the parameters of the vortex-loop gas and the 3-dimensional CG which could produce the same phase structure.

VI. SUMMARY

In this work, the exact phase structure of the neutral CG was mapped out by the functional RG study of the equivalent SG scalar field theory in arbitrary dimension. By the inclusion of the wave function renormalization and the determination of the exact RG flow for a single Fourier mode, we went beyond the approximations used previously. Moreover, it was demonstrated that higher harmonics do not modify the phase structure of the SG model with a single Fourier mode.

The high temperature fixed point of the d-dimensional CG was determined and shown that the perturbative RG is not suitable to recover it. The position of the nontrivial fixed point of the RG flow for d < 2 and the turning point for d > 2 dimensions given by the exact flow is compared to the linearized one. The non-trivial fixed point of the CG for d < 2 shows similarities to the Wilson-Fisher fixed point of the O(N) model.

Let us note, that for d = 1 dimension, the broken phase should be vanish if the approximations used are improved (e.g. higher order terms are taken into account in the gradient expansion). This is the consequence of the equivalence between quantum mechanics and quantum field theory in (0+1) dimension and the known fact that due to tunneling effect a symmetry cannot be broken spontaneously in quantum mechanics. Therefore, the requirement of the absence of the broken phase in case of the non-approximated RG flow can be used to optimize the RG scheme dependence of the approximated one [24].

The absence of new further non-trivial fixed points were also demonstrated which results in a single phase for the neutral CG with point-like charges for d > 2. This has two consequences, (i) no further phase transition can be identified at high densities for the neutral CG as opposed to e.g. [17, 18], (ii) there is no way to find a mapping between the phase structure of the neutral 3- dimensional CG and the vortex-loop gas which is the gas of topological defects of the isotropic XY spin model for d = 3, thus, it was demonstrated they belong to different universality classes.

Acknowledgement

This research was supported by the TÁMOP 4.2.1./B- 09/1/KONV-2010-0007 project.

[1] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Oxford, Clarendon (1989).

[2] G. Busiello, L. De Cesare, I. Rabuffo, Phys. Rev. B 32, 5918 (1985); A. Caramico D’Auria, et al., Physica A 274, 410 (1999).

[3] I. Nándori, K. Sailer, U. D. Jentschura, G. Soff, Phys.

Rev. D 69, 025004 (2004);

[4] V. Pangon, Int. J. Mod. Phys. A 227, 1250014 (2012). [5] J. Alexandre, D. Tanner, Phys. Rev. D 82, 125035 (2010).

[6] Stu Samuel, Phys. Rev. D 18, 1916 (1978). [7] V. L. Berezinskii, Zh. Eksp. Teor. Fiz. 61, 1144 (1971) [Sov. Phys.-JETP 34, 610 (1972); J. M. Kosterlitz, D. J. Thouless, J. Phys. C6, 1181 (1973).

[8] M. Gräter, C. Wetterich, Phys. Rev. Lett. 75, 378 (1995);

G. v. Gersdorff, C. Wetterich, Phys. Rev. B64, 054513 (2001); S. Nagy, Phys. Rev. D86, 085020 (2012).

[9] S. R. Coleman Phys. Rev. D 11, 2088 (1975). [10] S. Nagy, J. Polonyi, K. Sailer, Phys. Rev. D 70, 105023 (2004); I. Nándori, J. Phys. A: Math. Gen. 39, 8119 (2006); I. Nándori, Phys. Lett. B 662, 302 (2008); S. Nagy, Phys. Rev. D 79, 045004 (2009); J. Kovács, S. Nagy, I. Nándori, K. Sailer, JHEP 1101, 126 (2011); S. Nagy, Nucl. Phys. B 864, 226 (2012).

[11] C. Wetterich, Phys. Lett. B301, 90 (1993); T. R. Morris, Int. J. Mod. Phys. A 9, 2411 (1994).

[12] I. Nándori, J. Polonyi, K. Sailer, Phys. Rev. D 63, 045022 (2001); S. Nagy, K. Sailer, J. Polonyi, J. Phys. A 39, 8105 (2006); S. Nagy, I. Nándori, J. Polonyi, K. Sailer, Phys. Lett. B 647, 152 (2007); I. Nándori, S. Nagy, K. Sailer, A. Trombettoni, Phys. Rev. D 80, 025008 (2009). V. Pangon, S. Nagy, J. Polonyi, K. Sailer, Phys. Lett. B 694, 89 (2010); I. Nándori, S. Nagy, K. Sailer, A. Trombettoni, JHEP 1009, 069 (2010).

[13] S. Nagy, I. Nándori, K. Sailer, J. Polonyi, Phys.

Rev. Lett. 102, 241603 (2009); S. Nagy, K. Sailer, arXiv:1012.3007 [hep-th]; Sandor Nagy, arXiv:1211.4151 [hep-th].

[14] I. Nándori, Phys. Rev. D 84, 065024 (2011). [15] A.S. Kapoyannis, N. Tetradis, Phys. Lett. A276, 225 (2000); S. Nagy, K. Sailer, Annals Phys.326, 1839 (2011).

[16] J. M. Kosterlitz, J. Phys. C10, 3753 (1977). [17] P. Minnhagen, Phys. Rev. Lett. 54, 2351 (1985); P.

Minnhagen, M. Wallin, Phys. Rev. B 40, 5109 (1989); Y. Levin, X. Li, M.E. Fisher, Phys. Rev. Lett. 73, 2716 (1994); S. Kragset, A. Sudbo, F.S. Nogueira, Phys. Rev. Lett. 92, 186403 (2004); K. Borkje, S. Kragset, A. Sudbo, Phys. Rev. B 71, 085112 (2005); S. Akhanjee, J. Rudnick, Phys. Rev. Lett. 105, 047206 (2010);

[18] A. Diehl, M. C. Barbosa, Y. Levin, Phys. Rev. E 56, 619 (1997); L. Samaj, B. Jancovici, J. Stat. Phys. 106, 323 (2002); L. Samaj, J. Phys. A 36, 5913 (2003); L, Mondaini, E.C. Marino, J. Stat. Phys. 118, 767 (2005); L, Mondaini, E.C. Marino, J. Phys. A 39, 967 (2006); G. Téllez, J. Stat. Phys. 126, 281 (2007); L. Samaj, J. Stat. Phys. 128, 569 (2007);

[19] B. Nienhuis in Phase Transitions and Critical Phenomena, Vol. 11 ed. by C. Domb, J.L. Lebowitz (Academic Press, London, 1987), 1-53.

[20] K. Huang, J. Polonyi, Int. J. Mod. Phys. A6 409 (1991). [21] D. Nelson and D. Fisher, Phys. Rev. B16 (1977) 4945. [22] S. R. Shenoy, Phys. Rev. B40 (1989) 5056. [23] J.V. Jose, L.P. Kadanoff, S. Kirkpatrick, D.R. Nelson, Phys. Rev. B 16, 1217 (1977); P. Minnhagen, B. J. Kim, H. Weber, Phys. Rev. Lett. 87, 037002 (2001).

[24] I. Nándori, I. G. Márián and V. Bacsó, arXiv:1303.4508 [hep-th].