arXiv:1108.5131v3 [hep-th] 26 Sep 2012

Preprint typeset in JHEP style - HYPER VERSION DCPT-11/43

A Theory of Non-Abelian Tensor Gauge Field with Non-Abelian Gauge Symmetry G × G

Chong-Sun Chu

Centre for Particle Theory and Department of Mathematical Sciences, Durham University, Durham, DH1 3LE, UK E-mail: chong-sun.chu@durham.ac.uk

Abstract: The Chern-Simon action of the ABJM theory is not gauge invariant in the presence of a boundary. In the paper [1], this was shown to imply the existence of a Kac-Moody current algebra on the theory of multiple self-dual strings. In this paper we conjecture that the Kac-Moody symmetry induces a U(N) × U(N) gauge symmetry in the theory of N coincident M5-branes. As a start, we construct a G×G gauge symmetry algebra structure which naturally includes the tensor gauge transformation for a nonabelian 2-form tensor gauge field. The gauge covariant field strength is constructed. This new G × G gauge symmetry algebra allows us to write down a theory of a non-abelian tensor gauge field in any dimensions. The G×G gauge bosons can be either propagating, in which case the 2-form gauge fields would interact with each other through the 1-form gauge field; or they can be auxiliary and carry no local degrees of freedom, in which case the 2-form gauge fields would be self-interacting nontrivially. We finally comment on the possible application to the system of multiple M5-branes. We note that the field content of the G × G non-abelian tensor gauge theory can be fitted nicely into (1,0) supermultiplets; and we suggest a construction of the theory of multiple M5-branes with manifest (1,0) supersymmetry.

Keywords: M-Theory, D-branes, M-branes, Gauge Symmetry.

Contents

1. Introduction 1

2. G × G Gauge Symmetry of Non-Abelian Tensor Gauge Field 4 2.1 U(N) × U(N) gauge symmetry on M5-branes 4 2.2 G × G tensor gauge symmetry for non-abelian tensor gauge field 5

3. Dynamics 9 3.1 Matter couplings 9 3.2 Generic action in arbitrary dimensions 11 3.3 A dual formulation of 5d Yang-Mills 12

4. Discussions 12 4.1 Comments on M5-branes: self-duality 13 4.2 Comments on M5-branes: supersymmetry 14

1. Introduction

The low energy theory of N coincident M5-branes is given by an interacting (2,0) superconformal theory in 6 dimensions. So far very little is known about this theory. As a first step, one would like to understand what kind of gauge symmetry structure underlies the worldvolume theory of multiple M5-branes. This is the primary goal of this paper.

Great progress has been made in the last couple of years for the case of multiple M2-branes. First a new class of (2+1)-dimensional superconformal field theories with maximal N = 8 supersymmetry was constructed by Bagger and Lambert [2–4], and by Gustavsson [5]. The construction makes use of a new mathematical object called a Lie 3-algebra which is a generalization of the Lie algebra. However the application to describe multiple M2-branes has been hindered by a major difficulty that so far there is only one example of a Lie 3-algebra that could produce a well defined unitary quantum theory. Another proposal due to Aharony, Bergman, Jafferis and Maldacena [6] proposed a certain N = 6 superconformal Chern-Simons-matter theory as the low energy theory of multiple M2-branes. In this construction, an ordinary U(N) × U(N) Lie algebra is used and the rank N is arbitrary. It has been argued that the inclusion of a nonperturbative monopole sector enhances the supersymmetry to N = 8 [7–10].

– 1 –

Much less is known for the theory of multiple M5-branes. A possible approach to this problem is to consider the M2-branes ending on the M5-brane(s) and to make use of the recently obtained knowledge of multiple M2-branes to learn about the physics of M5- brane(s) from the boundary dynamics of the M2-branes. This approach has been applied in [11] and [1]. In [11], the open BLG theory is considered and a novel kind of quantized geometry for M5-brane in a constant C-field is predicted. In [1], a system of open N M2-branes described by the open ABJM theory is considered. Due to the gauge noninvariance of the Chern-Simon actions in the presence of a boundary, additional degrees of freedom must reside at the boundary of the M2-branes, which one could interpret as the worldsheet of a system of multiple self-dual strings. These degrees of freedom is govern by a WZW action on the group manifold G = U(N) × U(N) and admits a Kac-Moody G_L × G_R current algebra [12]. The existence of a Kac-Moody current algebra is interesting and naturally one wonders what it implies for the physics of the M5-branes, the spacetime of the self-dual strings. This form the motivation and the starting point of the analysis of this paper.

In the literature, there has been various attempts in constructing a non-abelian theory for the 2-form potential B. One class of attempts which also involve the use of 1-form gauge fields is to use a mathematical structure called non-abelian gerbes [13]. Our construction is different as some of the mathematical properties required in the non-abelian gerbes are not imposed in our construction. These properties (for example, the vanishing of the fake curvature as required in non-abelian gerbes in order to have a well defined parallel transport) are often well motivated mathematically, but their necessity are much less clear physically. As a result, the gauge transformations of the 2-form potential B are different, for example. Another class of attempt is to use a lattice definition of the tensor gauge connection. Interestingly, this line of proposal also automatically contains a G × G^′ gauge structure [14]. For other recent works on the construction of the non-abelian (2,0) theory see [15–18].

In this paper we propose that the Kac-Moody currents generate a G×G (G = U(N)) gauge symmetry on the theory of N coincident M5-branes. We also propose to identify this gauge symmetry with the non-abelian tensor gauge symmetry on multiple M5- branes. An immediate question is how could a tensor gauge symmetry get generated from Yang-Mills gauge symmetry? We find that if the G × G gauge symmetry is not of the usual form but admits a kind of “cross” structure, then a tensor gauge transformation is automatically included. This gauge symmetry structure allows us to write down immediately a theory of non-abelian tensor gauge fields in any spacetime dimensions. It is this G × G non-abelian tensor gauge symmetry algebra that we conjecture to be the symmetry of the low energy worldvolume theory of multiple M5-branes.

Depending on the physical needs, the G × G gauge bosons can be constructed to be either propagating or non-propagating. In the first possibility, the gauge bosons may

– 2 – obey, for example, a standard Yang-Mills term. In this case the 2-form gauge fields would interact with each other through the 1-form gauge field. This is similar to the interaction of fermions with gauge field in a minimally coupled theory. In the second possibility, the gauge fields carry no local degrees of freedom and are determined entirely in terms of the 2-form potentials and other fields of the theory, and the 2-form gauge fields would be self-interacting nontrivially. This second possibility is particularly interesting for the construction of the theory of multiple M5-branes as there is no room for a propagating gauge field in the worldvolume supersymmetric multiplet of M5-branes.

The plan and results of the paper are explained as follows. In section 2.1 we argue that the Kac-Moody currents generate a G×G (G = U(N)) gauge symmetry structure on the system of N coincident M5-branes. In section 2.2, we introduce a set of G × G gauge bosons that is characterized by a new set of gauge transformation laws that are different from the standard direct-product structure of gauge groups^1. In fact the algebra of the gauge transformations does not close by itself and it is necessary to include the tensor gauge transformation. Thus tensor gauge transformation is naturally and automatically included. A gauge covariant and tensor gauge invariant non-abelian 3-form field strength is constructed. We also discuss the possible physical natures of the gauge fields. We also explain in what sense the full G × G gauge symmetry is essential in the construction of the non-abelian tensor gauge transformation. In section 3, we discuss couplings to matter fields and show how to construct an invariant action in general dimensions. We also show how our non-abelian tensor gauge symmetry can be used to construct a dual description of the 5-dimensional Yang-Mills gauge theory of 1-form gauge potential A_μ in terms of a non-abelian 2-form potential B_{μν} . The paper is concluded with some further discussions. In particular, we briefly comment on the application of our formalism of tensor gauge symmetry to the construction of the self-dual theory of multiple M5-branes. We also note that the field content of the G × G non-abelian tensor gauge theory can be fitted nicely into (1,0) supermultiplets and we suggest that it may be more feasible to write down the non-abelian (2,0) tensor theory of multiple M5-branes in terms of (1,0) supermultiplets. Progress in these directions will be reported elsewhere [19, 20]. Finally, we emphasis that a common feature in all these proposals [16–19,21] is that the proposed M5-branes theory is based on a gauge group G = U(N). This implies that the on-shell degrees of freedom scales like N^2 at large N. Whether and how an N^3 entropy scaling [22] would arise is an interesting question and deserve further investigations.

Note added: During the preparation of this manuscript, the preprint [36] appeared which overlaps with some of the ideas of this paper. For example, both papers draw on the similarity with the construction of ABJM and suggests to construct the multiple M5 theory using the (1,0) supermultiplets. Also, both papers make use of the ordinary

1Since we will not use the standard direct-product gauge group structure and so there is no risk of confusion, we will use the same notation G × G for our gauge symmetry structure.

– 3 –

Lie algebra in describing the symmetry. However, the details of the constructions are different. For example, our construction is based on a special G × G (G = U(N)) gauge symmetry algebra that is not in [36] and the rank N is allowed to be arbitrary.

Note added in v3: Recently, the authors of [36] (version 2) have checked that by switching off the 3-form gauge potential in the tensor hierarchy they proposed, the G × G symmetry proposed in this paper provides a non-trivial solution to their construction. They also obtained a set of (1,0) superconformal equations of motion from their general construction and found that these equations cannot be obtained from an action. Nevertheless it may still be possible to construct a supersymmetric action which is non-Lorentz covariant or Lorentz invariant if one allows for new auxiliary field of PST type in the action. These possibilities deserve further investigation [19, 20].

2. G × G Gauge Symmetry of Non-Abelian Tensor Gauge Field

2.1 U(N) × U(N) gauge symmetry on M5-branes

Consider a system of N open M2-branes ending on N coincident M5-branes. This can be modelled with the U(N) × U(N) ≡ G ABJM theory with boundary, together with a certain coupling to the non-abelian B-field living on the M5-branes. The explicit form of this coupling is unknown, but the details are not necessary for our argument. It was shown in [1] that the gauge non-invariance of the boundary Chern-Simon couplings in the ABJM theory implies the existence of a U(N) × U(N) WZW action for the multiple self-dual string theory. In turn, this induces a G_L × G_R Kac-Moody symmetry on the worldsheet theory of N self-dual strings. Here L/R signifies the fact the Kac-Moody symmetry is generated by the left/right chiral sector of the theory. We emphasis that the existence of this Kac-Moody symmetry is robust and is independent of supersymmetry or the details of the other part of the complete theory of the self-dual strings.

The existence of a Kac-Moody symmetry is intriguing. In the familiar case of the heterotic string, the existence of a group G Kac-Moody symmetry in the left sector allows one to construct vertex operators which creates a Yang-Mills gauge symmetry G in the spacetime. Now the spacetime of the self-dual strings is the worldvolume of the M5-branes. Although we don’t have a vertex operator, it is tempting to speculate that the Kac-Moody symmetry will similarly create a set of gauge bosons in the spacetime. However since we do not have the vertex operators, it is not clear whether a single left (or right) handed Kac-Moody current is enough to create a spacetime gauge bosons, or whether the left and right handed Kac-Moody currents must be taken together to create the gauge bosons. This corresponds to having a gauge symmetry of G × G or G on the system of N coincident M5-branes. As we will see in section 2.2, the gauge symmetry structure (equation (2.1)) that is needed for the construction of the non-abelian tensor

– 4 – gauge symmetry is different from the standard direct-product structure and suggests that the mechanism for creating the gauge bosons from the Kac-Moody current is different from the standard case. In any case, the correspondence between worldsheet global symmetry and spacetime gauge symmetry should be a rather general statement. All in all, we are motivated to conjecture that the (2,0) theory of a system of N coincident M5-branes is described by a U(N) × U(N) tensor gauge symmetry algebra.

Below we will give an explicit construction for a theory of non-abelian tensor gauge fields based on a kind of G × G gauge symmetry. The construction only works with this G × G gauge symmetry structure and this is in support of the our conjecture that a G × G gauge symmetry is relevant for the description of multiple M5-branes.

2.2 G × G tensor gauge symmetry for non-abelian tensor gauge field

Gauge and tensor gauge transformations

Consider a gauge group G × G^′ where G^′ = G. Here G is general and does not need to be U(N). For notational convenience we denote the second gauge group and the associated quantities with a prime. The spacetime dimension D does not needed to be restricted to six.

Let T^a be the generators of the Lie algebra g of G, a = 1, 2, · · · , dimg. In addition to the gauge fields A^a_μ, A^{′a}_μ , we will include a 2-form tensor gauge field B^a_{μν} in the adjoint representation of G. Coupling to scalar fields and fermions is easy and will be considered in the next section. For now, we will concentrate on these fields.

Let us start with specifying the gauge transformations. We will take the gauge fields to transform under G × G^′ as

G : δ_ΛA_μ = ∂_μΛ + [A_μ, Λ], δ_ΛA^′_μ = [A^′_μ, Λ], G^′ : δ^′_Λ′ A_μ = [A_μ, Λ^′], δ^′_Λ′ A^′_μ = ∂_μΛ^′ + [A^′_μ, Λ^′],

(2.1)

where A_μ = A^a_μT^a, Λ = Λ^aT^a, A^′_μ = A^′_μ^aT^a, Λ^′ = Λ^{′a}T^a are the Lie-algebra valued gauge fields and gauge parameters. Note that we have taken the gauge field A (resp. A^′) of the gauge group G (resp. G^′) to transform non-trivially in the adjoint representation of the other gauge group G^′ (resp. G). This is different from what one usually has in a standard Yang-Mills theory. As we will explain below, that this is a consistent choice is entirely due to the presence of a tensor gauge symmetry in the theory.

For the 2-form gauge fields, we will take their gauge transformation as

δ_ΛB_{μν} = [B_{μν} , Λ] + 1 2 ( [A^′_μ, ∂_ν Λ] − [A^′_ν , ∂_μΛ] ) , δ^′_Λ′ B_{μν} = [B_{μν} , Λ^′] − 1 2 ([A_μ, ∂_ν Λ^′] − [A_ν , ∂_μΛ^′]) . (2.2)

– 5 –

It is convenient to introduce the field B_{μν} := B_{μν} − 1 2 (F_{μν} − F^′_{μν} ), (2.3)

where F = dA + A^2 and F^′ = dA^′ + A^{′2} are the ordinary gauge field strengths. The field B transforms covariantly under G × G^′:

δ_ΛB_{μν} = [B_{μν} , Λ], (2.4) δ^′_Λ′ B_{μν} = [B_{μν} , Λ^′]. (2.5) In addition to the Yang-Mill gauge symmetry, there should also be a tensor gauge symmetry. In the case of a single tensor field, the tensor gauge transformation takes the form δ_{Λα} B_{μν} = ∂_μΛ_ν − ∂_ν Λ_μ. (2.6) The question is how this should be generalized for the non-abelian theory. We propose the following tensor gauge transformations

δ_{Λα} B_{μν} = 1 2 [ (D_μ + D^′_μ)Λ_ν − (D_ν + D^′_ν )Λ_μ ]

= [ ∂_μ + 1 2 (A_μ + A^′_μ), Λ_ν ] − (μ ↔ ν), (2.7) δ_{Λα} A_μ = Λ_μ, (2.8) δ_{Λα} A^′_μ = −Λ_μ. (2.9) This implies that B is tensor gauge invariant: δ_{Λα} B_{μν} = 0. (2.10) In the free field limit where the commutator terms vanishes, the tensor gauge transformation (2.7) decouples from the gauge fields A, A^′ and reduces back to the (2.6).

The transformation properties of the field B_{μν} makes itself a convenient ingredient for the construction of the covariant field strength. The field strength can be defined as H_{μνλ} ≡ [D_μ , B_{νλ}] + (μνλ cyclic). (2.11) where D_μ = ∂_μ + [A_μ, ·] and A_μ := A_μ + A^′_μ. H has the transformation properties δ_ΛH_{μνλ} = [H_{μνλ}, Λ], (2.12) δ^′_Λ′ H_{μνλ} = [H_{μνλ}, Λ^′], (2.13) δ_{Λα} H_{μνλ} = 0 (2.14) and satisfies the modified Bianchi identity D_{[μ}H_{νλρ]} = 3 2 [F_{[μν}, B_{λρ]}], (2.15)

– 6 – where F := dA + A^2.

The above defined gauge transformations and tensor gauge transformations are consistent as they form a closed algebra. In fact, by acting on B_{μν} , A_μ or A^′_μ, it is easy to derive the following algebra of gauge and tensor gauge transformations:

[δ_Λ(1)_μ , δ_Λ(2)_ν ] = 0, (2.16)

[δ_{Λ1} , δ_{Λ2} ] = δ_{[Λ1,Λ2]}, (2.17)

[δ^′_Λ′_1 , δ^′_Λ′_2 ] = δ^′_{[Λ}′_{1,Λ}′_{2]}, (2.18)

[δ_Λ, δ^′_Λ′ ] = δ_{Λμ} + δ~_Λ − δ^′_{Λ̃′} , (2.19)

[δ_Λ, δ_{Λα} ] = −δ~_{Λα} , (2.20)

[δ^′_Λ′ , δ_{Λα} ] = −δ^′_{Λ̃′α} . (2.21)

Here in (2.19), the parameter for the tensor gauge transformation on the right hand side is given by Λ_μ ≡ 1 2 ([∂_μΛ, Λ^′] − [Λ, ∂_μΛ^′]) , (2.22)

and the parameters Λ̃, Λ̃^′ for the G or G^′ gauge transformations on the right hand side are Λ̃ ≡ 1 2 [Λ, Λ^′], Λ̃^′ ≡ 1 2 [Λ^′, Λ]; (2.23)

while in (2.20) and (2.21), the parameter for the tensor gauge transformation on the right hand side are given by

Λ̃_α ≡ [Λ_α, Λ], Λ̃^′_α ≡ [Λ_α, Λ^′]. (2.24)

We note from (2.19) that the commutator of a G-transformation and a G^′-transformation results in a tensor gauge transformation. This explains why our proposed G × G gauge transformations (2.1) has not been considered before in an ordinary Yang-Mills gauge theory since a tensor gauge symmetry is absent. We will refer to the algebra (2.17)-(2.21) of the gauge and tensor gauge transformations as the G × G tensor gauge symmetry structure for our non-abelian tensor gauge theory.

For completeness, we remark that the above gauge symmetry algebra can also be written using a different basis in terms of the diagonal gauge field and the anti-diagonal gauge field A_μ := A_μ + A^′_μ, C_μ := A_μ − A^′_μ (2.25)

and the diagonal and anti-diagonal gauge transformations

δ^{(d)}_Λ := δ_{Λ/2} + δ^′_{Λ/2}, δ^{(ad)}_Λ := δ_{Λ/2} − δ^′_{Λ/2}. (2.26)

– 7 –

In terms of the these, the gauge transformation rules read

δ^{(d)}_Λ A_μ = ∂_μΛ + [A_μ, Λ], δ^{(ad)}_Λ A_μ = 0, δ_{Λα} A_μ = 0, δ^{(d)}_Λ C_μ = [C_μ, Λ], δ^{(ad)}_Λ C_μ = ∂_μΛ, δ_{Λα} C_μ = 2Λ_μ,

(2.27) and δ^{(d)}_Λ B_{μν} = [B_{μν} , Λ] − 1 4 ([C_μ, ∂_ν Λ] − [C_ν , ∂_μΛ]) , (2.28)

δ^{(ad)}_Λ B_{μν} = 1 4 ([A_μ, ∂_ν Λ] − [A_ν , ∂_μΛ]) , (2.29)

δ_{Λα} B_{μν} = [ ∂_μ + 1 2 A_μ, Λ_ν ] − (μ ↔ ν). (2.30)

Also it is B_{μν} = B_{μν} − 1 2 ([ ∂_μ + 1 2 A_μ, C_ν ] − (μ ↔ ν) ) . (2.31)

Nature of the fields C_μ and A_μ

So far our construction involves the fields A_μ and C_μ in addition to the 2-form potential B_{μν} . The gauge field C_μ is transformed by a shift under the tensor gauge transformation (2.27) and so can be gauged away if one fixes the tensor gauge symmetry completely. Since part of the B-field can also be gauged away by using the tensor gauge symmetry, that means if one does not want to introduce extra pure gauge modes, one should identify the field C_μ with part of B_{μν} . This can be achieved in a gauge invariant way (with the gauge symmetries as well as the tensor gauge symmetry all intact) by imposing the constraint B_{μ5} = 0, μ ≠ 5, (2.32)

where 5 is an arbitrary fixed spacelike direction^2 of the D-dimensional spacetime. Superficially the constraint (2.32) breaks the Lorentz symmetry to SO(D − 2, 1). But it is possible that the theory processes an additional modified Lorentz symmetry mixing the 5−μ directions even if the theory is formulated with manifest (D−1)-dimensional Lorentz invariance. For example, this is the case in the Perry-Schwarz construction [23,24] of the single M5-brane theory. A special feature of the PS construction is that it is based on a 5 × 5 tensor gauge fields with B_{μν} , μ = 0, 1, 2, 3, 4. The components B_{μ5} is completely missing in the formulation. This may appear ”artificial” but is in fact extremely natural in the manifestly Lorentz covariant formulation of Pasti-Sorokin-Tonin (PST) [25–27] where the field B_{μν} is extended to B_{MN} , M = 0, 1, 2, 3, 4, 5. In addition an auxiliary scalar field a is introduced with new gauge symmetries that allow one to choose the gauge B_{μ5} = 0 and a = x5. In this gauge, the Perry-Schwarz action is recovered. Recently, a

2One could equally take a timelike direction.

– 8 – non-abelian generalization of the Perry-Schwarz action was constructed in [19]. In this construction, a Yang-Mills gauge symmetry G = U(N) is present. It is envisaged that the full G × G formalism would be needed in the PST-like formulation of the theory and the condition (2.32) would then be a gauge fixing condition.

As for the nature of A_μ, there are two possibilities. The first possibility is for the gauge field A to be propagating. In this case, for a standard kinetic term TrH^2, one see that the 2-form B field interacts with each other via the interaction through A. This is similar to the familiar situation that with a standard kinetic term ψ̄D/ ψ for fermions, ψ interacts with each other only via the gauge field. A more non-trivial possibility is for the gauge field A to be auxiliary and be determined in terms of the other fields of the theory. In this case there is direct nonlinear self interaction among the 2-form gauge field B even within a single H; and our construction (2.2), (2.7) and (2.11) is a non-trivial generalization of the usual non-abelian gauge transformation δA = dΛ + [A, Λ] and the Yang-Mills field strength F = dA + A^2 which would be impossible to write down if only the field B was allowed to appear. An example of these kind of constraint is

X^2F_{μν} = H_{μνλ}D^λX, (2.33)

where X is a scalar.

3. Dynamics

In this section, we discuss dynamics of the 2-form gauge field. We will also include couplings to matter fields such as scalar fields and fermions and construct actions that are invariant under the gauge and tensor gauge transformations. We consider the generic case where the construction is valid for general dimensions and self-duality for H_{μνλ} is not assumed. In the discussion section, we comment on the construction of the theory of multiple M5-branes using our formalism of G × G tensor gauge symmetry algebra.

3.1 Matter couplings

The covariance and invariance (2.12) - (2.14) of the field strength H allow one to write down an invariant kinetic term TrH^2_{μνλ} immediately. Next let us include the coupling to matter fields. Consider first fields that are neutral under tensor gauge transformation. A simple example is for a field f = (f^a) to transform covariantly under the gauge transformations as δ^{(d)}_Λ f = [f, Λ], δ^{(ad)}_Λ f = 0 (3.1)

and is invariant under the tensor gauge transformation

δ_{Λα} f = 0. (3.2)

– 9 –

For these kind of fields, it is easy to construct their covariant derivatives D_μf = ∂_μ + [A_μ, f]. (3.3) Note that these kind of matter fields does not interact with the tensor gauge field minimally; non-minimal interaction is possible, see (3.16) below.

It is also possible to include matters that are charged under the tensor gauge transformation. For simplicity take G = U(N) and consider a N × N Hermitian matrix of scalar field φ which transforms under a tensor gauge transformation as φ → Uφ, (3.4) where U = U(Λ_μ) is some function of the tensor gauge parameter Λ_μ. Let us assume that U does not depend on the derivatives of Λ_μ and has the form U = e^{αμΛμ} , (3.5) for some matrix function α_μ. Infinitesimally δ_{Λμ} φ = α^μΛ_μ φ. (3.6) It is convenient to introduce the field φ̃ = (1 + β^μC_μ)φ := Cφ, (3.7) where β^μ ∈ U(1) and is independent of C_μ. The neutral case is included with β = 0. φ̃ is invariant under tensor gauge transformation if β^μ + Cα^μ = 0, (3.8) or α^μ = −C^{−1}β^μ. (3.9) This is well defined generically and the transformation (3.6) is a field dependent one. As for the gauge transformations, we take them to be δ^{(d)}_Λ φ = [φ, Λ], δ^{(ad)}_Λ φ = α^μ∂_μφ. (3.10) It is easy to check that the transformations (3.6), (3.10) obey the algebra of transformations (2.16) - (2.21).

As a result, for a scalar field which transforms as (3.6) under the tensor gauge transformation and (3.10) under gauge transformations, the covariant derivative D_μφ̃ is either invariant or covariant:

δ_{Λμ} (D_νφ̃) = 0, δ^{(d)}_Λ (D_μφ̃) = [D_μφ̃, Λ], δ^{(ad)}_Λ (D_μφ̃) = 0. (3.11)

– 10 –

Therefore the action S_φ = ∫ Tr(D_μφ̃)^2 (3.12)

is invariant under the G × G gauge symmetry algebra. Notice that the coupling of φ to C_μ is rather non-standard. This is because the gauge field C_μ does not transform in the standard way under the G × G gauge transformation, therefore it is not surprising that its coupling to the matter fields is non-standard. We also note that the coupling of the field φ to the tensor gauge field B can either go through A in case A is propagating, or nontrivially through A as a function of B in case A is auxiliary. The construction for fermions goes in the same way.

We remark that the construction of gauge invariant coupling in ordinary Yang-Mills theory can also be proceeded by introducing an invariant field. Consider for example a scalar field φ which transforms as φ → U^{−1}φU under gauge transformation A_μ → U^{−1}A_μU + U^{−1}∂_μU. Introduce φ̃ := W φW^{−1}, (3.13) where W is a Wilson line which transforms as W → W U under gauge transformation. φ̃ is gauge invariant. It is ∂_μφ̃ = W (D_μφ)W^{−1} (3.14) and so the gauge invariant Lagrangian

Tr(∂_μφ̃)^2 = Tr(D_μφ)^2 (3.15)

is indeed the same as the standard one constructed using covariant derivatives. Our construction above for H_{μνλ} and φ̃ was inspired and guided by this observation since the direct construction of a covariant derivative for the tensor gauge transformation is met with immediate difficulty.

3.2 Generic action in arbitrary dimensions Invariant action can be constructed readily. For example, an action that is quadratic in the matter field is: S = ∫ d^Dx Tr [ (D_μφ̃)^2 + ¯ψ̃Γ^μD_μψ̃ + 1 4g^2_1

F^2_{μν} + 1 g^2

B^2_{μν} + 1 g^2_3 H^2_{μνλ} +g_4H_{μνλ} ¯ψ̃Γ^{μνλ}ψ̃ + g_5F_{μν} ¯ψ̃Γ^{μν}ψ̃ ] . (3.16)

The mass dimensions of the fields are: [A] = [A^′] = 1, [B] = 2, [φ] = D/2 − 1, [ψ] = (D−1)/2 and for the couplings: [g_1] = [g_2] = 2−D/2, [g_3] = 3−D/2, [g_4] = −2−D, [g_5] = −1 − D. It is straightforward to introduce a multiplet of scalars and fermions to account for internal symmetry. Also one may adjust the field content, the couplings and to include additional terms such as Yukawa couplings to construct supersymmetric action. In this action, the gauge field A_μ is propagating.

– 11 –

3.3 A dual formulation of 5d Yang-Mills

In this subsection, we demonstrate how our framework of non-abelian tensor gauge symmetry could be used to construct a dual description of the 5d Yang-Mills gauge theory in terms of a three form field strength H_{μνλ}. Consider the action of the non-abelian two-form B_{μν} and one-form gauge field A_μ with the Lagrange multiplier field λ_{μν} , S = ∫ tr [ H̃^2_{μν} + (H̃_{μν} − F_{μν} )λ_{μν} ] , (3.17)

where H̃^{μν} := 1 6 ϵ^{μνρλσ} H_{ρλσ} (3.18) is the Hodge dual of H_{μνλ} of (2.11). Integrating out λ_{μν} , we get the constraint

F_{μν} = H̃_{μν} . (3.19)

If we replace H_{μνλ} in the integrated action using the constraint, we get the Yang-Mills description S = S(A) = ∫ trF^2_{μν} . (3.20)

If we instead solve the constraint (3.19) for A_μ = A_μ(B), then we get the description

S = S(B) = ∫ trH̃^2_{μν} . (3.21)

This provides an equivalent formulation of the Yang-Mills action in terms of a nonabelian 2-form B_{μν} . The action is formulated in terms of the tensor gauge invariant variables B_{μν} . Both (3.20) and (3.21) carries the same Yang-Mills gauge symmetry.

4. Discussions

In this paper we have constructed a G×G tensor gauge symmetry algebra which includes the gauge and tensor gauge transformations all together in a natural way. This G × G structure allows us to write down readily a theory of non-abelian tensor gauge field in any dimensions, with or without self-duality, and with matters neutral or charged under the tensor gauge symmetry.

We have also shown that one can construct an action of the 2-form gauge potential B where the Yang-Mills gauge dynamics is completely fixed in terms of B and the other matter fields. In this way, we obtain a 3-form field strength with non-trivial non-linear terms of the 2-form gauge potential packaged nicely in terms of a 1-form gauge field. Attempts to write down this formula directly in the beginning by using B only would be impossible. These are the main results of the paper.

– 12 –

Our construction of the non-abelian tensor gauge symmetry relies on the use of oneform gauge fields with a non-trivial kind of “cross” gauge transformations. It should be possible to construct higher tensor gauge theory with non-abelian symmetry in a similar manner. These may be relevant for the studies of higher spin fields and duality [28–33].

4.1 Comments on M5-branes: self-duality

With the application of M5-branes in mind, the most interesting case is six dimensions. The low energy worldvolume theory of multiple M5-branes is given by an interacting 2-form tensor gauge field theory with (2,0) supersymmetry. The 3-form field strength has to satisfy a self-duality condition as required by (2,0) supersymmetry. A sensible self-duality condition is of the form

H^−_{μνλ} = Φ_{μνλ}, (4.1)

where H^±_{μνλ} := 1 2 (H_{μνλ} ± H^∗_{μνλ}). (4.2) Here H^∗_{μνλ} =^1_6 ϵ_{μνλαβγ} H^{αβγ} is the Hodge dual and H^+ (resp. H^−) is the self-dual (resp. anti-self-dual) part of H. Φ_{μνλ} is a quantity which is required to be tensor gauge invariant and is covariant under gauge transformation in order for (4.1) to make sense. In the theory of multiple M5-branes, the self-duality condition (4.1) is a part of the supermultiplet of equations of motion and Φ may need to be non-trivial.

In addition to a self-dual H, the (2,0) supermultiplet of M5-branes also contains 5 scalars and 8 fermions on-shell. The self-duality of the tensor gauge field makes it difficult to write down an action with standard SO(5, 1) Lorentz symmetry. The problem for a single M5-brane with the self-duality equation of motion

Ĥ_{μνλ} := H_{μνλ} − H^∗_{μνλ} = 0 (4.3)

is solved with a formulation where the Lorentz symmetry is realized in a non-standard manner [23–27]. Consider the action

S_B = ∫ d^6x ( − 1 6 H_{μνλ}H^{μνλ} + 1 2u^2 (uĤ)_{μν} (uĤ)^{μν} ) , (4.4)

where (uĤ)_{μν} = u^ρĤ_{ρμν} (4.5)

and u^μ is a fixed constant vector in U(1). The action has manifest SO(1, 4) or SO(5) Lorentz symmetry depending on whether u is spacelike or timelike. It is straightforward to check that the action is invariant under the symmetry δB_{μν} = 1 2 u_{[μ}φ_{ν]}, ∂_{[μ}u_{ν]} = 0. (4.6)

– 13 –

The equation of motion for B_{μν} is ϵ^{μνλραβ} ∂_μ ( 1 u^2 u_ν (Ĥu)_{λρ} ) = 0. (4.7)

One can show that the most general solution of it is of the form

(Ĥu)_{λρ} = u^2∂_{[λ}φ_{ρ]} + u_{[λ}∂_{ρ]}φ_αu^α + u^α∂_αφ_{[λ}u_{ρ]}, (4.8)

for an arbitrary function φ_μ. Since the right handed side of (4.8) has precisely the same form as the transformation of (Ĥu)_{λρ} under the transformation (4.6) and so one can use (4.6) to gauge fix it to zero (Ĥu)_{λρ} = 0. (4.9) This implies the whole H_{μνλ} is zero and so the equation of motion (4.7) is exactly the same as the self-duality condition (4.3) after using the gauge symmetry. It turns out that for the non-abelian case, a similar action can be constructed which gives the selfduality equation as the equation of motion [19]. One may also write down constraint on A_μ that determines its in terms of B_{μν} and other fields of the theory and leaves no local degree of freedom in it. In this way, the non-abelian field strength H_{μνλ} contains non-trivial non-linear self interaction of the 2-form gauge potential packaged nicely in terms of the 1-form gauge field. We note that non-propagating gauge fields also play an essential role in the BLG or ABJM theory for multiple M2-branes. There the gauge fields are auxiliary due to their Chern-Simons kinetic term and they are essential for a supersymmetric construction. Here we would like to propose that they are essential in the construction of the non-abelian tensor gauge theory of M5-branes. A detailed discussion of the action principle for the self-duality equation and of the auxiliary nature of the gauge field A_μ will be the subject of [19].

We remark that another interesting approach [34,35] makes use of canonical variables has the advantage of being local, Lorentz invariant and polynomial in the fields. It will be interesting to see whether one can use similar ideas to construct an action for a non-abelian 2-form potential with a self-duality condition.

4.2 Comments on M5-branes: supersymmetry

Apart from the self-duality equation of motion, the inclusion of (2,0) supersymmetry is another important aspect of the theory of multiple M5-branes. Let us also comment on the supersymmetry. In analogy with the situation of the ABJM theory where the full N = 8 supersymmetry is supposed to be seen only nonperturbatively after including the monopole sector, it might be possible that only a fraction of the (2,0) supersymmetry, i.e. (1,0) supersymmetry, is visible and full supersymmetry can be seen only nonperturbatively. Therefore let us consider the possibility of constructing the theory of multiple M5-branes using (1,0) supersymmetry.

– 14 –

In (1,0) supersymmetry, we expect the following supermultiplets to be useful:

Tensor multiplet: (B^+_{μν} , X, χ), Hyper-multiplet: (ϕ_i, ψ), Yang-Mills multiplet: (A_μ, λ).

(4.10)

Here B_{μν} has a self-dual 3-form field strength (hence the superscript +), X and ϕ_i(i = 1, · · · 4) are scalar fields and χ, λ, ψ are fermions. It is understood that all the fields carry the same non-abelian indices a. With respect to (1,0) supersymmetry, a (2,0) tensor multiplet is simply the sum of a (1,0) tensor multiplet and a (1,0) hyper-multiplet. However in order to have a non-abelian tensor gauge symmetry, it is necessary to have two additional gauge fields in our construction. Therefore it seems natural to use the following (1,0) multiplets:

1 × Tensor + 1 × Hyper + 2 × Yang-Mills (4.11)

in the construction of the theory of multiple M5-branes in the (1,0) language. The Yang-Mills multiplet should be auxiliary and governed by a suitable constraint. The construction of the (2,0) non-abelian M5 theory in this way seems feasible [20].

Recently, it has been proposed that the theory of multiple M5-branes compactified on a circle is nonperturbatively given by the D4-branes SYM theory by including instantons [17,18]. The fact that our G×G tensor gauge symmetry could be gauge fixed to a G gauge symmetry provides a possible connection of the gauge symmetries of the two theories which may be useful in understanding this proposal. Very recently, a way to include the KK modes in the D4-branes theory and an action of the multiple M5-branes in Cfield in terms of a 1-form gauge potential was proposed in [21]. As a theory of 1-form, there is no tensor gauge symmetry and the proposed action has only a G = U(N) gauge symmetry, which is precisely the same symmetry we would obtain here if the tensor gauge symmetry is fixed. Due to the coincidence of symmetries, it is natural to wonder if this theory admits a dual formulation in terms of our framework G × G tensor gauge field. It will be very interesting to clarify the possible connection.

Acknowledgements

It is a pleasure to thank Paul Heslop, Pei-Ming Ho, Costis Papageorgakis, Gurdeep Sehmbi, and in particular Douglas Smith for useful discussions and comments on the manuscript.

References

[1] C. S. Chu and D. J. Smith, “Multiple Self-Dual Strings on M5-Branes,” JHEP 1001 (2010) 001 [arXiv:0909.2333 [hep-th]].

– 15 –

[2] J. Bagger and N. Lambert, “Modeling multiple M2’s,” Phys. Rev. D 75 (2007) 045020 [arXiv:hep-th/0611108].

[3] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]].

[4] J. Bagger and N. Lambert, “Comments On Multiple M2-branes,” JHEP 0802 (2008) 105 [arXiv:0712.3738 [hep-th]].

[5] A. Gustavsson, “Algebraic structures on parallel M2-branes,” arXiv:0709.1260 [hep-th].

[6] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[7] M. K. Benna, I. R. Klebanov and T. Klose, “Charges of Monopole Operators in Chern-Simons Yang-Mills Theory,” JHEP 1001 (2010) 110 [arXiv:0906.3008 [hep-th]].

[8] A. Gustavsson, S. -J. Rey, “Enhanced N=8 Supersymmetry of ABJM Theory on R**8 and R**8/Z(2),” [arXiv:0906.3568 [hep-th]].

[9] O-K. Kwon, P. Oh, J. Sohn, “Notes on Supersymmetry Enhancement of ABJM Theory,” JHEP 0908 (2009) 093. [arXiv:0906.4333 [hep-th]].

[10] D. Bashkirov, A. Kapustin, “Supersymmetry enhancement by monopole operators,” JHEP 1105 (2011) 015. [arXiv:1007.4861 [hep-th]].

[11] C. S. Chu and D. J. Smith, “Towards the Quantum Geometry of the M5-brane in a Constant C-Field from Multiple Membranes,” JHEP 0904 (2009) 097 [arXiv:0901.1847 [hep-th]].

[12] E. Witten, “Nonabelian Bosonization in Two Dimensions,” Commun. Math. Phys. 92 (1984) 455.

[13] See for example,

J.-L. Brylinski, “Loop Spaces, Characteristic Classes and Geometric Quantization,” Birkh”user, Boston, 1993.

L. Breen and W. Messing, “Differential geometry of GERBES,” Adv. Math. 198 (2005) 732 [math/0106083 [math-ag]].

R. Attal, “Combinatorics of nonAbelian gerbes with connection and curvature,” Annales Fond. Broglie 29 (2004) 609 [math-ph/0203056].

P. Aschieri, L. Cantini and B. Jurco, “NonAbelian bundle gerbes, their differential geometry and gauge theory,” Commun. Math. Phys. 254 (2005) 367 [hep-th/0312154]. J. C. Baez and J. Huerta, “An Invitation to Higher Gauge Theory,” arXiv:1003.4485.

[14] S. -J. Rey and F. Sugino, “A Nonperturbative Proposal for Nonabelian Tensor Gauge Theory and Dynamical Quantum Yang-Baxter Maps,” arXiv:1002.4636 [hep-th].

– 16 –

R. I. Nepomechie, “Approaches To A Nonabelian Antisymmetric Tensor Gauge Field Theory,” Nucl. Phys. B 212 (1983) 301.

[15] N. Lambert, C. Papageorgakis, “Nonabelian (2,0) Tensor Multiplets and 3-algebras,” JHEP 1008 (2010) 083. [arXiv:1007.2982 [hep-th]].

[16] P. -M. Ho, K. -W. Huang, Y. Matsuo, “A Non-Abelian Self-Dual Gauge Theory in 5+1 Dimensions,” JHEP 1107 (2011) 021. [arXiv:1104.4040 [hep-th]].

[17] M. R. Douglas, “On D=5 super Yang-Mills theory and (2,0) theory,” JHEP 1102 (2011) 011. [arXiv:1012.2880 [hep-th]].

[18] N. Lambert, C. Papageorgakis, M. Schmidt-Sommerfeld, “M5-Branes, D4-Branes and Quantum 5D super-Yang-Mills,” JHEP 1101 (2011) 083. [arXiv:1012.2882 [hep-th]].

[19] C. -S. Chu and S. -L. Ko, “Non-abelian Action for Multiple Five-Branes with Self-Dual Tensors,” arXiv:1203.4224 [hep-th].

[20] work in progress.

[21] C. -S. Chu, G. S. Sehmbi, “D1-Strings in Large RR 3-Form Flux, Quantum Nambu Geometry and M5-Branes in C-Field,” [arXiv:1110.2687 [hep-th]].

[22] I. R. Klebanov and A. A. Tseytlin, “Entropy of near extremal black p-branes,” Nucl.

Phys. B 475 (1996) 164 [hep-th/9604089].

[23] M. Perry, J. H. Schwarz, “Interacting chiral gauge fields in six-dimensions and Born-Infeld theory,” Nucl. Phys. B489 (1997) 47-64. [hep-th/9611065].

[24] M. Aganagic, J. Park, C. Popescu, J. H. Schwarz, “World volume action of the M theory five-brane,” Nucl. Phys. B496 (1997) 191-214. [hep-th/9701166].

[25] P. Pasti, D. P. Sorokin, M. Tonin, “On Lorentz invariant actions for chiral p forms,” Phys. Rev. D55 (1997) 6292-6298. [hep-th/9611100].

[26] P. Pasti, D. P. Sorokin, M. Tonin, “Covariant action for a D = 11 five-brane with the chiral field,” Phys. Lett. B398 (1997) 41-46. [hep-th/9701037].

[27] I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin, M. Tonin, “Covariant action for the superfive-brane of M theory,” Phys. Rev. Lett. 78 (1997) 4332-4334. [hep-th/9701149].

[28] B. de Wit, D. Z. Freedman, “Systematics of Higher Spin Gauge Fields,” Phys. Rev. D21 (1980) 358.

[29] M. A. Vasiliev, “Higher spin gauge theories in four-dimensions, three-dimensions, and two-dimensions,” Int. J. Mod. Phys. D5 (1996) 763-797. [hep-th/9611024].

– 17 –

[30] S. Deser, A. Waldron, “Gauge invariances and phases of massive higher spins in (A)dS,” Phys. Rev. Lett. 87 (2001) 031601. [hep-th/0102166].

[31] D. Francia, A. Sagnotti, “On the geometry of higher spin gauge fields,” Class. Quant.

Grav. 20 (2003) S473-S486. [hep-th/0212185].

[32] C. M. Hull, “Duality in gravity and higher spin gauge fields,” JHEP 0109 (2001) 027.

[hep-th/0107149].

[33] E. Sezgin, P. Sundell, “Doubletons and 5-D higher spin gauge theory,” JHEP 0109 (2001) 036. [arXiv:hep-th/0105001 [hep-th]].

[34] M. Henneaux, C. Teitelboim, “Dynamics Of Chiral (selfdual) P Forms,” Phys. Lett.

B206 (1988) 650.

[35] C. Bunster, M. Henneaux, “The Action for Twisted Self-Duality,” Phys. Rev. D83 (2011) 125015. [arXiv:1103.3621 [hep-th]].

[36] H. Samtleben, E. Sezgin, R. Wimmer, “(1,0) superconformal models in six dimensions,” [arXiv:1108.4060 [hep-th]].

– 18 –