arXiv:1108.6134v1 [hep-th] 31 Aug 2011

Some properties of the holographic fermions in an extremal charged dilatonic black hole

Jian-Pin Wu^∗ Department of Physics, Beijing Normal University, Beijing 100875, China

Abstract

We study the properties of the Greens functions of the fermions in the extremal charged dilatonic black hole proposed by Gubser and Rocha [Phys. Rev. D 81, 046001 (2010)]. We find that many properties seem to be in agreement with that of Fermi liquid. Especially, the dispersion relation is linear. It is very different from that found in the extremal Reissner-Nordström (RN) black hole for massless fermion, which is obviously non-Fermi liquid due to a nonlinear dispersion relation. However, for another scaling behavior of the height of ImG_{11} at the maximum, the scaling exponent is not one, which is at odds with that found in the RN black hole.

∗Electronic address: jianpinwu@mail.bnu.edu.cn

I. INTRODUCTION

Motivated by the discovery of many exotic but important numerous correlated electron materials, including the cuprate superconductors and other oxides, lots of theoretical exploration on the quantum phases and phase transitions of correlated electron systems are intensively processing and varieties of phenomenological models were proposed in condensed matter theory. However, a general theoretical framework characterizing such exotic states of matter remains a suspense. Recently, many theoretical physicists have resorted to the AdS/CFT correspondence [1] to offer a possible clue to yield the basic principle of such states of matter. Indeed, we have found many of such exotic states of matter [2, 3] using AdS/CFT correspondence. At the same time, a proper condensed matter interpretation of these exotic states has also been explored in recent studies [4, 5]. Especially, in Ref.[4], they have proposed that the holographic non-Fermi liquid model in Ref.[2, 6] had realized an infinite-range limit of the fractionalized Fermi liquid [7]. Here, we must note that the two models share the same characteristics, that is, nonzero ground state entropy density.

However, nonzero ground state entropy density in Reissner-Nordström black hole in AntideSitter spacetimes (RNAdS) seems to be inconsistent with the characteristics of the degenerate Fermi liquid at the zero temperature. Therefore, a systematic exploration of the system in which ground state entropy density vanishes will be important and valuable. Such models have been proposed in Refs.[8, 9]. In this paper, we will only focus on the model of Gubser and Rocha^1[8]. In this model, they construct a charged dilatonic black hole in AdS_5 in which the Lagrangian involves a gauge field and a neutral scalar. In addition to the vanishing ground state entropy density mentioned above, there is another important characteristic, that is, linear specific heat at low temperature. It is also the characteristics of a Fermi gas. Therefore, it is important and interesting to explore the properties of fermion response in this background.

Our paper is organized as follows. In Sec. II, a brief review of the model of Gubser and Rocha is given. Following Ref.[2], we obtain the Dirac equation of the probe fermions in this

1 We must point out that in Ref.[8], the authors make the stability analysis of their supergravity solution and they find an instability. Therefore, the solution in the model of Gubser and Rocha is not the true ground state. They presumed that it would involve some sort of charged scalar condensate or perhaps something completely different.

model in Sec. III. Some properties are presented in Sec. IV. Conclusions and discussions follow in Sec. VI.

II. A CHARGED DILATONIC BLACK HOLE GEOMETRY

In this section, a brief review of the model of Gubser and Rocha is given as follows. We will discuss the AdS_5 case and the AdS_4 case, respectively.

A. AdS_5 case

We begin with the following action: S = 1 2κ^2 ∫ d^5x √ −g [ R − 12(∇_aα)^2 + 1 L^2

(8e^{2α} + 4e^{−4α}) − 1 4 e^{4α}F^{ab}F_{ab} ] , (1)

where R is the Ricci scalar, and L is the AdS radius. As is commonly known, F_{ab} = ∂_aA_b − ∂_bA_a. The charged solution is^2

ds^2 = e^{2A}(−hdt^2 + d⃗x^2) + e^{2B} h dr^2, A_adx^a = Φdt, A = ln r L + 1 3 ln ( 1 + Q^2 r^2 ) , B = − ln r L − 2 3 ln ( 1 + Q^2 r^2 ) , h = 1 − μL^2 (r^2 + Q^2)^2

, Φ = Q √ 2μ r^2 + Q^2 − Q √ 2μ r^2_+ + Q^2 , α = 1 6 ln ( 1 + Q^2 r^2 ) . (2)

The rescaled energy density, entropy density, and charge density can be easily expressed as follows in the microcanonical ensemble: ϵ̂ ≡ κ^2 4π^2L^3 ϵ = 3μ 8π^2L^6 , ŝ ≡ κ^2 4π^2L^3 s = √ μr_+ 2πL^5 , ρ̂ ≡ κ^2 4π^2L^3 ρ = Q √ 2μ 4π^2L^5

. (3)

With the help of Eq. (3) and the condition h(r_+) = 0, one can obtain the microcanonical equation of state:

ϵ̂ = 3 2^{5/3}π^{2/3}

(ŝ^2 + 2π^2ρ̂^2)^{2/3}. (4)

Therefore, the temperature and chemical potential can be obtained as follows: T = ( ∂ϵ̂ ∂ŝ ) ρ̂ = r_+ πL^2 , Ω = ( ∂ϵ̂ ∂ρ̂ ) ŝ = √ 2Q L^2

. (5)

2 This black hole solution can be embedded in string theory. For more discussions, we can refer to Ref.[8].

Then we can easily find ŝ = π √ 2ϵ̂ 3 T ≈ (π^2ρ̂)^{2/3}T ≈

Ω^2 4 T. (6) where the approximate equalities hold in the low-temperature limit. In this paper, we will mainly focus on the zero-temperature limit. From the expression of the temperature, we find that the zero-temperature limit is obtained when r_+ = 0, which implies μL^2 = Q^4. At the same time, we also notice that in this limit, the entropy vanishes, which can have an important effect on the ground state.

In addition, from Eq. (6), we find that the rescaled specific heats at constant charge density and constant chemical potential

Ĉ_{ρ̂} = T ( ∂ŝ ∂T ) ρ̂ , Ĉ_{Ω̂} = T ( ∂ŝ ∂T ) Ω̂ , (7)

are linear, which similar the case of a Fermi gas.

From the above discussions, we can see that there exists the similarity between the low-temperature thermodynamics of the charged dilatonic black hole and the Fermi liquid. Furthermore, in Ref.[8], they find the Fermi surface for massless, charged bulk fermions at extremal limit by finding the normal modes. It is plausible to claim the dual of the fermions of the charged dilatonic black hole is a Fermi liquid. Therefore, in this paper, we will furthermore explore the characteristics of the fermions response in this background.

B. AdS_4 case

The above case in AdS_5 can also be extended to the case in AdS_4 [8, 10]: S = 1 2κ^2 ∫ d^4x √ −g [ R − 3 2 (∇_aα)^2 + 6 L^2 cosh α − 1 4 e^αF^{ab}F_{ab} ] , (8)

From the above action, one can obtain the charged solution

ds^2 = e^{2A}(−hdt^2 + d⃗x^2) + e^{2B} h dr^2, A_adx^a = Φdt, A = ln r L + 3 4 ln ( 1 + Q r ) , B = −A, h = 1 − μL^2 (r + Q)^3 , Φ = √ 3Qμ r + Q − √ 3Qμ^16 L^23 , α = 1 2 ln ( 1 + Q r ) . (9)

The extremal limit for AdS_4 is also obtained when r_+ = 0 (corresponding to μL^2 = Q^3). The case in AdS_4 shares the same characteristic of low-temperature thermodynamics and has the Fermi surface.

III. DIRAC EQUATION

In this paper, we explore the fermion response in the charged dilatonic black hole in AdS_5 and AdS_4, respectively. First, we will briefly derive the Dirac equation in this background. Subsequently, we discuss how to impose the boundary condition at the horizon and read off the Green’s function on the boundary. For more details, we can also refer to Refs. [2, 6].

A. The Dirac equation in a dilatonic black hole

Considering the following bulk fermion action^3 [2]

S_D = i ∫ d^{d+1}x √ −gζ (Γ^aD_a − m) ζ, (10) where Γ^a is related to the usual flat space gamma matrix by a factor of the vielbein, Γ^a = (e_μ)^aΓ^μ and D_a = ∂_a +^1_4 (ω_{μν} )_aΓ^{μν} − iqA_a is the covariant derivative with (ω_{μν} )_a the spin connection 1-forms. The Dirac equation derived from the action S_D is expressed as

Γ^aD_aζ − mζ = 0. (11)

Making a transformation ζ = (−gg^{rr})^{− 1}4 F to remove the spin connection and expanding F as F = F e^{−iωt+ikixi} in Fourier space, the Dirac equation (11) turns out to be √ g^{rr}Γ^r∂_rF − i(ω + qA_t) √ g^{tt}Γ^tF + ik √ g^{xx}Γ^xF − mF = 0. (12)

where due to rotational symmetry in the spatial directions, we set k_x = k and k_x ≠ 0, i ≠ x without losing generality. Notice that Eq. (12) only depends on three Gamma matrices Γ^r, Γ^t, Γ^x. So it is convenient to split the spinors F into F = (F_1, F_2)^T and choose the following basis for our gamma matrices as in [6]:

Γ^r =

−σ^31 0 0 −σ^31

, Γ^t = iσ^11 0 0 iσ^11

, Γ^x =

−σ^21 0 0 σ^21 , . . . (13)

where 1 is an identity matrix of size 2^{d−3}2 for d odd (or size 2^{d−4}2 for d even). Because the resulting Green’s functions are proportional to such an identity matrix, we will suppress

3 Although the background spacetime (2) or (9) comes from a UV-complete string theory, the fermion action (10) is ad hoc so that it is not necessary to derive it from type IIB supergravity.

them in the following. So, we have a new version of the Dirac equation as √ g^{rr}∂_r F^1 F_2 + mσ^3 ⊗ F^1 F_2 = √ g^{tt}(ω + qA_t)iσ^2 ⊗ F^1 F_2 ∓ k√gxxσ^1 ⊗ F^1 F_2 . (14)

Furthermore, according to eigenvalues of Γ^r, we make such a decomposition F_± =^1_2 (1 ±

Γ^r)F . Then

F_+ = B^1 B_2 , F_− = A^1 A_2 , with F_α ≡ A^α B_α . (15)

Under such decomposition, the Dirac equation (14) can be rewritten as ( √ g^{rr}∂_r ± m) A^1 B_1 = ±(ω + qA_t) √ g^{tt} B^1 A_1 − k√gxx B^1 A_1 , (16)

( √ g^{rr}∂_r ± m) A^2 B_2 = ±(ω + qA_t) √ g^{tt} B^2 A_2 + k√gxx B^2 A_2 . (17)

Introducing the ratios ξ_α ≡^{Aα}_{Bα} , α = 1, 2, and using the method developed in [6, 11, 12],

one can package the Dirac equation (16) and (17) into the evolution equation of ξ_α, ( √ g^{rr}∂_r + 2m)ξ_α = [√ g^{tt}(ω + qA_t) + (−1)^αk √ g^{xx} ] + [√ g^{tt}(ω + qA_t) − (−1)^αk √ g^{xx} ] ξ^2_α ,(18)

which will be more convenient to impose the boundary conditions at the horizon and read

off the boundary Green functions.

B. The boundary condition and the Green’s function

Near the boundary, a solution of the Dirac equation (14) can be expressed as F_α^{r→∞}≈ a_αr^m 0 1 + b_αr^{−m} 1 0 , α = 1, 2 . (19)

If b_α 1 0 and a_α 0 1 are related by b_α 1 0 = Sa_α 0 1 , then the boundary Green’s

functions G is given by G = −iSγ^0 [11]. Therefore G(ω, k) = lim_{r→∞} r^{2m} ξ^1 0

0 ξ_2 , (20)

FIG. 1: The plot of ImG_{11}(k) for ω = −10^{−9} (left plot for AdS_5 and right plot for AdS_4). A sharp peak locates at k_F ≈ 2.12 for AdS_5 and k_F ≈ 2.19 for AdS_4. Improving the accuracy, the Fermi momentum can be furthermore determined as k_F ≈ 2.121305342 for AdS_5 and k_F ≈ 2.19528236825 for AdS_4.

At the same time, the requirement that the solutions of Eqs. (16) and (17) at the horizon be in-falling implies ξ_α^{r→0}= i, for ω ≠ 0. (21) Finally, we also note that G_{11} and G_{22} are related to each other as G_{22}(ω, k) = G_{22}(ω, −k).

Therefore, we will focus solely on G_{11} below.

IV. THE PROPERTIES OF THE GREEN’S FUNCTION

In this section, we solve Eq. (18) numerically with the boundary conditions (21) to investigate the properties of the spectral function. In Ref.[8], they find the Fermi surface by exploring the normal modes at ω = 0. Here, we will follow the method developed in Ref.[2] to search for the Fermi surface. We will consider the specific example as [8]: L = 1, m = 0, Q = 1, q = 2.

For AdS_5, when ω → 0, a sharp quasiparticlelike peak occurs near k_F = 2.12130534 (left plot in Fig.(1)). While for AdS_4, such a peak located at k_F ≈ 2.195282368 (right plot in Fig.(1)). It is consistent with the results found in Ref.[8].

Subsequently, we will explore the characteristics of the Green’s function. We find that:

1. At the Fermi momentum k = k_F , the quasiparticle peak is almost a delta function.

FIG. 2: The plot of ImG_{11}(k) for various k (left plot for AdS_5 and right plot for AdS_4). They show that the quasiparticle peak approach a delta function at the Fermi momentum k = k_F . Left (right) plot: green for k = 4 (k = 4), black for k = 3 (k = 3), blue for k = 2.4 (k = 2.5), red for k = 2.12 (k = 2.195), orange for k = 1.8 (k = 1.9) and magenta for k = 0.8 (k = 0.9).

From Fig.2, we find that the peak becomes narrower and narrower when k (k > k_F ) decreases. Finally, their heights approach infinity when k approaches k_F . However, when the Fermi surface is crossed, the peak become wide again.

2. The Green’s function vanishes at the Fermi energy (corresponding to ω = 0 in our convention), which has nothing to do with k. It is shown in Fig.3.

3. There exists a linear dispersion relation between small k̃ and ω̃(k̃) (Fig.4), i.e., ω̃(k̃) ∼ k̃, where k̃ ≡ k − k_F and ω̃(k̃) is the location of the maximum of the peak. It just corresponds to the form of a Fermi liquid.

4. Another important scaling behavior of the height of ImG_{11} at the maximum is as follows: ImG_{11}(ω̃, k̃) ∼ k̃^{−β} , (22) where β ≃ 3.8 for AdS_5 and β ≃ 5 for AdS_4 (Fig.5)^4.

The first three characteristics above, especially the third, the linear dispersion relation, are like that of Fermi liquid. It is very different from that found in the extremal RN

4 Here, we must point out that due to the numerical instability, the momentum can not approach the fermi momentum so close in pinning down the height of ImG_{11} as pinning down ω̃.

FIG. 3: The plot of ImG_{11}(k) for various k (left plot for AdS_5 and right plot for AdS_4). They show that independent of k, the Green’s function vanishes at the Fermi energy.

black hole for massless fermions, which is obviously non-Fermi liquid due to the nonlinear dispersion relation [2]. However, another important scaling behavior of the height of ImG_{11} at the maximum is obviously at odds with that found in Ref.[2], in which the scaling exponent β ≃ 1. It is a peculiar property of Green’s functions of the fermions in this system. Therefore, it is interesting and important to furthermore explore the properties of holographic fermions in the extremal charged dilatonic black hole.

FIG. 4: The dispersion relation between k̃ and ω̃ is linear (left plot for AdS_5 and right plot for AdS_4).

FIG. 5: The relation between the height of ImG_{11}(ω̃, k̃) at the maximum and k̃ (left plot for AdS_5 and right plot for AdS_4).

V. CONCLUSIONS AND DISCUSSION

We have studied the main features of the fermions in the charged dilatonic black hole for zero-temperature limit and massless fermions by AdS/CFT correspondence. Many features of the fermions’ Green’s function, especially the linear dispersion relation, and the lowtemperature thermodynamics studied in Ref.[8] are plausible that the dual is Fermi liquid. However, for another scaling behavior of the height of ImG_{11} at the maximum, the exponent β is not one, indicating the case may be not so simple. Nevertheless, due to the peculiar properties of this model, it will be valuable to furthermore explore the characteristics of the fermions response in this background. In addition, it is also important to relate this model to the state of condensed matter.

Acknowledgments

I would like to thank Professor Yongge Ma, for his encouragement. I am also grateful to Professor Yi Ling and Dr. Wei-Jie Li for their useful discussions. In addition, I also thank F. D. Rocha for his valuable comments on the true ground state. This work is partly supported by NSFC(No.10975017) and the Fundamental Research Funds for the central Universities.

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)], [hep-th/9711200]; S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys. Lett. B 428 (1998) 105C114, [hep-th/9802109]; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253C291, [hep-th/9802150].

[2] H. Liu, J. McGreevy and D. Vegh, [arXiv:0903.2477].

[3] S.-S. Lee, Phys. Rev. D 79, 086006 (2009) [arXiv:0809.3402]; M. Čubrović, J. Zaanen, K.

Schalm, Science 325, 439 (2009), [arXiv:0904.1993]; T. Faulkner, N. Iqbal, H. Liu, J. Mc- Greevy, and D. Vegh, Science 329, 1043 (2010); D. Maity, S. Sarkar, B. Sathiapalan, R.Shankar and N. Sircar, Nucl. Phys. B 839, 526 (2010), [arXiv:0909.4051]; P. Basu, J. Y. He, A. Mukherjee, H. H. Shieh, Phys. Rev. D 82, 044036 (2010), [arXiv:0908.1436]; S. A. Hartnoll, J. Polchinski, E. Silverstein, D. Tong, JHEP 1004, 120 (2010), [arXiv:0912.1061]; T. Faulkner, J. Polchinski, [arXiv:1001.5049]; E. Gubankova, J. Brill, M. Cubrovic, K. Schalm, P. Schijven, J. Zaanen, [arXiv:1011.4051]; M. Edalati, R. G. Leigh, K. W. Lo, P. W. Phillips, [arXiv:1012.3751]; D. Guarrera, J. McGreevy, [arXiv:1102.3908]; S. A. Hartnoll and A. Tavanfar, [arXiv:1008.2828]; S. A. Hartnoll, D. M. Hofman, and A. Tavanfar, [arXiv:1011.2502]; X. Arsiwalla, J. de Boer, K. Papadodimas, and E. Verlinde, [arXiv:1010.5784]; T. Faulkner, G. T. Horowitz, J. McGreevy, M. M. Roberts, D. Vegh, JHEP 1003, 121 (2010), [arXiv:0911.3402]; J. P. Wu, JHEP 1107, 106 (2011) [arXiv:1103.3982].

[4] S. Sachdev, Phys. Rev. Let 105, 151602 (2010), [arXiv:1006.3794].

[5] J. McGreevy, Physi 3, 83 (2010); S. Sachdev, TASI and Chandrasekhar lecture, [arXiv:1012.0299]; L. Huijse and S. Sachdev, [arXiv:1104.5022].

[6] T. Faulkner, H. Liu, J. McGreevy and D. Vegh, [arXiv:0907.2694].

[7] T. Senthil, S. Sachdev, and M. Vojta, Phys. Rev. Let 90, 216403 (2003), [arXiv:cond-mat/0209144]; T. Senthil, M. Vojta and S. Sachdev, Phys. Rev. B 69, 035111 (2004), [arXiv:cond-mat/0305193].

[8] S. S. Gubser, F. D. Rocha, Phys. Rev. D 81, 046001 (2010), [arXiv:0911.2898]. [9] C. P. Herzog, I. R. Klebanov, S. S. Pufu, T. Tesileanu, JHEP 1003, 093 (2010), [arXiv:0911.0400]; K. Goldstein, S. Kachru, S. Prakash, S. P. Trivedi, JHEP 1008, 078 (2010), [arXiv:0911.3586].

[10] S. S. Gubser and I. Mitra, JHEP 08, 018 (2001), [hep-th/0011127]. [11] N. Iqbal and H. Liu, Fortsch. Phys. 57, 367 (2009), [arXiv:0903.2596]. [12] N. Iqbal and H. Liu, Phys. Rev. D 79, 025023 (2009), [arXiv:0809.3808].