arXiv:1108.5436v1 [hep-th] 27 Aug 2011

Preprint typeset in JHEP style - HYPER VERSION

Gravity Localization and Mass Hierarchy on Pure Geometric Thin Branes

Ke Yang, Yu-Xiao Liu^∗, Yuan Zhong, Shao-Wen Wei

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China E-mail: yangke09@lzu.edu.cn, liuyx@lzu.edu.cn, zhongy2009@lzu.edu.cn,

weishaow06@lzu.edu.cn

Abstract: We consider a simple toy model with flat thin branes embedded in a 5- dimensional Weyl integrable manifold, where the Weyl scalar provides the material to constitute the brane configurations. As we work with an S^1/Z_2 orbifold extra dimension, thin brane solutions which have two flat branes located at the two boundaries of the orbifold are found. Especially, we focus our attention on one of the solutions, whose warp factor is decreasing along the extra dimension like RS1 model, while its massless graviton is localized on the brane located at the boundary z_b but not at the origin one. Further, the mass hierarchy problem is discussed based on this solution. Interestingly, we find that the spacing of mass spectrum in this scenario is very tiny, but the light gravitons cannot be seen individually in colliders for their weak enough interaction with matter on the visible brane.

Keywords: Brane World, Field Theories in Higher Dimensions, Weyl Geometry.

∗Corresponding author.

Contents

1. Introduction 1

2. The Model 3

3. Gravitational Fluctuations 10

4. Physical Implications 14

5. Conclusions and Discussion 18

1. Introduction

Motivated by string/M theory, the brane world scenario has been increasing interest during recent years (see [1, 2, 3, 4, 5] for introduction). In this scenario, our world (including Standard Model matter fields) is trapped in a four-dimensional submanifold (called brane) embedded in a fundamental multi-dimensional space-time (called bulk), while the gravity still propagates in the whole space-time. This scenario provides a mechanism that one could possibly solve some disturbing problems of high-energy physics, such as the hierarchy problem (the problem of why the electroweak scale M_{EW} ≈ 1TeV is so different from the Planck scale M_{Pl} ≈ 10^{16}TeV) and the cosmological constant problem [6, 7, 8, 9, 10, 11]. A landmark theory in brane world scenario is the Randall-Sundrum (RS) model put forward in 1999 [8, 9]. In RS1 model [8], only one compact extra dimension with the topology S^1/Z_2 and two 3-branes located at boundaries are required. The one called visible brane is that our word lives on and the other called invisible brane is that spin-2 gravitons localize on. The hierarchy problem is solved in this model by introducing an exponential warp factor to warp the extra dimension and further this warped extra dimension generates an exponential hierarchy to decrease the Planck scale to weak scale on the visible brane. For micro-size of extra dimension, the gravity is indeed effective four-dimensional from a macro-scale point of view. When the radius of S^1 approaches infinite large, the RS1 model transforms to RS2 model [9]. Even the extra dimension is noncompact now, nevertheless, effective Newtonian gravity still can be recovered on the brane in this model. Since then a lot of brane world models have been proposed and the corresponding researches such as the mechanisms for localization of SM matter fields on the brane have been widely discussed, see e.g. [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].

As the mainstay of gravitational theory, most investigations of brane worlds are based on Einstein’s relativity. However, there are still many other alternative gravitational theories which may present us with some novel and interesting properties of the universe,

– 1 – such as scalar-tensor gravity [26], f(R) gravity [27, 28], Born-Infeld gravity [29, 30] and Horava-Lifshitz gravity [31, 32]. In this paper, we are interested in the brane world model based on the integrable Weyl geometry. The Weyl geometry was proposed by Weyl in 1918 [33, 34] as a generalization of Riemann geometry to attempt to unify gravity with electromagnetism. In Riemann geometry the covariant derivative is compatible with the metric, i.e., ∇_K g_{MN} = 0, while this is not hold in Weyl geometry and now the assumption is given by [35, 36] ∇_K g_{MN} = ω_K g_{MN} , (1.1)

where ω_K is a “gauge” vector field on the Weyl manifold specified by the pair (g_{MN} , ω_K ). Now consider an infinitesimal parallel transport dx^K , with the definition (1.1), the length L = g_{MN} l^M l^N of a vector l^K is changed by dL = Lω_Kdx^K . (1.2) So this means Weyl geometry allows for possible variations in the length of vectors during parallel transport.

Nevertheless, Einstein firstly pointed out that the Weyl’s original theory is inadequate as a physical acceptable one since atomic clocks would depend on their past history, known as the “second clock effect”. In order to overcome this defect, i.e., hold the synchronization of clocks traveling alone different paths between space-time points A and B, one just has to impose that circuit integral of eq. (1.2) vanishes for an arbitrary closed path containing A and B, i.e., ∮ dL = 0. With Stoke’s theorem this condition leads to the result that ω_K = ω_{,K}. It means that the vector field is a gradient of a scalar denoted as ω here. This particular type of Weyl geometry is called a Weyl integrable manifold. Further with (1.1), the Weylian affine connection is expressed as Γ^P_{MN} = {^P_{MN} } − 1 2 ( ω_{,M} δ^P_N + ω_{,N} δ^P_M − g_{MN} ω^{,P} ) , (1.3)

where {^P_{MN} } represents the Riemannian Christoffel symbol. Since the scalar field ω enters into the definition of the affine connection of the Weyl manifold, the Weyl scalar is actually a geometrical field.

Weyl geometry has been received more attention on the study of gravitation and cosmology [35, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47]. Background scalar fields with self-interaction potential are crucial for generating smooth thick brane configurations [12], while a geometric scalar is naturally provided by Weyl integrable manifold, thus the authors in [41, 48, 49, 50, 51] considered various thick brane models in Weyl geometry. The technique applied to achieve thick brane solutions in these papers is that one can map the Weyl manifold to the Riemann one via a conformal transformation and can solve the structure in Riemann geometry. Moreover, the corresponding problems of localizing matter fields were considered in references [52, 53]. In this paper, we investigate flat Minkowski 3-branes embedded in a vacuum of 5-dimensional Weyl integrable space-time, and the theory naturally reduces to three cases to allow us to find solutions. As we work with an S^1/Z_2 orbifold extra dimension, thin brane solutions are existed, while here the thin brane

– 2 – configurations are not created by delta functions introduced by hand in the action like RS1 model [8] but the Weyl scalar and S^1/Z_2 extra dimension. Furthermore, the hierarchy problem is discussed based on the solution of case 2, which is found to be an interesting scenario and can provide us some interesting features in physical phenomenology.

The paper is organized as follows: In section 2, we propose our simple model and solve the theory directly in Weyl frame. In section 3, gravitational fluctuations are considered. In section 4, we simply discuss the physical implications based on the solution of case 2. Finally, brief conclusions and discussion are presented.

2. The Model

We start with a simple 5-dimensional pure geometric action on a Weyl integrable manifold M^W_5 ,

S^W_5 = 1 2κ ∫ M^W_5

d^5x √ |g|f(ω)R, (2.1) where κ ≡ 8πG_5, which will be set to 1 for simplifying the notation, G_5 is the gravitational constant, and f(ω) is an arbitrary function of the Weyl scalar ω(z) which only refers to the extra dimension z. In this frame the Weylian Ricci tensor reads R_{MN} = Γ^A_{MN,A} − Γ^A_{M,N} + Γ^P_{MN} Γ^Q_{P Q} − Γ^P_{MQ}Γ^Q_{NP} . Now with some algebra, the Weylian Ricci tensor R_{MN} can be separated into a Riemannian Ricci tensor part R̂_{MN} plus some other terms with respect to the Weyl scalar (in what follows all the hatted magnitudes and operators are defined by the Christoffel symbol), i.e.,

R_{MN} = R̂_{MN} + 3 2 ω_{M;N} + 1 2 g_{MN} ω^P_{;P} + 3 4 ( ω_{,M} ω_{,N} − g_{MN} ω_{,K}ω^{,K} ) , (2.2)

where the semicolon is the covariant derivative ^∇ with respect to the Christoffel symbol. Thus the Weylian action (2.1) can be rewritten as

S^W_5 = 1 2 ∫ M^W_5

d^5x √ |g| [ f(ω)R̂ − [3f(ω) + 4f_ω(ω)] ω_{,K} ω^{,K} ] , (2.3)

where f_ω(ω) denotes the derivative with respect to the scalar ω. Then from the action (2.3), the equations of motion are

fĜ_{MN} = (3f + 4f_ω) ( ω_{,M} ω_{,N} − 1 2 g_{MN} ω^{,K} ω_{,K} ) + (^ ∇_M ^∇_N f − g_{MN} ^∇^K ^∇_K f ) , (2.4a)

f_ωR̂ = − (3f_ω + 4f_{ωω}) ω^{,K} ω_{,K} − 2 (3f + 4f_ω) ^∇^K ^∇_K ω. (2.4b)

Further, we can write the field equation (2.4a) in the form of Einstein equations with an effective stress-energy tensor composed of all Weyl scalar terms moved to the right-hand side. This approach has been proved to be useful in practice in scalar-tensor gravity and f(R) gravity [28], namely, Ĝ_{MN} = T̂_{MN} , (2.5)

– 3 – where Ĝ_{MN} is the effective Einstein tensor and T̂_{MN} is the effective energy-momentum tensor given by

T̂_{MN} = (3 + 4f^ω f )[ ω_{,M} ω_{,N} − 1 2 g_{MN} ω^{,K} ω_{,K} ] + f_ω f [^ ∇_M ^∇_N ω − g_{MN} ^∇^K ^∇_K ω ]

+ f_{ωω} f [ ω_{,M} ω_{,N} − g_{MN} ω^{,K} ω_{,K} ] . (2.6)

Furthermore, the null-null component of effective energy-momentum tensor in (2.6) is defined as the effective energy density ρ̂.

As the ideal proposed in RS1 model [8], we consider the embedding of 3-branes, which preserve 4-dimensional Poincaré invariance, in a 5-dimensional Weyl space-time with an S^1/Z_2 orbifold extra dimension. The ansatz for the most general metric satisfying these properties is given by ds^2_5 = a^2(y)η_{μν} dx^μdx^ν + dy^2, (2.7)

where a(y) is the warp factor and y ∈ [−y_b, y_b] denotes the physical coordinate of the extra dimension. The orbifold is compact and its physical size is [0, y_b]. However, if the boundary y_b → ∞, the topology of extra dimension S^1/Z_2 → R^1/Z_2. Therefore, the extra dimension will be noncompact anymore in this situation. After a coordinate transformation, dy = a(y(z))dz, one introduces a conformal metric which is useful for discussing the gravitational perturbations:

ds^2_5 = a^2(z)(η_{μν} dx^μdx^ν + dz^2), (2.8)

here z denotes the conformal coordinate of the extra dimension with z ∈ [−z_b, z_b]. This conformal coordinate still preserves Z_2-symmetry. Therefore, with this conformal metric the related Ricci scalar and Einstein tensor are given by R̂ = −8a^{′′} a^3 − 4 a^{′2} a^4

, (2.9a) Ĝ_{μν} = 3η_{μν} a^{′′} a , (2.9b)

Ĝ_{55} = 6a^{′2}

a^2

, (2.9c)

where the prime denotes the derivative with respect to the extra dimension z.

Thus the equations of motion (2.4) can be explicitly expressed as f_ωω^{′′} + ( f_{ωω} + 2f_ω + 3 2 f ) ω^{′2} + 2f_ω a^′ a ω^′ + 3f a^{′′} a = 0,(2.10a) ( ω^′ − 2 a^′ a )[ (4f_ω + 3f) ω^′ + 6f a^′ a ] = 0,(2.10b)

(4f_ω + 3f) ω^{′′} + ( 2f_{ωω} + 3 2 f_ω ) ω^{′2} + 3 (4f_ω + 3f) a^′ a ω^′ − 2f_ω ( 2 a^{′′} a + a^{′2} a^2 ) = 0.(2.10c)

On the other hand, the Weyl action (1.1) is invariant under the Weyl rescaling, ḡ_{MN} = e^{−ϕ}g_{MN} , ω̄ = ω − ϕ, (2.11)

– 4 – where ϕ is a smooth function defined on M_W . And further, it is easy to check that the Weyl action (2.1) is invariant under this rescaling if and only if f(ω) = e^{− 3}2^ω. However, when this invariance is broken, the Weyl scalar field transforms into an physical observable matter degree of freedom to generate the brane configuration [41]. Therefore, we simply choose f(ω) = e^{kω} with k a constant in following discussion. Especially when k ≠ −3/2 the invariance will be broken.

It is interesting to note that via a particular conformal transformation ĝ_{MN} = e^{−ω}g_{MN} , the rescaling (2.11) gives ĝ_{MN} = e^{−ω}g_{MN} and ω̂ = 0. Thus the condition (1.1) becomes ∇_Kĝ_{MN} = 0. Therefore, the Weylian affine connection changes to Christoffel symbol Γ^P_{MN} → {^P_{MN} }, and the Weyl structure maps into the Riemann one. Now under this conformal transformation, the Weylian action (2.1) maps into a Riemannian one as S^R_5 = 1 2 ∫ M^R_5 d 5x √ |ĝ|e^{(k+ 3}2^{)ω}R̂. Especially, if k = −3/2 [40, 41], this action is just the standard Einstein-Hilbert action in vacuum.

Now with f(ω) = e^{kω}, the above eq. (2.10) can be simply expressed as

kω^{′′} + ( k^2 + 2k + 3 2 ) ω^{′2} + 2k a^′ a ω^′ + 3 a^{′′} a = 0, (2.12a) ( ω^′ − 2 a^′ a )[ (4k + 3)ω^′ + 6 a^′ a ] = 0, (2.12b)

(4k + 3)ω^{′′} + ( 2k^2 + 3 2 k ) ω^{′2} + 3(4k + 3) a^′ a ω^′ − 2k ( 2 a^{′′} a + a^{′2} a^2 ) = 0. (2.12c)

From eq. (2.12b), we easily get a^′ a = 1 2 ω^′, (2.13) or a^′ a = − 4k + 3 6 ω^′. (2.14)

Note that when k = −3/2, eqs. (2.14) and (2.13) are just equivalent. Then substituting (2.13) into eqs. (2.12a) and (2.12c), one finds that the two equations are identical to each other and can be rewritten as

(2k + 3) [ a^{′′} a + (2k + 2) a^{′2} a^2 ] = 0. (2.15)

Thus, when k = −3/2, this constraint is vanishing, while k ≠ −3/2, the constraint equation^{a′′}_a + (2k + 2)^{a′2}_{a2} = 0 is needed. So with (2.13), we can divide eq. (2.12) into two independent cases:

Case 1: k = − 3 2 , (2.16a)

ω^′ = 2 a^′ a . (2.16b)

– 5 –

Case 2: k ≠ − 3 2 , (2.17a)

ω^′ = 2 a^′ a , (2.17b) a^{′′} a + (2k + 2) a^{′2} a^2

= 0. (2.17c)

On the other hand, with the relation (2.14), eqs. (2.12a) and (2.12c) can be rewritten respectively as

(2k + 3) [ ω^{′′} − ( k + 3 2 ) ω^{′2} ] = 0, (2.18)

(2k + 3) [ ω^{′′} − ( k + 3 2 ) ω^{′2} ] (4k + 3) = 0. (2.19)

When k = −3/4, eq. (2.19) is satisfied automatically. In this case the constraints (2.14) and (2.18) can be rewritten as a^′ a = 0, (2.20) ω^{′′} − 3 4 ω^{′2} = 0. (2.21)

However, it is clear that eq. (2.20) just gives rise to the warp factor a(z) a constant, so we do not take an interest in this trivial case. While if k ≠ −3/4, eqs. (2.18) and (2.19) are just equivalent. As we have noted that the case k = −3/2 is just the same to the previous case 1, therefore, with the equation (2.14) yields another independent case, namely, Case 3: k ≠ − 3 4 , (2.22a) a^′ a = − 4k + 3 6 ω^′, (2.22b) ω^{′′} − ( k + 3 2 ) ω^{′2} = 0. (2.22c)

Since we have divided the equations of motion into three cases, next we will solve them to find solutions of this theory.

Case 1. In this case, eq. (2.16) shows that there is just one constraint on the warp factor a(z) and the scalar ω(z), which is given by equation (2.16b) as

ω = 2 ln a, (2.23)

where we have set the integral parameter as zero to fix ω(0) = 0. Thus we can chose the warp factor freely if it preserves Z_2-symmetry. However, as we have discussed above, the action is invariant under the Weyl rescaling for k = −3/2, thus the scalar is indeed a hidden degree of freedom and cannot be fixed dynamically in this case. Furthermore, as we can

– 6 – see in next section, the gravitational phenomenology referring to (2.23) are just like the large extra dimensions scenario (known as ADD model) with one extra dimension [6, 7], but a Z_2-symmetry is appended. So we are not interested in this case in this paper.

Case 2. Form eq. (2.17c), the warp factor is read as

a(z) = C_1[(2k + 3)z − C_2]^{12k+3} , (2.24)

where k ≠ −^3_2 . We set C^{2k+3}_1 C_2 = −1 to fix a(0) = 1 and define the parameter p = C^{2k+3}_1 > 0. Therefore, after a redefinition of parameters, the warp factor is rewritten as a concise form a(z) = [1 + (2k + 3)pz]^{12k+3} . (2.25)

However, in order to satisfy the Z_2-symmetric condition and, furthermore, make sure that the null signal takes an infinite amount of time to travel from z_b to z = 0 when z_b → ∞, as suggested in RS model [8, 9], we rewrite the warp factor as the form

a(z) = [1 − (2k + 3)p|z|]^{12k+3} , (2.26)

where |z| is the absolute value of z, and the parameter k < −^3_2 . As shown in Fig. 1(a), the first order derivative of this warp factor is not continuous at the boundaries z = 0 and z = z_b, so it actually suggests a thin brane solution. Then substitute (2.26) into eq. (2.17b), the Weyl scalar is read as

ω(z) = C_3 + 2 2k + 3 ln[1 − (2k + 3)p|z|]. (2.27)

Set C_3 = 0 to fix ω(0) = 0. As shown in Fig. 1(b), ω^′(z) is also not continuous at boundaries. Thus in this case the solution is given by

(a) a(z) (b) ω(z) (c) ρ̂(z)

Figure 1: The shapes of the warp factor a(z), scalar ω(z) and energy density ρ̂(z) in case 2. The parameters are set to be p = 1, k = −2 and z_b = 4.

f(ω) = e^{kω}, (k < −3/2) (2.28a) a(z) = [1 − (2k + 3)p|z|]^{12k+3} , (2.28b) ω(z) = 2 2k + 3 ln[1 − (2k + 3)p|z|]. (2.28c)

– 7 –

Since ω^′(z) is not continuous at boundaries, form eq. (2.6), there are delta functions in the energy density at these boundaries. Thus in this case the effective energy density is found to be

ρ̂(z) =

6(1 + k)p^2 [1 − (3 + 2k)p|z|]^2 − 4kp 1 − (3 + 2k)p|z| [δ(z) − δ(z − z_b)]. (2.29)

Therefore, this solution suggests two thin 3-branes localized at z = 0 and z = z_b, respectively. The shape of this effective energy density is plotted in Fig. 1(c). This brane configuration is similar to the RS1 model, however, as we will see in next section, the gravitational fluctuations are quite different from that in RS1 model, hence in this case we call the brane located at the origin as a visible brane, which is assumed as the one our world living on, while the other located at z_b is an invisible brane.

Case 3. From eq. (2.22), the scalar and warp factor are given by

ω(z) = 2 3 + 2k ln[1 + (3 + 2k)pz], (2.30)

a(z) = [1 + (3 + 2k)pz]^{− 3+4k9+6k} . (2.31)

We have set the parameters to fix ω(0) = 0, a(0) = 1 and k ≠ −3/2, p > 0. This solution is still not a Z_2-symmetric one, therefore like the case 2, we redefine the solution to achieve a Z_2-symmetric thin brane model. In this case, a little more complicated than case 2, we have two acceptable forms according to different value intervals of the parameter k:

Figure 2: The shapes of the warp factor a(z) and scalar ω(z) in case 3 with the parameter k < −3/2. The parameters are set to be p = 1, k = −2 and z_b = 4.

f(ω) = e^{kω}, (k < −3/2), (2.32a) a(z) = [1 − (3 + 2k)p|z|]^{− 3+4k9+6k} , (2.32b) ω(z) = 2 3 + 2k ln[1 − (3 + 2k)p|z|]. (2.32c)

– 8 –

Figure 3: The shapes of the warp factor a(|z|) and scalar ω(|z|) in case 3 with the parameter k > −3/4. The parameters are set to be p = 1, k = 1 and z_b = 4.

f(ω) = e^{kω}, (k > −3/4) (2.33a) a(z) = [1 + (3 + 2k)p|z|]^{− 3+4k9+6k} , (2.33b) ω(z) = 2 3 + 2k ln[1 + (3 + 2k)p|z|]. (2.33c)

The shapes of warp factor and scalar in each solution are plotted in Fig. 2 and Fig. 3 respectively. With these two solutions, the effective energy density can be expressed as

Figure 4: The shapes of the energy densities ρ̂(z) in case 3. The left one refers to k = −2 and right one k = 1. The parameters are set to be p = 1 and z_b = 4.

ρ̂(z) = − 2(−9 + 3k + 8k^2)p^2 3[1 − (3 + 2k)p|z|]^2 − 4kp 1 − (3 + 2k)p|z| [δ(z) − δ(z − z_b)], (k < −3/2), (2.34)

ρ̂(z) = − 2(−9 + 3k + 8k^2)p^2 3[1 + (3 + 2k)p|z|]^2 + 4kp 1 + (3 + 2k)p|z| [δ(z) − δ(z − z_b)], (k > −3/4). (2.35) The effective energy densities are plotted in Fig. 4. Differing from the previous case, here since the brane configuration and gravitational fluctuations are similar to those in RS1

– 9 – model, thus we call the brane located at z_b as a visible brane where our word lives on and the other located at the origin is an invisible one.

Furthermore, via a coordinate transformation dy = a(z)dz, the solutions with respect to the non-conformal metric (2.7) can be achieved. Now the warp factors a(z(y)) and Weyl scalars ω(z(y)) are given by a(y) = e^{−p|y|}, ω(z) = −2p|y|, (k = −2), (2.36) a(y) = [ 1 − 2(2 + k)p|y| ] 1_{2(2+k)} , ω(z) = 1 2 + k ln [ 1 − 2(2 + 2k)p|y| ] , (k < − 3 2 , k ≠ −2) (2.37)

in case 2, and a(y) = e^{−3p|y|}, ω(z) = −2p|y|, (k = −3), (2.38) a(y) = [ 1 − 2 3 (3 + k)p|y| ]_− 3+4k_{6+2k} , ω(y) = 3 3 + k ln [ 1 + 2 3 (3 + k)p|y| ] , (k < − 3 2 , k ≠ −3), (2.39) a(y) = [ 1 + 2 3 (3 + k)p|y| ]_− 3+4k_{6+2k} , ω(y) = 3 3 + k ln [ 1 − 2 3 (3 + k)p|y| ] , (k > − 3 4 ) (2.40)

in case 3. What interesting is that the extra dimension y will have horizons after the coordinate transformation in case 2 with parameter −2 < k < −^3_2 and in case 3 with −3 < k < −^3_2 , and the horizons are located at y =^1_{2(2+k)p} and y =^3_{2(k+3)p} , respectively. Therefore the boundary of extra dimension should satisfy y_b <^1_{2(2+k)p} for the former case and y_b <^3_{2(3+k)p} for the later. We note that the curvature scalar of the Weyl bulk is the Weylian Ricci scalar R, and with the solutions given in previous cases it can be explicitly expressed as: R = 0 for case 2, R = −^{32}_3 (3 + 2k)^2p^2(1 − (3 + 2k)p|z|)^{− 12+4k9+6k} for case 3 with k < −3/2, and R = −^{32}_3 (3 + 2k)^2p^2(1 + (3 + 2k)p|z|)^{− 12+4k9+6k} for case 3 with k > −3/4. Due to the parameter p with a mass dimension referring to the bulk curvature, therefore schematically, we set p as the order of the 5-dimensional fundamental Planck scale M_∗ in following discussions.

3. Gravitational Fluctuations

From the effective Einstein equations (2.5), we consider metric fluctuations in our model. However, as here we only care about the tensor fluctuations, which are thought to refer to spin-2 gravitons here, for simplicity, we use the gauges g_{μ5} = 0 and g_{55} = 1 to remove the vector and scalar fluctuations [1]. Therefore, the fluctuation metric is given by the form:

ds^2 = a^2(z)[(η_{μν} + h_{μν} (x, z))dx^μdx^ν + dz^2], (3.1)

where a^2(z)h_{μν} represents tensor fluctuations in the background space-time. From this fluctuation metric, the first order components of Einstein equations (2.5) are expressed as

– 10 – μν-component 1 2 η_{μν} h^{′′} + ( 3 2 a^′ a + 1 2 f_ω f ω^′ ) η_{μν} h^′ + 1 2 η_{μν} □^{(4)}h − 1 2 h^{′′}_{μν} + 1 2 ( ∂_μ∂_ρh^ρ_ν + ∂_ν ∂_ρh^ρ_μ − ∂_μ∂_ν h ) − 1 2 η_{μν} ∂_ρ∂_σ h^{ρσ} − ( 3 2 a^′ a + 1 2 f_ω f ω^′ ) h^′_{μν} + [ 3 2 ω^{′2} + f_ω f ( ω^{′′} + 2 a^′ a ω^′ + 2ω^{′2} ) + f_{ωω} f ω^{′2} + 3 a^{′′} a ] h_{μν} − 1 2 □^{(4)}h_{μν} = f_ω f ( ∂_μ∂_νω̃ − η_{μν} □^{(4)}ω̃ ) − f_ω f η_{μν}ω̃^{′′} − [ 3ω^′ + f_ω f ( 2 a^′ a + 4ω^′ ) + 2 f_{ωω} f ω^′ ] η_{μν}ω̃^′ − [( f_{ωω} f − f^2_ω f^2 ) ( ω^{′′} + 2 a^′ a ω^′ + 2ω^{′2} ) + ( f_{ωωω} f − f_ωf_{ωω} f^2 ) ω^{′2} ] η_{μν}ω̃, (3.2)

μ5-component 1 2 ∂_ρh^ρ_μ^′ − 1 2 ∂_μh^′ = f_ω f ω̃_{,μ} + [( 3 + 4 f_ω f + f_{ωω} f ) ω^′ − A^′ A f_ω f ] ω̃_{,μ}, (3.3)

55-component 1 2 □^{(4)}h + ( 3 2 A^′ A + 1 2 f_ω f ω^′ ) h^′ − 1 2 ∂_ρ∂_σh^{ρσ} = ( f_{ωω} f − f^2_ω f^2 ) ( 2ω^{′2} − 4 A^′ A ω^′ ) ω̃ − f_ω f □^{(4)}ω̃ + [ 3ω^′ + 4 f_ω f ( ω^′ − A^′ A )] ω̃^′, (3.4)

where □^{(4)} = η^{μν} ∂_μ∂_ν , h^λ_μ = η^{λν} h_{μν} , and h = η^{μν} h_{μν} . And the first order component of scalar field equation (2.4b) is given by f_ω f h^{′′} − [ 3ω^′ + 4 f_ω f (ω^′ − A^′ A ) ] h^′ + f_ω f ( □^{(4)}h − ∂_ρ∂_σh^{ρσ} )

= ( 3 f_{ωω} f + 4 f_{ωωω} f ) ω^{′2}ω̃ + 2 ( 3 f_ω f + 4 f_{ωω} f ) ( ω^{′′}ω̃ + 3 A^′ A ω^′ω̃ + ω^′ω̃^′ )

+ 2 ( 3 + 4 f_ω f ) ( ω̃^{′′} + 3 A^′ A ω̃^′ + □^{(4)}ω̃ ) , (3.5)

where ω̃ represents the fluctuation of Weyl scalar ω.

Further, we consider the transverse-traceless (TT) components of h_{μν} with notation h̄_{μν} [9, 12], which satisfy the TT condition,

h̄ = ∂_νh̄^ν_μ = 0. (3.6)

Inspection of above fluctuation equations reveals that eqs. (3.3), (3.4) and (3.5) are purely non-TT components and all TT components are involved in eq. (3.2). Thus we make use of the TT projection operator for symmetric tensor field, namely, P_{μνσρ} = Π_{μσ} Π_{ρν} − 1 3 Π_{μν} Π_{σρ}, to obtain the TT components of eq. (3.2), where Π_{μν} = η_{μν} −^{∂μ∂ν}_{□(4)} . The TT projection operator has the properties that P_{μν}^{σρ}h_{σρ} = h̄_{μν} , P_{μν}^{σρ}η_{σρ}F = 0, and

– 11 –

P_{μν}^{σρ}∂_σ ∂_ρF = 0, where F is any scalar function. Furthermore, with eq. (2.10a), we have a relation 3 a^{′′} a = − [ 3 2 ω^{′2} + f_ω f ( ω^{′′} + 2 a^′ a + 2ω^{′2} ) + f_{ωω} f ω^{′2} ] . (3.7)

Thus the TT components of equation (3.2) can be simplified as h̄^{′′}_{μν} + 3a^′ a h̄^′_{μν} + f^ω f ω^′h̄^′_{μν} + □^{(4)}h̄_{μν} = 0. (3.8)

Furthermore, we decompose h̄_{μν} in the form

h̄_{μν} (x, z) = ε_{μν} (x)A^{− 3}_2 (z)Ψ(z), (3.9)

where A(z) = a(z)f^13 (ω). And the four-dimensional mass m of a Kaluza-Klein (KK) excitation is defined as □^{(4)}ε_{μν} (x) = m^2ε_{μν} (x), (3.10)

then a Schrödinger-like equation can be obtained from eq. (3.8)

−Ψ^{′′}(z) + V (z)Ψ(z) = m^2Ψ(z), (3.11)

where the effective potential V(z) is given by

V (z) = 3 2 A^{′′} A + 3 4 A^{′2} A^2

. (3.12)

Note that the Hamiltonian in eq. (3.11) can be factorized as the form H = ( d dz + 3 2 A^′ A ) ( − d dz + 3 2 A^′ A ) . (3.13)

Thus supersymmetric quantum mechanics ensures that there are no normalizable modes with m^2 < 0, that means there are no unstable tachyonic excitations in this system [15]. The spectrum of the eigenvalue m^2 in (3.11) parameterizes the spectrum of the observed 4- dimensional graviton masses. Especially when m = 0, eq. (3.10) gives us the 4-dimensional massless graviton. Obviously, setting m = 0 in eq. (3.11) one easily gets a zero mode wavefunction

Ψ_0(z) =

A^32 (z) N_0 = a^32 (z)f^12 (ω) N_0

, (3.14)

where N_0 is a constant which can be fixed by normalization condition. Here we note that the Weyl scalar enters into the potential of Schrödinger equation and the zero mode wavefunction, which plays a crucial role to decide the gravitational phenomenology in our model as we will see in the following discussions.

In case 1, from eq. (2.23), we have A(z) = af^13 = 1, thus the effective potential is vanishing. Then the Schrödinger-like equation (3.11) gives that the zero mode Ψ_0 is a constant and the massive modes Ψ(z) are just plan wave with discrete eigenvalues m_n ∝^n_{2zb} . Thus the gravitational phenomenology is similar to the ADD scenario with one extra

– 12 – dimension [6, 7], but a Z_2-symmetry is appended. Therefore, we are not interested in this case here.

In the case 2, from eq. (2.28), up to a normalization constant, the gravitational zero mode and effective potential are expressed as

Ψ_0(z) = [1 − (3 + 2k)p|z|]^{1/2} , (3.15) V (z) = − (3 + 2k)^2p^2 4[1 − (3 + 2k)p|z|]^2 − (3 + 2k)p 1 − (3 + 2k)p|z| [δ(z) − δ(z − z_b)]. (3.16)

Since eq. (3.11) tells that in Weyl frame the gravitational modes are not just decided by

Figure 5: The shapes of the zero mode Ψ_0(z) and effective potential V(z) in case 2. The parameters are set to be p = 1, k = −2 and z_b = 4.

the warp factor but also the geometrical Weyl scalar, thus as shown in Fig. 5, an interesting difference between our model and RS1 is that here the gravitational zero mode is localized on the brane at z_b but not on the one at origin, although the warp factor is also decrease towards to z_b, as shown in figure 1(a).

In the case 3, again up to normalization, from eq. (2.32) we have

Ψ_0(z) = [1 − (3 + 2k)p|z|]^{−1/2} , (k < −3/2) (3.17)

V (z) =

3(3 + 2k)^2p^2 4[1 − (3 + 2k)p|z|]^2 + (3 + 2k)p 1 − (3 + 2k)p|z| [δ(z) − δ(z − z_b)], (3.18) and Ψ_0(z) = [1 + (3 + 2k)p|z|]^{−1/2} , (k > −3/4) (3.19)

V (z) =

3(3 + 2k)^2p^2 4[1 + (3 + 2k)p|z|]^2 − (3 + 2k)p 1 + (3 + 2k)p|z|

[δ(z) − δ(z − z_b)]. (3.20)

As shown in Fig. 6 and Fig. 7, the shapes of the effective potentials and zero modes are similar with RS1 model and the gravitational zero modes are localized on the invisible brane at z = 0.

Even these massless gravitational modes are normalizable in case 2 and case 3, nevertheless, because the scalar enters into the composition of massless gravitational wavefunction, these modes (3.15), (3.17) and (3.19) are not normalizable anymore when z_b → ∞.

– 13 –

Figure 6: The shapes of the zero mode Ψ_0(z) and effective potential V(z) in case 3 with the parameter k < −3/2. The parameters are set to be p = 1, k = −2 and z_b = 4.

Figure 7: The shapes of the zero mode Ψ_0(z) and effective potential V(z) in case 3 with the parameter k > −3/4. The parameters are set to be p = 1, k = 1 and z_b = 4.

While this is capable in RS1 model and further ensure it removing the visible brane to transform to RS2 model [9]. Therefore, the need of compactifying the extra dimension is indeed crucial in our model. Furthermore, for the compact extra dimension all massive KK modes are bound states with discrete eigenvalues.

4. Physical Implications

Now with the explicitly expressions of effective potential, the Schrödinger equation (3.11) between the two boundaries could be rewritten as the form

−Ψ^{′′}(z) + ( α^2 − 1 4 ) β^2 (1 + βz)^2

Ψ(z) = m^2Ψ(z), (4.1)

where the parameters α and β are α = 0, β = −(3 + 2k)p for the case 2, α = 1, β = −(3 + 2k)p for case 3 with k < −3/2 and α = 1, β = (3 + 2k)p for case 3 with k > −3/4. The general solution of this equation is given in terms of Bessel functions

Ψ_n(z) = (1 + βz)^{12} [ C_1J_α ( m(z + 1/β) ) + C_2Y_α ( m(z + 1/β) )] , (4.2)

– 14 – where C_1 and C_2 are m-dependent parameters. On the other hand, for working on an S^1/Z_2 orbifold, the appropriate boundary conditions could be chosen as ∂_zh̄_{μν} (x, z) = 0 at the two boundary points to insure that gravitational wave-functions h̄_{μν} are Z_2-symmetric and C^1-smooth [3]. Thus with the decomposition (3.9) we have

∂_zΨ(z)|_{z=0} = ± β 2 Ψ(z)|_{z=0}, ∂_z Ψ(z)|_{z=zb} = ± β 2(1 + βz_b)

Ψ(z)|_{z=zb} , (4.3)

here the plus sign refers to the case 2 and minus sign to the case 3. With the first condition the wave function is

Ψ_n(z) =

(1 + βz)^12 N_n [ J_α ( m(z + 1/β) ) + α_nY_α ( m(z + 1/β) )] , (4.4)

where N_n is a normalization factor and α_n = −J_{1−α}(m/β)/Y_{1−α}(m/β). Then with the second boundary condition, we have the graviton mass spectrum which is satisfied J_{1−α} ( m_n(z_b + 1/β) ) J_{1−α}(m_n/β) = Y_{1−α} ( m_n(z_b + 1/β) ) Y_{1−α}(m_n/β) . (4.5)

Now in the following, we just focus on the solution of case 2 (i.e., α = 0), since this scenario is quite different from RS1 model with massless graviton localized on the brane at the origin, and it may provide us some new physical phenomenologies. Working in the limit m_n/β ≪ 1 and 1 + βz_b ≫ 1, then α_n ≈^{πm2}_{4β2} ≪ 1, thus from (4.5), the spectrum is determined by J_1(m_n(z_b + 1/β)) ≈ 0, namely,

m_n = x_n z_b + 1/β , (4.6)

where x_n satisfies J_1(x_n) = 0, and x_1 = 3.83, x_2 = 7.02, x_3 = 10.17, · · · . Thus the scale of mass splitting between the KK modes could be read off from this equation, as we could see in the following. Furthermore, from the normalization condition ∫_{zb} −z_b ΨmΨndz = δmn, the normalization factors are fixed by

N^2_0 = 2z_b + βz^2_b , N^2_n ≈ 2z_b + βz^2_b , (n > 0). (4.7)

Thus for low excited states, we have

Ψ_0(z) =

(1 + βz)^12 √ 2z_b + βz^2_b

, Ψ_n(z) ≈

(1 + βz)^12 √ 2z_b + βz^2_b

J_0 ( m_n(z + 1/β) ) , (n > 0). (4.8)

Further, with the decomposition (3.9), the normalized wave-functions are given by

h^0_{μν} (x) = 1 √ 2z_b + βz^2_b ε^0_{μν} (x), h^n_{μν} (x, z) ≈ J_0 ( m_n(z + 1/β) ) √ 2z_b + βz^2_b ε^n_{μν} (x), (n > 0). (4.9)

The interaction between gravitons and matter is achieved by including the action of SM matter fields with the action S_m = ∫ d^5x √ gL_m(x, z). Varying this action with respect to the metric, one has S_{int} =^1_2 ∫ d^5x √ gT^{MN} (x, z)δg_{MN} =^ξ_2 ∫ d^5x √ gT^{MN} (x, z)h_{MN} (x, z),

– 15 – where the factor ξ = 2/M^{3/2}_∗ is chosen to give the 5-dimensional field h_{μν} a correct dimension, namely, h_{μν} → ξh_{μν} . When the matter fields located on the visible brane, i.e., T^{MN} = T̃^{μν} (x)δ^M_μ δ^N_ν δ(z), it gives the usual form of the interaction Lagrangian in the 4-dimensional effective theory [54]

L_{int} = ξ 2 T̃^{μν} (x)h_{μν} (x, 0). (4.10)

When z = 0, J_0(m_n/β) ≈ 1, eq. (4.8) shows Ψ_n(x, 0) ≈ Ψ_0(x, 0), thus (4.9) is reduced to h^n_{μν} (x, 0) = ε^n_{μν} (x)/(2z_b + βz^2_b ), (n ≥ 0). Therefore eq. (4.10) gives

L_{int} = ξ 2 √ 2z_b + βz^2_b

T̃^{μν} (x)ε^n_{μν} (x) = ξ̃T̃^{μν} (x)ε^n_{μν} (x), (n ≥ 0), (4.11)

where ξ̃ = 1/ ( M^{3/2}_∗ √ 2z_b + βz^2_b ) is the effective coupling constant. It shows that the coupling of both the massless graviton and massive KK gravitons to matters are of the same order in our model, while in RS1 model the couplings of massless and massive gravitons to the matter fields on its visible brane are quite different: the coupling of massless mode is of order 1/M_{Pl} and the coupling of massive KK modes is of order 1/TeV.

As is well known, RS1 model can provide an exponential twist mechanism to solve the hierarchy problem relying on the exponential warp factor and two-brane configuration. Thus we simply discuss the possibility of solving the mass hierarchy problem based on our simple model. Due to the embedding of branes in a Weyl bulk, some interesting features are expected to emerge. As in [8], including only the massless zero mode in the fluctuation metric (3.1)

ds^2_5 = a^2(z) [ g^{(4)}_{μν} (x)dx^μdx^ν + dz^2 ] = a^2(z) [ (η_{μν} + h^0_{μν} (x))dx^μdx^ν + dz^2 ] . (4.12)

This will provide the gravitational fields in our effective theory. Here we note that since we have assumed that the Weyl scalar depends only on the extra dimension, the condition (1.1) on these thin branes is ~∇_αg̃_{μν} = ω_αg̃_{μν} = 0, and this implies that the connection Γ^{(4)λ}_{μν} is just the Christoffel symbol constituted by the induced metric g̃_{μν} (x) = a^2(z_0)g^{(4)}_{μν} (x) on the brane located at z_0. Thus the geometry of these thin branes is actually Riemannian.

Now calculating the contribution of the massless zero mode sector of the action (2.3) gives us the 4-dimensional effective gravitational theory

S^W_5 ⊃ M^3_∗ ∫ M^W_5

d^5x √ |g|f(ω)R̂ ⊃ M^3_∗ ∫_{zb} −z_b dza^3(z)f(ω) ∫ M^R_4

d^4x √ |g^{(4)}|R̂^{(4)}, (4.13)

where M^{−3}_∗ = 16πG_5, and R̂^{(4)} is the four-dimensional Riemannian Ricci scalar made out of g^{(4)}_{μν} = η_{μν} + h^0_{μν} (x). Thus with the solution (2.28) in case 2, the 4-dimensional effective scale of gravitational interaction is read from above equation as

M^2_{Pl} = M^3_∗ ∫_{zb} −z_b dza^3(z)f(ω) = M^3_∗ ( 2z_b + βz^2_b ) , (4.14)

– 16 – where M_{Pl} is our fundamental 4-dimensional Planck scale and M^{−2}_{P l} = 16πG_N with G_N the Newton’s gravitational constant.

On the other hand, consider a fundamental Higgs field on our visible brane, its action can be written as S_H ⊃ ∫ d^4x √ |g̃| [ g̃^{μν} D_μH^†D_ν H − λ(H^†H − v^2_0 )^2 ] , (4.15)

where v_0 is the vacuum expectation value (VEV) of Higgs scalar field and g̃_{μν} (x) the induced metric on the visible brane. In case 2, the warp factor is a(0) = 1, thus it leads to the induced metric g̃_{μν} (x) = g^{(4)}_{μν} (x). Plugging this into the above action gives the effective action for the Higgs field S_H ⊃ ∫ d^4x √ |g^{(4)}| [ g^{(4)μν} D^μH^†D_ν H − λ(H^†H − v^2_0)^2 ] . (4.16)

Here it shows that the Higgs field is just the usually 4-dimensional canonically normalized form on the brane, thus the VEV scale takes its physical value. Furthermore, since the Higgs VEV sets all the mass parameters, any effective physical mass m_{vis} on this visible brane is identical to its mass parameter m_∗ in the fundamental theory

m_{vis} = m_∗. (4.17)

Eqs. (4.14) and (4.17) provide us a mechanism that can be used to solve the mass hierarchy problem. Thus if we set all the fundamental parameters M_∗, p, v_0 to be of order of TeV scale in our theory, then from (4.14), we only require βz_b ≈ 10^{16} to provide a large twist of the two scale βM^2_{Pl} ≈ 10^{32}M^3_∗ .

On the other hand, in this case the mass spectrum given by eq. (4.6) is m_n =^{xn}_{zb+1/β} ≈ (βz_b)^{−1}x_nβ ≈ 10^{−4}eV. Thus the spacing of the KK gravitons is quite small and it seems that the masses are tiny enough to allow energetics to produce these KK gravitons in colliders. Nevertheless, as is shown in eq. (4.8), both the massless mode and lower massive KK modes are suppressed on the visible brane and localized on the other invisible one. Thus the effective coupling constant in (4.11) is set to be ξ̃ = 1/ ( M^{3/2}_∗ √ 2z_b + βz^2_b ) = 1/M_{Pl}.

It means that both massless and massive gravitons interact with our matter fields on the brane with 4-dimensional gravitational strength 1/M_{Pl}, therefore these light KK gravitons can certainly not be seen individually. This is in contrast with that of RS1 model where the spacing of KK gravitons is of order of TeV scale, but similar to ADD model [6, 7] with two extra dimensions, where the spacing is also tiny and about 10^{−3}eV.

Furthermore, the relation of non-conformal physical coordinate y and conformal coordinate z could be easily obtained via the coordinate transformation dy = a(z)dz, and it is expressed as

βz_b = e^{pyb} − 1, (k = −2), (4.18)

βz_b = [1 − 2(2 + k)py_b]^{3+2k4+2k} − 1, (k < − 3 2 , k ≠ −2). (4.19)

Thus for βz_b ≈ 10^{16}, these relations give us the physical size of extra dimension y_b. For k = −2, the warp factor a(y) = e^{−py} is similar to that of RS1 model and provides an exponential

– 17 – twist for extra dimension, thus the physical size is given by y_b ≈ 37/p ≈ 10^{−15}cm. When k < −2, as the warp factor is not an exponential one, the twist provided for hierarchy is slow, thus the size of extra dimension needs to be set quite larger than the former case, for example, when k = −3, y_b ≈ 10^{10}/p. And for −2 < k < −3/2, there is a horizon at the point^1_{2(2+k)p} . Thus, in order to provide a large enough twist for the hierarchy problem, interestingly, the brane should be located near enough to the horizon, i.e., y_b ≈^1_{2(2+k)p} .

5. Conclusions and Discussion

In this paper, we have considered a brane world model in Weyl integrable geometry. For the Weyl scalar depending only on the extra dimension, the geometry on the brane is still Riemannian. With the action (2.1) and metric ansatz (2.7), the theory naturally reduces to three cases to find brane solutions. In case 1, since the action is invariant under the Weyl rescaling, the Weyl scalar is a hidden degree of freedom. Therefore, only one constraint of the warp factor and Weyl scalar is got from the equations of motion. The gravitational phenomenology of this case is similar to the ADD scenario with an S^1/Z_2 extra dimension. Then in case 2 and case 3, we get thin brane solutions with two flat branes located at the boundaries. Since the Weyl scalar enters into the massless graviton wave-function in gravitational fluctuations (3.14), the massless gravitons in case 3 are still localized on the brane at z_b, while they are localized on the brane at origin in case 2. As gravitational zero modes are not normalizable when z → ∞, compactifying the extra dimension is indeed necessary in our model.

With the existence of cosmology constant in 5-dimensional background, RS1 model supports an AdS_5/Z_2 bulk solution. And as a result of the fine tuning of brane tensions, two flat branes are constituted at boundaries of compact extra dimension. While in our simple toy model, without introducing the delta functions by hand, but by means of the Weyl scalar and S^1/Z_2 extra dimension, we constitute a two-brane configuration. The effective energy densities are infinite on the branes, such as ρ̂(0) = −4kpδ(0) on the invisible brane in case 2. Thus only up to some constant factors, these effective densities equivalently play the roles of brane tensions (energy densities localized on the branes) as in RS1 model, and they actually compensate the effects produced by the bulk components of the effective energy densities and hence insure the existence of these 4-dimensional flat Minkowski branes.

As is well known, RS1 model can provide an exponential twist of hierarchy problem resorting to the exponential warp factor and two-brane configuration, thus finally we have simply discussed the possibility of solving the mass hierarchy problem based on the solution in case 2. Our world is assumed living on the brane located at the origin, and with all the fundamental parameters to be of order of TeV scale and βz_b ≈ 10^{16}, a large hierarchy can be generated from the 4-dimensional Planck scale and fundamental weak scale. Moreover, the spacing of KK modes is found to be of order of 10^{−4}eV in this case, however, since the lower massive KK gravitons are suppressed on our visible brane and the strength of their interaction with our matter fields on the brane is the weak 4-dimensional gravitational one 1/M_{Pl}, the light KK gravitons cannot be seen individually in colliders.

– 18 –

Acknowledgments

The authors would like to thank Heng Guo and Feng-Wei Chen for helpful discussions. This work was supported by the Program for New Century Excellent Talents in University, the National Natural Science Foundation of China (No. 11075065), the Doctoral Program Foundation of Institutions of Higher Education of China (No. 20090211110028), the Huo Ying-Dong Education Foundation of Chinese Ministry of Education (No. 121106), and the Natural Science Foundation of Gansu Province, China (No. 096RJZA055).

References

[1] V. A. Rubakov, Large and infinite extra dimensions: An introduction, Phys. Usp. 44 (2001) 871–893, [hep-ph/0104152].

[2] Y. A. Kubyshin, Models with extra dimensions and their phenomenology, hep-ph/0111027.

Lectures given at 11th International School on Particles and Cosmology, Karbardino-Balkaria, Russia, 18-24 Apr 2001.

[3] C. Csaki, TASI lectures on extra dimensions and branes, hep-ph/0404096.

[4] P. D. Mannheim, Brane-Localized Gravity. World Scientific Publishing Company, Singapore, 2005.

[5] V. Dzhunushaliev, V. Folomeev, and M. Minamitsuji, Thick brane solutions, Rept. Prog.

Phys. 73 (2010) 066901, [arXiv:0904.1775].

[6] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263–272, [hep-ph/9803315].

[7] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, New dimensions at a millimeter to a Fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257–263, [hep-ph/9804398].

[8] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370–3373, [hep-ph/9905221].

[9] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690–4693, [hep-th/9906064].

[10] C. Csaki, M. Graesser, C. F. Kolda, and J. Terning, Cosmology of one extra dimension with localized gravity, Phys. Lett. B 462 (1999) 34–40, [hep-ph/9906513].

[11] J. M. Cline, C. Grojean, and G. Servant, Cosmological expansion in the presence of extra dimensions, Phys. Rev. Lett. 83 (1999) 4245, [hep-ph/9906523].

[12] O. DeWolfe, D. Z. Freedman, S. S. Gubser, and A. Karch, Modeling the fifth dimension with scalars and gravity, Phys. Rev. D 62 (2000) 046008, [hep-th/9909134].

[13] M. Gremm, Thick domain walls and singular spaces, Phys. Rev. D 62 (2000) 044017, [hep-th/0002040].

[14] M. Gremm, Four-dimensional gravity on a thick domain wall, Phys. Lett. B 478 (2000) 434–438, [hep-th/9912060].

[15] C. Csaki, J. Erlich, T. J. Hollowood, and Y. Shirman, Universal aspects of gravity localized on thick branes, Nucl. Phys. B 581 (2000) 309–338, [hep-th/0001033].

– 19 –

[16] A. Campos, Critical phenomena of thick branes in warped spacetimes, Phys. Rev. Lett. 88 (2002) 141602, [hep-th/0111207].

[17] A. Wang, Thick de Sitter brane worlds, dynamic black holes and localization of gravity, Phys. Rev. D 66 (2002) 024024, [hep-th/0201051].

[18] C. Charmousis, S. C. Davis, and J.-F. Dufaux, Scalar brane backgrounds in higher order curvature gravity, JHEP 12 (2003) 029, [hep-th/0309083].

[19] D. Bazeia and A. R. Gomes, Bloch brane, JHEP 05 (2004) 012, [hep-th/0403141]. [20] Y.-X. Liu, L. Zhao, X.-H. Zhang, and Y.-S. Duan, Fermions in Self-dual Vortex Background on a String-like Defect, Nucl. Phys. B 785 (2007) 234–245, [arXiv:0704.2812].

[21] Y.-X. Liu, L.-D. Zhang, L.-J. Zhang, and Y.-S. Duan, Fermions on Thick Branes in Background of Sine-Gordon Kinks, Phys. Rev. D 78 (2008) 065025, [arXiv:0804.4553].

[22] V. Dzhunushaliev, V. Folomeev, and M. Minamitsuji, Thick de Sitter brane solutions in higher dimensions, Phys. Rev. D 79 (2009) 024001, [arXiv:0809.4076].

[23] V. Dzhunushaliev, V. Folomeev, B. Kleihaus, and J. Kunz, Some thick brane solutions in f(R)-gravity, JHEP 04 (2010) 130, [arXiv:0912.2812].

[24] Y.-X. Liu, H. Guo, C.-E. Fu, and J.-R. Ren, Localization of Matters on Anti-de Sitter Thick Branes, JHEP 02 (2010) 080, [arXiv:0907.4424].

[25] Y.-X. Liu, Y. Zhong, Z.-H. Zhao, H.-T. Li, Domain wall brane in squared curvature gravity, JHEP 06 (2011) 135, [arXiv:1104.3188].

[26] C. Brans and R. H. Dicke, Mach’s principle and a relativistic theory of gravitation, Phys.

Rev. 124 (Nov, 1961) 925–935.

[27] J. D. Barrow and S. Cotsakis, Inflation and the conformal structure of higher-order gravity theories, Physics Letters B 214 (1988), no. 4 515 – 518.

[28] T. P. Sotiriou and V. Faraoni, f(R) Theories Of Gravity, Rev. Mod. Phys. (2008) [arXiv:0805.1726].

[29] S. Deser and G. W. Gibbons, Born-Infeld-Einstein actions?, Class. Quant. Grav. 15 (1998) L35–L39, [hep-th/9803049].

[30] M. Banados and P. G. Ferreira, Eddington’s theory of gravity and its progeny, Phys. Rev.

Lett. 105 (2010) 011101, [arXiv:1006.1769].

[31] P. Horava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D 79 (2009) 084008, [arXiv:0901.3775].

[32] P. Horava, Spectral Dimension of the Universe in Quantum Gravity at a Lifshitz Point, Phys. Rev. Lett. 102 (2009) 161301, [arXiv:0902.3657].

[33] H. Weyl, Gravitation und elektrizität, Sitzungsber. Akademie der Wissenschaften Berlin (1918) 465–480.

[34] L. O’Raifeartaigh and N. Straumann, Early history of gauge theories and Kaluza-Klein theories, hep-ph/9810524.

[35] J. M. Salim and S. L. Sautu, Gravitational theory in weyl integrable spacetime, Class. and Quant. Grav. 13 (1996), no. 3 353.

– 20 –

[36] F. Dahia, G. A. T. Gomez, and C. Romero, On the embedding of spacetime in five-dimensional Weyl spaces, arXiv:0711.2754.

[37] M. Novello, L. Oliveira, J. Salim, and E. Elbaz, Geometrized instantons and the creation of the universe, Int. J. of Mod. Phys. D 1 (1993) 641.

[38] V. Perlick, Observer fields in weylian spacetime models, Class. Quant. Grav. 8 (1991), no. 7 1369.

[39] R. Bonal, I. Quiros, and R. Cardenas, Conformal general relativity contains the quantum,

gr-qc/0010010.

[40] I. Quiros, Scale invariant Kaluza-Klein theory and the fate of the gravitational collapse,

gr-qc/0201099.

[41] O. Arias, R. Cardenas, and I. Quiros, Thick brane worlds arising from pure geometry, Nucl.

Phys. B 643 (2002) 187–200, [hep-th/0202130].

[42] R. Carroll, Remarks on Weyl geometry and quantum mechanics, arXiv:0705.3921.

[43] J. E. Madriz Aguilar and C. Romero, Inducing the cosmological constant from five-dimensional weyl space, Found.Phys. 39 (2009) 1205, [arXiv:0809.2547].

[44] M. Gogberashvili and D. Singleton, Anti-de-Sitter Island-Universes from 5D Standing Waves, Mod. Phys. Lett. A 25 (2010) 2131–2143, [arXiv:0904.2828].

[45] M. Gogberashvili, A. Herrera-Aguilar, and D. Malagon-Morejon, A standing wave braneworld and associated Sturm-Liouville problem, arXiv:1012.4534.

[46] C. Romero, J. B. Fonseca-Neto, and M. L. Pucheu, Conformally flat spacetimes and Weyl frames, arXiv:1101.5333.

[47] C. Romero, J. B. Fonseca-Neto, and M. L. Pucheu, General Relativity and Weyl Frames,

arXiv:1106.5543.

[48] N. Barbosa-Cendejas and A. Herrera-Aguilar, 4D gravity localized in non Z(2)-symmetric thick branes, JHEP 10 (2005) 101, [hep-th/0511050].

[49] N. Barbosa-Cendejas and A. Herrera-Aguilar, Localization of 4D gravity on pure geometrical Thick branes, Phys. Rev. D 73 (2006) 084022, [hep-th/0603184].

[50] N. Barbosa-Cendejas, A. Herrera-Aguilar, M. A. Reyes Santos, and C. Schubert, Mass gap for gravity localized on Weyl thick branes, Phys. Rev. D 77 (2008) 126013, [arXiv:0709.3552].

[51] Y.-X. Liu, K. Yang, and Y. Zhong, de Sitter Thick Brane Solution in Weyl Geometry, JHEP 10 (2010) 069, [arXiv:0911.0269].

[52] Y.-X. Liu, L.-D. Zhang, S.-W. Wei, and Y.-S. Duan, Localization and Mass Spectrum of Matters on Weyl Thick Branes, JHEP 08 (2008) 041, [arXiv:0803.0098].

[53] Y.-X. Liu, X.-H. Zhang, L.-D. Zhang, and Y.-S. Duan, Localization of Matters on Pure Geometrical Thick Branes, JHEP 02 (2008) 067, [arXiv:0708.0065].

[54] H. Davoudiasl, J. L. Hewett, and T. G. Rizzo, Phenomenology of the Randall-Sundrum Gauge Hierarchy Model, Phys. Rev. Lett. 84 (2000) 2080, [hep-ph/9909255].

– 21 –