arXiv:1108.6194v2 [hep-th] 29 Feb 2012

DAMTP/11-64 arXiv:1108.6194[hep-th] 1 March, 2012

Conformal Partial Waves:

Further Mathematical Results

F.A. Dolan^∗ and H. Osborn^†

∗Department of Physics, University of Crete, GR-71003, Heraklion, Greece

†Department of Applied Mathematics and Theoretical Physics, Wilberforce Road, Cambridge, CB3 0WA, England

Further results for conformal partial waves for four point functions for conformal primary scalar fields in conformally invariant theories are obtained. They are defined as eigenfunctions of the differential Casimir operators for the conformal group acting on two variable functions subject to appropriate boundary conditions. As well as the scale dimension Δ and spin ℓ the conformal partial waves depend on two parameters a, b related to the dimensions of the operators in the four point function. Expressions for the Mellin transform of conformal partial waves are obtained in terms of polynomials of the Mellin transform variables given in terms of finite sums. Differential operators which change a, b by ±1, shift the dimension d by ±2 and also change Δ, ℓ are found. Previous results for d = 2, 4, 6 are recovered. The trivial case of d = 1 and also d = 3 are also discussed. For d = 3 formulae for the conformal partial waves in some restricted cases as a single variable integral representation based on the Bateman transform are found.

PACS no: 11.25.Hf

Keywords: Conformal field theory, Operator product expansion, Four point function

Very shortly after the completion of this paper Francis Dolan died, may this be a small contribution to his memory.

email:^†ho@damtp.cam.ac.uk

1

1. Introduction

In conformal field theories the correlation functions of conformal primary operators ϕ_i satisfy non trivial identities obtained by expanding various pairs of operators ϕ_iϕ_j appearing in the correlation function using the operator product expansion. Assuming that in such correlation functions ϕ_i(x_i)ϕ_j (x_j ) has a convergent operator product expansion in terms of a complete set of of operators with differing spins and scale dimensions then it is natural to formulate bootstrap equations relating the expansions for each pair i, j. Individual contributions to each expansion are identified as conformal partial waves if they include the contributions in the operator product expansion of a conformal primary operator O^{(ℓ)}_Δ , with scale dimension Δ and spin ℓ, and also all its descendants formed by the action of derivatives on O^{(ℓ)}_Δ . To find ways of making the bootstrap equations tractable it is important to have succinct mathematical expressions for the conformal partial waves.

For four point correlation functions the conformal partial waves G^{(ℓ)}_Δ are functions of two conformal invariants u, v. They can be determined by requiring them to be eigenfunctions of the Casimir operators of the conformal group, subject to appropriate boundary conditions, with eigenvalues given in terms of Δ, ℓ. The conformal group is non compact so that Δ is allowed to vary continuously, although subject to restrictions to ensure unitarity. From the 1970’s onwards, when the conformal bootstrap was first proposed, various formulae for the conformal partial waves G^{(ℓ)}_Δ have been derived although these are often rather involved [1,2,3]. More recently expressions for conformal partial waves as functions of u, v have been obtained in terms of Mellin-Barnes integral representations [4,5,6,7].

Acting on G^{(ℓ)}_Δ (u, v) the quadratic Casimir reduces to a linear second order operator in u, v. For ℓ = 0 solutions may be obtained as a double power series in u, 1 − v although there is no simple generalisation for ℓ > 0. With a Mellin-Barnes representation where the conformal partial wave is expressed as a s, t integral over u^sv^t the eigenvalue equation reduces to a six term difference equation involving the two independent integration variables s, t [6]. As shown here in the particular case of leading twist, essentially for dimension d when Δ = ℓ + d − 2, the conformal partial wave is annihilated by an additional second order differential operator. This renders finding explicit solutions in this case, by various techniques, much more tractable. The leading twist case is particularly relevant in superconformal theories when it corresponds to the contribution of semi-short operators.

In two and four dimensions, with extensions possible for any even dimension, quite simple results have been found which have been found useful in bootstrap applications [8,9,10]. These are described in two previous papers [11,12]. The essential step to achieve a relatively simple form for the conformal partial waves is to express them in terms of symmetric functions of two variables x, x̄, which are determined by the conformal invariants u, v. In terms of x, x̄ the eigenvalue equation simplifies and the conformal partial waves involve just products of ordinary hypergeometric functions, depending on three parameters, of x and x̄. The degree of complication is independent of ℓ. In the leading twist case the conformal partial wave reduces to a single variable function. In terms of the variables x, x̄ the additional second order operator for leading twist is a reduction of the d-dimensional wave operator, and the simplifications for even dimensions are a reflection of Huygens principle.

In many respects results for conformal partial waves are a non compact analogue to expressions for two variable harmonic polynomials, for which there is an extensive literature [13,14,15,16] and which also extends to consideration of symmetric functions of p variables for any p [17,18]. For p = 1 the harmonic polynomials of interest are just the classical Jacobi polynomial P^{(α,β)}n (y) which may be defined by requiring them to be orthogonal for n = 0, 1, 2, . . . with respect to the measure dy (1 − y)^α(1 + y)^β for y ∈ [−1, 1]. Their symmetric two variable extensions defined in [13] P^{(α,β,γ)}nm (y + ȳ, yȳ) are orthogonal with respect to the measure dy dȳ ( (1 − y)(1 − ȳ) )_α( (1 + y)(1 + ȳ) )_β |y − ȳ|^{2γ+1}. For γ = ±^1_2 there is an explicit construction in terms of the single variable Jacobi polynomials which is identical to the formulae for dimension d = 2, 4 conformal partial waves in terms of hypergeometric functions. In general the correspondence requires 2γ → d−3. For any γ in [13,16] it was shown that the two variable harmonic polynomials satisfy various recurrence relations for which there may be expected to be equivalent results in the non compact case. Previous results [12] gave partial support for this and we endeavour to derive in this paper expressions for derivative operators relating conformal partial waves.

In section 2 of this paper we define conformal partial waves in terms of eigenfunctions of the quadratic Casimir of the conformal group. Single variable functions g_p(a, b; x) which play an essential role in the construction of conformal partial waves are introduced. These are hypergeometric functions, up to an additional power x^p, and are the non compact analogs of the Jacobi polynomials P^{(α,β)}n (y). The equations for the conformal partial waves are simplified by introducing the new variables, x, x̄, so that they become symmetric functions F_{λ1 λ2} (a, b; x, x̄) with λ_{1,2} =^1_2 (Δ ± ℓ) and a, b determined by the dimensions of of the operators appearing in the four point function. In section 3 we describe a conformally invariant integral which may be expressed in terms of the sum of a conformal partial wave corresponding to the contributions arising from an operator O^{(ℓ)}_Δ and also its shadow ~O^{(ℓ)}_{d−Δ}. This leads to a Mellin-Barnes integral expression which reduces the problem of determining conformal partial waves to solving a multi-term difference equation with polynomial solutions in the two complex variables s, t of degree ℓ. Explicit results are given for ℓ = 1, 2. More general solutions have an algebraic complexity which increases rapidly with ℓ, although results may be obtained for the leading twist case by solving a three term difference equation.

In section 4 various recursion relations for conformal partial waves in general dimensions are obtained. These involve the construction two sets of differential operators each of which are related by considering commutators with the differential operator representing the quadratic Casimir. By including the quartic Casimir, which is a fourth order differential operator, these form two closed algebras which ensure that their action in each case generates a finite number of conformal partial waves with Δ, ℓ differing by ±1 and in the first example also a, b differing by ±^1_2 . We also construct second order differential operators which acting on F_{λ1λ2} (a, b; x, x̄) change a, b by ±1 and the dimension d by ±2. Applying these shift operators twice leads to eigenvalue equations which are equivalent to those given by the quartic Casimir. In section 5 previous results found in [12] for d = 4, 6 are obtained from the d = 2 result using the dimension raising operator. The conformal partial waves are formed from two g_p functions depending on x, x̄. In section 6 conformal partial waves for d = 1, when they reduce to just one single variable function g_p(x) since kinematics require x = x̄ in this case, are found. For d = 3 solutions for restricted λ_2 are found using an integral representation related to the Bateman transform for solutions of the three dimensional wave equation.

Some supplementary mathematical results are described in five appendices. Appendix A evaluates some relevant two dimensional conformal integrals. In appendix B we show how analogous results are obtained for the two variable extensions of Jacobi polynomials and which may be mostly found in the mathematical literature. In appendix C we show how the apparent singularity in the six dimensional case cancels while in appendix D we obtain some results for conformal partial wave expansions when only leading twist operators are present. An alternative construction for conformal partial waves based on an expansion in terms of Jack polynomials, used previously in [12], in described briefly in appendix E although the general form is very complicated.

2. Definitions and General Results for Conformal Partial Waves

The four point function for four scalar primary operators ϕ_i with scale dimensions Δ_i has the general form ⟨ ϕ_1(x_1) ϕ_2(x_2) ϕ_3(x_3) ϕ_4(x_4) ⟩

= 1 (x_{12}^2)^12^{(Δ1 +Δ2)} (x_{34}^2)^12^{(Δ3+Δ4 )} ( x_{24}^2 x_{14}^2

)1_{2 Δ12} ( x_{14}^2 x_{13}^2

)1_{2 Δ34} F (u, v) , (2.1)

where x_{ij} = x_i − x_j , Δ_{ij} = Δ_i − Δ_j , (2.2) and u, v are the two independent conformal invariants u = x_{12}^2 x_{34}^2 x_{13}^2 x_{24}^2 , v = x_{14}^2 x_{23}^2 x_{13}^2 x_{24}^2

. (2.3)

The conformal partial waves G^{(ℓ)}_Δ (u, v) are so defined so that the conformal partial wave expansion becomes F (u, v) = ∑ Δ,ℓ a_{Δ,ℓ} G^{(ℓ)}_Δ (u, v) . (2.4)

where G^{(ℓ)}_Δ (u, v) is the contribution of an operator O^{(ℓ)}_Δ , with scale dimension Δ and spin ℓ, and its descendants to the operator product expansion of ϕ_1ϕ_2 or ϕ_3ϕ_4.

The operator O^{(ℓ)}_Δ and also all its descendants are eigenvectors of the Casimir operators formed from the generators M_{AB} = −M_{BA}, A, B = 0, 1, . . . , d + 1, of the conformal group SO(d, 2) acting on O^{(ℓ)}_Δ and which obey the algebra [M_{AB}, M_{CD}] = η_{AC} M_{BD} − η_{BC} M_{AD} − η_{AD} M_{BC} + η_{BD} M_{AC} , (2.5) with η_{AB} = diag.(−1, 1, . . . , 1, −1). For the quadratic and quartic Casimirs constructed from M_{AB} we then have 1 2 M^{AB}M_{BA} O^{(ℓ)}_Δ = C_{Δ,ℓ} O^{(ℓ)}_Δ , 1 2 M^{AB}M_{BC} M^{CD}M_{DA} O^{(ℓ)}_Δ = D_{Δ,ℓ} O^{(ℓ)}_Δ ,

(2.6)

where C_{Δ,ℓ} = Δ(Δ − d) + ℓ(ℓ + d − 2) , D_{Δ,ℓ} = Δ^2(Δ − d)^2 +^1_2 d(d − 1) Δ(Δ − d) + ℓ^2(ℓ + d − 2)^2 +^1_2 (d − 1)(d − 4) ℓ(ℓ + d − 2) .

(2.7)

If M_{i AB} are the generators acting on ϕ_i then conformal invariance of the correlation function requires ∑ i M_{i AB} ⟨ ϕ_1(x_1) ϕ_2(x_2) ϕ_3(x_3) ϕ_4(x_4) ⟩ = 0. The essential equation determining the conformal partial waves is then

(_1 2 (M_1+M_2)^{AB} (M_1+M_2)_{BA}−C_{Δ,ℓ} ) 1 (x_{12}^2)^12^{(Δ1+Δ2 )} ( x_{24}^2 x_{14}^2

)1_{2 Δ12}( x_{14}^2 x_{13}^2

)1_{2 Δ34} G^{(ℓ)}_Δ (u, v) = 0 .

(2.8) This leads directly to the two variable second order equation

D G^{(ℓ)}_Δ (u, v) =^1_2 C_{Δ,ℓ} G^{(ℓ)}_Δ (u, v) , (2.9) for D = (1 − u − v) ∂ ∂v ( v ∂ ∂v + a + b ) + u ∂ ∂u ( 2 u ∂ ∂u − d )

− (1 + u − v) ( u ∂ ∂u + v ∂ ∂v + a )( u ∂ ∂u + v ∂ ∂v + b ) , (2.10)

where a = −^1_2 Δ_{12} , b =^1_2 Δ_{34} . (2.11)

The contribution of an operator O^{(ℓ)}_Δ to the four point function from the operator product expansion then has the form ⟨ ϕ_1(x_1) ϕ_2(x_2) ϕ_3(x_3) ϕ_4(x_4) ⟩| ϕ_1ϕ_2,ϕ_3ϕ_4∼O^{(ℓ)}_Δ = 1 (x_{12}^2)^12^{(Δ1 +Δ2)} (x_{34}^2)^12^{(Δ3+Δ4 )} ( x_{14}^2 x_{24}^2 )_a( x_{14}^2 x_{13}^2 )_b a_{Δ,ℓ} G^{(ℓ)}_Δ (u, v) .

(2.12)

It follows directly that the conformal partial waves G^{(ℓ)}_Δ satisfy symmetry relations under 1 ↔ 2 and 3 ↔ 4,

G^{(ℓ)}_Δ ( u/v, 1/v) = (−1)^ℓ v^bG^{(ℓ)}_Δ (u, v) | |_{a→−a} = (−1)^ℓ v^aG^{(ℓ)}_Δ (u, v) | |_{b→−b} , (2.13) and, by considering 1 ↔ 4, 2 ↔ 3, G^{(ℓ)}_Δ is also a symmetric function of a, b.

To leading order as u → 0, v → 1, D(u^p(1−v)^q) ∼ ( p(2p−d)+q(2p+q −1) ) u^p(1−v)^q so that the relevant solutions of (2.9) for conformal partial waves may be determined by imposing the boundary conditions

G^{(ℓ)}_Δ (u, v) = c_ℓ u^{12 (Δ−ℓ)}(1 − v)^ℓ ( 1 + O(u, 1 − v) ) . (2.14)

The constant c_ℓ in (2.14) is inessential and may be set to 1 but it is convenient here to allow for more general possibilities, although we require c_0 = 1.

As previously mentioned for general dimensions d and ℓ > 0 results for G^{(ℓ)}_Δ (u, v) do not have any simple form and so are not readily useful. For d = 2, 4 more explicit expressions have been found [11,12]. These involve using the different variables x, x̄ defined in terms of u, v by u = xx̄ , v = (1 − x)(1 − x̄) . (2.15)

In the Euclidean domain x, x̄ are conjugates. With (2.15) G^{(ℓ)}_Δ becomes a symmetric function of x, x̄ G^{(ℓ)}_Δ (u, v) = F_{λ1λ2} (x, x̄) = F_{λ1 λ2} (x̄, x) , (2.16) for λ_1 =^1_2 (Δ + ℓ) , λ_2 =^1_2 (Δ − ℓ) , ℓ = λ_1 − λ_2 = 0, 1, 2, . . . . (2.17)

Corresponding to (2.14) we have the boundary conditions F_{λ1λ2} (x, x̄) ∼_{x̄→0,x→0} { c_ℓ (xx̄)^{λ2} x^ℓ , xx̄ > 0 , c_{λ1−λ2} x^{λ1}x̄^{λ2} , x, x̄ > 0 , (2.18)

where the limit x̄ → 0 is taken first. The differential operator D in (2.10) becomes in terms of x, x̄ Δ^{(ε)} ≡ Δ^{(ε)}(a, b) = D_x(a, b) + D_{x̄}(a, b)

+ 2ε xx̄ x − x̄ ( (1 − x) ∂ ∂x − (1 − x̄) ∂ ∂x̄ ) , (2.19)

for D the single variable differential operator defined by

D_x(a, b) = x^2(1 − x) d^2 dx^2

− (a + b + 1) x^2 d dx − ab x , (2.20) and for ε =^1_2 (d − 2) . (2.21)

Unless necessary the dependence of Δ^{(ε)}, and also D_x in (2.20), on a, b is suppressed when there is no ambiguity.

The eigenvalue equation (2.10) is then equivalent to

Δ^{(ε)}F_{λ1λ2} (x, x̄) = c_{λ1λ2} F_{λ1λ2} (x, x̄) , c_{λ1 λ2} = λ_1(λ_1 − 1) + λ_2(λ_2 − 1 − 2ε) , (2.22)

for symmetric functions F_{λ1λ2} (x, x̄) subject to the boundary conditions (2.18). When it is desirable to exhibit the dependence on a, b or ε the conformal partial waves are written as F_{λ1λ2} (x, x̄) ≡ F^{(ε)}_{λ1λ2} (a, b; x, x̄). The symmetry relations (2.13) by virtue of (2.16) now become F_{λ1λ2} (a, b; x^′, x̄^′) = (−1)^ℓv^bF_{λ1λ2} (−a, b; x, x̄) , (2.23a) = (−1)^ℓv^aF_{λ1λ2} (a, −b; x, x̄) , (2.23b) with v as in (2.15) and x^′ = x x − 1 , x̄^′ = x̄ x̄ − 1 . (2.24)

The conformal partial waves F_{λ1λ2} (x, x̄) may be regarded as functions of the elementary symmetric functions of two variables, x + x̄, xx̄. The limiting result given by (2.18) may be extended for x = O(x̄) to the form

F_{λ1λ2} (x, x̄) ∼_{x,x̄→0} (xx̄)^{12 Δ} ( f(σ) + O(x + x̄, √ xx̄) ) , (2.25) for σ = x + x̄ 2(xx̄)^12

. (2.26)

Substituting (2.25) into (2.22), with the boundary conditions (2.18), requires (σ^2 − 1)f^{′′}(σ) + (1 + 2ε) σf^′(σ) = ℓ(ℓ + 2ε)f(σ) , f(σ) ∼_{σ→∞} c_ℓ(2σ)^ℓ . (2.27)

The relevant solutions of (2.27) are Gegenbauer polynomials we may then write f(σ) = Ĉ^ε_ℓ (σ) , (2.28) choosing an alternative normalisation so that Ĉ^ε_ℓ (σ) = ℓ!

(2ε)_ℓ

C^ε_ℓ (σ) , Ĉ^ε_ℓ (1) = 1 . (2.29)

In this case in (2.18) c_ℓ ≡ c^{(ε)}_ℓ = (ε)_ℓ (2ε)_ℓ

. (2.30)

An additional reduction to a single variable function, for any ε, may be found by considering a limit in which x̄ → 0 since, using Δ^{(ε)} ∼ D_x + x̄^{2 ∂2}_{∂x̄2} − 2ε x̄^∂_{∂x̄} , Δ^{(ε)} ( x̄^q g(x) ) = x̄^q ( D_xg(x) + q(q − 1 − 2ε)g(x) ) + O(x̄^{q+1}) . (2.31) Hence the limiting behaviour (2.18) alternatively extends to F_{λ1λ2} (x, x̄) ∼_{x̄→0} c_{λ1−λ2} x̄^{λ2} g_{λ1} (x) , (2.32) so long as g_{λ1} is a solution of D_x(a, b) g_p(a, b; x) = p(p − 1) g_p(a, b; x) , (2.33) subject to g_p(a, b; x) ∼_{x→0} x^p . (2.34) Since

x^{−p}D_x(a, b) x^p = x^2(1 − x) d^2 dx^2 + x ( 2p − (2p + a + b + 1)x ) d dx − (p + a)(p + b) x + p(p − 1) , (2.35) the functions g_p defined by (2.33) and (2.34) may be identified as just standard hypergeometric functions,^1 g_p(a, b; x) = x^pF (p + a, p + b; 2p; x) . (2.36) 1 If gp(a; b; x) is a solution of (2.33) then so is g−p+1(a, b; x) but the required solution is determined by the boundary condition (2.34) and we further assume p ≥ 0.

The single variable functions g_p defined by (2.36) are essential for constructing general expressions for F_{λ1λ2} (x, x̄) for any ε, they play an analogous role for non compact SO(1, 2) to the harmonic Jacobi polynomials P^{(α,β)}n in relation to compact SO(3).

There are various identities for the g_p functions inherited from those for hypergeometric functions such as g_p(a, b; x) = e^{±iπp}(1 − x)^{−b}g_p(−a, b; x^′) = e^{±iπp}(1 − x)^{−a}g_p(a, −b; x^′) = (1 − x)^{−a−b}g_p(−a, −b; x) , (2.37)

where x^′ is defined in (2.24). For p non integer the choice of factors e^{±iπp} depends on which side of the cut with branch point at x = 0 arising from x^p the continuation from x ∈ (0, 1) to x^′ < 0 is defined. The last equality is a reflection of the identity D_x(a, b) = (1 − x)^{−a−b}D_x(−a, −b) (1 − x)^{a+b} . (2.38) The result (2.32) is equivalent to

G^{(ℓ)}_Δ (u, v) ∼ c_ℓ u^{12 (Δ−ℓ)}(1−v)^ℓF

(_1 2 (Δ+ℓ)+a,^1_2 (Δ+ℓ)+b; Δ+ℓ; 1−v ) as u → 0 , (2.39)

extending (2.14).

The operator Δ^{(ε)} also satisfies identities which are of crucial assistance in constructing solutions of the eigenvalue problem. Thus

Δ^{(ε)} ( xx̄ x − x̄ )_{2ε−1} = ( xx̄ x − x̄ )_{2ε−1}( Δ^{(1−ε)} + 2(1 − 2ε) ) , (2.40)

so that letting

F^{(ε)}_{λ1λ2} (x, x̄) = ( xx̄ x − x̄ )_{2ε−1} F̃_{λ1λ2} (x, x̄) , (2.41)

gives equivalently

Δ^{(−ε+1)}F̃_{λ1λ2} (x, x̄) = ( λ_1(λ_1 − 1) + (λ_2 − 2ε + 1)(λ_2 − 2) )~ F_{λ1λ2} (x, x̄) . (2.42)

When ε = 1 the conformal partial waves are then reducible to the ε = 0 case for which Δ^{(ε)} in (2.19) is just a sum of two independent single variable differential operators.

Furthermore, with v as in (2.15), Δ^{(ε)}(a, b) = v^{−a−b}Δ^{(ε)}(−a, −b) v^{a+b} , (2.43) which implies F_{λ1λ2} (a, b; x, x̄) = v^{a+b}F_{λ1λ2} (−a, −b; x, x̄) , (2.44) corresponding to combining (2.23a, b).

3. Integral Expressions

Results for conformal partial waves can also be obtained in terms of integral expressions for four point correlation functions. To describe these results we first define for any conformal primary operator of spin ℓ, O^{(ℓ)}_{Δ,μ1 ...μℓ} an associated dual or shadow operator by ~O^{(ℓ)}_{d−Δ,μ1 ...μℓ} (x) = k_{Δ,ℓ} 1 π^12^d ∫ d^dy 1 ( (x − y)^2 )_{d−Δ} I^{(ℓ)}_{μ1 ...μℓ,ν1...νℓ} (x − y) O^{(ℓ)}_{Δ,μ1...μℓ} (y) , (3.1)

where I^{(ℓ)}μ_1...μ_ℓ,ν_1...ν_ℓ (x) is the inversion tensor for symmetric traceless tensors, formed from the symmetrised product of ℓ inversion tensors I_{μν} (x) = δ_{μν} − 2x_μx_ν /x^2. The integral in (3.1) is divergent unless Δ <^1_2 d but can be extended to more general Δ by analytic continuation so that under conformal transformations (3.1) defines a conformal primary operator of scale dimension d − Δ. Choosing

k_{Δ,ℓ} = 1 (Δ − 1)_ℓ

Γ(d − Δ + ℓ) Γ(Δ −^1_2 d)

, (3.2)

ensures that ~O(ℓ)_{Δ,μ1...μℓ} = O(ℓ)_{Δ,μ1 ...μℓ} . (3.3) In general the shadow operator constructed in (3.1) does not belong to the set of relatively local operators defining a unitary conformal field theory but it plays a useful role in the present discussion.

To construct integral expressions we consider the conformally covariant three point functions [19] ⟨ O^{(ℓ)}_{Δ,μ1 ...μℓ} (x) φ_3(x_3) φ_4(x_4) ⟩ = 1 (x_{34}^2)^12^{(Δ3 +Δ4)}

F̄^{(ℓ)}_{Δ,μ1...μℓ} (x; x_3, x_4) , ⟨ φ_1(x_1) φ_2(x_2) O^{(ℓ)}_{Δ,μ1...μℓ} (x) ⟩ = 1 (x_{12}^2)^12^{(Δ1 +Δ2)} F^{(ℓ)}_{Δ,μ1...μℓ} (x; x_1, x_2) , (3.4)

where

F̄^{(ℓ)}_{Δ,μ1...μℓ} (x; x_3, x_4) = X̄_{{μ1} . . . X̄_{μℓ}} (x^{342})^{λ2} ( (x − x_3)^2 )_{λ2+b} ( (x − x_4)^2 )_{λ2−b} , F^{(ℓ)}_{Δ,μ1...μℓ} (x; x_1, x_2) = X_{{μ1} . . . X_{μℓ}} (x_{12}^2)^{λ2} ( (x − x_1)^2 )_{λ2−a} ( (x − x_2)^2 )_{λ2+a} , (3.5)

for X̄_μ = (x^4 − x)^μ

(x_4 − x)^2 − (x_3 − x)_μ (x_3 − x)^2

, X_μ =

(x_1 − x)_μ (x_1 − x)^2 − (x_2 − x)_μ (x_2 − x)^2

. (3.6)

In (3.5) X̄_{{μ1} . . . X̄_{μℓ}}, X_{{μ1} . . . X_{μℓ}} denotes symmetrisation and subtraction of traces. With the definition (3.1) and using integrals obtained in [11] ⟨ ~ O^{(ℓ)}_{d−Δ,μ1 ...μℓ} (x) φ_3(x_3) φ_4(x_4) ⟩ = γ¯_{λ1,b} γ_{λ1,b} 1 (x_{34}^2)^12^{(Δ3 +Δ4)} F̄^{(ℓ)}_{d−Δ,μ1 ...μℓ} (x; x_3, x_4) , ⟨ φ_1(x_1) φ_2(x_2) ~O^{(ℓ)}_{d−Δ,μ1 ...μℓ} (x) ⟩ = γ¯_{λ1,a} γ_{λ1,a} 1 (x_{12}^2)^12^{(Δ1 +Δ2)} F^{(ℓ)}_{d−Δ,μ1 ...μℓ} (x; x_1, x_2) , (3.7)

for γ_{λ,a} = Γ ( λ + a ) Γ ( λ − a ) , (3.8)

and the abbreviations

λ̄_1 =^1_2 (d − Δ + ℓ) , λ̄_2 =^1_2 (d − Δ − ℓ) . (3.9)

Assuming (3.5) the expression for a four point function given by

F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) = γ_{λ1,a}γ¯_{λ1,b} 1 π^12^d ∫ d^dx F^{(ℓ)}_{Δ,μ1...μℓ} (x; x_1, x_2) F̄^{(ℓ)}_{d−Δ,μ1...μℓ} (x; x_3, x_4) , (3.10) is then conformally covariant so that ∑ iM_{i AB} ( 1 (x_{12}^2)^12^{(Δ1 +Δ2)} (x_{34}^2)^12^{(Δ3+Δ4)}

F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) ) = 0 . (3.11)

Since the three point functions in (3.4) have been constructed to be conformally covariant, so that (M_1 + M_2 + M)_{AB} ⟨ φ_1(x_1) φ_2(x_2) O^{(ℓ)}_{Δ,μ1...μℓ} (x) ⟩ = 0, we also have

(_1 2 (M_1 + M_2)^{AB}(M_1 + M_2)_{BA} − C_{Δ,ℓ} ) 1 (x_{12}^2)^12^{(Δ1+Δ2 )}

F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) = 0 . (3.12)

Using the relations between (3.4) and (3.7) it is straightforward to see that the definition (3.10) ensures that F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) = F^{(ℓ)}_{d−Δ}(x_1, x_2, x_3, x_4) . (3.13)

The expression (3.10) can be simplified by using X_{{μ1} . . . X_{μℓ}} X̄_{{μ1} . . . X̄_{μℓ}} = 1 2^ℓc_ℓ

(X^2X̄^2)^{12 ℓ} Ĉ^ε_ℓ (t) , t = X · X̄ (X^2X̄^2)^12

, (3.14)

for Ĉ^ε_ℓ the modified Gegenbauer polynomial defined in (2.29). Hence, as a consequence of conformal invariance,

F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) = γ_{λ1,a}γ¯_{λ1,b} 2^ℓc_ℓ ( x_{14}^2 x_{24}^2 )_a( x_{14}^2 x_{13}^2 )_b f^{(ℓ)}_Δ (u, v) , (3.15) where 1 π^12^d ∫ d^dx

(X^2X̄^2)^{12 ℓ} Ĉ^ε_ℓ (t) ( (x − x_1)^2 )_{λ2−a} ( (x − x_2)^2 )_{λ2+a} ( (x − x_3)^2 )_{λ̄2+b} ( (x − x_4)^2 )_{λ̄2−b}

= 1 (x_{12}^2)^{λ2} (x_{34}^2)^{λ̄2} ( x_{14}^2 x_{24}^2 )_a( x_{14}^2 x_{13}^2 )_b f^{(ℓ)}_Δ (u, v) . (3.16)

In (3.16) we may write

X^2 = x_{12}^2 (x − x_1)^2(x − x_2)^2

, X̄^2 = x_{34}^2 (x − x_3)^2(x − x_4)^2

, (3.17) and 2X · X̄ = x_{13}^2 (x − x_1)^2(x − x_3)^2 − x_{23}^2 (x − x_2)^2(x − x_3)^2 + x_{24}^2 (x − x_2)^2(x − x_4)^2 − x_{14}^2 (x − x_1)^2(x − x_4)^2 . (3.18)

As a consequence of (3.12)

D f^{(ℓ)}_Δ (u, v) =^1_2 C_{Δ,ℓ} f^{(ℓ)}_Δ (u, v) , (3.19)

so that, from (2.9), f^{(ℓ)}_Δ is a linear sum of the conformal partial waves G^{(ℓ)}_Δ and G^{(ℓ)}_{d−Δ}. The coefficients may be determined from the short distance limits x_{12}, x_{34} → 0. Assuming Δ <^1_2 d, so that λ_2 < λ̄_2, the leading contributions may be found directly using

F^{(ℓ)}_{Δ,μ1...μℓ} (x; x_1, x_2) ∼_{x12 →0} (x_{12}^2)^{λ2} x_{12 ν1} . . . x_{12 νℓ} 1 ( (x_1 − x)^2 )_Δ I^{(ℓ)}_{ν1...νℓ,μ1...μℓ} (x_1 − x) , (3.20) from (3.5). Hence

F^{(ℓ)}_Δ (x_1, x_2, x_3, x_4) ∼_{x12→0} γ_{λ1,a}γ_{λ1,b} k_{d−Δ,ℓ} (x_{12}^2)^{λ2} x_{12 μ1} . . . x_{12 μℓ} F̄^{(ℓ)}_{Δ,μ1...μℓ} (x_1; x_3, x_4) . (3.21)

while

F̄^{(ℓ)}_{Δ,μ1...μℓ} (x_1; x_3, x_4) ∼_x

34→0 1 (x_{13}^2)^Δ

I^{(ℓ)}_{μ1 ...μℓ,ν1...νℓ} (x_{13}) x_{43 ν1} . . . x_{34 νℓ} (x_{43}^2)^{λ2} . (3.22)

Since 1 − v ∼_{x12,x34→0} 2 1 x_{13}^2 x_{12 μ}I_{μν} (x_{13}) x_{43 ν} , (3.23)

then combining (3.21) and (3.22) in this limit 1 (x_{13}^2)^ℓ x_{12 μ1} . . . x_{12 μℓ} I^{(ℓ)}_{μ1...μℓ,ν1...νℓ} (x_{13}) x_{43 ν1} . . . x_{43 νℓ} ∼ (_1 2 (1 − v) )_ℓ . (3.24)

Comparing with the leading behaviour of G^{(ℓ)}_Δ in (2.14) and using (3.13) then gives

f^{(ℓ)}_Δ (u, v) = 1 k_{d−Δ,ℓ} γ_{λ1,b} γ¯_{λ1,b} G^{(ℓ)}_Δ (u, v) + 1 k_{Δ,ℓ} γ¯_{λ1,a} γ_{λ1,a} G^{(ℓ)}_{d−Δ}(u, v) . (3.25)

Explicit expressions can in principle be obtained by expanding Ĉ^ε_ℓ (t) as a power series in t and then using (3.18) to expand t^n leads to a sum of elementary conformal integrals [3,4]. Essentially equivalently, we may use the recursion relation for Gegenbauer polynomials, generating all Ĉ^ε_ℓ (t) starting from Ĉ^ε_0 (t) = 1, in the form (ℓ + 2ε) Ĉ^ε_{ℓ+1}(t) = 2(ℓ + ε) t Ĉ^ε_ℓ (t) − ℓ Ĉ^ε_{ℓ−1}(t) , (3.26) which in (3.16) leads to

(ℓ + d − 2) f^{(ℓ+1)}_Δ (a, b; u, v)

= (ℓ +^1_2 d − 1) u^{− 12} ( f^{(ℓ)}_Δ (a −^1_2 , b +^1_2 ; u, v) − vf^{(ℓ)}_Δ (a +^1_2 , b +^1_2 ; u, v) + f^{(ℓ)}_Δ (a +^1_2 , b −^1_2 ; u, v) − f^{(ℓ)}_Δ (a −^1_2 , b −^1_2 ; u, v) ) − ℓ f^{(ℓ−1)}_Δ (a, b; u, v) . (3.27) For d = 2, 4 this recurrence relation was solved in [11] by using corresponding relations for the single variable g_p functions.

For ℓ = 0 the conformal integral in (3.16) may be evaluated as a Mellin-Barnes transform [20]

f^{(0)}_Δ (u, v) = 1 γ_{λ,a}γ¯_{λ,b} ∫ C_{s,t} dμ_{s,t} Γ(−t) Γ(−t − a − b) Γ(−r + a) Γ(−r + b) × Γ(λ − s) Γ(λ̄ − s) u^sv^t , (3.28)

for λ =^1_2 Δ, λ̄ =^1_2 (d − Δ) and dμ_{s,t} = 1 (2πi)^2 ds dt , r + t + s = 0 . (3.29)

The integration contours C_{s,t} for s, t run from −i∞ to i∞ such that Re s < λ, λ̄ , Re t < 0, −a − b , Re r < a, b . (3.30) If the s contour is closed to the right the poles at s = λ+n and s = λ̄+n, for n = 0, 1, 2, . . ., generate the conformal partial wave G^{(0)}_Δ and its dual G^{(0)}_{d−Δ} in accordance with (3.25). In the remaining t-integration it is useful to note that, for −a − s, −b − s < c < 0, −a − b, 1 2πi ∫_{c+i∞} c−i∞ dt Γ(−t)Γ(−t − a − b) Γ(s + t + a) Γ(s + t + b) v^t = 1 Γ(2s) γ_{s,a}γ_{s,b} F (s + a, s + b; 2s; 1 − v) . (3.31)

By restricting the contours C_{s,t} so as to pick up only the poles at s = λ + n then (3.28) gives for the ℓ = 0 conformal partial wave a double power series

G^{(0)}_{2λ} (u, v) = ∑ n,m≥0 (λ − a)_n(λ − b)_n n! (2λ − ε)_n (λ + a)_{n+m}(λ + b)_{n+m} m! (2λ)_{2n+m} u^{λ+n}(1 − v)^m , (3.32)

where convergence requires for the m-sum v < 1 and for large n = O(m)

(1 − v + u)^2 < 4u . (3.33)

Remarkably this coincides with the allowed region of u, v for x_i vectors belonging to ddimensional Euclidean space (letting x_1 = 0, x_4 → ∞ then 1 − v + u = 2 x_2 · x_3/x_3^2 and u = x_2^2/x_3^2 so that (3.33) is equivalent to the usual Schwarz inequality). With (2.15) (3.33) becomes (x − x̄)^2 < 0.

For general ℓ (3.28) may be extended to

f^{(ℓ)}_Δ (u, v) = 1 γ_{λ1,a}γ¯_{λ1,b} ∫ C_{s,t} dμ_{s,t} Γ(−t) Γ(−t − a − b) Γ(−r + a) Γ(−r + b) × Γ(λ_2 − s) Γ(λ̄_2 − s) α_ℓ(a, b; r, t, s) u^sv^t ,

(3.34)

so that from (3.28) α_0 = 1. Since the symmetry (2.13) also applies to f^{(ℓ)}_Δ (u, v) we must have α_ℓ(a, b; r, t, s) = (−1)^ℓα_ℓ(−a, b; t + b, r − b, s) = (−1)^ℓα_ℓ(a, −b; t + a, r − a, s) . (3.35) Applying the eigenvalue equation (3.19), using the result (2.10) for the operator D and suppressing the a, b arguments in α_ℓ, gives t(t + a + b) ( α_ℓ(r + 1, t − 1, s) − α_ℓ(r, t, s) ) + (r − a)(r − b) ( α_ℓ(r − 1, t + 1, s) − α_ℓ(r, t, s) ) − (s − λ_2)(s − λ̄_2) ( α_ℓ(r + 1, t, s − 1) + α_ℓ(r, t + 1, s − 1) − 2 α_ℓ(r, t, s) ) = ( 2s(^1_2 d − λ_2 − λ̄_2) + 2λ_2λ̄_2 +^1_2 C_{Δ,ℓ} ) α_ℓ(r, t, s) = ℓ(2s + ℓ − 1) α_ℓ(r, t, s) . (3.36)

using (2.7) for C_{Δ,ℓ} and (2.17),(3.9) for λ_2, λ̄_2. Equivalent difference equations have been given in [5] in a more general context. In order that the analytic structure of the conformal partial waves remain valid for any ℓ we require that α_ℓ is a polynomial in r, t, s. For any ℓ = 0, 1, 2 . . . there are solutions α_ℓ(r, t, s) = ∑ n+m≤ℓ cnm w ns^m where w = t − r + a + b which depend on the^1_2 (ℓ+1)(ℓ+2) coefficients c_{nm}. With w as defined above (3.35) requires that these are constrained by c_{nm}(a, b) = (−1)^{ℓ−n}c_{nm}(−a, b) = (−1)^{ℓ−n}c_{nm}(a, −b). For the assumed expression for α_ℓ the recurrence relation (3.36) generates terms w^ns^m with n + m ≤ ℓ + 1 but the equation is an identity when n + m = ℓ + 1 and also n = ℓ, m = 0 so that there remain^1_2 ℓ(ℓ+3) linearly independent equations determining c_{nm} uniquely up to an overall constant factor. The existence of polynomial solutions is crucially dependent on the factor ℓ(2s+ℓ−1) appearing on the right hand side of (3.36). This in turn is dependent on the choice of λ_2, λ̄_2 in (3.34). As will be demonstrated below these polynomial solutions ensure that the required boundary conditions (2.14) are satisfied.

More directly from (3.27) (ℓ + d − 3) α_ℓ(a, b; r, t, s) = (ℓ +^1_2 d − 2) ( (λ_1 + a − 1)(λ̄_1 − b − 1) (b − r) α_{ℓ−1}(a −^1_2 , b +^1_2 ; r −^1_2 , t, s +^1_2 ) + (λ_1 − a − 1)(λ̄_1 − b − 1) t α_{ℓ−1}(a +^1_2 , b +^1_2 ; r +^1_2 , t − 1, s +^1_2 ) + (λ_1 − a − 1)(λ̄_1 + b − 1) (a − r) α_{ℓ−1}(a +^1_2 , b −^1_2 ; r −^1_2 , t, s +^1_2 ) + (λ_1 + a − 1)(λ̄_1 + b − 1) (t + a + b) α_{ℓ−1}(a −^1_2 , b −^1_2 ; r −^1_2 , t, s +^1_2 ) ) − (ℓ − 1) (λ_1 + a − 1)(λ_1 − a − 1)(λ̄_1 + b − 1)(λ̄_1 − b − 1) (λ_2 − s)(λ̄_2 − s) × α_{ℓ−2}(a, b; r, t, s) , (3.37) where the λ_1, λ̄_1 factors are a consequence of the normalisation of the integral in (3.34). Starting α_0 = 1 this gives (d − 1)_{ℓ−1} α_ℓ iteratively, for any ℓ = 1, 2, . . ., as a polynomial in all variables.

For ℓ = 1 α_1(r, t, s) = λ_2λ̄_2 w − ab (s −^1_2 d + 1) , (3.38) and for ℓ = 2, a = b = 0,

2(d − 1) (λ_2 + 1)(λ̄_2 + 1) α_2(r, t, s) = (2λ_2 + 1)(2λ̄_2 + 1)(λ_2 + λ̄_2 + 2) w^2 − (λ_2 + λ̄_2 + 2λ_2λ̄_2) s(s − 2λ_2 − 2λ̄_2 − 2) − 2λ_2λ̄_2(λ_2 + 1)(λ̄_2 + 1) .

(3.39)

For any ℓ in order to satisfy the boundary condition (2.39) it is sufficient to consider only the contribution of the pole at s = λ_2 and then require

α_ℓ(r, t, λ_2) = (d − Δ − 1)_ℓc_ℓ β_ℓ(r, t) , (3.40)

where β_ℓ(r, t) = ℓ∑ n=0 ( ℓ n ) (−1)^n (−t)_n(−t − a − b)_n(−r + a)_{ℓ−n}(−r + b)_{ℓ−n} = (a − r)_ℓ(b − r)_{ℓ 3}F_2 ( −ℓ, −t, −t − a − b r − a − ℓ + 1, r − b − ℓ + 1 ; 1 ) , (3.41) since then, using (3.31), the t-integral gives ∑_ℓ n=0 (_ℓ n ) (−1)^nv^n F (λ_1 + a, λ_1 + b; 2λ_1; 1 − v), so that there is the necessary (1 − v)^ℓ factor required by (2.39). In writing (3.41) in terms of a_3F_2-function it is useful to note the Pochhammer symbol identity

(x)_{N−n} = (−1)^n (x)_N (1 − x − N)_n . (3.42)

Defining also

γ_ℓ(r, t) = (b − r)_ℓ(λ_2 + a)_{ℓ 3}F_2 ( −ℓ, −t, −λ_1 + a + 1 r − b − ℓ + 1, λ_2 + a ; 1 ) , δ_ℓ(r, t) = (−1)^ℓ(−t − a − b)_ℓ(λ_2 + a)_{ℓ 3}F_2 ( −ℓ, −r + a, −λ_1 + a + 1 t + a + b − ℓ + 1, λ_2 + a ; 1 ) , (3.43)

then, with the aid of Sheppard identity [21]^2,

β_ℓ(r, t) = γ_ℓ(r, t) = δ_ℓ(r, t) for − r − t = λ_2 , (3.44) and γ_ℓ(a, b; r, t) = (λ_1 + a − 1)(b − r) γ_{ℓ−1}(a −^1_2 , b +^1_2 ; r −^1_2 , t) + (λ_1 − a − 1)t γ_{ℓ−1}(a +^1_2 , b +^1_2 ; r +^1_2 , t − 1) , δ_ℓ(a, b; r, t) = (λ_1 + a − 1)(t + a + b) δ_{ℓ−1}(a −^1_2 , b −^1_2 ; r −^1_2 , t) + (λ_1 − a − 1)(a − r) δ_{ℓ−1}(a +^1_2 , b −^1_2 ; r −^1_2 , t) ,

(3.45)

which ensures that (3.40) satisfies (3.37) for s = λ_2. In the above β_ℓ satisfies both symmetries in (3.35) while γ_ℓ(a, b; r, t) = (−1)^ℓγ_ℓ(−a, b; t + b, r − b), and similarly for δ_ℓ, but (−1)^ℓγ_ℓ(a, −b; t + a, r − a) = δ_ℓ(a, b; r, t). If λ̄_1 = 1 ∓ b, or λ_2 = ε ± b, then (3.37) simplifies to three term relations which have the solutions α_ℓ(r, t, s) | |_{λ̄1=1−b} = (−1)^ℓ(2b)_ℓc_ℓ γ_ℓ(r, t) , α_ℓ(r, t, s) | |_{λ̄1=1+b} = (2b)_ℓc_ℓ δ_ℓ(r, t) , (3.46)

There are analogous solutions of (3.37) for λ_1 = 1 ± a but, given (3.25) and (3.34), these are irrelevant for the conformal partial wave G^{(ℓ)}_Δ . The solutions for α_ℓ in (3.46) in terms of_3F_2 functions correspond to the leading twist conformal partial waves. 2 (γ)_ℓ(δ)_ℓ 3F2(−ℓ, α, β; γ, δ; 1) = (γ)_ℓ(δ − α)_ℓ 3F2 ( −ℓ, α, δ − β γ, α − δ + 1 − ℓ ; 1 )

= (γ − α)_ℓ(δ − α)_ℓ 3F2 ( −ℓ, α, α + β − γ − δ + 1 − ℓ α − γ + 1 − ℓ, α − δ + 1 − ℓ ; 1 ) .

In general α_ℓ has no very compact form but it may be expressed as a quadnomial sum

(d − 2)_ℓ α_ℓ = ∑ m+n+p+q=ℓ ℓ! m! n! p! q! (−1)^{p+n}(2λ̄_2 + ℓ − 1)_{ℓ−q}(2λ_2 + ℓ − 1)_n

× (λ̄_1 + a − q)_q(λ̄_1 + b − q)_q(λ_1 + a − m)_m(λ_1 + b − m)_m × (d − 2 + ℓ + n − q)_q(^1_2 d − 1)_{ℓ−q}(^1_2 d − 1 + a + b + n)_p × (λ_2 − s)_{p+q} (−t)_n ,

(3.47)

where the various Pochhammer symbols may be rewritten using (3.42) and

(x − n)_n = (−1)^n (1 − x)_n . (3.48)

The result (3.47) is symmetric under a ↔ b. It can be reexpressed in a variety of similar forms, such as those obtained by imposing (3.35) or letting λ_2, λ_1 ↔ λ̄_2, λ̄_1, albeit with no significant simplification. Such identities may be obtained from (3.47) by repeatedly writing some of the summations in terms of a terminating_3F_2(1) function and using the Sheppard identity.

In two dimensions there are significant simplifications using complex, or light cone, coordinates. If x^2 = zz̄, x^{′2} = z^′z̄^′ then (x^2x^{′2})^{12 ℓ}Ĉ^0_ℓ ( x · x^′/(x^2x^{′2})^{12} ) =^1_2 ( (zz̄^′)^ℓ + (z̄z^′)^ℓ ) and hence

(X^2X̄^2)^{12 ℓ} Ĉ^0_ℓ (t) ( (x − x_1)^2 )_{λ2−a} ( (x − x_2)^2 )_{λ2+a} ( (x − x_3)^2 )_{λ̄2+b} ( (x − x_4)^2 )_{λ̄2−b} =^1_2 (z_{12} z̄_{43})^ℓ f_{λ1} (z; z_i) f_{λ2} (z̄; z̄_i) +^1_2 (z̄_{12} z_{43})^ℓf_{λ2} (z; z_i) f_{λ1} (z̄; z̄_i) ,

(3.49)

where f_λ(z; z_i) = 1 (z − z_1)^{λ−a} (z − z_2)^{λ+a} (z − z_3)^{1−λ+b} (z − z_4)^{1−λ−b}

. (3.50)

The essential integral, which is evaluated in appendix A, has the form 1 π ∫ d^2x (z_{12} z̄_{43})^ℓ f_{λ1} (z; z_i) f_{λ2} (z̄; z̄_i) = 1 (x_{12}^2)^{λ2} (x_{34}^2)^{1−λ1} ( x_{14}^2 x_{24}^2 )_a( x_{14}^2 x_{13}^2 )_b

× ( γ_{λ1,b} γ_{1−λ2,b} Γ(1 − 2λ_1) Γ(2λ_2) g_{λ1} (x) g_{λ2} (x̄) + γ_{1−λ1,a} γ_{λ2,a} Γ(2λ_1 − 1) Γ(2 − 2λ_2) g_{1−λ1} (x) g_{1−λ2} (x̄) ) , (3.51) for x = z_{12} z_{34} z_{13} z_{24} , x̄ = z̄_{12} z̄_{34} z̄_{13} z̄_{24}

. (3.52)

Since 1 − x = z_{14} z_{23}/z_{13} z_{24} it is easy to see that this is in accord with the definition (2.3) of x, x̄. Using repeatedly Γ(x)Γ(1 − x) = π/ sin πx, from which follow the identities Γ(1 − 2λ_1)/Γ(2λ_2) = Γ(1 − 2λ_2)/Γ(2λ_1) and γ_{1−λ1,a}/γ_{λ2,a} = γ_{1−λ2,a}/γ_{λ1,a}, then from (3.16), (3.49) and (3.25) in two dimensions we get

G^{(ℓ)}_Δ (u, v) =^1_2 (g_{λ1} (x) g_{λ2} (x̄) + g_{λ1} (x̄) g_{λ2} (x) ) . (3.53)

4. Recurrence Relations

In the discussion of orthogonal polynomials recurrence relations involving two or more terms play a significant role. Here we derive analogous results for conformal partial waves, extending and simplifying the results given in [12]. They play a role in combining conformal partial waves into superconformal blocks.

We first consider recurrence relations for the single variable functions g_p satisfying (2.33) and whose derivation is a model for obtaining recurrence relations for the two variable conformal partial waves. With the differential operator D_x(a, b) defined by (2.36) it is straightforward to obtain

D_x(a +^1_2 , b +^1_2 ) x^{− 12} = x^{− 12} D_x(a, b) − x^{12} d dx +^3_4 x^{− 12} ,

D_x(a +^1_2 , b +^1_2 ) x^{12} d dx = ( x^{12} d dx − x^{− 12} ) D_x(a, b) −^1_4 x^{12} d dx . (4.1)

Since g_p is defined by being a solution of (2.33), (4.1) ensures that x^{− 12} g_p(a, b; x) and x^{12 d}_{dx} g_p(a, b; x) can be expressed in terms of g_p′ (a +^1_2 , b +^1_2 ; x) for just p^′ = p ±^1_2 in the form

x^{− 12} g_p(a, b; x) = g_{p−} 1_2 (a +^1_2 , b +^1_2 ; x) − σ_p g_{p+} 1_2 (a +^1_2 , b +^1_2 ; x) ,

x^{12} d dx g_p(a, b; x) = p g_{p−} 1_2 (a +^1_2 , b +^1_2 ; x) + (p − 1)σ_p g_{p+} 1_2 (a +^1_2 , b +^1_2 ; x) .

(4.2)

In the result for x^{− 12} g_p(a, b; x) the coefficient of g_{p−} 1_2 (a −^1_2 , b +^1_2 ; x) is determined by requiring the normalisation condition (2.34) for the leading x^{p− 12} term. By applying (2.37) and writing in (4.2) σ_p = σ_p(a, b) then (4.2) may be extended to

x^{− 12} g_p(a, b; x) = g_{p−} 1_2 (a ±^1_2 , b ∓^1_2 ; x) + σ_p(±a, ∓b) g_{p+} 1_2 (a ±^1_2 , b ∓^1_2 ; x) , x^{− 12} (1 − x)g_p(a, b; x) = g_{p−} 1_2 (a −^1_2 , b −^1_2 ; x) − σ_p(−a, −b) g_{p+} 1_2 (a −^1_2 , b −^1_2 ; x) .

(4.3)

Assuming the normalisation condition (2.34) for g_{p+} 1_2 , σ_p may be determined to be σ_p(a, b) = (p + a)(p + b) 2p(2p − 1)

. (4.4)

There are also relations between g_p for differing p but the same a, b. Although they follow from standard identities a derivation which may be extended later to conformal partial waves is obtained by first defining

f_0 = 1 x −^1_2 , f_1 = (1 − x) d dx −^1_2 (a + b) , (4.5)

which satisfy the commutation relations [ D_x, f_0 ] = −2f_1 + 2f_0 , [ D_x, f_1 ] = −2f_0 D_x − ab . (4.6)

These relations ensure that f_0g_p, f_1g_p may be expanded in terms of only g_{p±1}, g_p giving the four term relations

f_0 g_p = g_{p−1} + α_p g_p + β_p g_{p+1} , (4.7a) f_1 g_p = p g_{p−1} + α_p g_p − (p − 1)β_p g_{p+1} . (4.7b)

where the coefficient of g_{p−1} is determined by imposing (2.34) and (4.6) determines

α_p = − ab 2p(p − 1) . (4.8)

To determine β_p it is necessary to take account of the normalisation of g_{p+1}. This may be achieved by using [f_1, f_0] = −f_0^2 +^1_4 from which we may obtain

β_p = (p + a)(p + b)(p − a)(p − b) 4p^2(2p − 1)(2p + 1)

. (4.9)

By iterating (4.3) β_p = σ_p(−a, b) σ_{p+} 1_2 (a −^1_2 , −b −^1_2 ).

The single variable recurrence relations for g_p can be extended to F_{λ1λ2} in a similar fashion. The relations satisfy the symmetry

F^{(ε)}_{λ2 −ε λ1+ε}(x, x̄) = F^{(ε)}_{λ1λ2} (x, x̄) . (4.10)

This is in part a consequence of C_{Δ,ℓ} = C_{Δ,−ℓ−d+2}, D_{Δ,ℓ} = D_{Δ,−ℓ−d+2}. The symmetry relation (4.10) depends on the choice of normalisation in (2.30) (with the normalisation in (2.29) we may identify Ĉ^ε_ℓ (t) = Ĉ^ε_{−ℓ−2ε}(t)).

We first consider the corresponding operators acting on two variable conformal partial waves to those considered in (4.1). Defining

H_1 = (xx̄)^{− 12} ( x ∂ ∂x + x̄ ∂ ∂x̄ ) , H_2 = (xx̄)^{12} ( ∂^2 ∂x∂x̄ − ε 1 x − x̄ ( ∂ ∂x − ∂ ∂x̄ )) , H_3 = (xx̄)^{− 12} ( x ∂ ∂x − x̄ ∂ ∂x̄ + 2ε x + x̄ x − x̄ )( D_x(a, b) − D_{x̄}(a, b) ) , (4.11) then these satisfy the algebra

Δ^{(ε)}(a +^1_2 , b +^1_2 ) (xx̄)^{− 12} = (xx̄)^{− 12} Δ^{(ε)}(a, b) + (^3_2 + ε)(xx̄)^{− 12} − H_1 , Δ^{(ε)}(a +^1_2 , b +^1_2 ) H_1 = ( H_1 − (xx̄)^{− 12} ) Δ^{(ε)}(a, b) + (^1_2 + ε)H_1 − 2H_2 , Δ^{(ε)}(a +^1_2 , b +^1_2 ) H_2 = ( H_2 −^1_2 H_1 − ε(xx̄)^{− 12} ) Δ^{(ε)}(a, b) − (^1_2 + ε)H_2 +^1_2 H_3 , (4.12) and Δ^{(ε)}(a +^1_2 , b +^1_2 ) H_3 = H_3 Δ^{(ε)}(a, b) + (^1_2 − ε)H_3 − (xx̄)^{− 12} Δ_4^{(ε)}(a, b) . (4.13)

Here Δ_4 is the fourth order Casimir operator

Δ_4^{(ε)}(a, b) = ( xx̄ x − x̄ )_{2ε} ( D_x(a, b) − D_{x̄}(a, b) ) ( xx̄ x − x̄ )_{−2ε} ( D_x(a, b) − D_{x̄}(a, b) ) , (4.14)

which satisfies [ Δ^{(ε)}(a, b), Δ_4^{(ε)}(a, b) ] = 0 . (4.15)

Acting on conformal partial waves

Δ_4^{(ε)}F_{λ1λ2} = c_{4,λ1λ2} F_{λ1 λ2} , (4.16)

where

c_{4,λ1λ2} = (λ_1 − λ_2)(λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1)(λ_1 + λ_2 − 1 − 2ε) . (4.17)

The formula for c_{4,λ1λ2} may be obtained by considering the limit x̄ → 0 in (4.16) when Δ_4^{(ε)}(a, b) ∼ D_x(a, b) − x̄^{2 ∂2}_{∂x̄2} + 4ε x̄^∂_{∂x̄} − 2ε(1 + 2ε) and using (2.32). The expression (4.17) is related to the quartic Casimir given in (2.6) since, with the relations (2.17), D_{Δ,ℓ} = −2c_{4,λ1λ2} + 4c_{λ1λ2}^2 + d(d − 1) c_{λ1λ2} .

In general (xx̄)^{− 12} F_{λ1λ2} (a, b; x, x̄) has an expansion in terms of the linearly independent basis F_{λ1−} 1_{2 +n λ2 −} 1_{2 +m}(a +^1_2 , b +^1_2 ; x, x̄) for n, m = 0, 1, 2, . . .. However consistency conditions arising from (4.12) and (4.13) restrict this to only four terms of the form

(xx̄)^{− 12} F_{λ1λ2} (a, b) = r F_{λ1−} 1_{2 λ2 −} 1_2 (a +^1_2 , b +^1_2 ) + s F_{λ1+} 1_{2 λ2 −} 1_2 (a +^1_2 , b +^1_2 ) + t F_{λ1−} 1_{2 λ2 +} 1_2 (a +^1_2 , b +^1_2 ) + u F_{λ1+} 1_{2 λ2+} 1_2 (a +^1_2 , b +^1_2 ) .

(4.18)

Using (4.12) we then get from (4.18) for i = 1, 2, 3

H_iF_{λ1λ2} (a, b) = r_i F_{λ1−} 1_{2 λ2−} 1_2 (a +^1_2 , b +^1_2 ) + s_i F_{λ1 +} 1_{2 λ2−} 1_2 (a +^1_2 , b +^1_2 ) + t_i F_{λ1−} 1_{2 λ2+} 1_2 (a +^1_2 , b +^1_2 ) + u_i F_{λ1 +} 1_{2 λ2+} 1_2 (a +^1_2 , b +^1_2 ) ,

(4.19) where

r_1 = (λ_1 + λ_2)r , s_1 = −(λ_1 − λ_2 − 1)s , t_1 = (λ_1 − λ_2 + 1 + 2ε)t , u_1 = −(λ_1 + λ_2 − 2 − 2ε)u , r_2 = (λ_1 + ε)λ_2r , s_2 = −(λ_1 − 1 − ε)λ_2s , t_2 = −(λ_1 + ε)(λ_2 − 1 − 2ε)t , u_2 = (λ_1 − 1 − ε)(λ_2 − 1 − 2ε)u , r_3 = (λ_1 − λ_2)(λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1)r , s_3 = −(λ_1 − λ_2)(λ_1 + λ_2 − 1)(λ_1 + λ_2 − 1 − 2ε)s , t_3 = (λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1)(λ_1 + λ_2 − 1 − 2ε)s , u_3 = −(λ_1 − λ_2)(λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1 − 2ε)u .

(4.20)

The justification of (4.18) follows by showing that (4.13) is then satisfied for Δ^{(ε)}_4 having the eigenvalue (4.17).

The coefficients s, t, u in (4.18) can be determined by analysing the limit x, x̄ → 0,

r = 1 , s = − λ_1 − λ_2 + 2ε λ_1 − λ_2 + ε σ_{λ1} (a, b) , t = − λ_1 − λ_2 λ_1 − λ_2 + ε σ_{λ2−ε}(a, b) , u = (λ_1 + λ_2 − 1)(λ_1 + λ_2 − 2ε) (λ_1 + λ_2 − 1 − ε)(λ_1 + λ_2 − ε) σ_{λ1} (a, b) σ_{λ2−ε}(a, b) . (4.21)

By combining (4.18) with (2.23a, b) we may then obtain

u^{− 12} F_{λ1λ2} (a, b) = F_{λ1 −} 1_{2 λ2−} 1_2 (a+^1_2 , b+^1_2 ) − ℓ + 2ε ℓ + ε σ_{λ1} (a, b) F_{λ1+} 1_{2 λ2−} 1_2 (a+^1_2 , b+^1_2 ) − ℓ ℓ + ε σ_{λ2−ε}(a, b) F_{λ1−} 1_{2 λ2+} 1_2 (a+^1_2 , b+^1_2 ) + f_Δ σ_{λ1} (a, b) σ_{λ2−ε}(a, b) F_{λ1+} 1_{2 λ2+} 1_2 (a±^1_2 , b∓^1_2 ) , u^{− 12} F_{λ1λ2} (a, b) = F_{λ1 −} 1_{2 λ2−} 1_2 (a±^1_2 , b∓^1_2 ) + ℓ + 2ε ℓ + ε σ_{λ1} (±a, ∓b) F_{λ1+} 1_{2 λ2−} 1_2 (a±^1_2 , b∓^1_2 ) + ℓ ℓ + ε σ_{λ2−ε}(±a, ∓b) F_{λ1−} 1_{2 λ2+} 1_2 (a±^1_2 , b∓^1_2 ) + f_Δ σ_{λ1} (±a, ∓b) σ_{λ2−ε}(±a, ∓b) F_{λ1+} 1_{2 λ2+} 1_2 (a±^1_2 , b∓^1_2 ) , u^{− 12} vF_{λ1λ2} (a, b) = F_{λ1 −} 1_{2 λ2−} 1_2 (a−^1_2 , b−^1_2 ) − ℓ + 2ε ℓ + ε σ_{λ1} (−a, −b) F_{λ1+} 1_{2 λ2−} 1_2 (a−^1_2 , b−^1_2 ) − ℓ ℓ + ε σ_{λ2−ε}(−a, −b) F_{λ1−} 1_{2 λ2+} 1_2 (a−^1_2 , b−^1_2 ) + f_Δ σ_{λ1} (−a, −b) σ_{λ2−ε}(−a, −b) F_{λ1+} 1_{2 λ2+} 1_2 (a−^1_2 , b−^1_2 ) , (4.22) for f_Δ =

(Δ − 1)(Δ + 2 − d) (Δ −^1_2 d)(Δ −^1_2 d + 1)

. (4.23)

By iterating (4.22) we may rederive the result for u^{−1}F_{λ1λ2} (a, b) in terms of F_{λ1}′_{λ2}′ (a, b) for (λ_1^′, λ_2^′) = (λ_1 ± 1, λ_2 ± 1), (λ_1 ± 1, λ_2), (λ_1, λ_2 ± 1), (λ_1, λ_2) given in [12]. Furthermore, eliminating F_{λ1−} 1_{2 λ2−} 1_2 and F_{λ1+} 1_{2 λ2+} 1_2 from (4.22) leads to

(ℓ+^1_2 d − 1)u^{− 12} ( (λ_1 + b −^1_2 )(λ_2 + b −^1_2 − ε) ( F_{λ1λ2} (a−^1_2 , b+^1_2 ) − vF_{λ1λ2} (a+^1_2 , b+^1_2 ) ) + (λ_1 − b −^1_2 )(λ_2 − b −^1_2 − ε) ( F_{λ1λ2} (a+^1_2 , b−^1_2 ) − F_{λ1λ2} (a−^1_2 , b−^1_2 ) )) = (ℓ + d − 2) 1 λ_1

(λ_2 −^1_2 − ε)(λ_1 − b −^1_2 )(λ_1 + b −^1_2 ) F_{λ1+} 1_{2 λ2−} 1_2 (a, b) + ℓ 1 λ_2 − ε

(λ_1 −^1_2 )(λ_2 − b −^1_2 − ε)(λ_2 + b −^1_2 − ε) F_{λ1−} 1_{2 λ2 +} 1_2 (a, b) , (4.24)

which is equivalent to (3.27).

Using (4.18) and (4.19) with (4.20) and (4.21) gives ( H_2 − λ_2 H_1 + λ_2(λ_2 − ε) (xx̄)^{− 12} ) F_{λ1λ2} (a, b) = u^{λ2} H_2 u^{−λ2} F_{λ1λ2} (a, b)

= σ_{λ2−ε}(a, b)(2λ_2 − 1 − 2ε) ( ℓ F_{λ1−} 1_{2 λ2+} 1_2 (a +^1_2 , b +^1_2 ) + (Δ − 1)(Δ − 2ε) Δ − ε σ_{λ1} (a, b) F_{λ1+} 1_{2 λ2+} 1_2 (a +^1_2 , b +^1_2 ) ) = 0 for λ_2 = ε − b or λ_2 = ε − a . (4.25)

There are further multi-term recurrence relations for conformal partial waves, for fixed ε and a, b, which extend the single variable results (4.7a, b). To obtain these we define

F_0 = 1 x + 1 x̄ − 1 , F_1 = (1 − x) ∂ ∂x + (1 − x̄) ∂ ∂x̄ − a − b , F_2 = x − x̄ xx̄ ( D_x − D_{x̄} ) , F_3 = ( (1 − x) ∂ ∂x − (1 − x̄) ∂ ∂x̄ − 2ε x + x̄ − 2 x − x̄ ) ( D_x − D_{x̄} ) , (4.26)

which satisfy the commutation relations with Δ^{(ε)}, generalising (4.6), [ Δ^{(ε)}, F_0 ] = − 2 F_1 + 2(1 + ε) F_0 , [ Δ^{(ε)}, F_1 ] = F_2 − F_0 Δ^{(ε)} − 2ab , [ Δ^{(ε)}, F_2 ] = 2 F_3 + 2(1 + ε) F_2 , [ Δ^{(ε)}, F_3 ] = − F_0 Δ_4^{(ε)} − 4ε F_3 + F_2 ( Δ^{(ε)} − 2ε(1 + 2ε) ) . (4.27)

As a consequence of (4.27) it is sufficient to assume

F_iF_{λ1λ2} = r_i F_{λ1 λ2−1} + s_i F_{λ1−1 λ2} + t_i F_{λ1+1 λ2} + u_i F_{λ1 λ2+1} + w_i F_{λ1λ2} , (4.28)

Imposing (4.27) then leads to

r_1 = λ_2 r_0 , s_1 = (λ_1 + ε)s_0 , t_1 = −(λ_1 − 1 − ε)t_0 , u_1 = −(λ_2 − 1 − 2ε)u_0 , r_2 = (λ_1 − λ_2)(λ_1 + λ_2 − 1)r_0 , s_2 = −(λ_1 − λ_2 + ε)(λ_1 + λ_2 − 1)s_0 , t_2 = − (λ_1 − λ_2)(λ_1 + λ_2 − 1 − 2ε)t_0 , u_2 = (λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1 − 2ε)u_0 , r_3 = −λ_2(λ_1 − λ_2)(λ_1 + λ_2 − 1)r_0 , s_3 = (λ_1 + ε)(λ_1 − λ_2 + ε)(λ_1 + λ_2 − 1)s_0 , t_3 = −(λ_1 − 1 − ε)(λ_1 − λ_2)(λ_1 + λ_2 − 1 − 2ε)t_0 , u_3 = (λ_2 − 1 − 2ε)(λ_1 − λ_2 + 2ε)(λ_1 + λ_2 − 1 − 2ε)u_0 , (4.29)

and also w_i is determined giving

w_1 = (1 + ε)w_0 , w_3 = −(1 + ε)w_2 ,

w_0 = − (c_{λ1λ2} + 2ε) ab 2d_{λ1λ2} , w_2 = −c_{4,λ1λ2} ab 2d_{λ1λ2} , (4.30)

where

d_{λ1λ2} = −^1_4 ( c_{4,λ1λ2} − c_{λ1λ2}^2 − 2ε c_{λ1λ2} ) = λ_1(λ_1 − 1)(λ_2 − ε)(λ_2 − 1 − ε) . (4.31)

The coefficients are the determined by taking in (4.29)

r_0 = λ_1 − λ_2 + 2ε λ_1 − λ_2 + ε

, s_0 = λ_1 − λ_2 λ_1 − λ_2 + ε , t_0 =

(λ_1 + λ_2 − 1)(λ_1 + λ_2 − 2ε) (λ_1 + λ_2 − 1 − ε)(λ_1 + λ_2 − ε) λ_1 − λ_2 + 2ε λ_1 − λ_2 + ε β_{λ1} , u_0 =

(λ_1 + λ_2 − 1)(λ_1 + λ_2 − 2ε) (λ_1 + λ_2 − 1 − ε)(λ_1 + λ_2 − ε) λ_1 − λ_2 λ_1 − λ_2 + ε β_{λ2−ε} . (4.32)

Explicitly the result for F_0 F_{λ1λ2} becomes

F_0 F_{λ1λ2} = ℓ + 2ε ℓ + ε F_{λ1 λ2−1} + ℓ ℓ + ε F_{λ1−1λ2} − (c_{λ1λ2} + 2ε) ab 2d_{λ1λ2} F_{λ1λ2} + f_Δ ( ℓ + 2ε ℓ + ε β_{λ1} F_{λ1+1λ2} (x, x̄) + ℓ ℓ + ε β_{λ2 −ε}F_{λ1 λ2+1} ) , (4.33)

with f_Δ given by (4.23). The result for F_2 F_{λ1λ2} vanishes for ℓ = 0 so that ( D_x − D_{x̄} ) F_{λ λ}(x, x̄) = 0 . (4.34)

There are also second order differential operators relating conformal partial waves for dimensions differing by 2. Defining, in terms of F_2 in (4.26),

E_+ = ( xx̄ x − x̄ )_2

F_2 = xx̄ x − x̄ ( D_x − D_{x̄} ) , (4.35)

then we may verify that

E_+ Δ^{(ε)} = ( Δ^{(ε+1)} + 2 + 2ε ) E_+ . (4.36)

For x̄ → 0 followed by x → 0, E_+ ∼ x̄ ( x^{2 ∂2}_{∂x2} − x̄^{2 ∂2}_{∂x̄2} ) so that, assuming this limit, E_+x^{λ1}x̄^{λ2} ∼ (λ_1 − λ_2)(λ_1 + λ_2 − 1) x^{λ1}x̄^{λ2+1}. Hence, with the normalisation of F^{(ε)}_{λ1λ2} , determined by (2.30),

E_+F^{(ε)}_{λ1λ2} (x, x̄) = λ_1 + λ_2 − 1 2(2ε + 1)

(λ_1 − λ_2)(λ_1 − λ_2 + 2ε) F^{(ε+1)}_{λ1 λ2 +1}(x, x̄) . (4.37)

As a special case^3 E_+F^{(ε)}_{λλ} = 0 which is equivalent to (4.34).

By combining (4.36) with (2.40) we may obtain a related operator which has the reverse effect

E^{(ε)}_− = ( xx̄ x − x̄ )_{2ε−2} ( D_x − D_{x̄} ) ( xx̄ x − x̄ )_{−2ε+1} , (4.38)

such that E^{(ε)}_− Δ^{(ε)} = ( Δ^{(ε−1)} − 2ε ) E^{(ε)}_− . (4.39)

Similarly to (4.37) we then have

E^{(ε)}_− F^{(ε)}_{λ1λ2} (x, x̄) = 2(2ε − 1) (λ_1 + λ_2 − 2ε) F^{(ε−1)}_{λ1 λ2−1}(x, x̄) . (4.40)

It is crucial that both E_+ and E^{(ε)}_− , defined in (4.35) and (4.38), are symmetric under x ↔ x̄. It is easy to see from (4.14)

E^{(ε+1)}_− E_+ = Δ_4^{(ε)} . (4.41)

3 To solve this equation it is more convenient to revert to the u, v variables when

E+ = u ( v(1 − v) ∂^2 ∂v^2 − 2uv ∂^2 ∂u∂v − u^2 ∂^2 ∂u^2 + (a + b + 1) ( (1 − v) ∂ ∂v − u ∂ ∂u ) − ab ) .

Then E+G(u, v) = 0 has solutions, analytic for 1 − v ≈ 0, u^λF (λ + a, λ + b; 2λ; 1 − v) for any λ. This is in accord with the conformal partial wave when ℓ = 0 given by (3.32).

From the result from F_2F_{λ1λ2} , ( x − x̄ xx̄ )_2 ℓ + 1 + ε 2(2ε + 1)

F^{(ε+1)}_{λ1 λ2} (x, x̄)

= F^{(ε)}_{λ1 λ2−2}(x, x̄) − F^{(ε)}_{λ1−1 λ2−1}(x, x̄)

− (λ_1 + λ_2 − 2 − 2ε)(ℓ + 1 + ε) ab 2d_{λ1λ2−1} F^{(ε)}_{λ1λ2−1}(x, x̄) − (λ_1 + λ_2 − 1 − 2ε)(λ_1 + λ_2 − 2 − 2ε) (λ_1 + λ_2 − 1 − ε)(λ_1 + λ_2 − 2 − ε) ( β_{λ1} F^{(ε)}_{λ1+1 λ2−1}(x, x̄) − β_{λ2 −1−ε}F^{(ε)}_{λ1 λ2} (x, x̄) ) . (4.42) An equivalent result was obtained in [12], which, along with (4.33), was derived using manipulations based on a series expansion in terms of Jack polynomials.^4

Further recurrence relations for conformal partial waves can be derived by using the second order operator

D^{(ε)} = (xx̄)^{− 12} H_2 = 1 (x − x̄)^ε ∂^2 ∂x∂x̄ (x − x̄)^ε , (4.43)

with H_2 given in (4.11), or equivalently

4 D^{(ε)} =

∂^2 ∂t^2 − ∂^2 ∂r^2 − 2ε r ∂ ∂r for t =^1_2 (x + x̄), r =^1_2 (x − x̄) . (4.44)

It is then clear that D^{(ε)}F̂ = 0 is just the spherically symmetric, or S-wave, projection of the wave equation in 2(ε + 1) dimensions, although here we require only solutions even in r. From its definition (4.43) D^{(ε)} is invariant under reflection x → −x, x̄ → −x̄. D^{(ε)} also satisfies, analogous to (2.40), D^{(ε)} 1 (x − x̄)^{2ε−1} = 1 (x − x̄)^{2ε−1} D^{(−ε+1)} . (4.45)

The wave equation is invariant under conformal transformations which preserve the spherical symmetry. In this case for

x^′ = αx + β γx + δ , x̄^′ = αx̄ + β γx̄ + δ , αδ − βγ = 1 , (4.46)

so that ( α β γ δ ) ∈ Sl(2, R), then D^{(ε)} −→ x→x^′ ,x̄→x̄^′ D^{′(ε)} = Ω^{2+ε} D^{(ε)} Ω^{−ε} , (4.47)

4 The analogous formula in the compact case was given in [17] and is rederived in appendix B.

where Ω = (γx + δ)(γx̄ + δ) = 1 (α − γx^′)(α − γx̄^′) . (4.48) With u, v defined in (2.15), we may obtain

Δ^{(ε)}(a, b + 1) u^{−b+1+ε}D^{(ε)}u^{b−ε} = u^{−b+1+ε}D^{(ε)}u^{b−ε}Δ^{(ε)}(a, b) , (4.49) Hence we may obtain

u D^{(ε)} u^{b−ε}F_{λ1λ2} (a, b; x, x̄) = (λ_1 + b)(λ_2 + b − ε) u^{b−ε}F_{λ1λ2} (a, b + 1, x, x̄) . (4.50) Conversely using (2.44) uv D^{(ε)} u^{−b−ε}v^{a+b}F_{λ1λ2} (a, b; x, x̄) = (λ_1 − b)(λ_2 − b − ε) u^{−b−ε}v^{a+b}F_{λ1λ2} (a, b − 1; x, x̄) . (4.51) Of course there are similar results for a ↔ b. Consistency (4.50) and (4.51) requires the fourth order eigenvalue equation, u^{2+ε}D^{(ε)}vD^{(ε)}u^{−ε} F_{λ1 λ2} (0, 0; x, x̄) = d_{λ1λ2} F_{λ1λ2} (0, 0; x, x̄) . (4.52) for d_{λ1λ2} as in (4.31).

The right hand side of (4.50) vanishes when λ_2 = ε − b. Using D^{(ε)}u^{N+1}D^{(ε)N} = u^N D^{(ε)N+1}u and applying (4.50) repeatedly this may be extended to D^{(ε)N} ( (xx̄)^{b+N−1−ε}F^{(ε)}_{λ1λ2} (x, x̄) )| λ_2=ε−b+1−N = 0 , N = 1, 2 . . . . (4.53)

This result leads to additional constraints on conformal partial waves for particular values of the twist Δ − ℓ. For N = 1 (4.53) coincides with the vanishing condition in (4.25).

Corresponding to (4.50) and (4.51) there are analogous single variable relations x d dx x^bg_p(a, b; x) = (p + b) x^bg_p(a, b + 1; x) , x(1 − x) d dx x^{−b}(1 − x)^{a+b}g_p(a, b; x) = (p − b) x^{−b}(1 − x)^{a+b}g_p(a, b − 1; x) . (4.54)

5. Even Dimensional Results

For even d the solutions are all expressible in terms of the symmetric, antisymmetric combinations of g_p, g_q, as defined in (2.36), for suitable p, q, F^±_{pq}(x, x̄) = g_p(x) g_q(x̄) ± g_p(x̄) g_q(x) ∼_{x̄→0,x→0} (xx̄)^q x^{p−q} , for p − q = 1, 2, . . . , (5.1)

Assuming g_p(x̄) transforms in the conjugate fashion to g_p(x) in (2.37) then from (5.1) F^±_{pq}(x, x̄) = (−1)^{p−q}v^{−b}F^±_{pq}(x^′, x̄^′) | a→−a = (−1)^{p−q}v^{−a}F^±_{pq}(x^′, x̄^′) | |_{b→−b} , (5.2)

which is sufficient to verify (2.23a, b) in each case. The identity (4.10) follows in each case from F^±_{pq} = ±F^±_{qp}.

For d = 2, or ε = 0, Δ^{(0)} becomes a sum of single variable operators so that it is trivial to separate variables and the conformal partial waves are just, since from (2.30) c_ℓ^{(0)} =^1_2 for ℓ ≠ 0, 2 F^{(0)}_{λ1λ2} (x, x̄) = F^+_{λ1 λ2} (x, x̄) , (5.3)

agreeing of course with (3.53).

For ε = 1 (λ_1 − λ_2 + 1) F^{(1)}_{λ1λ2} (x, x̄) = xx̄ x − x̄ F^−_{λ1 λ2−1}(x, x̄) . (5.4) With the operator E_+ defined by (4.35), and using the eigenvalue equation (2.33), it is very easy to verify that (5.4) and (5.3) are in accord with (4.37) raising ε by one.

To obtain results for ε = 2 using (4.37) directly, which becomes

E_+F^{(1)}_{λ1λ2} (x, x̄) =^1_6 (λ_1 + λ_2 − 1) (λ_1 − λ_2)(λ_1 − λ_2 + 2) F^{(2)}_{λ1 λ2+1}(x, x̄) , (5.5)

it is necessary to calculate the action of E_+, as given by (4.35), on F^{(2)}_{λ1λ2} . Using (2.33) again we get

(λ_1 − λ_2 + 1) E_+F^{(1)}_{λ1λ2} (x, x̄) = − ( xx̄ x − x̄ )_3 { 2 ( (1 − x) ∂ ∂x + (1 − x̄) ∂ ∂x̄ − a − b ) F^−_{λ1 λ2−1}(x, x̄) + (λ_1 − λ_2 + 1)(λ_1 + λ_2 − 2) ( 1 x − 1 x̄ ) F^+_{λ1 λ2−1}(x, x̄) } . (5.6)

As a consequence of (4.7a, b) we have ( 1 x − 1 x̄ ) F^+_{pq}(x, x̄) = F^−_{p−1 q}(x, x̄) − F^−_{p q−1}(x, x̄) + (α_p − α_q) F^−_{pq}(x, x̄) + β_p F^−_{p+1 q}(x, x̄) − β_q F^−_{p q+1}(x, x̄) , (5.7a) ( (1 − x) ∂ ∂x + (1 − x̄) ∂ ∂x̄ − a − b ) F^−_{pq}(x, x̄) = p F^−_{p−1 q}(x, x̄) + q F^−_{p q−1}(x, x̄) + (α_p + α_q) F^−_{pq}(x, x̄) − (p − 1)β_p F^−_{p+1 q}(x, x̄) − (q − 1)β_q F^−_{p q+1}(x, x̄) , (5.7b) for α_p, β_p is given by (4.8).

Using (5.7a, b) in (5.6) then gives from (5.5) 1 6 (λ_1 − λ_2 + 3)(λ_1 − λ_2 + 2)(λ_1 − λ_2 + 1) F^{(2)}_{λ1λ2} (x, x̄) = ( xx̄ x − x̄ )_3 {

(λ_1 − λ_2 + 1) F^−_{λ1 λ2−3}(x, x̄) − (λ_1 − λ_2 + 3) F^−_{λ1−1 λ2−2}(x, x̄) − λ_1 + λ_2 − 4 λ_1 + λ_2 − 2 ( (λ_1 − λ_2 + 1)β_{λ1} F^−_{λ1+1 λ2−2}(x, x̄) − (λ_1 − λ_2 + 3)β_{λ2−2} F^−_{λ1 λ2−1}(x, x̄) )

− (λ_1 + λ_2 − 4)(λ_1 − λ_2 + 1)(λ_1 − λ_2 + 3) ab 2d_{λ1λ2} F^−_{λ1 λ2−2}(x, x̄) } ,

(5.8)

with d_{λ1λ2} = λ_1(λ_1 − 1)(λ_2 − 2)(λ_2 − 3). The right hand side of (5.8) vanishes when λ_1 − λ_2 = −1, −2, −3. That the expression for F^{(2)}_{λ1λ2} (x, x̄) given by (5.8) is finite when x = x̄ is verified in appendix C.

For particular twist the solutions simplify as expected from (4.53). For the case when N = 1 we require solutions of D^{(ε)}F̂ (x, x̄) = 0 , (5.9)

for F̂ (x, x̄) symmetric in x, x̄. The general solutions of (5.9) involve an unconstrained single variable function f. For even ε the solutions, which may be found using (4.45), are quite simple. In the first three cases

F̂ (x, x̄) = f(x) + f(x̄) , ε = 0 , f(x)−f(x̄) x−x̄ , ε = 1 , f(x)−f(x̄)−^1_2 (x−x̄)(f^′(x)+f^′(x̄)) (x−x̄)^3 , ε = 2 .

(5.10)

It is easy to verify that F̂ (x, x̄) is regular as x → x̄ so long as f is a smoothly differentiable function, so that from (5.10) F̂ (x, x) = 2f(x), f^′(x), − 1 12 f^{′′′}(x) for ε = 0, 1, 2 . (5.11)

It is straightforward to verify how the solutions obtained above for ε = 0, 1, 2 connect with the special cases given by (5.10). For ε = 0 we have from (5.3)

F^{(0)}_{λ1λ2} (x, x̄) | |_{λ2=−b} = (xx̄)^{−b}(f(x) + f(x̄)) , f(x) = x^bg_{λ1} (x) , (5.12)

and for ε = 1 from (5.4)

(λ_1 − λ_2 + 1)F^{(1)}_{λ1λ2} (x, x̄) | λ_2=1−b = (xx̄)^{1−b} x − x̄ ( f(x) − f(x̄) ) , f(x) = x^bg_{λ1} (x) . (5.13)

For ε = 2 we require 1 6 (λ_1 − λ_2 + 3)(λ_1 − λ_2 + 2)(λ_1 − λ_2 + 1) F^{(2)}_{λ1λ2} (x, x̄) | |_{λ2=2−b} = (xx̄)^{2−b} (x − x̄)^3 ( f(x) − f(x̄) −^1_2 (x − x̄) ( f^′(x) + f^′(x̄) )) . (5.14)

From (5.8), using the expansion of F (a − b − 1, −1; −2b − 2; x), this requires

f(x) −^1_2 xf^′(x) = (λ_1 − 1 + b) x^{b+1}g_{λ1} (x) , (5.15) and x^{−b−1 1}_2 f^′(x) = − (λ_1 + 1 + b) g_{λ1−1}(x) +^1_2 (λ_1 − 1 + b) ( − 1 + a(b + 2) λ_1(λ_1 − 1) ) g_{λ1} (x)

− (λ_1 − 1 + b) λ_1 − 2 − b λ_1 − b g_{λ1+1}(x) . (5.16)

(5.15) is satisfied by taking

f(x) = −2x^{b+1} g_{λ1} (a, b − 1; x) . (5.17)

This also satisfies (5.16), as may be verified by using (5.15) to eliminate f^′(x) and then using (4.7a) for g_{λ1} (x)/x and also 1 x g_p(a, b − 1; x) = g_{p−1}(a, b; x) + α̂_p(a, b) g_p(a, b; x) + β̂_p(a, b) g_{p+1}(a, b; x) , (5.18) where α̂_p(a, b) = − a(p + b − 1) 2p(p − 1) , β̂_p(a, b) = − (p + a)(p + b)(p − a)(p + b − 1) 4p^2(2p + 1)(2p − 1) . (5.19)

(5.18) may be derived from (4.3) so that α̂_p(a, b) = −σ_p(a, b − 1) + σ_{p−} 1_2 (−a −^1_2 , b −^1_2 ), β̂_p(a, b) = −σ_p(a, b − 1) σ_{p+ 12} (−a −^1_2 , b −^1_2 ).

6. Results for One and Three Dimensions

For odd d no such explicit formulae as for even d described above are known. When d = 1 or ε = −^1_2 , corresponding to conformal quantum mechanics, conformal partial waves are rather trivial. The conformal group SO(1, 2) acting on four points leaves just one invariant instead of the two given by u, v. The necessary constraint is obtained by imposing x = x̄. In this case from (2.19)

Δ^{(− 12 )}(a, b)F (t) =^1_2 D_t(2a, 2b)F (t) + O ( (x − x̄)^2 ) , t =^1_2 (x + x̄) , (6.1) and Δ^{(− 12 )}(a, b)(x − x̄)^2 = 2 ( 2 − (a + 2)(b + 2)t ) (x − x̄)^2 . (6.2)

Hence (2.22) may be restricted to x = x̄ for ε = −^1_2 and the conformal partial waves are given in (2.16) for this case with ℓ = 0 by

F^{(− 12 )}_{λλ}(x, x) = g_{2λ}(2a, 2b; x) = x^ΔF (Δ + 2a, Δ + 2b; 2Δ; x) . (6.3)

The requirement that ℓ = λ_1 − λ_2 = 0 follows since for the conformal group SO(1, 2) the representations are determined just by the scale dimension Δ.

For d = 3 or ε =^1_2 solutions of (5.9) of a similar form to (5.10) are not possible, reflecting the difference between the properties of the wave equation in even and odd dimensions.^5 However when d = 3 solutions of the wave equation can be found in terms of the Bateman transform [22], which is related to twistor transforms. Hence we may obtain a solution of D^{( 12 )}F̂ = 0 in terms of the equivalent integral expressions

F̂ (x, x̄) = 1 π ∫_π 0 ds f(X) = 1 2πi ∮ |z|=1 dz z f(X) , (6.4) for X = cos^2s x + sin^2s x̄ = t + r^1_2 (z + z^{−1}) . (6.5)

Clearly from (6.4) F̂ (x, x) = f(x) . (6.6) To verify (6.4) provides a solution of (4.53), with N = 0, it is sufficient to use

D^{( 12 )}f(X) = − 1 4 ∂ ∂s ( sin 2s x − x̄ f^′(X) ) ∼ 0 , (6.7)

where ∼ denotes equality up to terms which vanish under integration in (6.4). For this to be valid f(X) should have no branch point at X = 0. Subject to this condition we suppose that (6.4) is in fact a general solution but this depends on global issues not considered here.

5 For d = 2, 4 the solutions of the spherically symmetric wave equation are f(t + r) + g(t − r), 1 r (f(t + r) + g(t − r)) where the dependence on t ± r reflects Huygens principle. The solutions in (5.10) are obtained by requiring them to be even in r, so that g = ±f. Huygens principle does not hold in odd dimensions.

The integral representation (6.4) satisfies various identities. As a consequence of (4.47) for the transformation (4.46), assuming (6.6) and F̂ (x, x̄) given by (6.4), we must have

Ω^{− 12} F̂ (x^′, x̄^′) = 1 π ∫_π 0 ds 1 γX + δ f ( αX + β γX + δ ) . (6.8)

To verify this we may note that, with x^′, x̄^′ given by (4.46) and Ω by (4.48), αX + β γX + δ = cos^2s^′ x^′ + sin^2s^′ x̄^′ , 1 γX + δ = 1 Ω^12 ds^′ ds , (6.9) for cos^2s^′ = k cos^2s k cos^2s + k^{−1} sin^2s , ds^′ ds = 1 k cos^2s + k^{−1} sin^2s , k = ( α − γ x̄^′ α − γ x^′ )1_2 . (6.10)

A corollary of (6.8) for the transformation x, x̄ → 1/x, 1/x̄ gives 1 π ∫_π 0 ds f(X) = u^{12} 1 π ∫_π 0 ds 1 X f ( u X ) . (6.11)

Also a special case ensures that, assuming (6.4),

F̂ (x^′, x̄^′) = v^12 1 π ∫_π 0 ds 1 1 − X f ( X X − 1 ) , x^′ = x x − 1 , x̄^′ = x̄ x̄ − 1 (6.12)

For functions f(X) expressible as a Laurent series then F̂ (x, x̄) given by (6.4) is a corresponding sum of Legendre polynomials using 1 π ∫_π 0 X^n ds = u^{12 n}P_n(σ) , (6.13)

where σ is defined in (2.26) so that (6.5) becomes X = (xx̄)^{12} (σ + √ σ^2 − 1 cos 2s). The relation (6.11) is automatic if we identify

P_n(σ) = P_{−n−1}(σ) . (6.14)

To construct conformal partial waves we use, for X defined by (6.5),

Δ^{( 12 )}(a, b)f(X)

= D_X (a + b −^1_2 , 1) f(X) + 1 4 ∂ ∂s ( sin 2s ( xx̄ x − x̄ (2 − x − x̄) f^′(X) + (x − x̄) ( Xf^′(X) + (a + b −^1_2 )f(X) )) )

− (a −^1_2 )(b −^1_2 ) (x + x̄)f(X) , (6.15) and hence Δ^{( 12 )}(a, b) ( (u/X)^qf(X) ) ∼ (u/X)^q ( D_X (q + a + b −^1_2 , 1 − q)f(X) + q(q − 2) f(X)

− (q + a −^1_2 )(q + b −^1_2 ) (x + x̄)f(X) ) . (6.16)

Writing then

F^{( 12 )}_{λ1λ2} (x, x̄) = 1 π ∫_π 0 ds ( u X )_{λ2} f(X) for λ_2 =^1_2 − b , (6.17)

the eigenvalue equation (2.22) becomes in this case using (6.16) D_X (a, b +^1_2 )f(X) = λ_1(λ_1 − 1) f(X) . (6.18) This is exactly of the form in (2.33) so that (6.18) may be solved by taking f(X) = g_{λ1} (a, b +^1_2 ; X) , (6.19) with g_{λ1} given explicitly by (2.36). With this result we then have

F^{( 12 )}_{λ1λ2} (a, b; x, x̄) | λ_2=^1_2 −b = 1 π ∫_π 0 ds ( u X ) 1_{2 −b} g_{λ1} (a, b +^1_2 ; X)

= u^{12 −b} 1 π ∫_π 0 ds X^ℓF (λ_1 + a, ℓ + 1; 2λ_1; X) .

(6.20)

Since F (λ_1 + a, ℓ + 1; 2λ_1; X) = (1 − X)^{−ℓ−1}F (λ_1 − a, ℓ + 1; 2λ_1; X/(X − 1)) then (6.12) shows that (6.20) satisfies (2.23a). Using the integral

c_n = 1 π ∫_π 0 cos^{2n}s ds =

(^1_2 )_n n! , (6.21)

and the power series expansion of the hypergeometric function in (6.20) when X → x cos^2 s gives directly F^{( 12 )}_{λ1λ2} (x, x̄) | |_{λ2= 12 −b} ∼_{x̄→0} c_ℓ (xx̄)^λ2 x^ℓF (λ_1 + a, ℓ +^1_2 ; 2λ_1; x) , (6.22)

in accord with the limiting form (2.32) for the choice of c_ℓ given by (6.21), which is identical to (2.30) for ε =^1_2 .

In an attempt to understand the form of expressions for more general solutions we consider using (4.51) u^{b+ 32} v^{−a−b+1}D^{( 12 )}u^{b− 12} v^{a+b} F^{( 12 )}_{λ1λ2} (a, b) = −2b(λ_1−b) F^{( 12 )}_{λ1λ2} (a, b−1) for λ_2 =^1_2 −b , (6.23) starting from (6.17). To apply this it is sufficient to note that

u^{1−p}v^{1−q} D^{( 12 )} ( u^pv^q F (X) ) ∼ − ( qu ( (1 − X) ∂ ∂X − p − q −^1_2 ) − pv ( X ∂ ∂X + p + q +^1_2 ) − pq ) F (X) ∼ − ( q ( X(1 − X) ∂ ∂X − X + p +^1_2 ) − (p + q)v ( X ∂ ∂X + p +^1_2 ) − (p + q)q u ) F (X) , (6.24) using (6.7) and ( u (1 − X) ∂ ∂X + v X ∂ ∂X − X(1 − X) ∂ ∂X + X ) F (X) =^1_2 (1 + u − v) F (X) + ∂ ∂s ( 1 4 sin 2s (x − x̄)F (X) ) . (6.25)

Applying (6.23) to (6.17) then gives

2b(λ_1 − b) F^{( 12 )}_{λ1λ2} (a, b − 1) | λ_2=^1_2 −b = 1 π ∫_π 0 ds ( u X ) 1_{2 −b} f̃(X) , (6.26) for f̃(X) = ( (a + b) ( X(1 − X) ∂ ∂X − (b +^1_2 )X − b )

− (a − b)v ( X ∂ ∂X − b ) − (a^2 − b^2)u ) f(X) . (6.27)

With f(X) given by (6.19) and using (4.54) we may then obtain directly from (6.27)

f̃(X) =(a + b)(λ_1 − a) g_{λ1} (a − 1, b +^1_2 ; X)

− (a − b)(λ_1 + a)v g_{λ1} (a + 1, b +^1_2 ; X) + (a^2 − b^2)(1 + v − u) g_{λ1} (a, b +^1_2 ; X) .

(6.28)

For a = ±b this simplifies to just one term. More generally by repeated application of D_− we may express F^{( 12 )}_{λ1λ2} (b, b − n) solely in terms of g_{λ1} (b − n, b +^1_2 ; X) but this is just equivalent to (6.20) for a = b − n.

7. Discussion

Explicit expressions for conformal partial waves have proved quite useful in recent years in attempts to revive the bootstrap approach to conformal field theories. It is clear that identifying the sum over conformal blocks in the s and t channels of particular four point functions can lead to non trivial constraints [8], which may be of phenomenological interest. On a theoretical level it would be very nice to apply such ideas in three dimensions, where there is a plethora of conformal field theories. This paper was begun in an attempt to find an tractable expression for three dimensional conformal waves which could be used for similar bootstrap calculations.

In four dimensions there is a very close connection between the solutions of superconformal Ward identities and the explicit expressions for conformal partial waves [23] which may be expected to generalise to other dimensions [24]. In particular the conformal partial waves for leading twist have a special form and are related to the contributions of semi-short operators in the operator product expansion. In this paper we have shown how leading twist conformal partial waves are simplified by being directly related to solutions of D^{(ε)}F = 0 which is just a restriction of massless wave equation. The operator D^{(ε)} also appeared in the discussion in [24]. This observation demonstrates that the form for conformal partial waves must be very different in even and odd dimensions. Although we have found and expression for leading twist in three dimensions there is no straightforward extension to the arbitrary twist. In even dimensions it is clear, at least in retrospect, that the construction is very simple starting in two dimensions where there is, using x, x̄, separation of variables and then using the dimension raising operator E_+. Although the various recurrence relations obtained in section 3 relate different conformal partial waves they do not allow expressions for the general case to be obtained from leading twist. A natural guess is to suppose that the three dimensional conformal partial waves can be given by a similar integral expression as in the leading twist case but involving products of functions g_p, g_q, with different arguments, but a precise form has eluded us so far.

Acknowledgements

FAD would like to thank DAMTP Cambridge for hospitality when much of this work was carried out. We would also like to thank João Penedones for helpful correspondence.

Appendix A. Two dimensional conformal integrals

Although the Symanzik formula [20] provides a general form for a certain class of conformal integrals in general dimensions in two dimensions using complex variables there are further extensions. We consider here integrals of the form

I_n = 1 π ∫ d^2x f_n(z) f̄_n(z̄) , f_n(z) = n∏ i=1 1 (z − z_i)^{hi} , f̄_n(z̄) = n∏ i=1 1 (z̄ − z̄_i)^{h̄i} , (A.1)

where ∑_n i=1h_i = ∑_n i=1h̄_i = 2 , h_i − h̄_i ∈ Z . (A.2)

The first condition is necessary for I_n to transform covariantly under conformal transformations, z → (az + b)/(cz + d), z̄ → (āz̄ + b̄)/(c̄z̄ + d̄), and the second for I_n to be single valued. The integral in (A.1) reduces to the form discussed by Symanzik when h_i = h̄_i. Convergence of the integral requires h_i + h̄_i < 2 for all i although I_n may be extended by analytic continuation.

When n = 2 I_2 = K_{12}(−1)^{h1−h̄1} πδ^2(x_1 − x_2) , (A.3) for K_{12} =

Γ(1 − h_1) Γ(1 − h_2) Γ(h̄_1) Γ(h̄_2) = Γ(1 − h̄_1) Γ(1 − h̄_2) Γ(h_1) Γ(h_2)

, (A.4)

with equality of the two forms following from (A.2) noting that Γ(h)Γ(1 − h) = π/ sin πh.

Here we show how evaluation of I_n for n > 2 can be reduced to solving differential equations. To this end we note that ( ∂^2 ∂z^2 + ∂ ∂z n∑ i=2 h_i z − z_i ) f_n(z) = ( ∂^2 ∂z_1^2 + n∑ i=2 1 z_{1i} ( h_i ∂ ∂z_1 − h_1 ∂ ∂z_i )) f_n(z) , (A.5)

so that I_n satisfies the second order equation ( ∂^2 ∂z_1^2 + n∑ i=2 1 z_{1i} ( h_i ∂ ∂z_1 − h_1 ∂ ∂z_i )) I_n = 0 . (A.6)

There is of course a corresponding equation for z_i → z̄_i, h_i → h̄_i.

For n = 3 the form of I_n for non coincident x_i is dictated just by conformal invariance

I_3 = K_{123} z_{12}^{h3−1}z_{23}^{h1−1}z_{31}^{h2−1} z̄_{12}^{h̄3−1}z̄_{23}^{h̄1−1}z̄_{31}^{h̄2−1} , (A.7) where the overall constant can be obtained by extending the result for h_i = h̄_i

K_{123} =

Γ(1 − h_1) Γ(1 − h_2) Γ(1 − h_3) Γ(h̄_1) Γ(h̄_2) Γ(h̄_3) = Γ(1 − h̄_1) Γ(1 − h̄_2) Γ(1 − h̄_3) Γ(h_1) Γ(h_2) Γ(h_3)

. (A.8)

It is easy to verify that (A.8) satisfies (A.6) subject to (A.2), which is also necessary to ensure the required symmetries under permutations of {z_i} or {z̄_i}.

For n = 4 conformal invariance shows that the result must have the form

I_4 = z_{12}^{h3+h4−1}z_{23}^{h1+h4−1}z_{31}^{h2−1}z_{24}^{−h4} z̄_{12}^{h̄3+h̄4−1}z̄_{23}^{h̄1+h̄4−1}z̄_{31}^{h̄2−1}z̄_{24}^{−h̄4} I(x, x̄) , (A.9)

for I(x, x̄) an undetermined functions of the invariants x, x̄ defined here by (3.52). However imposing (A.6) leads to the differential equation ( x(1 − x) ∂^2 ∂x^2 + ( h_3 + h_4 + (h_2 − h_4 − 2)x ) ∂ ∂x + h_4(h_2 − 1) ) I(x, x̄) = 0 , (A.10)

which has a simple hypergeometric form. The relevant solutions of (A.10) and its conjugate can be expressed as

I(x, x̄) = K_4 F (1 − h_2, h_4; h_3 + h_4; x) F (1 − h̄_2, h̄_4; h̄_3 + h̄_4; x̄) + K̄_4 (−1)^{h1+h4−h̄1−h̄4} x^{h1+h2−1}F (1 − h_3, h_1; h_1 + h_2; x) × x̄^{h̄1+h̄2−1}F (1 − h̄_3, h̄_1; h̄_1 + h̄_2; x̄) .

(A.11)

Although solving the differential equation allows a more general form than (A.11) the result given is required by the symmetry relations

I(x, x̄) = (1 − x)^{−h4} (1 − x̄)^{−h̄4} I(x^′, x̄^′) | |_{h1↔h2,h̄1↔h̄2} , x^′ = x x − 1 , x̄^′ = x̄ x̄ − 1 , I(x, x̄) = (1 − x)^{h2−1}(1 − x̄)^{h̄2−1}I(x^′, x̄^′) | |_{h3↔h4,h̄3↔h̄4} , (A.12) and I(x, x̄) = (−1)^{h4−h̄4} I(1 − x, 1 − x̄) | |_{h1↔h3,h̄1↔h̄3} . (A.13) All other symmetry relations can be obtained by combining (A.12) and (A.13). The relations in (A.12) follow easily from standard hypergeometric identities which give F (a, b; c; x) = (1 − x)^{−b}F (c − a, b; c; x^′) = (1 − x)^{−a}F (a, c − b; c; x^′) if both K_4, K̄_4 are invariant under 1 ↔ 2 and also 3 ↔ 4. To satisfy (A.13) we need to use the further hypergeometric identities

F (1 − h_2,h_4; h_1 + h_4; 1 − x) = Γ(h_1 + h_4)Γ(h_1 + h_2 − 1) Γ(1 − h_3)Γ(h_1)

F (1 − h_2, h_4; h_3 + h_4; x) + Γ(h_1 + h_4)Γ(h_3 + h_4 − 1) Γ(1 − h_2)Γ(h_4) x^{h1+h2−1}F (1 − h_3, h_1; h_1 + h_2; x) ,

(1 − x)^{h2+h3−1}F (1 − h_1, h_3; h_2 + h_3; 1 − x) = Γ(h_2 + h_3)Γ(h_1 + h_2 − 1) Γ(1 − h_4)Γ(h_2)

F (1 − h_2, h_4; h_3 + h_4; x) + Γ(h_2 + h_3)Γ(h_3 + h_4 − 1) Γ(1 − h_1)Γ(h_3) x^{h1+h2−1}F (1 − h_3, h_1; h_1 + h_2; x) .

(A.14)

With the aid of (A.14) and the associated conjugates we may determine

K_4 =

Γ(1 − h_1) Γ(1 − h_2) Γ(h_1 + h_2 − 1) Γ(h̄_1) Γ(h̄_2) Γ(2 − h̄_1 − h̄_2) , K̄_4 = Γ(1 − h^3) Γ(1 − h^4) Γ(h^3 + h^4 − 1) Γ(h̄_3) Γ(h̄_4) Γ(2 − h̄_3 − h̄_4) . (A.15)

As for K_{12}, K_{123} these are symmetric under h_i ↔ h̄_i. The overall scale is fixed since we require K_4|_{h4=}¯_{h4=0} = K_{123}, K̄_4|_{h4=}¯_{h4=0} = 0. To verify that (A.13) is satisfied it is necessary to repeatedly use Γ(h)Γ(1 − h) = π/ sin πh and identities such as sin πh_1 sin πh̄_3 sin π(h̄_3 + h̄_4) sin π(h_1 + h_4) + (−1)^{h3+h4−h̄3−h̄4} sin πh_2 sin πh̄_4 sin π(h̄_3 + h̄_4) sin π(h_2 + h_3)

= (−1)^{h4−h̄4} ,

(A.16)

which depend on (A.2).

An alternative more direct evaluation may be obtained by introducing the conformal covariant differential operator D^{(h,h′)} z,z^′ = ∞∑ n=0 (−1)^n n! (h^′)_n (h + h^′)_n (z − z^′)^n ∂^n ∂z^n , (A.17)

which satisfies D^{(h,h′)} z,z^′ 1 (w − z)^{h+h′} = 1 (w − z)^h (w − z^′)^{h′} . (A.18)

Using this operator we may write 1 (z − z_1)^{h1} (z − z_2)^{h2} 1 (z̄ − z̄_1)^{h̄1} (z̄ − z̄_2)^{h̄2} = D^{(h1,h2)} z_1,z_2 D

(h̄_1,h̄_2) z̄_1,z̄_2 1 (z − z_1)^{h1+h2} (z̄ − z̄_1)^{h̄1+h̄2} + K_4(−1)^{h2−h̄2} z_{12}^{1−h1−h2}z̄_{12}^{1−h̄1−h̄2} D^{(1−h2,1−h1)}_{z1,z2} D^{(1−h̄2,1−h̄1)}_{z̄1,z̄2} πδ^2(x − x_1) ,

(A.19) with K_4 as in (A.15). The coefficient is dictated by the requirement that using (A.19) in the integral expression for I_3 gives the result (A.7).

Using (A.19) in I_4 gives

I_4 = K_4(−1)^{h2−h̄2} z_{12}^{1−h1−h2}z̄_{12}^{1−h̄1−h̄2} × D^{(1−h2,1−h1)} z_1,z_2 z13 −h_3 z 14 −h_4 D(1−h̄2,1−h̄1) z̄_1,z̄_2 z̄13

−h̄_3z̄ 14 −h̄_4 + K̄_4(−1)^{h3−h̄3} z_{34}^{1−h3−h4}z̄_{34}^{1−h̄3−h̄4} × D^{(h1,h2)} z_1,z_2 z13 h_4−1z 14 h_3−1 D(h̄1,h̄2) z̄_1,z̄_2 z̄13 h̄_4−1

z̄_{14}^{h̄4−1} ,

(A.20)

where agreement with (A.9) and (A.11) follows from D^{(h1,h2)} z_1,z_2 z13 h_4−1z 14 h_3−1 = z 13 −h_1 z 24 h_3−1z 23 h_1+h_4−1 F (1 − h

3, h_1; h_1 + h_2; x) , D^{(1−h2,1−h1)} z_1,z_2 z13 −h_3 z 14 −h_4 = z 13 h_2−1z 24 −h_4 z 23 h_1+h_4−1 F (1 − h

2, h_4; h_3 + h_4; x) ,

(A.21)

together with their conjugates.

The verification of (A.21) follows from the integral representations D^{(h1,h2)} z_1,z_2 z13 h_4−1z 14 h_3−1 = Γ(h_1 + h_2) Γ(1 − h_3) Γ(1 − h_4)

∫_1 0 dα α^{−h4} (1 − α)^{−h3} (αz_{32} + (1 − α)z_{42})^{h2} (αz_{31} + (1 − α)z_{41})^{h1}

= z_{13}^{−h1} z_{24}^{h3−1}z_{23}^{h1+h4−1}

Γ(h_1 + h_2) Γ(1 − h_3) Γ(1 − h_4) Γ(h_1) Γ(h_2) × 1 2πi ∫_{i∞} −i∞ ds Γ(−s) Γ(h_1 + s) Γ(1 − h_3 + s) Γ(1 − h_1 − h_4 − s)

( z_{14}z_{23} z_{13}z_{24} )_s .

(A.22)

Appendix B. Compact case

In this appendix we demonstrate how the recurrence relations for conformal partial waves are closely related to those for symmetric two variable Jacobi polynomials associated with the root system BC_2 described in [16] which contains related results.

For the elementary single variable polynomials we first consider the differential operator D̃_x = x(1 − x) d^2 dx^2 + ( 1 + β − (2 + γ)x ) d dx , (B.1)

and then Jacobi polynomials of degree n may be defined by the eigenvalue equation

−D̃_x P^{(α,β)}_n (y) = n(n + γ + 1) P^{(α,β)}_n (y) , y = 2x − 1 , (B.2) where we require γ = α + β . (B.3)

It is convenient here to adopt a non standard normalisation for Jacobi polynomials R^{(α,β)}n (y) such that R^{(α,β)}n (1) = 1. Recursion relations may be obtained by following the same procedure as in section 3. Defining f̃_0 = x−^1_2 , f̃_1 = x(1−x)^d_{dx} then the commutators

[D̃_x, f̃_0] = 2f̃_1 − (2 + γ)f̃_0 +^1_2 (β − α) , [D̃_x, f̃_1] = −2f̃_0D̃_x + γf̃_1 , (B.4)

require

f̃_0 R^{(α,β)}_n = a R^{(α,β)}_{n−1} + b R^{(α,β)}_{n+1} +^{12} γ(β − α) (2n + γ)(2n + γ + 2) R^{(α,β)}_n , f̃_1 R^{(α,β)}_n = (n + γ + 1)a R^{(α,β)}_{n−1} − nb R^{(α,β)}_{n+1} − n(n + γ + 1)(β − α) (2n + γ)(2n + γ + 2) R^{(α,β)}_n . (B.5)

Imposing the normalisation conditions, so that f̃_0 R^{(α,β)}_n | |_{x=1} =^1_2 , f̃_1 R^{(α,β)}_n | |_{x=1} = 0, determines a = n(n + β) (2n + γ)(2n + γ + 1) , b = (n + γ + 1)(n + α + 1) (2n + γ)(2n + γ + 1)

. (B.6)

The corresponding two variable operator is then constructed using D̃ defined in (B.1)

Δ̃^{(ε)} = −D̃_x − D̃_{x̄} − 2ε 1 x − x̄ ( x(1 − x) ∂ ∂x − x̄(1 − x̄) ∂ ∂x̄ ) , (B.7)

and the eigenvalue equations becomes Δ̃^{(ε)}R^{(α,β,ε)} nm = c̃_{nm} R^{(α,β,ε)}_{nm} , (B.8) where R^{(α,β,ε)}_{nm} (y, ȳ) are symmetric polynomials, y = 2x−1, ȳ = 2x̄−1, with the convenient normalisation R^{(α,β,ε)} nm (1, 1) = 1 . (B.9)

For polynomial solutions such that R^{(α,β,ε)} nm (y, ȳ) ∼_{x̄→∞} k_{nm} x̄^nP^{(α,β)}_m (y) , n ≥ m , (B.10) then (B.8) determines

c̃_{nm} = n(n + 1 + γ + 2ε) + m(m + 1 + γ) , m, n = 0, 1, . . . , m ≤ n . (B.11)

In a similar fashion to (2.40) Δ̃^{(ε)} (x − x̄)^{1−2ε} = (x − x̄)^{1−2ε}(Δ̃^{(1−ε)} + (2 + γ)(1 − 2ε)) . (B.12) Also for Ẽ_+ = − 1 x − x̄ (~ D_x − D̃_{x̄} ) , (B.13) then analogous to (4.36) Ẽ_+ Δ̃^{(ε)} = (Δ^{(ε+1)} + 2 + γ + 2ε) Ẽ_+ . (B.14) Using (B.12) if

Ẽ_−^{(ε+1)} = (x − x̄)^{1−2ε}Ẽ_+(x − x̄)^{1+2ε} = (x − x̄)^{−2ε}(D̃_x − D̃_{x̄})(x − x̄)^{1+2ε} , (B.15) then Ẽ_−^{(ε+1)}Δ^{(ε+1)} = (Δ^{(ε)} + 2 + γ + 2ε) Ẽ_−^{(ε+1)} . (B.16) As a consequence of (B.14) and (B.16) Ẽ_+ R^{(α,β,ε)} n m = a^{(ε)} R^{(α,β,ε+1)} n−1 m , Ẽ− (ε+1)R(α,β,ε+1) n m = b^{(ε)} R^{(α,β,ε)}_{n+1 m} . (B.17) Requiring (B.9) the coefficient b^{(ε)} may be directly determined by b^{(ε)} = (x − x̄)^{−2ε} (~ D_x − D̃_{x̄} ) (x − x̄)^{1+2ε} | |_{x=x̄=1} = 2(1 + 2ε)(α + ε + 1) . (B.18) To calculate a^{(ε)} it is sufficient to note that Δ̃_4^{(ε)} = Ẽ_−^{(ε+1)}Ẽ_+ = (x − x̄)^{−2ε}(D̃_x − D̃_{x̄}) (x − x̄)^{2ε}(D̃_x − D̃_{x̄}) , (B.19) is a fourth order Casimir operator such that Δ̃_4^{(ε)}R^{(α,β,ε)} nm = c̃_{4,nm} R^{(α,β,ε)}_{nm} , (B.20) and hence a^{(ε)} b^{(ε)} = c̃_{4,nm} . (B.21) Applying (B.10) with (B.19) dictates

c̃_{4,nm} = (n − m)(n − m + 2ε)(n + m + 1 + γ)(n + m + 1 + γ + 2ε) . (B.22)

Just as F_{λ1λ2} (x, x̄) determine the conformal partial waves G^{(ℓ)}_Δ there are harmonic polynomials associated with R^{(α,β,ε)}_{nm} given by R^{(α,β,ε)} nm (y, ȳ) = Y^{(α,β)}_{nm} (σ, τ) , σ = xx̄ , τ = (1 − x)(1 − x̄) , (B.23) which play a role [23] in the decomposition of correlation functions. The differential operator acting on Y^{(α,β)}_{nm} (σ, τ) becomes D̃ = − (1 − σ − τ) ( ∂ ∂σ σ ∂ ∂σ + ∂ ∂τ τ ∂ ∂τ + β ∂ ∂σ + α ∂ ∂τ ) + 4 στ ∂^2 ∂σ∂τ + (d + 2α) σ ∂ ∂σ + (d + 2β) τ ∂ ∂τ , (B.24)

so that D̃ Y^{(α,β)}_{nm} (σ, τ) = c̃_{nm} Y^{(α,β)}_{nm} (σ, τ) . (B.25) The relevant boundary conditions are then Y^{(α,β)} nm (σ, τ) ∝ σ^n ( 1 − τ σ )_{n−m} , σ → ∞ , τ = O(σ) . (B.26)

It is easy to see that R^{(α,β,0)} nm (y, ȳ) =^1_2 (R^{(α,β)}_n (y) R^{(α,β)}_m (ȳ) + R^{(α,β)}_n (ȳ) R^{(α,β)}_m (y) ) . (B.27)

Starting from (B.27) and using (B.17) with a^{(0)} given by (B.21) gives

(n − m + 1)(n + m + 2 + γ) R^{(α,β,1)}_{nm} (y, ȳ)

= 2(α + 1)

R^{(α,β)}_{n+1} (y)R^{(α,β)}_m (ȳ) − R^{(α,β)}_{n+1} (ȳ)R^{(α,β)}_m (y) y − ȳ . (B.28)

The results (B.27) and (B.28) correspond to (5.3) and (5.4) for conformal partial waves.

To establish further recurrence relations for R^{(α,β,ε)}nm following the same method as in the non compact case we define

F̃_0 = x + x̄ − 1 , F̃_1 = x(1 − x) ∂ ∂x + x̄(1 − x̄) ∂ ∂x̄ , F̃_2 = (x − x̄) (D̃_x − D̃_{x̄}) ,

F̃_3 = ( x(1 − x) ∂ ∂x − x̄(1 − x̄) ∂ ∂x̄ + 2ε x(1 − x) + x̄(1 − x̄) x − x̄ ) (~ D_x − D̃_{x̄} ) , (B.29)

and then, similarly to (4.27), [~ Δ^{(ε)}, F̃_0 ] = − 2 F̃_1 + (2 + γ + 2ε) F̃_0 + α − β , [~ Δ^{(ε)}, F̃_1 ] = F̃_2 − γ F̃_1 − F̃_0 Δ̃^{(ε)} , [~ Δ^{(ε)}, F̃_2 ] = − 2 F̃_3 + (2 + γ − 2ε) F̃_2 , [~ Δ^{(ε)}, F̃_3 ] = F̃_0 Δ̃_4^{(ε)} − γ F̃_3^{(ε)} − F̃_2 (~ Δ^{(ε)} + 2ε(1 + γ) ) . (B.30)

Just as in the non compact case in section 4 the algebra (B.30) dictates that F̃_iR^{(α,β,ε)} nm = a_i R^{(α,β,ε)}_{n−1 m} + b_i R^{(α,β,ε)}_{n+1 m} + c_i R^{(α,β,ε)}_{n m−1} + d_i R^{(α,β,ε)}_{n m+1} + u_i R^{(α,β,ε)}_{nm} , (B.31) where

a_1 = (n + 1 + γ + 2ε)a_0 , b_1 = −n b_0 , c_1 = (m + 1 + γ + ε)c_0 , d_0 = −(m − ε)d_0 , a_2 = − (n − m + 2ε)(n + m + 1 + γ + 2ε)a_0 , b_2 = −(n − m)(n + m + 1 + γ)b_0 , c_2 = (n − m)(n + m + 1 + γ + 2ε)c_0 , d_2 = (n − m + 2ε)(n + m + 1 + γ)d_0 , a_3 = − (n + 1 + γ)(n − m + 2ε)(n + m + 1 + γ + 2ε)a_0 , b_3 = (n + 2ε)(n − m)(n + m + 1 + γ)b_0 , c_3 = (m + 1 + γ − ε)(n − m)(n + m + 1 + γ + 2ε)c_0 , d_3 = − (m + ε)(n − m + 2ε)(n + m + 1 + γ)d_0 , (B.32)

as well as

u_0 = − (α − β)γ ( 2c̃_{n,m} + (γ + 2)(γ + 2ε) ) (2n + 2 + γ + 2ε)(2n + γ + 2ε)(2m + 2 + γ)(2m + γ) , u_2 = − 2(α − β)γ c̃_{4,nm} (2n + 2 + γ + 2ε)(2n + γ + 2ε)(2m + 2 + γ)(2m + γ) , u_1 =^1_2 (2 + γ + 2ε)u_0 +^1_2 (α − β) , u_3 =^1_2 (2 + γ − 2ε)u_2 .

(B.33)

The coefficients a_0, b_0, c_0, d_0 are determined by applying the normalisation conditions at x = x̄ = 1 in (B.31) which imply a_i + b_i + c_i + d_i + u_i = 1, i = 0, 0, i = 1, 2, 3. Hence

a_0 =

(n + ε)(n + β + ε)(n − m)(n + m + 1 + γ) (2n + γ + 2ε)(2n + 1 + γ + 2ε)(n − m + ε)(n + m + 1 + γ + ε) , b_0 =

(n + 1 + γ + ε)(n + 1 + α + ε)(n − m + 2ε)(n + m + 1 + γ + 2ε) (2n + 1 + γ + 2ε)(2n + 2 + γ + 2ε)(n − m + ε)(n + m + 1 + γ + ε) , c_0 = m(m + β)(n − m + 2ε)(n + m + 1 + γ) (2m + γ)(2m + 1 + γ)(n − m + ε)(n + m + 1 + γ + ε) , d_0 =

(m + 1 + γ)(m + 1 + α)(n − m)(n + m + 1 + γ + 2ε) (2m + 1 + γ)(2m + 2 + γ)(n − m + ε)(n + m + 1 + γ + ε) .

(B.34)

The results for a_i, b_i, c_i, d_i are related for each i as a consequence of the symmetry relations R^{(α,β,ε)} nm = R^{(α,β,ε)}_{−n−1−γ−2ε −m−1−γ} = R^{(α,β,ε)}_{m−ε n+ε} , (B.35)

From (B.13) and (B.29) Ẽ_+ = −(x − x̄)^{−2}F̃_2 so that (B.17) and (B.31) for i = 2 with

a_2 = − (n + ε)(n + β + ε) c̃_{4,nm} (2n + γ + 2ε)(2n + 1 + γ + 2ε)(n − m + ε)(n + m + 1 + γ + ε) , b_2 = −

(n + 1 + γ + ε)(n + 1 + α + ε) c̃_{4,nm} (2n + 1 + γ + 2ε)(2n + 2 + γ + 2ε)(n − m + ε)(n + m + 1 + γ + ε) , c_2 = m(m + β) c̃_{4,nm} (2m + γ)(2m + 1 + γ)(n − m + ε)(n + m + 1 + γ + ε) , d_2 =

(m + 1 + γ)(m + 1 + α) c̃_{4,nm} (2m + 1 + γ)(2m + 2 + γ)(n − m + ε)(n + m + 1 + γ + ε) ,

(B.36)

determine R^{(α,β,ε+1)} nm in terms of R^{(α,β,ε)}_n′_m′ for n^′ = n, n + 2, m^′ = m and n^′ = n + 1, m^′ = m, m ± 1, in agreement with the result in [17].

Appendix C. Finiteness for d = 6

The linear combination of F^−_{pq}’s appearing in (5.8) is determined in order to ensure the result is finite as x̄ → x. To verify this we consider the Wronskian

W_{pq}(x) = g_p^′(x) g_q(x) − g_q^′(x) g_p(x) . (C.1)

The defining equation (2.33) then gives d dx ( (1 − x)^{a+b−1} W_{pq}(x) ) = (p − q)(p + q − 1) x^{−1}(1 − x)^{a+b−1} g_p(x)g_q(x) . (C.2)

Hence d dx ( (1 − x)^{a+b−1} ( (p − q) W_{p+1 q−1} − (p − q + 2) W_{pq} )) = (p − q)(p − q + 2)(p + q − 1) x^{−1}(1 − x)^{a+b−1} ( g_{p+1}g_{q−1} − g_p g_q ) . (C.3)

Using the identity (4.7 )in ( g_{p+1}(x)/x ) g_q(x) = g_{p+1}(x) ( g_q(x)/x ) gives

g_{p+1}g_{q−1} − g_p g_q = (α_{p+1} − α_q) g_{p+1} g_q + β_{p+1} g_{p+2}g_q − β_q g_{p+1}g_{q+1} . (C.4)

As a consequence of (C.3) this leads to the relation (p − q) W_{p+1 q−1} − (p − q + 2) W_{pq} = p + q − 1 p + q (p − q)(p − q + 2) p − q + 1 (α_{p+1} − α_q)W_{p+1 q} + p + q − 1 p + q + 1 ( (p − q)β_{p+1} W_{p+2 q} − (p − q + 2)β_q W_{p+1 q+1} ) . (C.5)

Since F^−_{pq}(x, x̄) = (x − x̄)W_{pq}(t) + O((x − x̄)^3), t =^1_2 (x + x̄), the coefficients in (5.8) are exactly of the form necessary according to (C.5) to cancel the singular terms as x → x̄.

Appendix D. Free Theory and Leading Twist

In four dimensions the conformal partial wave expansion of the four point function obtained from elementary scalar fields, with Δ = 1, has only contributions from twist two operators. Here we extend this to other cases. With D^{(ε)} given by (4.43) it is easy to see that D^{(ε)}u^αv^α = 0 has solutions only for (α, β) = (0, 0), (−ε, 0), (0, −ε). Assuming all operators in the four point function have the same scale dimension, Δ_1 = Δ_2 = Δ_3 = Δ_4 = ε so that a = b = 0, then we identify the four point function for elementary scalars as satisfying D^{(ε)}u^{−ε}F (u, v) = 0 so that it has the general form

F (u, v) = 1 + C u^ε + C^′ ( u v )_ε , (D.1)

where 1 corresponds to the identity in the operator product expansion and the two point function has been normalised to 1. Crossing symmetry requires also C = C^′ = 1 but we relax that here for generality.

As a consequence of (4.53), with b = 0, N = 1, the conformal partial wave expansion is restricted to be F (u, v) = ∑ λ_1

a_{λ1} F_{λ1ε}(x, x̄) . (D.2)

To determine the coefficients a_{λ1} it is sufficient to consider only x = x̄ as the solutions of D^{(ε)}f(x, x̄) = 0 are determined in terms of f(x, x). From (D.1) we have F (u, v) | x=x̄ = 1 + C x 2ε + C^′ ( x 1 − x )_{2ε} , (D.3)

For ε =^1_2 then from (6.4) and (6.6) with (6.17) and (6.19) the partial wave expansion (D.2) requires

x^{− 12} + C x^{12} + C^′ x^{12} 1 − x = ∑ λ_1

a_{λ1} g_{λ1} (0,^1_2 ; x) . (D.4)

This has a solution

a_− 1_2 = 1 , a 1_2 = C + C^′ a_{p+} 1_2 = ( C(−1)^p + C^′ ) 2^{−(2p−1)} for p = 1, 2, . . . . (D.5)

Note that in this case F_− 1_2 1_2 = F_{0 0} = 1.

When ε = 1 we may use (5.13), with b = 0, so that (D.2) with (D.3) become F (u, v) | |_{x=x̄} = x^2 ∑ λ_1 1 λ_1 a_{λ1} g_{λ1}^′(x) ⇒ − 1 x + C x + C^′ 1 1 − x + a = ∑ λ_1 1 λ_1 a_{λ1} g_{λ1} (x) ,

(D.6) for some arbitrary constant a. Matching the power expansions on both sides gives

a_{−1} = 1 , a_{p+1} = ( C(−1)^p + C^′

) p! (p + 1)!

(2p)!

, p = 0, 1, . . . , (D.7)

agreeing with the result in [11] since for ε = 1 F_{−11} = F_{00} = 1.

In the six dimensional case, ε = 2, we may use from (5.14) and (5.17), with a, b = 0, (λ_1 + 1)λ_1(λ_1 − 1)F_{λ12}(x, x) = x^4 ( x g_{λ1} (0, −1; x) )_{′′′} . Hence (D.2), with (D.3), reduces to 1 x^4

+ C + C^′ 1 (1 − x)^4 = ∑ λ_1 1 (λ_1+1)λ_1(λ_1−1) aλ^1 ( x g_{λ1} (0, −1; x) )_{′′′} , (D.8) or − 1 x^2

+ Cx^2 + C^′ 1 x(1 − x) + a x + b + c x = ∑ λ_1 6 (λ_1+1)λ_1(λ_1 −1) aλ^1 gλ^1 (0, −1; x) , (D.9)

with a, b, c arbitrary. The solution is now

a_{−2} = 1 , a_{p+2} = ( C(−1)^p + C^′

) (p + 2)! (p + 3)!

12(2p + 1)!

, p = 0, 1, . . . , (D.10)

and now F_{−2 2} = F_{00} = 1.

Appendix E. Expressions in terms of Jack Polynomials

Jack polynomials are a class of symmetric polynomials depending on a parameter [25]. For two variables, which are sufficient for our purpose, we consider P^{(ε)}_{λ1 λ2} (x, x̄), λ_1−λ_2 ∈ N, forming a basis for homogeneous symmetric functions in x, x̄ of degree λ_1 + λ_2. Moreover

P^{(ε)}_{λ1λ2} (x, x̄) = (xx̄)^{λ2} P^{(ε)}_{λ1−λ2 0}(x, x̄) , (E.1)

where P^{(ε)}_{ℓ 0} (x, x̄) is a polynomial of degree ℓ. Here the normalisation is chosen so that

P^{(ε)}_{λ1 λ2} (x, x) = x^{λ1+λ2} , P^{(ε)}_{λ1 λ2} (x, x̄) ∼_{x̄→0,x→0} c^{(ε)}_{λ1 −λ2} x^{λ1}x̄^{λ2} , (E.2)

with c^{(ε)}_{λ1−λ2} given by (2.30). For two variables Jack polynomials are expressible in terms of single variable Gegenbauer polynomials where with the conventions in (2.29)

P^{(ε)}_{λ1 λ2} (x, x̄) = (xx̄)^{12 (λ1 +λ2)} Ĉ^ε_{λ1−λ2} (σ) , (E.3)

for σ given by (2.26).

A formal solution for F_{λ1λ2} (x, x̄) was obtained previously [12], following [14], as a double series in terms of Jack polynomials P^{(ε)}_{λ1 λ2} (x, x̄) where

F^{(ε)}_{λ1 λ2} (x, x̄) = ∑ m,n≥0 m−n+λ1−λ2≥0 r_{mn} P^{(ε)}_{λ1+m λ2+n}(x, x̄) . (E.4)

For r_{00} = 1 (E.4) satisfies (2.18) and indeed the first term in the expansion in (E.4) is identical with the leading short distance contribution given by (2.25) and (2.28).

The coefficients r_{mn} in (E.4) are determined, starting from r_{00}, using

Δ^{(ε)}(a, b) P^{(ε)}_{λ1λ2} = ( λ_1(λ_1 − 1) + λ_2(λ_2 − 1 − 2ε) ) P^{(ε)}_{λ1λ2} − λ_1 − λ_2 + 2ε λ_1 − λ_2 + ε

(λ_1 + a)(λ_1 + b) P^{(ε)}_{λ1+1 λ2} − λ_1 − λ_2 λ_1 − λ_2 + ε

(λ_2 + a − ε)(λ_2 + b − ε) P^{(ε)}_{λ1 λ2+1} ,

(E.5)

which leads to a recursion relation for r_{mn}. Requiring r_{mn} = 0 for m − n + λ_1 − λ_2 = −1 there is a general solution for any ε but it is very unwieldy, although the result was used in [12] to derive various recursion relations for F^{(ε)}_{λ1λ2} (x, x̄) for arbitrary ε.

If λ_1 = λ_2 = λ the result simplifies to r_{mn} = (λ + a)_m (λ + b)_m (λ + a − ε)_n (λ + b − ε)_n (2λ)_m (2λ − ε)_n (2ε)_{m−n} (m − n + ε) n! (m − n)! (ε)_{m+1}

, (E.6)

and if ε = −^1_2 then

r_{mn} = (2λ+2a)_{2n} (2λ+2b)_{2n} (2n)! (4λ)_{2n} , m = n , (2λ+2a)_{2n+1} (2λ+2b)_{2n+1} (2n+1)! (4λ)_{2n+1} , m = n + 1 , 0 , m > n + 1 . (E.7)

It is easy to see that the summation reproduces (6.3), using (E.2).

When λ_2 = ε − b − N, or similarly when λ_2 = ε − a − N, it is easy to see that in the solution (E.4) the summation over n truncates to n = 0, 1, . . . , N. Acting on Jack polynomials P^{(ε)}_{λ1λ2} (x, x̄) with the differential operator D^{(ε)}, defined by (4.43), gives

D^{(ε)}P^{(ε)}_{λ1 λ2} = (λ_1 + ε)λ_2 P^{(ε)}_{λ1 −1λ2−1} ⇒ D^{(ε)}P^{(ε)}_{ℓ 0} = 0 . (E.8)

Assuming (E.3) this is equivalent to the standard differential equation for C^ε_ℓ . Applying (E.8) to the solution (E.4) for (xx̄)^{−λ2} F^{(ε)}_{λ1λ2} (x, x̄), expressed in terms of P^{(ε)}_{ℓ+m n}, n =

0, 1, . . . , N, is an alternative justification for (4.53). For N = 0 there is then just a single series so that F^{(ε)}_{λ1 ε−b}(x, x̄) = ∞∑ m=0 (λ_1 + a)_m (λ_1 + b + ε)_m m! (2λ_1)_m P^{(ε)}_{λ1+m ε−b}(x, x̄) . (E.9)

For the case of primary interest here, ε =^1_2 , Gegenbauer polynomials become ordinary Legendre polynomials P_ℓ and Jack polynomials are expressible just by P^{( 12 )}_{ℓ 0} (x, x̄) = (xx̄)^{12 ℓ}P_ℓ(σ) for σ is defined in (2.26). Using the representation provided by (6.13) it is easy to see, using (E.1), that (E.9) is identical with (6.4) and (6.19) since c_ℓ^{(1)} = c_ℓ in (6.21). In general for ε =^1_2 the Jack polynomial expansion (E.4) can be recast as

F^{( 12 )}_{λ1λ2} (x, x̄) = u^{λ2} 1 π ∫_π 0 ds X^ℓ ∑ m,n≥0 m−n+ℓ≥0 r_{mn} ( u X )_n X^m , (E.10)

where we may note that, as a consequence of (6.25) and (6.11), for any integer p

(p + 1) X^{p+1} + p uX^{p−1} − (p +^1_2 ) (x + x̄)X^p ∼ 0 , X^p ∼ u^{p+ 12} X^{p+1} . (E.11)

(E.11) is equivalent to the standard recurrence relation for Legendre polynomials.

References

[1] S. Ferrara, A.F. Grillo, R. Gatto and G. Parisi, Covariant Expansion of the Conformal Four-Point Function, Nucl. Phys. B49 (1972) 77;

S. Ferrara, A.F. Grillo, R. Gatto and G. Parisi, Analyticity Properties and Asymptotic Expansions of Conformal Covariant Green’s Functions, Nuovo Cimento 19A (1974) 667;

S. Ferrara, R. Gatto and A.F. Grillo, Properties of Partial-Wave Amplitudes in Conformal Invariant Theories, Nuovo Cimento 26A (1975) 226.

[2] V.K. Dobrev, V.B. Petkova, S.G. Petrova and I.T. Todorov, Dynamical Derivation of Vacuum Operator Product Expansion in Conformal Field Theory, Phys. Rev. D13 (1976) 887.

[3] K. Lang and W. Rühl, The critical O(N) σ-model at dimensions 2 < d < 4: Fusion coefficients and anomalous dimensions, Nucl. Phys. B400 (1993) 597.

[4] G. Mack, D-independent representation of Conformal Field Theories in D dimensions via transformation to auxiliary Dual Resonance Models, Scalar amplitudes, arXiv:0907.2407 [hep-th].

[5] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, JHEP 1103:025 (2011), arXiv:1011.1485 [hep-th].

[6] A.L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju and B.C. van Rees, A Natural Language for AdS/CFT Correlators, JHEP 1111 (2011) 095, arXiv:1107.1499 [hepth].

[7] M.F. Paulos, Towards Feynman rules for Mellin amplitudes in AdS/CFT, JHEP 1110 (2011) 074, arXiv:1107.1504 [hep-th].

[8] R. Rattazzi, V.S. Rychkov, Erik Tonni and A. Vichi, Bounding scalar operator dimensions in 4D CFT, JHEP 0812:031 (2008), arXiv:0807.0004 [hep-th]; V.S. Rychkov and A. Vichi, Universal Constraints on Conformal Operator Dimensions, Phys. Rev. D80 (2009) 045006,2009, arXiv:0905.2211 [hep-th]; F. Caracciolo and V.S. Rychkov, Rigorous Limits on the Interaction Strength in Quantum Field Theory, Phys. Rev. D81 (2010) 085037, arXiv:0912.2726 [hep-th]; R. Rattazzi, S. Rychkov and A. Vichi, Bounds in 4D Conformal Field Theories with Global Symmetry, J. Phys. A44 (2011) 35402, arXiv:1009.5985 [hep-th]; A. Vichi, Improved bounds for CFT’s with global symmetries, arXiv:1106:4037 [hepth].

[9] I. Heemskerk, J. Penedones, J. Polchinski and J. Sully, Holography from Conformal Field Theory, JHEP 0910:079 (2009), arXiv:0907.0151 [hep-th];

I. Heemskerk and J. Sully, More Holography from Conformal Field Theory, JHEP 1009:099 (2010), arXiv:1006.0976 [hep-th].

[10] D. Poland and D. Simmons-Duffin, Bounds on 4D Conformal and Superconformal Field Theories, arXiv:1009.2087 [hep-th].

[11] F.A. Dolan and H. Osborn, Conformal Four Point Functions and the Operator Product Expansion, Nucl. Phys. B599 (2001) 459, hep-th/0011040.

[12] F.A. Dolan and H. Osborn, Conformal Partial Waves and the Operator Product Expansion, Nucl. Phys. B678 (2004) 491, hep-th/0309180.

[13] T. H. Koornwinder, Orthogonal polynomials in two variables which are eigenfunctions of two algebraically independent partial differential operators. I, II, Nederl. Akad. Wetensch. Proc. Ser. A 77 = Indag. Math. 36 (1974), 48, 59.

[14] T. Koornwinder and I. Sprinkhuizen-Kuyper, Generalized Power Series Expansions for a Class of Orthogonal Polynomials in Two Variables, Siam J. on Mathematical Analysis, 9 (1978) 457.

[15] T. Koornwinder, Two-variable Analogues of the Classical Orthogonal Polynomials, in Theory and Applications of Special Functions, ed. R. Askey, Academic Press, New York (1975).

[16] T. H. Koornwinder, Lowering and raising operators for some special orthogonal polynomials, arXiv:math/0505378.

[17] L. Vretare, Formulas for Elementary Spherical Functions and Generalized Jacobi Polynomials, Siam J. on Mathematical Analysis, 15 (1984) 805.

[18] C.F. Dunkl and Y. Xu, Orthogonal Polynomials of Several Variables, Cambridge University Press, Cambridge (2001).

[19] H. Osborn and A. Petkou, Implications of conformal invariance in field theories for general dimensions, Ann. Phys. 231 (1994) 311; hep-th/9307010.

[20] K. Symanzik, On Calculations in conformal invariant field theories, Lett. al Nuovo Cimento 3 (1972) 734.

[21] G.E. Andrews, R.Askey and R. Roy, “Special Functions”, Cambridge University Press (Cambridge) 1999.

[22] H. Bateman, The solution of partial differential equations by means of definite integrals, Proceedings of the London Mathematical Society 1 (1904) 451.

[23] M. Nirschl and H. Osborn, Superconformal Ward Identities and their Solution, Nucl.

Phys. B711 (2005) 409, hep-th/0407060.

[24] F.A. Dolan, L. Gallot and E. Sokatchev, On Four-point Functions of^1_2 -BPS operators in General Dimensions, JHEP 0409 (2004) 056, hep-th/0405180.

[25] H. Jack, A class of symmetric polynomials with a parameter, Proc. Roy. Soc. Edinburgh, 69 (1970) 1.