arXiv:1109.0053v2 [hep-th] 24 Nov 2011

Time boundary terms and Dirac constraints

Alejandro Gallardo

Departamento de Física, Centro de Investigación y de Estudios Avanzados del Instituto Politécnico Nacional, Avenida Instituto Politécnico Nacional 2508, San Pedro Zacatenco, 07360, Gustavo A. Madero, Ciudad de México, México.

E-mail: agallardo@fis.cinvestav.mx

Abstract. Time boundary terms usually added to action principles are systematically handled in the framework of Dirac’s canonical analysis. The procedure begins with the introduction of the boundary term into the integral Hamiltonian action and then the resulting action is interpreted as a Lagrangian one to which Dirac’s method is applied. Once the general theory is developed, the current procedure is implemented and illustrated in various examples which are originally endowed with different types of constraints.

PACS numbers: 45.20.Jj, 45.20.-d, 45.05.+x, 03.65.Ca

1. Introduction

Time boundary terms are frequently introduced in action principles for both Lagrangian and Hamiltonian systems. On one hand, boundary terms are needed to select a complete set of commuting variables which are going to be fixed at the time boundary and thus, the choice of one of these sets is a motivation for choosing a particular boundary term or another [1, 2].

On the other hand, in gauge theories with a finite number of degrees of freedom, it is usual to deal with Hamiltonian action principles which are not fully gauge-invariant under the gauge transformation generated by their corresponding first-class constraints and in these cases it is possible to add boundary terms to these actions in such a way that the resulting action is fully gauge-invariant under the gauge transformation generated by the first-class constraints involved [1, 2, 3, 4, 5]. This is also the case for field theory [6, 7].

Independently of the motivation at hand to introduce boundary terms, it would be useful to have a general formalism or a recipe to handle them in the theoretical framework of the canonical analysis. The ideas developed in this paper are along this way of thinking. The procedure, proposed in Ref. [4] some years ago but developed here for the first time, consists in first to introduce the boundary term into the integral action and then to interpret the resulting action as a Lagrangian one to which the canonical analysis can be applied. Such a procedure has the disadvantage of enlarging the original set of variables but has the advantage of being completely systematic to handle boundary terms.

2. Theoretical framework

The starting point is a Hamiltonian system described by an action principle of the form [8, 9, 10] S[q^i, p_i, u^a, v^α] = ∫_{τ2} τ_1 dτ [ q̇^ip_i − H_E ] , i = 1, ..., N, (1) where H_E = H_0 + u^aγ_a + v^αφ_α is the extended Hamiltonian, γ_a are first-class constraints (a = 1, ..., A), φ_α are second-class constraints (α = 1, ..., A), and H_0 is the first-class canonical Hamiltonian; u’s and v’s are their respective Lagrange multipliers. This system has^1_2 (2N − A − 2A) degrees of freedom. Following the ideas mentioned in the Introduction, a time boundary term is added to the action (1) S[q^i, p_i, u^a, v^α] = ∫_{τ2} τ_1 dτ [ q̇^ip_i − H_E ] − B(q^i, p_i) |^{τ2}_{τ1} . (2)

Notice that, by hypothesis, B is explicitly τ-independent. The introduction of the time boundary term into the action principle yields to S[q^i, p_i, u^a, v^α] = ∫_{τ2} τ_1 dτ [ q̇^ip_i − H_E − d dτ B ]

= ∫_{τ2} τ_1 dτ [ q̇^ip_i − H_E − ∂B ∂q^i q̇^i − ∂B ∂p_i ṗ_i ] . (3)

The next step is to interpret the action (3) as a Lagrangian one and so to define the momenta (π_xμ ) = (π_qi , π_{pi} , π_ua , π_vα ) canonically conjugated to the configuration variables (x^μ) = (q^i, p^i, u^a, v^α), which leads to the following primary constraints

ϕ_qi := π_qi − p_i + ∂B ∂q^i ≈ 0, ϕ_ua := π_ua ≈ 0, ϕ_pi := π_pi + ∂B ∂p^i ≈ 0, ϕ_vα := π_vα ≈ 0. (4)

Performing the Legendre transformation, the canonical Hamiltonian H_c is computed

H_c = π_qiq̇^i + π_piṗ^i + π_uau̇^a + π_vαv̇^α − ( q̇^ip^i − H_E − ∂B ∂q^i q̇^i − ∂B ∂p^i ṗ^i )

= H_E . (5) Therefore, the action principle is promoted to have the following Hamiltonian form S[x^μ, π_xμ , λ^μ] := ∫_{τ2} τ_1

dτ [ẋ^μπ_xμ − H_c − λ^μϕ_μ] , (6)

where λ^μ are the corresponding Lagrange multipliers. From the variation of the action of Eq. (6), the dynamical equations π̇_qi = − ∂H_c ∂q^i − λ^{qj} ∂ϕ_qj ∂q^i − λ^{pj} ∂ϕ_pj ∂q^i , π̇_pi = − ∂H_c ∂p^i − λ^{qj} ∂ϕ_qj ∂p^i − λ^{pj} ∂ϕ_pj ∂p^i , π̇_ua = − γ_a, π̇_vα = − φ_α, ẋ^μ = λ^μ, (7) together with the constraints (4) are obtained. By using the equations of motion, the evolution of the primary constraints ϕ_qi and ϕ_pi is computed and it is easy to check that the Lagrange multipliers associated to these constraints get fixed λ^{qi} = ∂H_E ∂p^i , λ^{pi} = − ∂H_E ∂q^i , (8)

while the time evolution of ϕ_ua and ϕ_vα produces the following secondary constraints γ_a ≈ 0, φ_α ≈ 0. (9) These constraints are the first- and second-class constraints of the original system. Since the evolution of the secondary constraints gives us relations among the Lagrange multipliers λ^{qi} and λ^{pi} which strongly vanish after plugging into them the explicit form for the Lagrange multipliers given in Eq. (8), the process ends and no more constraints arise.

In order to classify the complete set of constraints (ϕ_I ) = (ϕ_qi , ϕ_pi , ϕ_ua , ϕ_vα , γ_a, φ_α), their Poisson brackets are computed and expressed in matrix form, namely,

({ϕ_I , ϕ_J }) =

0 −δ_{ij} 0 0 −^{∂γb}_{∂qi} −^{∂φβ}_{∂qi} δ_{ij} 0 0 0 −^{∂γb}_{∂pi} −^{∂φβ}_{∂pi} 0 0 0 0 0 0 0 0 0 0 0 0 ∂γ_a ∂q^j ∂γ_a ∂p^j 0 0 0 0 ∂φ_α ∂q^j ∂φ_α ∂p^j 0 0 0 0

, (10) where I, J = 1, ..., 2(N + A + A). This matrix has a vanishing determinant which tells us that there is at least one first-class constraint. It is easy to check that the matrix (10) has (2A + A) null vectors which implies that the constraints must be redefined. By using these null vectors, we build an inverted matrix M_I^J in order to define an equivalent set of constraints, i.e, ϕ̃_I := M_I^J ϕ_J [10], namely

~ϕ_I := ϕ_ua ϕ_vα δ_a ϕ_qi ϕ_pi φ_α = 0 0 δ_{ab} 0 0 0 0 0 0 δ_{αβ} 0 0 ∂γ_a ∂p^j − ∂γ_a ∂q^j 0 0 δab 0 δ_{ij} 0 0 0 0 0 0 δ_{ij} 0 0 0 0 0 0 0 0 0 δ_{αβ} ϕ_qj ϕ_pj ϕ_ub ϕ_vβ γ_b φ_β , (11)

where det(M_I^J ) = 1. With this equivalent set of constraints the Poisson brackets among the constraints ϕ̃_I are computed again which implies that ϕ_ua := π_ua ≈ 0, ϕ_vα := π_vα ≈ 0, δ_a := γ_a + ∂γ_a ∂p^i ϕ_qi − ∂γ_a ∂q^i ϕ_pi ≈ 0, (12)

are e = (2A + A) first-class constraints, (Γ_e), and that

ϕ_qi := π_qi − p_i + ∂B ∂q^i ≈ 0, ϕ_pi := π_pi + ∂B ∂p^i ≈ 0, φ_α ≈ 0, (13)

are ξ = (2N + A) second-class constraints, (χ_ξ).

At this point, it is worth noticing that the second-class constraints φ_α arise from the time evolution of the first-class constraints ϕ_vα . From this fact, we observe that the system analyzed here belongs to that ones which “ cross the class-line in the constraint algorithm ” as was pointed out in [11].

Following Dirac’s method, the first-class Hamiltonian must be built, which can be achieved by plugging into H = H_c + λ^q_{exp}χ_q the explicit form for the Lagrange multipliers λ^q_{exp} given in Eq. (8). Thus the extended action principle becomes

S[x^μ, π_xμ , λ^e, Λ^ξ] := ∫_{τ2} τ_1

dτ[ẋ^μπ_xμ − H − λ^eΓ_e − Λ^ξχ_ξ]. (14)

Finally, the knowledge of the type of the constraints allows us the computation of the degrees of freedom for the system, which turns out to be^1_2 [2N − A − 2A] and it agrees with the original counting.

As was pointed out at the introduction one motivation in order to add boundary terms is to built action principles which are fully invariant under the gauge transformation generated by the first-class constraints, therefore we have to analyze the boundary term which arises from these transformations, such term is given by M = ε^e ( ∂Γ_e ∂π_xμ π_xμ − Γ_e ) . (15)

where ε^e are (2A + A) gauge parameters. From the functional form of the constraints ϕ_ua and ϕ_vα , it is easy to see that they are linear and homogeneous in the momenta π_μ so their corresponding boundary term turns out to be zero. Therefore the unique contribution to the boundary term M is due to δ_a, i.e.,

M_δ = ε^a ( ∂γ_a ∂p_i p_i − γ_a + ∂γ_a ∂q^i ∂B ∂p_i − ∂γ_a ∂p_i ∂B ∂q^i ) . (16)

Therefore, the extended action could be fully gauge invariant or not depending on which boundary term, B, had been chosen [4, 5].

In summary, the introduction of a time boundary term into action principle (1) and the application of the Dirac’s method implies an enlargement of the phase space and the appearance of second-class constraints which contain the information about the time boundary.

3. Examples

The general theory is implemented in the following examples.

3.1. Harmonic oscillator without time boundary term

This example is relevant because it illustrates just one part of the whole procedure developed in last section: the interpretation of the original Hamiltonian action principle as a Lagrangian one. In other words, there is not a boundary term at the time boundary.

Thus, the analysis begins with the following Hamiltonian action principle for the non-relativistic one-dimensional harmonic oscillator S[q, p] := ∫_{τ2} τ_1 dτ [ pq̇ − p^2 2m − 1 2 mω^2q^2 ] , (17)

The system has one physical degree of freedom. Following the framework described in last section, the integrand is interpreted as a Lagrangian and so from the definition of the momenta (π_xμ ) = (π_q , π_p) canonically conjugate to the coordinates (x^μ) = (q, p), the primary constraints

ϕ_q = π_q − p ≈ 0, and ϕ_p = π_p ≈ 0 (18)

arise. With this information, the canonical Hamiltonian is computed and it turns out to be H_c =^{p2}_{2m} +^1_2 mω^2q^2. Thus, the total action principle becomes S[x^μ, π_xμ , λ^μ] = ∫_{τ2} τ_1

dτ [ẋ^μπ_xμ − H_c − λ^μϕ_μ] . (19)

By consistency, the evolution of the constraints (18) is computed which implies that some of the Lagrange multipliers get fixed

λ^q = p m and λ^p = −umω^2q, (20)

Therefore, all the Lagrange multipliers has been fixed and so there are no more constraint. A straightforward computation shows that the Poisson brackets between the constraints are {ϕ_i, ϕ_j } = −δ_{ij} where i, j = 1, 2 and hence (ϕ_q , ϕ_p) are secondclass constraints. The first-class canonical Hamiltonian becomes H =^{p2}_{2m} −^1_2 mω^2q^2 + π_q p m − mω^2qπ_p. The counting of the number of degrees of freedom is^1_2 (2 × 2 − 2) = 1, which is in agreement with the original description of the system given by the action (17).

Finally, due to there are no first-class constraints the boundary term M will not exist.

3.2. Parameterized harmonic oscillator with time boundary term

The next example is the parameterized non-relativistic one-dimensional harmonic oscillator. The example is relevant because on it is seen the role of the boundary term in the gauge invariance of the action. As starting point, we take the Hamiltonian action principle for the parameterized non-relativistic one-dimensional harmonic, S[q, t, p_q, p_t; u] := ∫_{τ2} τ_1 dτ [ pq̇ + p_tṫ − H_E ] , (21)

where the extended Hamiltonian, H_E = uγ, is composed by the first-class constraint γ := p_t +^1_{2m} ( p^2 + m^2ω^2q^2 ) and the Lagrange multiplier u. On the other hand, we take the boundary term B = B(q, t, p, p_t)|^{τ2}_{τ1} . By applying the method, we add this boundary term to the action principle (21), namely S[q, t, p_q, p_t, u] = ∫_{τ2} τ_1 dτ [ q̇p + ṫp_t − H_E − dB dτ ] . (22)

As next step, the integrand of (22) is interpreted as Lagrangian ones, i.e., L := q̇p + ṫp_t − u [ p_t +^1_{2m} ( p^2 + m^2ω^2q^2 )] −^{∂B}_{∂q} q̇ −^{∂B}_{∂t} ṫ −^{∂B}_{∂p} ṗ −^{∂B}_{∂pt} ṗ_t. The canonical analysis starts by the definition of the momenta, π_xμ = (π_q , π_t, π_p, π_{pt} , π_u), canonically conjugated to the coordinates, x^μ = (q, t, p_q, p_t, u). From these definitions it is easy to see that five primary constraints arise ϕ_q := π_q − p +^{∂B}_{∂q} ≈ 0, ϕ_t := π_t − p_t +^{∂B}_{∂t} ≈ 0, ϕ_{pt} := π_{pt} +^{∂B}_{∂pt} ≈ 0, ϕ_p := π_p +^{∂B}_{∂p} ≈ 0, ϕ_u := π_u ≈ 0.

(23)

Using this information, the canonical Hamiltonian becomes H_c = u [ p_t +^1_{2m} ( p^2 + m^2ω^2q^2 )] and the total action principle acquires the form

S[x^μ, π_xμ λ^μ] := ∫_{τ2} τ_1 dτ [ ẋ^μπ_xμ − H_c + λ^{xμ} ϕ_xμ ] . (24)

By consistency, the primary constraints are evolved in time and from this it is straightforward to observe that four Lagrange multipliers are fixed,

λ^q = u p m , λ^t = u, λ^p = −umω^2q, λ^{pt} = 0, (25)

and that ϕ_u generates a secondary constraint

Φ = p_t + 1 2m ( p^2 + m^2ω^2q^2 ) ≈ 0. (26)

The time evolution of the secondary constraint yields a relationship among the Lagrange multipliers, which strongly vanishes after plugging into it the explicit values of the Lagrange multipliers (25), and therefore, no more constraints arise.

The Poisson brackets among the constraints are computed in order to classify them. From this, it is straightforward to obtain that δ_1 := ϕ_u and

δ := γ + p m ϕ_q + ϕ_t − mω^2ϕ_p

= π_t + pπ_q m − mω^2qπ_p + p m ( ∂B ∂q − p 2 ) + mω^2q ( q 2 − ∂B ∂p ) + ∂B ∂t (27)

are first-class constraints and that the remaining ones are second-class constraints.

The first class Hamiltonian is H = uδ. Moreover, the extended action principle takes the form

S[x^μ, π_xμ , λ^e, Λ^ξ] := ∫_{τ2} τ_1

dτ[ẋ^μπ_xμ − H − λ^eΓ_e − Λ^ξχ_ξ]. (28)

where e = 1, 2 y ξ = 1, ..., 4 . The last step of the procedure is to make the counting of degrees of freedom which is^1_2 [2(5) − 4 − 2(2)] = 1, this number agrees with the original system.

As final comment, we will consider the boundary term which arises from the gauge transformation of the action principle generated by the first-class constraints δ. The boundary term which arises from the gauge transformation generated by δ is M = ε ( ∂δ ∂π_μ π_μ − δ )

= ε [ p m ( p 2 − ∂B ∂q ) − mω^2 ( q 2 − ∂B ∂p ) − ∂B ∂t ] , (29)

therefore, in the general case, the extended action principle is not fully gauge invariant. Nevertheless, if the boundary term, B, is chosen to be [2, 4] B = 1 2 qp, (30) the extended action principle becomes fully gauge invariant!

3.3. A system originally defined by first-class constraints only

The next example is the system described by the Hamiltonian action principle

S[q^i, p_i, u^i] := ∫_{τ2} τ_1 dτ [ q̇^ip_i − u^iγ_i ] , i = 1, 2, . . . , N, (31) where γ_i := (p_i − q_i) ≈ 0 are N first-class constraints, u^i are Lagrange multipliers, and so the system has zero degrees of freedom.

Next, a boundary term is added to the action (31) S[q^i, p_i, u^i] = ∫_{τ2} τ_1 dτ [ q̇^ip_i − u^iγ_i − dB(q, p) dτ ] . (32)

By interpreting the integrand as a Lagrangian function, i.e., L = q̇^ip_i − u^iγ_i −^{∂B}_{∂qi} q̇^i − ∂B ∂p_i ṗi, the momenta πx^μ canonically associated to the coordinates (x

μ) = (q^i, p_i, u^i) must be defined from which 3N primary constraints arise

ϕ_qi := π_qi − p_i + ∂B ∂q^i ≈ 0, ϕ_pi := π_pi + ∂B ∂p^i ≈ 0, ϕ_ui := π_ui ≈ 0. (33)

The computation of the canonical Hamiltonian leads to H_c := u^iγ_i, and the total action principle becomes S[x^μ, π_xμ , λ^{xμ} ] = ∫_{τ2} τ_1 dτ [ ẋ^μπ_xμ − H_c − λ^{qi} ϕ_qi − λ^{pi} ϕ_{pi} − λ^{ui} ϕ_ui ] . (34)

From the evolution of the primary constraints ϕ_qi and ϕ_pi , the first 2N Lagrange multipliers are determined

λ^{qi} = u^i, λ^{pi} = u^i, (35) while from the evolution of ϕ_ui , the constraints γ_i of the original description of the system (31) appear again, this time as secondary constraints γ_i = p_i − q_i ≈ 0, (36) whose evolution does not generate additional constraints. A straightforward computation shows that ϕ_ui and δ_i = γ_i + ϕ_qi − ϕ_pi = π_qi − π_pi − q^i + ∂B ∂q^i − ∂B ∂p^i (37)

are first-class and that ϕ_qi and ϕ_{pi} are second-class. The first-class canonical Hamiltonian becomes H = u^iδ_i. The last step is to make the counting of the degrees of freedom of the system, which is^1_2 (2 × 3N − 2N − 2 × 2N) = 0, that is in agreement with the original description for the system given by the action (31).

Finally, the boundary term which arises from the gauge transformation generated by the first-class constraints acquire the form

M_δ = ε ( ∂B ∂p^i − ∂B ∂q^i + q^i ) . (38)

Thus, the extended action principle will be gauge invariant or not depending on which boundary term B had be chosen.

3.4. Action for a particle on a sphere S^2

Now is considered the “free particle” restricted to move through a sphere, this system contains second-class constraints due to the restriction of the motion to the sphere. The system is described by the Hamiltonian action principle [12]

S[q^α, p_α, v^α] := ∫_{τ2} τ_1

dτ[q̇^αp_α − H_0 − v^αφ_α], α = 1, . . . , 4, (39)

with (q^α) = (x, y, z, u), H_0 =^{|⃗p|2}_{2m} +^u_2 (|⃗q|^2 −R^2) is the first-class Hamiltonian and R is a constant; φ_1 := p_u ≈ 0, φ_2 := |⃗q|^2 − R^2 ≈ 0, φ_3 := ⃗q · ⃗p ≈ 0 and φ_4 :=^{|⃗p|2}_m − u|⃗q|^2 ≈ 0 are second-class constraints and v^α are their respective Lagrange multipliers. The system has two degrees of freedom. Next, a time boundary term is added to the action (39)

S[q^α, p_α, v^α] := ∫_{τ1} τ_2 dτ[q̇^αp_α − H_0 − v^αφ_α − d dτ B(q^α, p_α)]. (40)

By interpreting the integrand as a Lagrangian function, the momenta (π_xμ ) = (π_qα , π_{pα} , π_vα ) canonically conjugated to the coordinates x^μ = (q^α, p^α, v^α) must be defined from which twelve primary constraints arise ϕ_qα := π_qα − p_α +^{∂B}_{∂qα} ≈ 0, ϕ_pα := π_pα +^{∂B}_{∂pα} ≈ 0, ϕ_vα := π_vα ≈ 0, (41)

The computation of the canonical Hamiltonian leads to H_c =^{|⃗p|2}_{2m} +(^u_2 +v^2)(|⃗q|^2 − R^2) + v^1p_u + v^3⃗q · ⃗p + v^4(^{|⃗p|2}_m − u|⃗x|^2) and the total action principle becomes

S[x^μ, π_xμ , λ^μ ] := ∫_{τ2} τ_1 dτ[q̇^μπ_xμ − H_c − λ^{xμ} ϕ_xμ ]. (42)

By consistency the constraints must be evolved and it is easy to see that the evolution of ϕ_x, . . . , ϕ_{pu} fix the first eight Lagrange multipliers λ^{qi} = p^i m (1 + 2v^4) + q^iv^3, λ^{pi} = uq^i(2v^4 − 1) − 2q^iv^2 − p^iv^3,

λ^u = v^1, λ^{pu} = v^4 | ⃗x |^2 − 1 2 (| ⃗q |^2 −R^2), (43)

while the time evolution of ϕ_uα yield the original constraints from (39), i.e., φ_1 = p_u ≈ 0, φ_2 = |⃗q|^2 − R^2 ≈ 0,

φ_3 = ⃗q · ⃗p ≈ 0, φ_4 = | ⃗p |^2 m − u|⃗q|^2 ≈ 0, (44) whose evolution give no more constraints. A straightforward computation shows that ϕ_vα are first-class and that the remaining ones are second-class. By using these information the number of physical degrees of freedom of the system is computes which turns out to be^1_2 [2(12) − 12 − 2(4)] = 2, which is in agreement with the original description for the system given by the action (39).

Finally, the first-class constraints ϕ_vα of the system are linear and homogeneous therefore the boundary term which arise from the gauge transformation of the extended action is zero and hence the system is fully invariant no matter what boundary term had been chosen.

3.5. Action defined by a time boundary term only

This system is defined by an action principle of the form S[q^i] = B(q^i) |^{τ2}_{τ1} , i = 1, . . . , N. (45) By introducing the time boundary term into the integral action leads to

S[q^i] = ∫_{τ2} τ_1 dτ dB dτ = ∫_{τ2} τ_1 dτ ( ∂B ∂q^i q̇^i ) . (46)

The next step is to interpret the action (46) as a Lagrangian one, i.e., the q’s are interpreted as configuration variables and so Dirac’s method calls for the definition of their canonically conjugate momenta π_qi . Thus, from the definition of the momenta and the Lagrangian L =^{∂B}_{∂qi} q̇^i, the primary constraints

ϕ_i := π_qi − ∂B ∂q^i ≈ 0. (47)

arise. The canonical Hamiltonian H_c = q̇^iπ_qi − L identically vanishes. On the other hand, the evolution of the primary constraints is strongly zero and so (47) are firstclass. The Hamiltonian action principle acquires the form

S[q^i, π_qi , u^i] = ∫_{τ2} τ_1 dτ ( q̇^iπ_qi − λ^iϕ_i ) . (48)

The dynamics of this theory is pure gauge in the sense that the number of physical degrees of freedom is zero,^1_2 (2N − 2N) = 0, and evolution in τ is the unfolding of the gauge symmetry.

By other hand, the boundary term which come from the gauge transformations generated by the first-class constraints is the following

M_ϕ = ε ∂B ∂q^i . (49)

By one hand, this example is relevant because it illustrates the role played by boundary terms only. By other hand, this result can be expressed as follow

Theorem 1 Let M be a m-dimensional manifold with boundary ∂M of dimension m − 1. Let L_B (q^i, q̇^i) and L_F (q^i) be two Lagrangian functions defined on M and ∂M respectively, where q^i are N coordinates which label the points of the configuration space. Therefore, if L_B such as

L_B (q^i, q̇^i) = d dt L_F (q^i) (50)

then the theory defined by L_B is topological.

The theorem is still valid if L_F depend on the momenta p^i or the higher n-th derivative of the coordinates‡^{dnq}_{dτ n} , namely, if the Lagrangian L_B can be expressed as the total derivative of some function L_F the number of the degrees of freedom will be zero, namely the theory always will be topological. This theorem is true for system with finite numbers of degrees of freedom and as well as for field theories as it is seen in the appendix and in [15].

4. Concluding remarks

It has been studied how to manage time boundary terms in the theoretical framework of Dirac’s canonical analysis. The strategy consist in the introduction of the time boundary term into the action principle, thus enlarging the original set of configuration variables. The resulting action is interpreted as a Lagrangian one to which the canonical analysis can be applied. In this approach the time boundary conditions of the new action principle are on the new full set of configuration variables, as usual. The information of the boundary term is encoded in the new second-class constraints as well as in the redefinition of the new first-class constraints.

The approach followed here, can also be applied to the case when the original action principle is endowed with arbitrary symplectic structures instead of canonical ones [5].

It is worthwhile to mention that the boundary term added can also include the original Lagrange multipliers. The analysis in such a case can be carried out following essentially the same steps made in the current paper.

As final comments, the approach developed here can also be applied to minisuperspace models (when the space-time has specific symmetries), such as cosmological models [see, for instance, Ref. [13-19]. Moreover, these way to deal with boundary term could be applied into the zero-Hamiltonian problem in 2D gravity [20, 21] and into topological field theories [15]. Finally, the approach developed here can extended to its complex counterpart and analyze complex canonical transformations [22].

‡ The demonstration of the theorem when L_F depends on the higher derivatives of the coordinates do not has been deployed here because it is out of the spirit of the paper.

Acknowledgments

This work was presented in the parallel session of the 12th Marcel Grossmann Meeting held in Paris France, 2009. We thank M Montesinos and JD Vergara for very fruitful discussions on the subject. This work was supported in part by CONACYT, Mexico, Grant No. 56159-F.

Appendix A. The Stokes’s theorem as a topological field theory

In this appendix we will consider the Stokes theorem in two dimensions as special case of the theorem 1 for field theory. The Stokes theorem can be read as ∫ M^n dω = ∫ ∂M^n ω, (A.1)

where M^n is a n-manifold with boundary, ω is an (n − 1)-form. For the sake of simplicity, let us consider a 2-manifold M^2. Let (x, y) be local coordinates that label the points of M^2. Therefore, ω = X(x, y)dx + Y (x, y)dy. By one hand, the Stokes theorem (A.1) seen as an action principle acquires the form S[X, Y ] := α ∫ M^2 [∂_xY (x, y) − ∂_yX(x, y)] , (A.2) where α is the constant of proportionality which absorbs the unities. By other hand, we consider the parametrization of the coordinates (x, y) x = x(τ, σ), and y = y(τ, σ). (A.3) The range of the parameters are τ_1 ≤ τ ≤ τ_2 and σ_1 ≤ σ ≤ σ_2, namely, we parameterize the surface M^2 with a square. Solving the components of (A.2) in terms of the parameters (τ, σ), we obtain S[X, Y ] := α ∫ M^2 dτ ∧ dσ ( Ẋx^′ + Ẏ y^′ − ẏY^′ − ẋX^′ ) . (A.4)

where the dot and the apostrophe denote derivation with respect to τ and σ respectively.

In order to make the counting of degrees of freedom, the momenta (π_i) = (π_X , π_Y , p_x, p_y) canonically associated to the coordinates (q^i) = (X, Y, x, y) must be defined, and these arise four primary constraints

ϕ_X := π_X − αx^′ ≈ 0, ϕ_Y := π_Y − αy^′ ≈ 0, ϕ_x := p_x + αX^′ ≈ 0, ϕ_x := p_y + αY^′ ≈ 0. (A.5)

A straightforward computation implies that the canonical Hamiltonian vanishes, and so the action principle acquires the form S[q^i, π_i, λ^i] = ∫_{τ2} τ_1 dτ ∫_{σ2} σ_1 dσ ( q̇^ip_i − λ^iϕ_i ) i = 1, ..., 4. (A.6) By consistency, the primary constraints (A.5) must be evolved respect to the parameter τ. These τ-evolution are strongly zero and therefore there are no more constraints. Moreover, the algebra of constraints tell us that the constraints (A.5) are first-class.

The extended phase space is parameterized by 4 configuration variables q^i and the corresponding 4 canonical momenta π_i, there are 4 first-class and 0 second-class constraints. Therefore the system has^1_2 (2 × 4 − 2 × 2) = 0 physical degree of freedom

Time boundary terms and Dirac constraints 12

per point of σ, namely, the theory defined by the Stokes theorem is topological as was pointed out in the theorem 1.

As final comment it is worth noticing that besides the left side of the Stokes theorem (A.1) is topological, the canonical analysis of the right side of (A.1) revels that the theory defined by L_F = αω has one degree of freedom [14]. Namely, the theory described by (A.2) is other example of the theories defined in a manifold with boundary which are topological in the bulk and has local degrees of freedom into its boundary [15].

References

[1] Henneaux M and Vergara JD 1992, in Sakharov Memorial Lectures in Physics, edited by L.V.

Keldysh and V.Ya. Fainberg (New York: Nova Science Publishers Inc) p 111. [2] Henneaux M, Teitelboim C, and Vergara JD 1992 Nucl. Phys. B 387 391. [3] Teitelboim C 1994, in Physical Origins of the Time Asymmetry, edited by JJ Halliwell, J Pérez- Mercader, and WH Zurek (New York: Cambridge University Press) p 442.

[4] Montesinos M and Vergara JD 2002 Phys. Rev. D 65 064002; gr-qc/0111006. [5] Cuesta V, Montesinos M, and Vergara JD 2007 Phys. Rev. D 76 025025. [6] Montesinos M and Vergara JD 2001 Gen. Relativ. Gravit. 33 921; gr-qc/0010113. [7] Montesinos M and Vergara JD 2003 Rev. Mex. Fís. 49 S1 53; hep-th/0105026. [8] Dirac PAM 1950 Can. J. Math. 2 129; 1951 Can. J. Math. 3 1; 1958 Proc. Roy. Soc. A 246 326. [9] Dirac PAM 1964 Lectures on Quantum Mechanics (New York: Belfer Graduate School of Science).

[10] Henneaux M and Teitelboim C 1992 Quantization of Gauge Systems (Princeton: Princeton University Press).

[11] Gotay MJ and Nester JM 1984 J. Phys. A: Math. Gen. 17 3063.

[12] Kashiwa T, Ohnuki Y, and Suzuki M 1997 Path Integral Methods (Oxford: Clarendon Press). [13] C. Simeone, Deparametrization and Path Integral Quantization of Cosmological Models (World Scientific, Singapore, 2001) [14] Gallardo A 2011 PhD Thesis Cinvestav, Mexico.

[15] Gallardo A and Montesinos M 2011 J. Phys. A: Math. Theor. 44 135402. [16] Shestakova TP and Simeone C 2004 Grav.Cosmol. 10 257. [17] De Cicco H and Simeone C Gen. Rel. and Grav. 31 1225. [18] Marolf D 1996 Phys. Rev. D 53 6979. [19] Vergara et al 2011 in preparation.

[20] Delfrate DG, Devecchi FP and Marchioro DF 2003 Europhys. Lett. 61 15. [21] Constantinidis CP, Devecchi FP and Marchioro DF 2000 Phys. Rev. D 62 025015. [22] Déctor A, et al 2009 SIGMA 5 053.