arXiv:1108.6269v2 [hep-th] 5 Sep 2011

Pacs numbers: 02.10.Ox, 04.60.Gw, 05.40-a

The Ising Model on Random Lattices in Arbitrary Dimensions

Valentin Bonzom,^{1, ∗} Razvan Gurau,^{1, †} and Vincent Rivasseau^{2, ‡} 1Perimeter Institute for Theoretical Physics, 31 Caroline St. N, ON N2L 2Y5, Waterloo, Canada 2Laboratoire de Physique Théorique, CNRS UMR 8627, Université Paris XI, F-91405 Orsay Cedex, France (Dated: September 6, 2011)

We study analytically the Ising model coupled to random lattices in dimension three and higher. The family of random lattices we use is generated by the large N limit of a colored tensor model generalizing the two-matrix model for Ising spins on random surfaces. We show that, in the continuum limit, the spin system does not exhibit a phase transition at finite temperature, in agreement with numerical investigations. Furthermore we outline a general method to study critical behavior in colored tensor models.

Keywords: Random tensor models, 1/N expansion, critical behavior

I. INTRODUCTION

Random matrix models [1–3] provide a statistical theory of random discretized Riemann surfaces. The amplitudes of the ribbon Feynman graphs of their perturbative expansion support a 1/N expansion [4] (where N is the size of the matrices) indexed by the genus of the surfaces. In the large N limit the planar graphs corresponding to surfaces of spherical topology dominate. The genus is related (by the Gauss-Bonnet theorem) to the Einstein-Hilbert action on the two-dimensional surfaces and the large N parameter appears as the inverse Newton constant.

The planar graphs which lead this expansion proliferate exponentially, like K^n, with the number of vertices n. The sum over random lattices of spherical topology is thus convergent for small enough coupling constant and the planar free energy is finite. Planar graphs can be counted precisely through algebraic equations [5], as they are related to trees [6–8], the universal structures behind such equations. When the coupling constant grows, the free energy becomes dominated by graphs with a large number of vertices and exhibits a critical behavior. It is in this regime that the system reaches its continuum limit and the critical exponents can be evaluated.

In the seminal paper [9], followed by [10, 11], Kazakov et al. solved the two-dimensional Ising model on random geometries using a two matrix model. Surprisingly this solution turned out to be simpler than the one on a fixed lattice. The importance of this work was further enhanced by the discovery of the KPZ correspondence [12–14] which relates two-dimensional conformal field theories coupled or not to Liouville gravity, and by the introduction of the double scaling limit of random matrices which combines all genera [15–17]. The back and forth navigation between two dimensional statistical systems on fixed and random geometries led to early computations of novel critical exponents [18]. Their values have been later confirmed by rigorous probabilists, through many developments in particular rewarded by the Fields medals of W. Werner and S. Smirnov. The transformation of the two dimensional statistical mechanics landscape was so deep that it could be considered a change of paradigm. Statistical models on random geometry appear somehow more

∗ vbonzom@perimeterinstitute.ca † rgurau@perimeterinstitute.ca ‡ vincent.rivasseau@gmail.com

fundamental and ordinary statistical physics on a fixed lattice as a quenched version in which the fluctuating geometry has been frozen.

It would be highly desirable to generalize such ideas and results to more than two dimensions. Random matrices generalize in higher dimensions to random tensors [19–21], whose perturbative expansion performs a sum over random higher dimensional geometries. But until recently the key to analytical rather than numerical results, namely the 1/N expansion, was missing.

That situation has changed with the discovery of such a 1/N expansion [22–24] for colored [25– 27] random tensors. The amplitude of their graphs supports a 1/N expansion indexed by the degree, a positive integer, which plays in higher dimensions the role the genus played in two dimensions. The leading order graphs, baptized melonic [28], triangulate the d-dimensional sphere. They form a summable series and map to colored d-ary trees [28, 29]. When the coupling constant approaches its critical value, the free energy exhibits a critical behavior and, like in matrix models, the colored tensor models reach their continuum limit dominated by triangulations with an infinite number of simplices. The entropy exponent of the melonic series, analogous to the string susceptibility γ_{string} = −1/2 of the 1-matrix model for the pure gravity universal class, is γ_{melons} = 1/2, [28].

Colored random tensors are a promising tractable discretization of quantum gravity in three and more dimensions and the subject is developing fast [30–33]. The understanding of the leading (melonic) order of colored tensor models allows the study of the coupling of statistical systems to random geometries in arbitrary dimension. Concretely one needs to develop an algorithm for solving tensor models and study the critical behavior of various particular examples. As some of the more powerful tools of matrix models, like the reduction to eigenvalues, are absent in tensor models, the algorithm we present here relies on combining Schwinger-Dyson (SD) equations with a factorization property characteristic of melonic graphs [28].

We illustrate our method on the Ising model coupled to random melonic triangulations. It is generated by a (colored) two-tensor model, the straightforward generalization of the matrix model studied by Kazakov [9] in arbitrary dimensions. It is presented in the Section II. Unlike in two dimensions, we find in the Section III that the model does not exhibit a phase transition in the continuum limit. The large N limit corresponds to the limit of zero bare Newton’s constant. As such it is only a limiting case of numerical simulations. However, our results are in agreement with numerical simulations for small Newton’s constant [34] associated to the (cold) branched-polymer phase^1. An open question is therefore to understand why and how the progressive freezing of the random geometry would let the ordinary Ising phase transition appear.

II. COLORED RANDOM TENSOR MODELS

A. Ising Model on Random Surfaces as a Two-Matrix Model

A single random matrix model in the large N limit can be used to describe the behavior of pure two dimensional Liouville gravity, with string susceptibility (or entropy) exponent γ = −1/2 [1–3]. The free energy F expands in the coupling constant g as F ≃ ∑ n F_ng^n, where F_n counts the number of planar lattices with n vertices (of given valence). The entropy exponent γ is deduced from the asymptotic of F_n: if F_n ≃ n^{−b}K^n, then, for g close to the critical coupling g_c, F ≃ (g_c − g)^{2−γ} with γ = −b + 3. The continuum, large volume, limit dominated by lattices with a infinite number of vertices is reached when tuning g to g_c.

In [9] the critical behavior of the two dimensional Ising model on random planar quadrangulations is analyzed through a model of two coupled random hermitian matrices X and Y representing

1 The numerical studies consider triangulations of the sphere which are not necessarily colorable or melonic. This is of no concern as many such ensembles are expected to belong to the same universality class. As already shown in [28], the melonic family shares a number of features with the branched polymers.

respectively the up and down Ising spins. The free energy of the model is

F (c, g) = N^{−2} log ∫ dXdY exp Tr − [ U^2 + Y^2 − 2cXY + g N X^4 + g N Y^4 ] (2.1)

where c = e^{−2βJ} , β being the inverse temperature, and J > 0 the Ising ferromagnetic coupling. The free energy and coupling constant can be solved explicitly in parametrized form as F (c, z) = z^2 2g^2(z) [ z − 1 2(3z − 1)^3

+ c^2 z + 1 3z − 1 + c^4 2(3z^4 − 3z^2 + 1) ]

− z g(z) [ 1 3z − 1 + c^2(1 − z^2) ] + 1 2 ln z(1 − c^2) g(z) + 3 4 , g(c, z) = z (1 − 3z)^2

− c^2z + 3c^2z^3 . (2.2)

The function F (c, g) becomes critical in g when ∂g ∂z = 0 , (2.3)

and the random matrix model reaches its continuum limit. The roots of this equation are

z_0 = − 1 3 , z_{1,2} = 1 3 (1 ∓ c^{−1/2}) , z_{3,4} = 1 3 (1 ∓ ic^{−1/2}) . (2.4)

In the physical interval of temperature, 0 < c < 1, only the two first roots z_{0,1} are relevant (as the others are well separated), and collapse, z_0 = z_1, at c = 1/4. The corresponding critical couplings are g_0(c) = − 1 12 + 2c^2 9 , g_1(c) = − 2 √ c 9 ( √ c − 1)^2( √ c + 2) . (2.5)

The first coupling, g_0(c), is the critical line (of the large volume limit) at temperature c < 1/4. The second coupling, g_c(c), is the critical line at temperature c > 1/4. At c = 1/4, the two lines meet and a phase transition between the low and high temperature phases of the continuous Ising model on a random lattice occurs. Evaluating the free energy in the low and high temperature phases, F (c, z_0(c)) and F (c, z_1(c)) one finds that first and second derivatives of F with respect to c are continuous at the phase transition, but not the third, hence the transition is third order.

Note that F_n is the canonical partition function of Ising spins on a random planar quadrangulation with n vertices. Away from the critical temperature c = 1/4, F_n behaves like n^{−b}K^n with b = 7/2, so that the corresponding susceptibility exponent is γ = −b + 3 = −1/2, just like pure two dimensional Liouville gravity. As the two roots z_0 and z_1 meet at the critical temperature, the second derivative ∂^2g/∂z^2_{|c=1/4} vanishes and F_n changes its large n behavior to n^{−b′} K^n with b^′ = 10/3 and corresponding susceptibility exponent γ = −1/3.

B. The independent identically distributed 1-tensor model

We denote ⃗k_i, for i = 0, . . . , D, the D-uple of integers ⃗k_i = (k_{ii−1}, . . . , k_{i0}, k_{iD}, . . . , k_{ii+1}), with k_{ik} = 1, . . . , N. This N is the size of the tensors and the large N limit defined in [22–24] represents the limit of infinite size tensors. We set k_{ij} = k_{ji}. Let ψ̄^i_{⃗ki} , ψ^i_{⃗ki} , with i = 0, . . . , D, be D + 1 couples of complex conjugated tensors with D indices. The independent identically distributed (i.i.d.) colored tensor model in dimension D [24, 25, 27] is defined by the partition function e^{−N DF i.i.d.N (λ,λ̄)} = Z^{i.i.d.}_N (λ, λ̄) = ∫ dψ̄ dψ e^{−Si.i.d.(ψ,ψ̄)} , S^{i.i.d.}(ψ, ψ̄) = D∑ i=0 ∑ ⃗k ψ̄^i_{⃗ki} ψ^i_{⃗ki} + λ N^{D(D−1)/4} ∑ ⃗k D∏ i=0 ψ^i_{⃗ki} + λ̄ N^{D(D−1)/4} ∑ ⃗k D∏ i=0 ψ̄^i_{⃗ki} . (2.6)

∑_⃗ k denotes the sum over all indices ⃗k_i from 1 to N.

The partition function of equation (2.6) is evaluated by colored stranded Feynman graphs [25, 27]. The colors i of the fields ψ^i, ψ̄^i induce important restrictions on the combinatorics of stranded graphs. Note that we have two types of vertices, say one of positive (involving ψ) and one of negative (involving ψ̄) orientation. The lines always join a ψ^i to a ψ̄^i and possess a color index. The tensor indices k_{ij} are preserved along the strands. The amplitude of a graph with 2p vertices and F faces is [24]

A(G) = (λλ̄)^pN^{−p D(D−1)2 +F} . (2.7)

Any Feynman graphs G of this model is a simplicial pseudo manifold [27]. The colored tensor models provide thus a statistical theory of random triangulations in dimensions D, generalizing random matrix models. The vertices, edges and faces (closed strands) of the graph represent the D, (D − 1) and (D − 2)-simplices. The simplices of the pseudo-manifold are identified by the q-bubbles of the graph, for q = 0, . . . , D, i.e. the maximally connected subgraphs made of lines with q fixed colors. Bubbles are local objects (in the sense that each of them corresponds to a single simplex of the triangulation) and encode the cellular structure of the pseudo manifold. The 0-bubbles, 1-bubbles and 2-bubbles of a graph are its vertices, lines and faces.

The amplitude (2.7) of a graph computes in terms of its degree ω(G) [24] as

A(G) = (λλ̄)^p N^{D− 2(D−1)! ω(G)} , (2.8)

where p is half the number of vertices of G. The degree is a positive integer, hence the expansion is dominated by graphs of degree ω(G) = 0. Such graphs, dual to triangulations of the D-sphere [24] in any dimension, are the analogs of the planar graphs of matrix models in higher dimensions. They are called melons [28] and we will restrict our analysis to the melonic sector in the rest of this paper. The melonic graphs can be fully characterized at the combinatorial level by a factorization property [28] which we will recall and use in the sequel.

The free energy F^{i.i.d.}_N (λλ̄) has been analyzed in details in [28]. It is analytic for small values of the coupling g = λλ̄. When g approaches g_c =^{DD}_{(D+1)D+1} , the free energy becomes non-analytic and the i.i.d. tensor model reaches its continuum, large volume limit. The singular part of the free energy is F_{sing} ∼ (g_c − g)^32 . These results rely on a self-consistency equation for the connected melonic 2-point function U^{i.i.d.} and its relation with the free energy

U^{i.i.d.} = 1 + g ( U^{i.i.d} )_{D+1} , g∂_gF^{i.i.d} = 1 − U^{i.i.d} , (2.9)

which we will generalize below.

C. The random colored two-tensor model

We turn now to a model with two complex tensors, both colored, (X^i, Y^i) (and (X̄^i, Ȳ^i)). We consider the partition function e^{−N D F (x,x̄,y,ȳ,c)} = Z(x, x̄, y, ȳ, c) = ∫ dX̄ dXdȲ dY e^{−S(X,X̄,Y Ȳ )} , S(X, X̄, Y, Ȳ ) = D∑ i=0 ∑ ⃗k [ X̄^i_{⃗ki} X^i_{⃗ki} + Ȳ^i_{⃗ki} Y^i_{⃗ki} − cX̄^i_{⃗ki} Y^i_{⃗ki} − cȲ^i_{⃗ki} X^i_{⃗ki} ]

+ x N^{D(D−1)/4} ∑ ⃗k D∏ i=0 X^i_{⃗ki} + x̄ N^{D(D−1)/4} ∑ ⃗k D∏ i=0 X̄^i_{⃗ki}

+ y N^{D(D−1)/4} ∑ ⃗k D∏ i=0 Y^i_{⃗ki} + ȳ N^{D(D−1)/4} ∑ ⃗k D∏ i=0 Ȳ^i_{⃗ki} . (2.10)

Again ∑_⃗ k denotes the sum over all indices ⃗k_i from 1 to N.

The Feynman graphs of the action (2.10) are identical with the ones of the i.i.d. model, up to the fact that a vertex now involves either X or Y tensors (both coming with positive and negative orientations). Tensor indices k_{ij} and colors are preserved along the strands, and the propagator between the X and Y sectors is C = 1 1 − c^2 ( 1 c c 1 ) . (2.11)

Lines in a graph can join a field X̄ (resp. Ȳ ) to a field X (resp. Y ), with weight 1/(1 − c^2), or a field X̄ (resp. Ȳ ) to Y (resp. X), with weight c/(1 − c^2). This is the only coupling between X-tensors and Y -tensors. As in the i.i.d. model, the free energy organizes in powers of 1/N, with melonic graphs dominating the large N limit, so that F (x, x̄, y, ȳ, c) = ∑ melons G s(G) x^{px}x̄^{px̄} y^{py}ȳ^{pȳ} c^{LX̄Y +LXȲ} (1 − c^2)^L

+ O(N^{−1}) , (2.12)

with p_x (resp. p_{x̄}, p_y and p_ȳ) the number of X (resp. X̄ Y and Ȳ ) vertices, L is the total number of lines, L¯_{XY} (resp. L_X¯_Y ) the number of lines from a X̄ to a Y (resp. from a X to a Ȳ ) and s(G) a symmetry factor. We have L = (D + 1)(p_x + p_y), p_x + p_y = p_{x̄} + p_ȳ.

The X-vertices and Y -vertices represent the Ising spins on random lattices. One, say X, mimics the random world of the up spins, while the other the random world of the down spins. On a graph G, the total number of vertices n is the number of Ising spins. Through the propagator, two spins up or down are coupled with the same weight 1/(1 − c^2) and two opposite spins with c/(1 − c^2), from which one can extract the Ising coupling βJ where β is the inverse temperature. Taking c ∈ [0, 1] corresponds to the ferromagnetic model J > 0. Setting x = x̄ and y = ȳ, the free energy of the tensor model equates the grand canonical partition function of the Ising model on random lattices, Z(μ, βJ, βh) = ∑ n e^{−nμ} Z_n(βJ, βh) , Z_n(βJ, βh) = ∑ G,2(p_x+p_y)=n s(G) ∑ s_i=±1 e^{βJ ∑<i,j> sisj +βh ∑i si} . (2.13)

Z_n is the canonical partition function for the Ising system on random lattices with a fixed number of spins n, h is the magnetic field and μ the chemical potential. The relationship between the Ising parameters and those of the tensor model is e^{−2βJ} = c , e^{−μ} = ( 1 c^{D+1}(1 − c^2)^{D+1} √ xy )_{1/2} , e^{βh} = ( x y )_{1/2} . (2.14)

III. ANALYSIS OF THE SYSTEM

A. Method

The analysis of the critical behavior of our two tensor model is done in three steps

• We derive SD equations relating the derivatives of the free energy to the connected 2-point functions of the tensor model.

• We evaluate the 2-point functions using the SD equation relating them to the self-energy Σ (1PI amputated 2-point function). In turn, the free energy Σ writes in the melonic sector in terms of the full 2-point functions thanks to the melonic factorization at large N (the defining property of melonic graphs [28]).

• We send the random lattices to criticality while keeping the temperature c fixed. This is the regime where the free energy (the grand canonical partition function of the Ising model) is dominated by the graphs with many vertices, hence corresponds to the continuum Ising model. We analyze the behavior of the Ising partition function as a function of the temperature c.

B. Derivatives of the grand-canonical free energy

As the model depends on two complex tensors, there are four types of 2-point functions, noted ⟨¯ XX ⟩ , ⟨¯ Y Y ⟩ , ⟨¯ XY ⟩ and ⟨¯ Y X ⟩ one must deal with. They are necessarily connected and, due to the conservation of the indices along the faces of the graph, have the index structure ⟨¯ X^i_{⃗ni} X^i_{⃗pi} ⟩ c = δ_{⃗ni,⃗pi} ⟨¯ XX ⟩ , (3.15)

where δ_{⃗ni,⃗pi} denotes ∏ k≠i δnikpik . All correlation functions depend on the variables x, x̄, y, ȳ, c.

Proposition 1. The 2-point functions and the derivative of the free energy are related by 1 2 ( x̄ ∂ ∂x̄ + x ∂ ∂x + ȳ ∂ ∂ȳ + y ∂ ∂y ) F = 2 − ⟨¯ XX ⟩ − ⟨¯ Y Y ⟩ + c ⟨¯ XY ⟩ + c ⟨¯ Y X ⟩ . (3.16)

Proof: Using trivial identities of the type 0 = 1 Z ∑ ⃗k_i ∫ δ δX̄_{⃗ki} ( cX̄_{⃗ki} e^{−S} ) , (3.17)

we get

0 = N^D − N^D ⟨¯ XX ⟩ + cN^D ⟨¯ XY ⟩ − x̄ N^{D(D−1)/4} ⟨ ∑ n X̄_{⃗ki} ∏ j≠i X̄^j_{⃗kj} ⟩ ,

0 = N^D − N^D ⟨¯ XX ⟩ + cN^D ⟨¯ Y X ⟩ − x N^{D(D−1)/4} ⟨ ∑ n X_{⃗ki} ∏ j≠i X^j_{⃗kj} ⟩ , (3.18)

that is 1 − ⟨¯ XX ⟩ + c ⟨¯ XY ⟩ = x̄ ∂F ∂x̄ , 1 − ⟨¯ XX ⟩ + c ⟨¯ Y X ⟩ = x ∂F ∂x . (3.19)

This implies 1 4 ( x̄ ∂ ∂x̄ + x ∂ ∂x + ȳ ∂ ∂ȳ + y ∂ ∂y ) F = 1 − 1 2 ⟨¯ XX ⟩ − 1 2 ⟨¯ Y Y ⟩ + 1 2 c ⟨¯ XY ⟩ + 1 2 c ⟨¯ Y X ⟩ . (3.20)

Also note that c ∂_cF = N^{−D}(−c)∂_c ln Z = (−c) (⟨ X̄Y ⟩ + ⟨Ȳ X⟩ ) . (3.21)

If x = x̄ = y = ȳ = √ g, the free energy becomes a function of only one variable (denoted by abuse of notation F (c, g)) and equates the partition function of an Ising model in zero magnetic field. Denoting U = ⟨¯ XX ⟩ = ⟨¯ Y Y ⟩ and V = ⟨¯ XY ⟩ = ⟨¯ Y X ⟩ we get g∂_gF (c, g) = 2 ( 1 − U + cV ) , c ∂_cF (c, g) = −2cV . (3.22) C. Large N Melonic Factorization

The second SD equation we are using is the classical one relating the connected 2-point function and the self-energy Σ. Taking into account that the propagators connecting two self-energy insertions Σ correspond either to X or to Y , we can write it in matrix form as ( ⟨X̄X⟩ ⟨X̄Y ⟩ ⟨Ȳ X⟩ ⟨Ȳ Y ⟩ ) = C + CΣC + CΣCΣC + · · · = C 1 1 − ΣC , for Σ = ( ⟨XX̄⟩_{1P I} ⟨XȲ ⟩_{1P I} ⟨Y X̄⟩_{1P I} ⟨Y Ȳ ⟩_{1P I} ) , (3.23)

where all 2-point functions carry the same color index.

The simplest melonic 2-point graph [28] is the graph with two vertices connected by D lines. Intuitively, more complicated melons are obtained by inserting repeatedly the same motive (i.e. two vertices connected by D lines) on lines. In practice this means that the self-energy Σ in the melonic sector factors as the convolution of D connected 2-point functions, one for each color. This is the defining property of melons [28] and is represented in Figure 1. The key consequence of the melonic factorization is that it makes it possible to close the Equation (3.23) for the full 2-point function. Indeed, Σ = ( xx̄⟨XX̄⟩^D xȳ⟨XȲ ⟩^D yx̄⟨Y X̄⟩^D yȳ⟨Y Ȳ ⟩^D ) , (3.24)

which can be plugged in (3.23) to yield ( ⟨X̄X⟩ ⟨X̄Y ⟩ ⟨Ȳ X⟩ ⟨Ȳ Y ⟩ ) [ 1 − ( xx̄⟨XX̄⟩^D xȳ⟨XȲ ⟩^D yx̄⟨Y X̄⟩^D yȳ⟨Y Ȳ ⟩^D ) 1 1 − c^2 ( 1 c c 1 )] = 1 1 − c^2 ( 1 c c 1 ) . (3.25)

At zero magnetic field, the matrix equation reduces to two independent equations U − cV − g ( U^{D+1} + V^{D+1} ) = 1 V − cU − gUV ( U^{D−1} + V^{D−1} ) = 0 . (3.26)

Figure 1. Definition of melonic 1PI graphs. The self-energy Σ factors into connected 2-point functions corresponding to the internal lines.

D. Critical behavior

The solution for the noninteracting model (g=0) at arbitrary temperature is U(c, 0) = 1 1 − c^2

V (c, 0) = c 1 − c^2

, (3.27)

which is a boundary condition for the system of equations (3.26). Multiplying the first equation by U, the second one by V and subtracting we get

V = √ U^2 − U − gU^{D+2} 1 − gU^D = U √ 1 − 1 U(1 − gU^D) . (3.28)

where we chose the determination of the square root verifying the boundary condition. Indeed, U = ⟨X̄X⟩ is positive, while V (c, 0) > 0 for all c > 0, and V vanishes only if either U = 0, or c = 0. The square-root in equation (3.28), equals V/U and is smaller than one, since 2(U − V ) = ⟨(X̄ − Ȳ )(X − Y )⟩ ≥ 0. Substituting back into (3.26) we obtain

c(U, g) = (1 − gU^D) √ 1 − 1 U(1 − gU^D) − gU^D ( 1 − 1 U(1 − gU^D) )_{D/2} . (3.29)

Although this equation can be solved analytically for D = 3 (as we will show in the next section), this cannot be done in arbitrary D, and in general one can only obtain parametrized solutions. As the Equation (3.29) is an algebraic equation it can potentially lead to non trivial critical behaviors. We will see below that this is not the case and the partition function and its derivatives are analytic functions in the temperature for 0 ≤ c < 1.

The reader should keep in mind the following scenario. At fixed temperature we slowly turn on g. For every c, there exists a critical constant g_c(c) for which the tensor model reaches its thermodynamic limit, the continuous, large volume phase. The free energy of the continuous theory is F (c, g_c(c)). We will see that F (c, g_c(c)) is analytic in c for all 0 ≤ c < 1, that is the continuous Ising model on a random lattice in dimension larger than three does not undergo a phase transition at finite temperature. The numerical simulations of [34] indicate that the system presents just a very long cross over between the totally ordered phase at c = 0 and the totally disordered phase c = 1. We will detail the behavior of the Ising model partition function in the infinite temperature limit c → 1.

1. The 3D case

For D = 3 one can cast equation (3.29) as c(U, g) = √ 1 − 1 U(1 − gU^3) [ 1 − gU^3 − gU^3 ( 1 − 1 U(1 − gU^D) )] . (3.30) Introducing the variable z = g^{1/3}U and squaring we obtain a cubic equation for g^{1/3}

c^2 = ( 1 − g^{1/3} z(1 − z^3) )( 1 − 2z^3 + z^2 g^{1/3} (1 − z^3)

)_2

, (3.31)

whose physical solution (the one which becomes g^{1/3} = z − z^4 when c = 0) is

g^{1/3} = z(1 − z^3) −

2^2(1 − z^3)^2

3z^2 sin^2 (ϕ 6 ) , sin (ϕ 2 ) = √ 3^3z^3c^2 2^2(1 − z^3)^3

. (3.32)

It is difficult to analyze analytically the critical behavior of (3.32) for arbitrary z. In the region of small z it becomes g^{1/3} ≈ (1 − c^2)z − (1 + c^2 + 2c^4)z^4 , (3.33) which, going back to the U variable, leads to

1 = (1 − c^2)U − (1 + c^2 + 2c^4)gU^4 → g =

1 − c^2 (1 + c^2 + 2c^4)U^3 − 1 (1 + c^2 + 2c^4)U^4

, (3.34)

and critical behaviors for c → 1

U_c = 4 3(1 − c^2)

≈ (1 − c)^{−1} , g_c =

(1 − c^2)^43^3 (1 + c^2 + 2c^4)4^4

≈ (1 − c)^4 , (3.35)

hence z_c ∼ (1 − c)^{1/3} and the initial assumption of small z is self-consistent.

2. In arbitrary dimension

a. Change of variables. For arbitrary dimensions one can obtain a parametrized solution of (3.29). To see this we introduce the couple of variables z = g^{1/D}U , w = √ 1 − 1 U(1 − gU^D) . (3.36)

As U = ⟨X̄X⟩ is expected to decrease with c, we get 0 < z ≤^1_{(D+1)1/D} . The physical interval of w is readily obtained recalling (3.28), thus 0 ≤ w ≤ 1. In the z, w variables we obtain the parametrized system of equations c = (1 − z^D)w − z^Dw^D , g^{1/D} = z(1 − z^D)(1 − w^2) . (3.37) When w = 0, one has c = 0, and g^{1/D} = z(1 − z^D) which is the fundamental equation of the i.i.d. model in the melonic sector [28]. When w = 1, g = 0 and z also vanishes so that c = 1. For 0 < w < 1 we have ( ∂c ∂z ) w = −Dz^{D−1}(w + w^D) < 0 , ( ∂c ∂w ) z = 1 − z^D − Dz^Dw^{D−1} > 0 . (3.38) At fixed temperature, the implicit function theorem yields (∂w ∂z ) c = Dz^{D−1}(w + w^D) 1 − z^D − Dz^Dw^{D−1} > 0 . (3.39) b. Large volume limit and critical curve. For sufficiently small values g the free energy is analytic. We now send the lattices to criticality. We obtain a critical curve g_c(c), on which the free energy F (c) ≡ F (c, g_c(c)) describes the Ising system in the large volume limit as a function of the temperature.

The critical curve is defined by the vanishing of ∂g/∂U, so that the expansion of g in term of U only begins at the second order. In the z parametrization it becomes (∂g ∂z ) c = D [ z(1 − z^D)(1 − w^2) ]_{D−1} 1 − z^D − Dz^Dw^{D−1} [ z^{2D}P (w) − z^DQ(w) + R(w) ] , (3.40)

with

P (w) = D(1 + w^2)(1 + w^{D−1}) + (1 − w^2)(1 + D^2w^{D−1}) Q(w) = D(1 + w^2)(1 + w^{D−1}) + 2(1 − w^2) R(w) = 1 − w^2 . (3.41)

The roots of the first derivative write

z^D_1 (w) =

D(1 + w^2)(1 + w^{D−1}) + 2(1 − w^2) − D √[ (1 + w^2)^2(1 + w^{D−1})^2 − 4(1 − w^2)^2w^{D−1} ] 2D(1 + w^2)(1 + w^{D−1}) + 2(1 − w^2)(1 + D^2w^{D−1})

z^D_2 (w) =

D(1 + w^2)(1 + w^{D−1}) + 2(1 − w^2) + D √[ (1 + w^2)^2(1 + w^{D−1})^2 − 4(1 − w^2)^2w^{D−1} ] 2D(1 + w^2)(1 + w^{D−1}) + 2(1 − w^2)(1 + D^2w^{D−1}) z^D_3 (w) = 0 z^D_4 (w) = 1 . (3.42)

Starting from c = 0 and increasing the temperature, one sees that the physical solution is z_1(w), being the only one such that z^D_1 (0) =^1_{(D+1)} . As long as the four roots of the first derivative are well separated the Ising spins cannot undergo a second (or higher) order phase transition (the only way for the second derivative^{∂2g}_{∂z2} to be zero is for two roots of the first derivative to collapse, as they do two dimensions where z_0 = z_1 at the critical temperature [9]). Note that for w < 1 we have

0 < D^2 [ (1 − w^2)(1 − w^{D−12} )^2 + 2w^2(1 + w^{D−1}) ][ (1 − w^2)(1 + w^{D−12} )^2 + 2w^2(1 + w^{D−1}) ] = D^2 [ (1 + w^2)^2(1 + w^{D−1})^2 − 4(1 − w^2)^2w^{D−1} ] , (3.43)

hence the first two roots can never be equal: z_1(w) ≠ z_2(w). Furthermore, as

−D √[ (1 + w^2)^2(1 + w^{D−1})^2 − 4(1 − w^2)^2w^{D−1} ] < 0 < D(1 + w^2) − (1 − w^2)

< D(1 + w^2)(1 + w^{D−1}) + (1 − w^2)(1 + D^2w^{D−1}) − 2(1 − w^2) , (3.44)

we have z_1(w) < 1. It follows that a phase transition can occur if and only if z_1(w) collapses with z_3(w) = 0. This happens if and only if P (w)R(w) = 0 and, as P (w) > D, z_1(w) = 0 ⇒ w = 1 and c = 1.

Substituting z_1(w) into (3.37) we obtain the critical curve (c(w), g(w)) parametrized by w

c(w) = 1 2Dw^D(−D − 1 + (D − 1)w^2) − 2w(1 + D + (D − 1)w^2) [ 2(1 − D^2)w^{D+1}(1 − w^2)

−Dw^2(1 + w^{D−1})(1 + w^2) [ (1 − w^{D−1}) + √ (1 + w^{2D−2}) − 2w^{D−1}

1 − 6w^2 + w^4 (1 + w^2)^2 ]]

g(w) = ( 2w(1 − w^2) + D(1 + w^2)(w + w^D ) − D √ 4w^{D+1} (1 − w^2)^2 + (1 + w^2)^2 (w + w^D )^2 )

(2Dw^D ((1 + w^2) + D(1 − w^2)) + 2w (1 + D + (−1 + D)w^2))^{D+1} (1 − w^2)^{−D} D^D ( (w + w^D )(1 + w^2) + 2Dw^D (1 − w^2) + √ (w^2 + w^{2D} ) (1 + w^2)^2 − 2w^D (w − 6w^3 + w^5) )_D ,

(3.45)

displayed for some values of D in the Figure 2. Using U(w) = z_1(w)/g^{1/D} (w) and V (w) = wU(w), one can also plot the parametric curves (U(w), c(w)), (V (w), c(w)) and (g(w), U(w)). See again the Figure 2.

(a)(g(w), c(w)) (b)(g(w), U(w))

(c)(U(w), c(w)) (d)(V (w), c(w))

Figure 2. Parametric curves on the critical line for D = 3, . . . , 8.

c. The infinite temperature limit. In the neighborhood of w = c = 1, an expansion to second order gives (1 − c) ≃^{D+1}_D (1 − w) −^{D+1}_{2D2} (1 − w)^2. It can be inverted to solve for the parameter w as a function of the temperature c,

w = 1 − D D + 1 (1 − c) − D 2(D + 1)^2

(1 − c)^2 + O ( (1 − c)^3 ) . (3.46)

One can then expand all relevant quantities on the critical line around c = 1, g_c(c) ≃ 2^{D−1} D^D (D + 1)^{D+1}

(1 − c)^{D+1} , U_c(c) ≃ V_c(c) ≃ ( D + 1 2D ) 1 1 − c , (3.47)

to lowest order. The derivative of the free energy along the critical curve close to c = 1 is dF dc (c, g_c(c)) = ∂F ∂c (c, g_c(c)) + dg_c dc ∂F ∂g (c, g_c(c)) , = −2 V_c(c) + 2 d ln g_c dc ( 1 − U_c(c) + c V_c(c) ) , (3.48)

which gives^{dF}_{dc} ∼ (1 − c)^{−1}.

Thus the free energy is analytic for all 0 ≤ c < 1. In the infinite temperature limit c → 1, the physical root z_1(w) collapses with z_3(w) = 0 and the free energy acquires a non analytic behavior. The Ising spin system on random melonic lattices undergoes a phase transition at infinite temperature.

ACKNOWLEDGEMENTS

Research at Perimeter Institute is supported by the Government of Canada through Industry Canada and by the Province of Ontario through the Ministry of Research and Innovation.

[1] V. A. Kazakov, “Bilocal Regularization of Models of Random Surfaces,” Phys. Lett. B 150, 282 (1985). [2] F. David, “A Model Of Random Surfaces With Nontrivial Critical Behavior,” Nucl. Phys. B 257, 543 (1985).

[3] P. Di Francesco, P. H. Ginsparg and J. Zinn-Justin, “2-D Gravity and random matrices,” Phys. Rept.

254, 1 (1995) [arXiv:hep-th/9306153].

[4] G. ’t Hooft, “A PLANAR DIAGRAM THEORY FOR STRONG INTERACTIONS,” Nucl. Phys. B 72, 461 (1974).

[5] E. Brezin, C. Itzykson, G. Parisi and J. B. Zuber, “Planar Diagrams,” Commun. Math. Phys. 59, 35 (1978).

[6] W. Tutte, “A Census of Planar Maps,” Canad. Jour. of Math. 15 (1963) 249-271. [7] G. Schaeffer, ”Bijective census and random generation of Eulerian planar maps,” Electronic Journal of Combinatorics, vol. 4 (1997) R20 [8] M. Bousquet-Mélou and G. Schaeffer, ”Enumeration of planar constellations,” Adv. in Applied Math., 24 (2000) 337-368.

[9] V. A. Kazakov, “Ising model on a dynamical planar random lattice: Exact solution,” Phys. Lett. A 119, 140 (1986).

[10] D. V. Boulatov and V. A. Kazakov, “The Ising Model on Random Planar Lattice: The Structure of Phase Transition and the Exact Critical Exponents,” Phys. Lett. 186B, 379 (1987).

[11] E. Brezin, M. R. Douglas, V. Kazakov and S. H. Shenker, “THE ISING MODEL COUPLED TO 2-D GRAVITY: A NONPERTURBATIVE ANALYSIS,” Phys. Lett. B 237, 43 (1990).

[12] V. G. Knizhnik, A. M. Polyakov and A. B. Zamolodchikov, “Fractal Structure of 2D Quantum Gravity,” Mod. Phys. Lett. A 3, 819 (1988).

[13] F. David, “Conformal Field Theories Coupled to 2D Gravity in the Conformal Gauge,” Mod. Phys.

Lett. A3, 1651 (1988).

[14] J. Distler, H. Kawai, “Conformal Field Theory and 2D Quantum Gravity Or Who’s Afraid of Joseph Liouville?,” Nucl. Phys. B321, 509 (1989).

[15] E. Brezin and V. A. Kazakov, “EXACTLY SOLVABLE FIELD THEORIES OF CLOSED STRINGS,” Phys. Lett. B 236, 144 (1990).

[16] M. R. Douglas, S. H. Shenker, “Strings in Less Than One-Dimension,” Nucl. Phys. B335, 635 (1990). [17] D. J. Gross, A. A. Migdal, “Nonperturbative Two-Dimensional Quantum Gravity,” Phys. Rev. Lett.

64, 127 (1990).

[18] Bertrand Duplantier “Conformal Random Geometry” Les Houches, Session LXXXIII, 2005, Mathematical Statistical Physics, A. Bovier, F. Dunlop, F. den Hollander, A. van Enter and J. Dalibard, eds., pp. 101-217, Elsevier B. V. (2006); [arXiv:math-ph/0608053].

[19] J. Ambjorn, B. Durhuus and T. Jonsson, “Three-Dimensional Simplicial Quantum Gravity And Generalized Matrix Models,” Mod. Phys. Lett. A 6, 1133 (1991).

[20] N. Sasakura, “Tensor model for gravity and orientability of manifold,” Mod. Phys. Lett. A 6, 2613 (1991).

[21] M. Gross, “Tensor models and simplicial quantum gravity in > 2-D,” Nucl. Phys. Proc. Suppl. 25A, 144 (1992).

[22] R. Gurau, “The 1/N expansion of colored tensor models,” Annales Henri Poincare 12, 829 (2011) [arXiv:1011.2726 [gr-qc]].

[23] R. Gurau and V. Rivasseau, “The 1/N expansion of colored tensor models in arbitrary dimension,” Europhys. Lett. 95, 50004 (2011) [arXiv:1101.4182 [gr-qc]].

[24] R. Gurau, “The complete 1/N expansion of colored tensor models in arbitrary dimension,” arXiv:1102.5759 [gr-qc].

[25] R. Gurau, “Colored Group Field Theory,” Commun. Math. Phys. 304, 69 (2011) [arXiv:0907.2582 [hep-th]].

[26] R. Gurau, “Topological Graph Polynomials in Colored Group Field Theory,” Annales Henri Poincare 11, 565 (2010) [arXiv:0911.1945 [hep-th]].

[27] R. Gurau, “Lost in Translation: Topological Singularities in Group Field Theory,” Class. Quant. Grav.

27, 235023 (2010) [arXiv:1006.0714 [hep-th]].

[28] V. Bonzom, R. Gurau, A. Riello and V. Rivasseau, “Critical behavior of colored tensor models in the large N limit,” Nucl. Phys. B853, 174-195 (2011). [arXiv:1105.3122 [hep-th] ] [29] R. Gurau, “A generalization of the Virasoro algebra to arbitrary dimensions,” Nucl. Phys. B 852, 592 (2011) [arXiv:1105.6072 [hep-th]].

[30] J. B. Geloun, J. Magnen and V. Rivasseau, “Bosonic Colored Group Field Theory,” Eur. Phys. J. C 70, 1119 (2010) [arXiv:0911.1719 [hep-th]].

[31] A. Baratin, F. Girelli and D. Oriti, “Diffeomorphisms in group field theories,” Phys. Rev. D 83, 104051 (2011) [arXiv:1101.0590 [hep-th]].

[32] J. Ben Geloun and V. Bonzom, “Radiative corrections in the Boulatov-Ooguri tensor model: The 2-point function,” Int. J. Theor. Phys. 50, 2819 (2011) [arXiv:1101.4294 [hep-th]].

[33] V. Bonzom and M. Smerlak, “Bubble divergences: sorting out topology from cell structure,” arXiv:1103.3961 [gr-qc].

[34] J. Ambjorn, C. F. Kristjansen, Z. Burda, J. Jurkiewicz, “Three-dimensional simplicial quantum gravity coupled to Ising matter,” Nucl. Phys. Proc. Suppl. 30, 771-774 (1993).