arXiv:1108.6157v1 [gr-qc] 31 Aug 2011

Observable Quantities in Weyl Gravity

M.R. Tanhayi^{1∗}, M. Fathi^{1†}, M.V. Takook^{2‡}

September 1, 2011

1 Department of Physics, Islamic Azad University, Central Tehran Branch, Tehran, Iran 2 Department of Physics, Razi university, Kermanshah, Iran

Abstract

In this paper, the cosmological “constant” and the Hubble parameter are considered in the Weyl theory of gravity, by taking them as functions of r and t , respectively. Based on this theory and in the linear approximation, we obtain the values of H_0 and Λ_0 which are in good agreement with the known values of the parameters for the current state of the universe.

1 Introduction

Einstein’s general theory of relativity seems to be a perfect theory (at least in the classical level) which almost all the classical tests confirm it. This theory is obtained from the Einstein-Hilbert action I_{EH} = 1 16πG ∫ d^4x √ −gR, where R is the Ricci scalar. However, in some astrophysical issues, we have to consider other sources of matter and energy with repulsive gravitational properties ([1] and Ref.s therein). For example in the rotation curves of spiral galaxies where the galactic rotational velocities differ from the velocities that predicted by the Newtonian gravitational potentials due to the luminous matter in the galaxies [2], another is related to the origin of the positive accelerating expansion of our universe. These unseen or dark sources are presently the most exciting open problems in cosmology and up to present days there is no satisfactory explanation for the origin of them. There are various theories to construct acceptable dark energy models [3], among these models, the modified gravity approach is attractive, since it tries to explain a natural gravitational alternative for dark sources. In this theory, the standard Einstein-Hilbert action is generalized to more complicated analytic function of the curvature ( f(R) -gravity). There exist more fundamental reasons for consideration of such theories. For example the corrected gravitational potential which obtained can predict the Milky way rotation curve without the need of the dark matter scenario. Almost all these theories lead to the higher order derivative field equations.

In the Weyl theory of gravity the Einstein-Hilbert action is replaced by the square of the conformal Weyl tensor I_W = −α ∫ d^4x √ −gC_{μνρλ}C^{μνρλ}, (1) ∗e-mail: m − tanhayi@iauctb.ac.ir †e-mail: mohsen.fathi@gmail.com ‡e-mail: takook@razi.ac.ir

where C_{μνρλ} is the Weyl tensor C_{μνλρ} = R_{μνλρ} − 1 2 (g_{μλ}R_{νρ} − g_{μρ}R_{νλ} − g_{νλ}R_{μρ} + g_{νρ}R_{μλ}) + R 6 (g_{μλ}g_{νρ} − g_{μρ}g_{νλ}) . Since there is no accepted system of sign convention in general relativity, different articles use different sign conventions. In this work we first review Weyl gravity with the usual sign convention of Ref. [4, 5], and then by taking the cosmological constant and the Hubble parameter as functions of r and t respectively, it is shown that in the Weyl gravity, the estimated values for these quantities are close to their measured values. In the appendix, some useful relations have been presented.

2 Weyl gravity

The action (1) can be written as follows I_W = −α ∫ d^4x √ −g(R^{μνρλ}R_{μνρλ} − 2R^{μν} R_{μν} + 1 3 R^2).

Since √ −g(R^{μνρλ}R_{μνρλ} −4R^{μν} R_{μν} +R^2) is a total divergence (Gauss-Bonnet term), it does not contribute to the equation of motion and one can simplify the action as follows [6] I_W = −2α ∫ d^4x √ −g ( R_{αβ}R^{αβ} − 1 3 R^2 ) ≡ −2α ∫ d^4x ( W_2 − 1 3 W_1 ) . (2)

The variation of the action with respect to g_{αβ} results in

δ(W_1) = 2 √ −gRδR + R^2δ √ −g = √ −g∇_γ A^γ + √ −g ( 2∇^α∇^βR − 2g^{αβ} □R − 2RR^{αβ} + 1 2 g^{αβ} R^2 ) δg_{αβ} , (3) where A^γ ≡ 2g^{αβ} g^{γλ}R(∇_αδg_{βλ} − ∇_λδg_{αβ} ) − 2g^{γβ} g^{αλ}∇_αRδg_{βλ} + 2g^{αβ} g^{γλ}∇_λRδg_{αβ} , and δ(W_2) = √ −g∇_γ B^γ + √ −g ( ∇_ρ∇^αR^{βρ} + ∇_ρ∇^βR^{αρ} − □R^{αβ} − g^{αβ} ∇_ρ∇_λR^{ρλ} − 2R^β_ρ R^{ρα} + 1 2 g^{αβ} R_{ρλ}R^{ρλ} ) δg_{αβ} , (4) where B^γ = g^{γρ}R^{αβ} ( ∇_αδg_{βρ} + ∇_βδg_{αρ} − ∇_ρδg_{αβ} ) − g^{αρ} ( ∇_αR^{γβ}δg_{βρ} − ∇_βR^{γβ} δg_{αρ} )

−g^{βρ} ( R^{αγ} ∇_αδg_{βρ} + ∇_βR^{αγ} δg_{αρ} ) + g^{ργ} ∇_ρR^{αβ}δg_{αβ} . When the equation of motion is considered, the first terms in the right hand side of Eq.s (3) and (4) have no contribution. Therefore we obtain

W_{αβ} ≡ W^{(2)}_{αβ} − 1 3 W^{(1)}_{αβ} = ∇^ρ∇_αR_{βρ} + ∇^ρ∇_βR_{αρ} − □R_{αβ} − g_{αβ} ∇_ρ∇_λR^{ρλ}

− 2R_{ρβ}R^ρ_α + 1 2 g_{αβ} R_{ρλ}R^{ρλ} − 1 3 ( 2∇_α∇_βR − 2g_{αβ} □R − 2RR_{αβ} + 1 2 g_{αβ} R^2 ) . (5)

Therefore, W_{αβ} = 0 are the vacuum Weyl field equations^1.

In one of the most significant papers (Ref. [7]), the authors concern about conformal radial solutions to vacuum Weyl field equations ( W^{rr} = 0 ). In the so called article, a general metric has been derived, covering all spherically symmetric solutions to Einstein field equations. Moreover, this metric possesses an additional constant, which is claimed that can geometrically explain the effects of dark energy. This metric, as it is described in [7], also covers the de Sitter solution with the cosmological term. In this work we obtain similar results, by considering de Sitter like metric in the background field method and linear approximation.

3 An estimation for Λ and H

Let us choose the following metric that mimics the de Sitter-Schwarzschild metric ds^2 = g_{αβ} dx^αdx^β = − ( 1 − 2 GM r − 1 3 f (r) r^2 ) dt^2 + ( 1 − 2 GM r − 1 3 f (r) r^2 )_{−1} dr^2 + r^2dΩ^2. (6)

After doing some tedious but straightforward calculation, the components of the Ricci tensor become as follows: R_{00} =^1_2 ( 1 − 2^{GM}_r −^1_3 f r^2 )( −^1_3 f^{′′} r^2 − 2 f^′ r − 2 f ) , R_{11} = − ( 1 − 2^{GM}_r −^1_3 f r^2 )_{−2} R_{00}, R_{22} =^1_3 f^′ r^3 + f r^2, R_{33} = R_{22} (sin (θ))^2 . (7)

And the Ricci scalar takes the following form R = 1 3 ( f^{′′} r^2 + 8 f^′ r + 12 f ) , (8)

where the prime stands for the derivative with respect to r . And also the component of the Weyl equation is found as

W_{00} =^1_9 (96^{(GM)2}_{r2} f^{′′} r − 106^{GM}_r f^{′′} +^4_3 f^{′2}rGM +^1_{18} f^′ r^6ff^{′′′} +^2_9 f^′ r^5ff^{′′} + 42^{(GM)2}_r f^{′′′} −^1_6 r^3f^{′′2}GM − 43 GMf^{′′′} − 4 f^{′′′′} rGM + 4 (GM)^2f^{′′′′} − 44^{GM}_{r2} f^′ r + 11 f^{′′′} r + 29 f^{′′} +16^{f ′}_r −^2_3 r^2f^{′2} +^1_{12} r^4f^{′′2} + f^{′′′′} r^2 −^{23}_3 f r^3f^{′′′} +^1_9 f^2r^6f^{′′′′} −^1_6 r^4f^′ f^{′′′} −^{40}_3 f rf^′ +^2_9 f^{′2}r^4f +^8_3 f^2r^3f^′ −^2_3 f^{′′′′} r^4f −^1_{36} r^6f f^{′′2} −^2_3 r^3f^′ f^{′′} + 24^{(GM)2}_{r3} f^′ + 4 f^2r^4f^{′′} −^{65}_3 f r^2f^{′′} +^1_3 f^′ r^3GMf^{′′′} + 20 GMf f^′ +^4_3 f^′ r^2GMf^{′′} + 40 GM f rf^{′′} +15 GM f r^2f^{′′′} +^4_3 GMf^{′′′′} r^3 f +^4_3 f^2r^5f^{′′′}),

(9)

W_{11} = 1 18(−3 r + 6 GM + f r^3) × ( − 48 f^′ − 42 f^{′′} r − r^5f^′ f^{′′′} + 216 GM r f^′ + 18 f^{′′′} rGM + 144 f^{′′} GM − 6 f^{′′′} r^2 + 1 2 r^5f^{′′2} − 4 f^′ r^4f^{′′} − 4 f^{′2}r^3 ) , (10)

1The relation (5) has been written by taking the following sign convention of [4] R^α_{βγρ} = ∂γ Γ^α_{βρ} + Γ^α_{λγ} Γ^λ_{βρ} − (γ ↔ ρ), R_{βρ} = R^α_{βαρ}, and R = R^α, in Ref. [6], the opposite sign for the Ricci tensor and Ricci scalar has been chosen.

9W_{22} =^1_{12} r^6f^{′′2} −^2_3 f^{′2}r^4 +^1_2 f^{′′′′} r^4 + 5 f^{′′′} r^3 + 11 f^{′′} r^2 + 4 f^′ r − 4 f r^3f^′ + 12 GMf^′ −^1_6 r^6f^′ f^{′′′} −^2_3 f^′ r^5f^{′′} − 6 f^{′′} r^4f −^1_6 f^{′′′′} r^6f − 2 f^{′′′} r^5f − 12 f^{′′} rGM − f^{′′′′} r^3GM −9f^{′′′} r^2GM =^9_{sin2(θ)} W_{33}.

(11)

Letting W_{αβ} = 0 results in four differential equations but here, the common solution for f(r) is considered (the general form of the solution can be found in [7])

f(r) = c_1 + 6GM r^3

. (12)

Taking into account this value for f(r) in (6), yields

g_{00} = − ( 1 − 4GM r − 1 3 c_1r^2 ) . (13)

This is similar to the de Sitter-Schwarzschild metric (except the coefficient of 1/r ) that indicate this metric is a solution as well.

Now let us use the weak field limit which implies

g_{00} = η_{00} + h_{00}, (14)

where η_{00} = −1 , and h_{00} =^{4GM}_r +^1_3 c_1r^2 is considered to be very small. The Poisson equation for this potential implies that ∇^2h_{00} = 8πT_{00}, (15) in which T_{00} is the density of a homogenous spherical observed mass, M_{obs} , with the observed radius, r_{obs} . From (13) and (15), it follows that ( d2 dr^2 + 2 r d dr )(4GM r + 1 3 c_1r^2 ) = 8πρ_{obs}, (16) where ρ_{obs} =^{3Mobs}_{4πr3obs} . So we find

c_1 = 3 M_{obs} r^3_{obs} . (17)

This relation may be considered as an estimation for the cosmological constant (see relation (13) with c_1 ≡ Λ ). Taking r_{ob} ≈ 4.39 × 10^{28} cm [8, 9] and M_{ob} ≈ 8 × 10^{55} gr , in which r_{obs} is the radius of the observable universe and M_{obs} is the mass amount of a steady-state observable universe which has been calculated by Sir Fred Hoyle [10], we obtain

c_1 ≡ Λ = 3 M_{ob} r_{ob}^3 ≈ 2.84 × 10^{−30} gr cm^3 . This can be comparable to the value, which has been estimated for the cosmological constant Λ_0 . Note that the cosmological constant is measured to be of order 10^{−29 gr}_{cm3} [11].

At the end of this section, let us assume a general time dependent metric as:

ds^2 = −dt^2 + f(t)dx^2_i , (18)

in which f(t) is an arbitrary function of t . It is found that this general time-dependent metric, is a solution of Eq. (5) ( W_{αβ} = 0 ). Therefore we rewrite the metric (18) as follows

ds^2 = −dt^2 + e^{2h(t)t}dx^2_i . (19)

Using this metric, the Ricci tensor components become as follows:

R_{00} = −3 ( (ḧ t + 2 ḣ) + (ḣ t + h)^2 ) , R_{11} = R_{22} = R_{33} = e^{2ht} ( (ḧ t + 2 ḣ) + 3(ḣ t + h)^2 ) . (20)

Also the Ricci scalar is calculated as follows

R = 6(ḧ t + 2 ḣ + 2 ḣ^2t^2 + 4 ḣ th + 2 h^2), (21)

where over dot presents the time derivative. Note that if h(t) is supposed to be a constant then the de Sitter condition will be obtained [4, 5].

Using these values in the expressions for W^{(1)}_{αβ} and W^{(2)}_{αβ} in Eq. (5) gives:

W^{(1)}_{00} = −36 ḣ tḧ + 72 ḣ^2 + 18 ḧ^2t^2 − 36 ḣ t^2h^{(3 )} − 36 h^{(3 )} t h − 108 ḧ h − 216 ḧ t^2ḣ h −216 ḣ^3t^2 − 216 ḣ h^2 − 108 ḧ t^3ḣ^2 − 108 ḧ th^2 − 432 ḣ^2t h,

W^{(2)}_{00} = 24 ḣ^2 − 72ḧ t^2ḣ h − 12 ḣ tḧ − 12 ḣ t^2h^{(3 )} − 12 h^{(3 )} t h − 36 ḧ t^3ḣ^2 − 36 ḧ th^2 − 144 ḣ^2t h +6 ḧ^2t^2 − 36 ḧ h − 72 ḣ^3t^2 − 72 ḣ h^2.

(22)

From the above relations it is clear that W_{00} (= W^{(2)}_{00} −^1_3 W^{(1)}_{00} ) becomes zero for all h(t) . Thus let us consider the following h(t)

h(t) = h_1 ln t t + h_2,

where h_1 and h_2 are two constants. If we take a^2(t) = e^{2h(t) t} , where a(t) stands for the scale factor, then the Hubble parameter reads as follows H = ȧ a = h_1 t + h_2.

As a simple guess in this work, we take h_1 = 1 and h_2 = 0 . And if t be assumed the age of the universe - the age of the universe is now calculated to be 13.75 × 10^9 ± 0.17 yrs [12] - then one obtains the Hubble constant for this time as:

H ≈ 2.31 × 10^{−18}s^{−1}. (23)

The recent measurement for Hubble constant is H_0 = 73.8 ± 2.4 (km/s)/Mpc or 2.39 ± 8% × 10^{−18} s^{−1} [13].

4 Conclusion

Conformal symmetry is indeed one of the most important measures of assessment of massless field in quantum field theory. If the graviton does exist and propagates on the light cone due to its long range effect, it should have zero mass. The light cone propagation immediately imposes the conformal invariance on the graviton field equations. Historically, the first conformally invariant theory of gravity introduced by Weyl in 1918; then Einstein pointed out that the non-integrability of the lengths of vectors under Weyl-like parallel propagation contradicts to physical experience (very good bibliography and background are given in [14]). In recent years there is a renewal interest of such scale-invariant theories. For example Friedmann equation of cosmological evolution for this theory can be found in [15, 16]. In Weyl gravity, the usual Einstein-Hilbert action, is replaced by the square of the conformal Weyl tensor. This leads to a gravitational theory of fourth order. Previously, exact vacuum solution to conformal Weyl gravity had been studied in [7], however in this paper, it has been shown that some significant radial solutions, (such as de Sitter and Reissner-Nordström metrics), in the linear approximation and the background field method, can be easily obtained. We then studied the time and r dependence of the Hubble and cosmological parameters in the Weyl theory of gravity. As a result, one may obtain theoretically some observable quantities, with high accuracy, in higher order theories of gravity (including the Weyl theory), as it has been confirmed by other authors [17, 18].

Acknowledgments: We would like to thank H. Ardahali and S. Fatemi for their interest in this work. We also thank the referee for his/her useful comments.

A appendix

Recent astrophysical data indicate that our universe has a positive and non-vanishing acceleration, therefore it might well be explained by de Sitter model. De Sitter space-time can be considered as a vacuum solution of the Weyl gravity. Considering the condition R_{μν} = 1 4 g_{μν} R, (24) together with the Bianchi identity, one obtains ∇_μR = 0 , it means that R is a constant. Imposing this condition into the Einstein’s equation, leads to

R = 4Λ. (25)

This is the well-known de Sitter condition, which is followed by a constant R . De Sitter space-time is maximally symmetric and we have [4, 5],

R_{abcd} = H^2(g_{ac}g_{bd} − g_{ad}g_{bc}), R_{ab} = 3H^2g_{ab}, R = 12H^2 = 4Λ.

The following relations become important in writing the Weyl gravity in de Sitter background and in the linear form δΓ^a_{bd} = 1 2 g^{ae} ( ∇_bδg_{ed} + ∇_dδg_{be} − ∇_eδg_{bd} ) , δR^a_{bcd} = 1 2 g^{ae} ( ∇_c∇_bδg_{de} + ∇_c∇_dδg_{be} − ∇_c∇_eδg_{bd} − ∇_d∇_bδg_{ce} − ∇_d∇_cδg_{be} + ∇_d∇_eδg_{bc} ) , δR_{ab} = 1 2 g^{cd} ( ∇_c∇_aδg_{bd} + ∇_c∇_bδg_{ad} − ∇_c∇_dδg_{ab} − ∇_b∇_aδg_{cd} ) , δR = ( ∇^a∇^bδg_{ab} − g^{ab}□δg_{ab} ) − 3H^2g^{ab}δg_{ab}. References

[1] Gonzalo J. Olmo, Palatini Approach to Modified Gravity: f(R) Theories and Beyond, Int. J. Mod. Phys.

D 20: 413 (2011).

[2] P.D. Mannheim, James G. O’Brien, Fitting galactic rotation curves with conformal gravity and a global quadratic potential, arXiv:1011.3495v2 [astro-ph.CO].

[3] Sh. Nojiri and S.D. Odintsov, Introduction to Modified Gravity and Gravitational Alternative for Dark Energy, Int. J. Geom. Meth. Mod. Phys. 4: 115 (2007).

[4] C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, Freeman, ISBN: 0-7167-0334-3 (1973).

[5] R.M. Wald, General relativity, Chicago University press, ISBN: 0-226-87033-2 (1984).

[6] D. Kazanas and P.D. Mannheim, General structure of the gravitational equations of motion in conformal Weyl gravity, Astrophysical Journal Supplement Series 76: 431 (1991).

[7] P.D. Mannheim and D. Kazanas, Exact vacuum solution to conformal Weyl gravity and galactic rotation curves, Astrophysical Journal 342: 635 (1989).

[8] C. Lineweaver, M.D. Tamara, Misconceptions about the Big Bang, Scientific American, http://space.mit.edu/ ∼ kcooksey/teaching/AY5/MisconceptionsabouttheBigBang ScientificAmerican.pdf (2005).

[9] Itzhak Bars, John Terning, Extra Dimensions in Space and Time, Springer. pp. 27. ISBN 9780387776378 (2009).

[10] Helge Kragh, Cosmology and Controversy: The Historical Development of Two Theories of the Universe, Princeton University Press, ISBN 0-691-00546-X (1999).

[11] Max Tegmark et al, Cosmological parameters from SDSS and WMAP, Phys. Rev. D 69, 103501 (2004).

[12] S.H. Suyu and et.,al.,Dissecting the Gravitational Lens B1608+656. II. Precision Measurements of the Hubble Constant, Spatial Curvature, and the Dark Energy Equation of State, Astrophysical Journal 711: 201 (2010).

[13] Adam G. Riess and et., al., A 3 % Solution: Determination of the Hubble Constant With the Hubble Space Telescope and Wide Field Camera, The Astrophysical Journal 730: 119 (2011).

[14] R. Schimming and Hans-J Urgen Schmidt, On the history of fourth order metric theories of gravitation, arXiv:gr-qc/0412038v1.

[15] P. D. Mannheim, Schwarzschild limit of conformal gravity in the presence of macroscopic scalar fields, Phys. Rev. D 75, 124006 (2007).

[16] S. Carloni, P. K. S. Dunsby and A. Troisi, Cosmological dynamics of fourth order gravity, arXiv:

gr-qc0906-1991v1.

[17] S. Capozziello, V.F. Cardone, S. Carloni and A. Troisi, Higher Order Curvature Theories of Gravity Matched with Observations: a Bridge Between Dark Energy and Dark Matter Problems, arXiv:astro-ph/0411114v1 (2004).

[18] A. Edery and M. B. Paranjape, Classical tests for Weyl gravity: Deflection of light and time delay, Phys. Rev. D 58, 024011 (1998).