arXiv:1109.0293v1 [hep-th] 1 Sep 2011

Supergravity for Effective Theories

Daniel Baumann^{♣,♥} and Daniel Green^♣

♣ School of Natural Sciences, Institute for Advanced Study, Princeton, NJ 08540, USA

♥ D.A.M.T.P., Cambridge University, Cambridge, CB3 0WA, UK

Abstract

Higher-derivative operators are central elements of any effective field theory. In supersymmetric theories, these operators include terms with derivatives in the Kähler potential. We develop a toolkit for coupling such supersymmetric effective field theories to supergravity. We explain how to write the action for minimal supergravity coupled to chiral superfields with arbitrary numbers of derivatives and curvature couplings. We discuss two examples in detail, showing how the component actions agree with the expectations from the linearized description in terms of a Ferrara-Zumino multiplet. In a companion paper [1], we apply the formalism to the effective theory of inflation.

Contents

1 Introduction 2

2 Minimal Supergravity with Higher Derivatives 3 2.1 Supergravity in Curved Superspace 3 2.2 Actions for Supergravity in Superspace 5 2.3 Actions for Supergravity in Components 6

3 Simplest Higher-Derivative Example 8 3.1 Supergravity Action in Components 8 3.2 Comparison with Linearized Supergravity 9

4 Application: Supersymmetric Effective Theory of Inflation 12 4.1 Supersymmetric Slow-Roll Actions 13 4.2 Supersymmetric Small Speed of Sound 14

5 Conclusions 16

A SUGRA Toolbox 17 A.1 Collection of Useful Identities 17 A.2 Collection of One-Derivative Results 18

B Derivations of Selected SUGRA Identities 19 B.1 Components of G_a 19 B.2 Derivation of D^2D̄^2D_aΦ̄| 20

1 Introduction

Supersymmetry (SUSY) [2] is an attractive framework for explaining the radiative stability of scalar masses. Since scalar fields play fundamental roles in high-energy physics and cosmology, supersymmetry is often of critical importance in constructing theories that respect basic notions of technical naturalness [3]. Moreover, gravity exists, so if supersymmetry is realized in Nature, we are led to consider theories of supergravity (SUGRA).

Few concepts in theoretical physics are more widely applicable than effective field theory (EFT) [4]. Progress in diverse fields, such as condensed matter physics, particle physics, and cosmology, has relied heavily on the power and universality of EFT techniques. EFT isolates the relevant low-energy degrees of freedom, while systematically including the effects of high-energy degrees of freedom as non-renormalizable corrections. The low-energy physics is then described by an effective action for the light fields that includes all operators that are consistent with the symmetries of the problem. This list will include operators with arbitrary numbers of derivatives.

In this paper, we develop the fundamental tools for constructing effective field theories in supergravity. Specifically, we will show how to couple higher-derivative terms in the Kähler potential to supergravity. Although the literature on higher-derivative matter coupled to minimal supergravity is limited [5–9], the techniques we will use are standard and well-known to supergravity experts. Our goal here is to provide an algorithmic approach that other effective field theorists may follow to consistently couple any EFT of interest to supergravity. In a companion paper [1], we will apply this formalism to the effective theory of inflation [10, 11].

Standard treatments of minimal supergravity (e.g. [12]) are usually formulated for theories with arbitrary Kähler potential K(Φ, Φ̄). Although this includes many important operators in an EFT, it is restricted to the lowest order in derivatives in the action. However, in many effective theories the first important corrections arise from operators with higher derivatives. This is especially true for theories of spontaneous symmetry breaking. In that case, the two-derivative action for the Goldstone degree of freedom is typically universal, and any non-universal behavior is encoded in higher-derivative terms. For example, the effective action for the Goldstino has an exact R-symmetry unless higher-derivative terms are included in the Kähler potential [13]. This further motivates understanding the coupling of higher-derivative operators to supergravity.

The outline of the paper is a follows: In Section 2, we describe our approach for coupling higher-derivative theories to supergravity. This formalism is then applied to various examples: In Section 3, we derive the component action for the simplest higher-derivative Kähler potential. Besides illustrating our approach, the results of this example are fundamental building blocks for the construction of more complex effective theories. We also check that our results are consistent with a linearized coupling of gravity to a Ferrera-Zumino multiplet. In Section 4, we present an application to the supersymmetric effective theory of inflation [10, 11]. We derive the basic component actions, but defer a detailed physics discussion to a companion paper [1]. We state brief conclusions in Section 5. Two technical appendices form an integral part of this work: In Appendix A, we cite key identities that proved to be invaluable for the computations presented in this paper. In Appendix B, we give detailed derivations of some of the less trivial identities. Unless indicated otherwise, our notation and conventions will follow Wess and Bagger [12].

2 Minimal Supergravity with Higher Derivatives

Our starting point are four-dimensional effective actions with global N = 1 supersymmetry. We allow for an arbitrary number of chiral superfields^1 and derivatives^2

S_{rigid} = ∫ d^4x [ ∫ d^4θ K(Φ, Φ̄; D_αΦ, D̄_αΦ̄; ∂_μΦ, ∂_μΦ̄; · · · ) + (∫ d^2θ W (Φ) + h.c. )] . (2.1)

In this section, we give a brief review of our approach for coupling this higher-derivative theory to supergravity. We will follow closely the standard methods described in Wess and Bagger’s book [12]. Their specific treatment has the advantage that it leads to an algorithmic method for coupling any theory of chiral superfields, such as eq. (2.1), to supergravity.^3

2.1 Supergravity in Curved Superspace

Our goal is to define effective actions that are both covariant and supersymmetric. We will do this in superspace. Since supersymmetry is a spacetime symmetry, the transformation properties of fields will depend on the metric. Following [12], we modify the definition of superspace and the SUSY transformations to be invariant in the presence of a dynamical metric (and the gravitino). In this subsection, we will briefly review how covariant superfields and derivatives are defined. In the next subsection, we describe how to use curved superspace to construct invariant supergravity actions.

Much of the structure of curved superspace is required because a supersymmetric theory necessarily contains spinors (fermions) living in a dynamical spacetime. In order to describe spinors in general relativity, one introduces a vierbein (or tetrad) e^a_μ(x), with g_{μν} = e^a_μe^b_ν η_{ab}. Here, μ is a spacetime index^4 and a is a Lorentz structure index. The tetrad formalism allows us to translate spinors that are naturally defined in flat spacetime to curved spacetime through the projection operator σ̄^{αα̇}_μ = e^a_μσ̄^{αα̇}_a , where the matrices σ̄_a satisfy the Clifford algebra. Covariant derivatives D_μ are then defined in terms of the spin connection ω^{ab}_μ , such that D_μV^a = ∂_μV^a + ω^a_{μb}V^b. A priori, the spin connection and the vierbein are not related—however, they may be related by demanding that the connection is torsion free, i.e. T^a_{μν} = D_μe^a_ν − D_ν e^a_μ = 0. Finally, for vanishing torsion we may define the curvature tensor via [D_μ, D_ν ]V^a = R_{μν}^a_bV^b.

Superspace is an extension of spacetime that includes fermionic coordinates, z^M ≡ {x^μ, θ^α, θ̄_{α̇}} . (2.2) We therefore must extend our definitions of the vierbein and the spin connection to be covariant with respect to superspace. We are led to define a new vielbein E^A_M (z) and a new connection

1For clarity, we will write all actions for a single chiral field Φ, but the extension to multiple fields Φi is straightforward. Moreover, there is no obstacle to including vector superfields when the rigid theory has a welldefined FZ multiplet.

2For reasons that we will explain in §2.2, we will not include derivatives in the superpotential. 3The compensator approach to supergravity (e.g. [14]) may have all the same features in the hands of experts, but we found the approach of [12] to be more intuitive to the novice. Nevertheless, these alternative techniques may be advantageous when the couplings of interest arise predominantly through the compensator [15, 16].

4Here, we differ from the notation of Wess and Bagger, as we will label spacetime vector indices as μ and spacetime spinor indices as α.

Ω^{AB}_M (z), where the indices M, A, B run over both vector and spinor indices. This implies the following definition for covariant derivatives with respect to the structure index

D_AV_B = ∂_AV_B − E^M_A Ω^C_{MB}V_C . (2.3)

As usual, one can project this onto derivatives with respect to the spacetime index by using the vielbein D_M ≡ E^A_M D_A. Given the covariant derivatives, we can define the torsion

T^A_{NM} = D_N E^A_M − (−1)^{nm}D_M E^A_N , (2.4)

where n, m are 1 (0) when the index is a spinor (vector). The following identity holds: T^A_{NM} = (−1)^{n(m+b)}E^B_M E^C_N T^A_{CB}. The superspace curvature tensor is

R_{NM C}^D = D_N Ω^D_{MC} − (−1)^{nm}D_M Ω^D_{NC} + (−1)^{n(m+c+e)}Ω^E_{MC} Ω^D_{NE} − (−1)^{m(c+e)}Ω^E_{NC} Ω^D_{ME} . (2.5)

These three operators are related through an extremely useful identity ( D_C D_B − (−1)^{bc}D_B D_C ) V^A = (−1)^{d(c+b)}V^DR_{CBD}^A − T^D_{CB}D_DV^A . (2.6)

We will use eq. (2.6) over and over. Like in the non-supersymmetric case, we wish to determine Ω^{AB}_M in terms of derivatives of E^A_M . However, in the context of SUSY, the torsion cannot vanish. This is clear from eq. (2.6) if we set C = α and B = α̇. In this case, the components of the torsion must be chosen to reproduce the SUSY algebra, T^a_{αα̇} = 2iσ^a_{αα̇}. In general, one therefore has to solve the Bianchi identities to relate the components of E^A_M and Ω^{AB}_M . In this paper, we will study minimal supergravity, which represents one self-consistent set of solutions to these identities—but, as the name suggests, it is not the most general solution.

The full solution to the Bianchi identities, given the minimal SUGRA ansatz, can be found in [12, 17–19]. For the convenience of the reader we reproduce some of the more important results in Appendix A. The non-zero torsion components will be particularly important and are given by T^a_{αα̇} = 2iσ^a_{αα̇} , (2.7) T^α_{β̇a} = −iσ^α_{β̇a}R , (2.8)

T^α_{βa} =^i_8σ̄^{γγ̇}_a (δ^α_γ G_{βγ̇} − 3δ^α_β G_{γγ̇} + 3ϵ_{βγ} G^α_{γ̇} ) , (2.9)

where R—the superspace curvature—is a chiral superfield and G^†_{αα̇} = G_{αα̇}. Here, we used the standard notation σ̄^{αα̇}_a ≡ ϵ^{α̇β̇} ϵ^{αβ}σ_{aββ̇} . Expressions with dotted and undotted indices interchanged are obtained by complex conjugation. All other components of the torsion vanish.

The final step in producing a dynamical gravity multiplet is to eliminate unphysical modes by gauge fixing. The gauge symmetries of supergravity that we wish to maintain are general coordinate transformations, local SUSY transformations and local Lorentz (structure) transformations. We have promoted these to local superspace transformations. Therefore, we will leave the θ = θ̄ = 0 components unfixed, but gauge fix the higher components of these transformations. We choose the lowest components of the vielbein to take the form

E^A_M | |_{θ=θ̄=0} = e^a_μ^1_2 ψ^α_μ^1_2ψ̄_{μα̇} 0 δ^α 0 0 0 δ^{α̇}_{α̇}

, (2.10) where ψ^α_μ is the gravitino^5 and α, α̇ are spacetime spinor indices. Even after gauge fixing, the lowest components of R and G_a ≡ −^1_2σ̄^{αα̇}_a G_{αα̇} are undetermined. Therefore, we introduce auxiliary fields M and b_a [20, 21], such that

R|_{θ=}¯_{θ=0} = −^1_6 M and G_a|_{θ=}¯_{θ=0} = −^1_3 b_a . (2.11)

All other components can then be determined by the solutions to the Bianchi identities.

In summary, minimal supergravity contains two dynamical fields, the metric e^a_μ and the gravitino ψ^α_μ , and two auxiliary fields, a complex scalar M and a real vector b_a. All components of the vielbein, spin connection, torsion and curvature tensors can be determined in terms of these fields and their derivatives. A list of useful identities can be found in Appendix A and some instructive derivations are presented in Appendix B.

2.2 Actions for Supergravity in Superspace Having introduced the superspace formulation of the supergravity multiplet, we will now show how to construct actions that couple supergravity to chiral superfields.

In flat space, we define a superfield Φ as chiral if D̄_{α̇}Φ = 0. The obvious generalization to curved space is to define a chiral superfield by D̄_{α̇}Φ = 0. The components of Φ are then defined as ϕ = Φ | θ=θ̄=0 , χα = 1√ 2 D_αΦ | θ=θ̄=0 , and F = − 1 4 D^2Φ | θ=θ̄=0 . (2.12)

It is important to note that D̄_{α̇}D_aΦ ≠ 0. Therefore, in supergravity, the derivative of a chiral field is not a chiral field. This simple fact is responsible for much of the complexity of higher-derivative supergravity.

It is convenient to define a new set of superspace coordinates, Θ_α, in terms of which the component expansion of chiral fields is

Φ = ϕ + √ 2Θχ + Θ^2F . (2.13)

These coordinates allow us to construct chiral superspace integrals as ∫ d^2Θ E W (Φ), where W (Φ) is an arbitrary holomorphic function of Φ. For this to be invariant, we need to choose the chiral density E such that the SUSY variation of the integral is a total derivative. In these coordinates, one finds that E = e { 1 + i Θσ^aψ̄_a − Θ^2 [ M̄ +^1_4ψ̄_a(σ̄^aσ^b − σ̄^bσ^a)ψ̄_b ]} , (2.14)

where e ≡ det e^a_μ = √ −g. Supersymmetric contributions to the action can therefore be written as ∫ d^4x ∫ d^2Θ E W (Φ).

In order to construct kinetic terms or higher-derivative operators, we must be able to write an action that includes non-chiral fields. Having defined the appropriate chiral measure, we just need to project operators onto chiral operators. In flat space, given any superfield O, we can construct a chiral operator via D̄^2O. In curved space, the situation is modified because D̄_{α̇}D̄2O ≠ 0. However, using eq. (2.6), one can show that

D̄_{α̇}(D̄^2 − 8R)O = 0 , (2.15)

5Thinking of supergravity as a gauge theory, we would arrive at the gravitino as the gauge field corresponding to the SUSY generators Q^α.

where the operator O is a Lorentz scalar, but otherwise arbitrary. Hence, the operator (D̄^2 −8R)O is chiral and we can use the chiral superspace to define invariant actions. The two-derivative action for minimal supergravity can then be written as [12]

S_0 = 1 κ^2 ∫ d^4x ∫ d^2Θ E [ 3 8 (D̄^2 − 8R) e^{− κ23 K(Φ,Φ̄)} + κ^2W (Φ) ] + h.c. (2.16)

where κ ≡ 1/M_{pl}. However, note that the statement that (D̄^2 − 8R)O projects O onto a chiral field only requires O to be a Lorentz scalar. We may therefore include covariant derivatives D_a, D_α and D̄_{α̇} in O, as long as all the indices are contracted with the appropriate metric, i.e. η_{ab}, ϵ_{αβ} or ϵ_{α̇β̇} .^6 There are also circumstances where additional derivatives in the superpotential can be important (e.g. [22, 23]). However, since D_AΦ is no longer chiral in supergravity, these couplings require additional terms to cancel non-zero supersymmetry transformations. We will choose to avoid this complication by assuming that higher-derivative terms originate purely from the Kähler potential and that the superpotential is simply W (Φ).

In summary, we may write the superspace action for minimal supergravity coupled to any theory of chiral superfields as S = 1 κ^2 ∫ d^4x ∫ d^2Θ E [ 3 8 (D̄^2 − 8R) e^{− κ} 2 3 K(Φ, Φ̄;D_αΦ,D̄_αΦ̄;D_aΦ,D_aΦ̄;R,R̄,G_a;··· ) + κ^2W (Φ) ] + h.c. (2.17) In the rigid limit, κ → 0, this action reproduces eq. (2.1).

2.3 Actions for Supergravity in Components

So far, we have reviewed how to construct manifestly supersymmetric and covariant actions in superspace. To discuss the consequences of the theory, we will need to determine the action in components.

At lowest order in κ, eq. (2.16) includes the invariant action for the supergravity multiplet

S_{s.g.} = − 3 κ^2 ∫ d^4x ∫ d^2Θ ER = 1 κ^2 ∫ d^4x √ −g [ −^1_2 R −^1_3 |M|^2 +^1_3 b^2 ] + fermions , (2.18)

where we used the component expansion of the superspace curvature,

R = −^1_6 { M + Θ^2 ( −^1_2 R +^2_3 |M|^2 +^1_3 b_ab^a − iD_ab^a )} + fermions . (2.19)

At higher order in κ, eq. (2.16) leads to the standard kinetic term and the F-term potential for the scalar ϕ [12]. Writing the higher-derivative action (2.17) in component form is conceptually straightforward, but often requires tedious calculations. The basic challenge is to determine the Θ-expansion of a given operator after it has been projected onto chiral superspace. Given a

6We should also point out that there is nothing that prevents us from including explicit couplings to curvature inside the Kähler potential. We may also include functions of Ga, R, R_{ab}, etc. as long as the indices are contracted. The chiral projector ensures that all such terms are supersymmetric. Although the couplings to R could easily have been included in two-derivative theories, they can safely be ignored as they only contribute at fourth order (and higher) in the derivative expansion. In higher-derivative theories, the role of curvature couplings will be more prominent. We will discuss explicit curvature couplings in a concrete example in Section 3.

general chiral operator (D̄^2 − 8R)O, its components are found by acting with spinor derivative and taking lowest components,

(D̄^2 − 8R)O = (D̄^2 − 8R)O | | + Θ^αD_α [(D̄^2 − 8R)O] | | −^1_4 Θ^2D^2 [(D̄^2 − 8R)O] | | . (2.20)

Here and in the following, (. . .)| is shorthand for (. . .)|_{θ=}¯_{θ=0}. In the case of interest, O is a function of chiral and anti-chiral superfields with or without derivatives acting on them. Through repeated application of eq. (2.6) we can always reduce any given term to components of the chiral field plus couplings to curvature and torsion elements. Determining these couplings is one of our primary tasks.

In order to gain some intuition, consider the problem of finding the components of the operator (D̄^2 − 8R)O, where O = D_aΦ O^a. This requires knowledge of all possible fermionic derivatives acting on D_aΦ, cf. eq. (2.20). Let us illustrate this with two simple examples:

• First, we consider the term D_αD_aΦ|. In flat space, this problem is trivial because D_α commutes with D_a. However, in curved space D_α and D_a don’t commute and the problem is slightly more involved. Applying eq. (2.6) and using eqs. (2.9) and (2.10), we find

D_αD_aΦ | | = D_aD_αΦ| + [D_α, D_a]Φ| = D_aD_αΦ| − T^β_{αa}|D_β Φ| = E^M_a D_M D_αΦ| − T^β_{αa}|D_βΦ| = e^μ_a [√ 2∇_μχ_α +^1_2 ψ^β_μ D_β D_αΦ| ] − T^β_{αa}|D_β Φ| = e^μ_a [√ 2∇_μχ_α + ψ_{μα}F + i √ 2 24 σ̄^{γγ̇}_μ (δ^β_γ b_{αγ̇} − 3δ^β_αb_{γγ̇} + 3ϵ_{αγ} b^β_{γ̇} )χ_β ] . (2.21)

If we set the gravitino ψ_{aα} and the auxiliary field b_a to zero, we reproduce the simple flat space result.

• For a slightly more complicated example, let us determine some of the higher derivatives of D_aΦ. By definition D̄_{α̇}Φ = 0, so acting with D̄_{α̇} on D_aΦ, gives

D̄_{α̇}D_aΦ = [D̄_{α̇}, D_a]Φ = −iT^β_{α̇a}D_βΦ = iRσ^β_{α̇a}D_βΦ , (2.22)

where we used (2.6) and (2.8). Acting with another D̄_{α̇}, results in

−^1_4 D̄^2D_aΦ = RD_aΦ , (2.23)

where we used the fact that D̄_{α̇}R = 0. Note that the expressions (2.22) and (2.23) are true without restricting to the lowest components. To determine, for instance, the term 1 16 D^2D̄^2D_aΦ|, we take two additional derivatives 1 16 D^2D̄^2D_aΦ| = −^1_4 [ D^2R|D_aΦ| + 2D^αR|D_αD_aΦ| + R|D^2D_aΦ| ] (2.24) = e^μ_a [ (^1_6 R −^5_{18} |M|^2 −^1_9 b^2 +^i_3 ∇·b)∇_μϕ −^1_6 M∇_μF −^i_9 b_μMF ] + fermions ,

where ∇·b ≡ ∇_ν b^ν .

This procedure can be repeated for arbitrarily complicated examples (see Appendix B). Although the computations quickly become tedious, we emphasize that the formalism is completely algorithmic and can be applied to any higher-derivative term in the Kähler potential. In order to do so, however, one must determine the component expansions of the curvature and torsion. (For example, one may be required to evaluate D^2D̄^2G_a|.) All such terms can be determined from the Bianchi identities and the terms relevant for our examples are reproduced in Appendix A, along with several representative derivations in Appendix B.

3 Simplest Higher-Derivative Example

To illustrate the formalism of the previous section, we start with the simplest higher-derivative term in the Kähler potential: K = 1 Λ^2

D_aΦD^aΦ̄ . (3.1)

At the same time, the results that we will obtain for this example will serve as fundamental building blocks for constructing more complicated effective theories (see §4). In the next two sections, we will for simplicity drop all fermionic components from our calculations. While this means that we will not be able to check explicitly that the component actions are invariant under SUSY transformations, it has the advantage that our formulas will stay manageable. We will discuss alternative consistency checks of our results in §3.2.

3.1 Supergravity Action in Components

Let us set Λ ≡ 1 and absorb the integral measure e into a rescaling of the chiral measure, E → eE. The leading contribution to the supergravity Lagrangian (2.17) then is L = ∫ d^2Θ E [ −^1_8 (D̄^2 − 8R)D_aΦD^aΦ̄ ] + h.c. + O(κ^2) , (3.2)

where ∫ d^2Θ ER D_aΦD^aΦ̄ =

[_1 12 R +^1_{18} |M|^2 −^1_{18} b^2 ] D_aΦD^aΦ̄| +^1_{24} MD^2(D_aΦD^aΦ̄)| , (3.3)

−^1_8 ∫ d^2Θ E D̄^2(D_aΦD^aΦ̄) =^1_8M̄D̄^2(D_aΦD^aΦ̄)| +^1_{32} D^2D̄^2(D_aΦD^aΦ̄)| . (3.4)

Note that the last term in (3.3) and the first term in (3.4) are complex conjugates of each other. To compute them,

D^2(D_aΦD^aΦ̄)| = D^2D_aΦ| D^aΦ̄| + D_aΦ| D^2D^aΦ̄| , (3.5)

we need to know D^2D_aΦ| and D^2D^aΦ̄|. These terms are evaluated in Appendix A. The last term in (3.4) is a bit more involved

D^2D̄^2(D_aΦD^aΦ̄)| = D^2D̄^2D_aΦ| D^aΦ̄| + D^2D_aΦ| D̄^2D^aΦ̄| + D̄^2D_aΦ| D^2D^aΦ̄| − 4 D^αD̄_{α̇}D_aΦ| D_αD̄^{α̇}D^aΦ̄| + D_aΦ| D^2D̄^2D^aΦ̄| . (3.6)

This requires us to know D^2D̄^2D_aΦ| and D^2D̄^2D^aΦ̄|, as well as D^αD̄_{α̇}D_aΦ| and D_αD̄^{α̇}D^aΦ̄|. Again, the results may be found in Appendix A. Combining everything, the final answer can be written as

L_{∂Φ∂}¯_Φ = −|∇^2ϕ|^2 + f|∇_μϕ|^2 +^1_2 f_{μν} ∇^μϕ ∇^νϕ̄ −^1_2 b_μj^μ −^1_4 Mx̄ −^1_4M̄x + f_{aux} , (3.7)

where

f ≡^1_3 R +^1_9 |M|^2 , (3.8) f_{μν} ≡ −2R_{μν} −^4_9 b_μb_ν , (3.9) f_{aux} ≡ |∇_μF |^2 +^2_9 |M|^2|F |^2 +^4_9 b^2|F |^2 . (3.10)

Here, the terms linear in b_μ couple to

j^μ ≡ −^{4i}_3 ( ∇^μϕ∇^2ϕ̄ −^1_2 ∇^νϕ∇_ν ∇^μϕ̄ + F ∇^μF̄ −^1_3 MF ∇^μϕ̄ − h.c. ) , (3.11)

while the terms linear in M couple to

x̄ ≡^4_3 ∇_μF ∇^μϕ̄ +^4_3 F ∇^2ϕ̄ . (3.12)

Writing the answer in the form of eq. (3.7) involves integrating by parts. For later applications, it will also be useful to include the result without any such integrations,

L̃_{∂Φ∂Φ̄} = L_{∂Φ∂Φ̄} + [_1 2 ∇_μ ( ∇^2ϕ∇^μϕ̄ +^1_3 F M∇^μϕ̄ −^{4i}_3 b_ν ∇^ν ϕ∇^μϕ̄ ) + h.c. ] . (3.13)

3.2 Comparison with Linearized Supergravity

As a consistency check, we now compare our result to the generic expectations from linearized supergravity. Let us remind the reader what these expectations are (for recent discussions see also [24–26]):

Given a theory for matter coupled to gravity, consider the problem of small fluctuations of the metric around flat space, g_{μν} = η_{μν} + h_{μν} , with h_{μν} ≪ 1. If we expand the action to linear order in h_{μν} , the coupling to matter must take the form h_{μν} T^{μν} , where T^{μν} is a conserved energy-momentum tensor. For a theory of supergravity, we may take the same flat space limit and describe the linearized coupling to gravity (see e.g. [27]). Of course, the metric perturbation h_{μν} still couples to the energy-momentum tensor, but it now appears as the θθ̄ component of a real supermultiplet H_{αα̇}. The stress tensor is similarly embedded in a real supermultiplet J^{α̇α} and the linearized coupling to gravity can be written as

L_{linear} = ∫ d^4θ J_{αα̇}H^{αα̇} . (3.14)

Requiring that eq. (3.14) is invariant under coordinate transformations—H_{αα̇} → H_{αα̇} + D_αL̄_{α̇} − D̄_{α̇}L_α (to linear order)—implies ∫

d^4θ D̄^{α̇}J_{α̇α}L^α = 0 . (3.15)

Next, let us assume that the stress tensor is part of a Ferrara-Zumino (FZ) multiplet, whose defining relation is D̄^{α̇}J_{α̇α} = D_αX , (3.16)

where X is a chiral superfield. For eq. (3.14) to be invariant under coordinate transformations, now implies the more restrictive constraint D̄^2D^αL_α = 0. Moreover, it can be shown that this restriction of the space of gauge transformations is equivalent to coupling to minimal supergravity. Running the argument in reverse, we conclude that consistency of minimal supergravity requires linear couplings between the metric multiplet and an FZ multiplet. In components, this statement takes the form L_{linear} ⊂ −^1_2 b^μJ_μ| −^1_4 MX̄| −^1_4M̄X| . (3.17) where J_μ| and X| are the lowest components of J_{α̇α} and X, respectively. In this section, we will confirm that the linearized couplings that we found in the previous section are consistent with linear couplings to an FZ multiplet. By satisfying (3.16), the linear couplings provide a non-trivial check not only on the form of the couplings, but also on the numerical coefficients of our computation.

3.2.1 The FZ-Multiplet We would like to find the FZ-multiplet that contains the energy-momentum tensor associated with the action ∫ d^4θ D_aΦD^aΦ̄ . (3.18)

We could use the Noether procedure to determine the multiplet [28, 29]. However, it will prove to be easier to determine the FZ multiplet directly from (3.16) by writing a linear combination of all possible terms in J_{α̇α} and X and solving for their coefficients.

As usual, a good ansatz will simplify the calculation. Since there is only one term in (3.18), all terms in the stress tensor should have the same number of derivatives. Moreover, eq. (3.18) has a symmetry under Φ → Φ + const., which should not be broken by the coupling to gravity. This further constrains the ansatz for the FZ multiplet. Requiring that all terms have the same number of derivatives, J_{α̇α} and X take the following forms J_{α̇α} = a (¯ D_{α̇}∂_μΦ̄D_α∂^μΦ ) + b ( ∂_μΦ̄∂_{α̇α}∂^μΦ ± h.c. ) + c (¯ D_{α̇}Φ̄D_α∂_μ∂^μΦ ± h.c. ) + d ( ∂_{α̇α}Φ̄∂_μ∂^μΦ ± h.c. ) + e (¯ D^2Φ̄∂_{α̇α}D^2Φ ± h.c. ) + f ( ∂_{ββ̇}D̄^{β̇}Φ̄∂^β_{α̇} D_αΦ + ∂_{βα̇}D̄^{β̇}Φ̄∂^β_{β̇} D_αΦ ± h.c. ) + g ( ∂_{αβ̇}D̄^{β̇}Φ̄∂_{α̇β} D^βΦ + ∂_{αα̇}D̄^{β̇}Φ̄∂_{β̇β}D^βΦ + ∂_{ββ̇}D̄^{β̇}Φ̄∂_{α̇α}D^βΦ + ∂_{βα̇}D̄^{β̇}Φ̄∂_{β̇α}D^βΦ ) + h ( ∂_{αβ̇} ∂_{βα̇}D̄^{β̇}Φ̄D^βΦ + ∂_{αα̇}∂_{ββ̇}D̄^{β̇}Φ̄D^βΦ ± h.c. ) , (3.19) and X = D̄^2 ( p∂_μΦ̄∂^μΦ + q(∂_μ∂^μΦ)Φ̄ ) . (3.20) Here, the ± refer to the fact that J_{α̇α} is real, so we have to choose the signs to be consistent. Substituting (3.19) and (3.20) into (3.16), we find (after some work), p = q , and a = 3h − 2q , b = −8ih + 4iq , c = −3h , d = 8ih , 4e = 3ih − iq , 2f = −3h + q , 2g = −h + 2q . (3.21)

We see that this is a two parameter family of solutions—here written in terms of the parameters q and h. To compare this solution with (3.11) and (3.12), we compute x ≡ X| and j_μ ≡ −^1_2σ̄^{αα̇}_μ J_{αα̇}|, ignoring fermions,

x = −4q(∂_μF̄ ∂^μϕ + F̄ ∂_μ∂^μϕ) , (3.22) j_μ = −2i [ − 2h∂_μϕ∂_ν ∂^νϕ̄ + (2h − q)∂_ν ϕ∂^ν ∂_μϕ̄ − (3h − q)F ∂_μF̄ − h.c. ] . (3.23)

This matches our supergravity calculation when h = q = −^1_3 . This is a non-trivial check, because we have matched the coefficients of five operators using only two variables. We cannot match the M-dependent term in (3.11) as it arises only at non-linear order in the coupling to gravity.

3.2.2 Improvement Terms and Curvature Couplings From the definition (3.16), one might have suspected that the form of the multiplet would be determined up to an overall normalization. However, we found two free parameters, h and q, that were undetermined and were only fixed by matching to the supergravity action. This additional freedom comes from the freedom to add improvement terms to the energy-momentum tensor. Specifically, to any energy-momentum tensor we may add a term of the form T_{μν} → T_{μν} +∂^ρB_{μνρ}, where B_{μνρ} = −B_{ρνμ}. The new energy-momentum tensor is still conserved and the conserved charges are unchanged.

When coupling a theory to gravity, the freedom to include improvement terms in the stress tensor translates into a freedom to change the curvature couplings for the theory. For example, given a real scalar field ϕ, we can always add the following improvement term T_{μν} → T_{μν} + α(∂_μ∂_ν −η_{μν} ∂^2)ϕ^2. This is equivalent to the freedom to add the curvature term to the Lagrangian L → L + αϕ^2R. In minimal supergravity coupled with at most two derivatives, the only freedom in the improvement terms correspond to Kähler transformations of the action. However, in the higherderivative case, we must allow a larger number of deformations. The rigid theory described by (3.18) is superconformal and must allow for an FZ multiplet with X = 0 [24, 26]. We found this solution in the previous section, if we set p = q = 0. Since we can add an improvement term to make X = 0, we should also be able to couple to minimal supergravity without breaking conformal invariance by adding a curvature coupling.

Let us check explicitly that we can indeed add a curvature coupling in such a way that we get X = 0 for the FZ multiplet. Consider the following Lagrangian

L_{∂Φ∂}¯_{Φ+Gαα̇} = ∫ d^2Θ E [ −^1_8 (D̄^2 − 8R) ( D_aΦD^aΦ̄ + γ G_{αα̇}D^αΦD̄^{α̇}Φ̄ )] , (3.24)

where γ is a constant. We would like to find the value of γ for which gravity couples linearly to the superconformal FZ multiplet with X = 0. Because the theory is conformal, we will also check that the couplings are the conformal ones. To make this comparison, we expand (3.24), keeping only terms linear in M, b_μ and R_{μν} . The linearized theory takes the form

L^{(linear)} ∂Φ∂Φ̄+G_{αα̇} = −|□ϕ| 2 + f|∇_μϕ|^2 +^1_2 f_{μν} ∇^μϕ ∇^νϕ̄ −^1_2 b_μj^μ −^1_4 Mx̄ −^1_4M̄ x + f_{aux} , (3.25) where

f ≡^1_3 (1 + 2γ) R , (3.26) f_{μν} ≡ −2(1 + 2γ) R_{μν} , (3.27) f_{aux} ≡ |∇_μF |^2 −^1_3 γ |F |^2 R . (3.28)

The terms linear in b_μ couple to

j^μ ≡ −^{4i}_3 ( ∇^μϕ∇^2ϕ̄ − (^1_2 + γ)∇^ν ϕ∇_ν ∇^μϕ̄ + (1 + γ)F ∇^μF̄ − h.c. ) , (3.29)

while the terms linear in M couple to

x̄ ≡^4_3 (1 − 2γ)∇_μF ∇^μϕ̄ +^4_3 (1 − 2γ)F ∇^2ϕ̄ . (3.30)

Therefore, x = 0 if we take γ =^1_2 . In this case, we find f_{μν} = −4R_{μν} and f =^2_3 R, which indeed correspond to the conformal couplings, as desired. We also find

j^μ ≡ −^{4i}_3 ( ∇^μϕ∇^2ϕ̄ − ∇^ν ϕ∇_ν ∇^μϕ̄ +^3_2 F ∇^μF̄ − h.c. ) , (3.31)

which matches the conformal FZ multiplet. We have therefore demonstrated perfect consistency of our results with the expectations from linearized supergravity.

4 Application: Supersymmetric Effective Theory of Inflation

A particularly interesting application of higher-derivative supergravity is to the effective theory of inflation [10, 11]. This theory describes the Goldstone boson associated with the spontaneous breaking of time translations during inflation. At lowest order in derivatives, the (universal) action describes fluctuations around slow-roll backgrounds. However, (non-universal) higherderivative terms are central to the predictions for higher-order correlation functions [10, 30]. We will discuss the supersymmetric effective theory of inflation in detail in our companion paper [1]. Here, we will derive a number of technical results that will be important for that work.

In supersymmetric theories of inflation the (real) inflaton field φ is promoted to a chiral superfield Φ = ϕ + · · · =^{1√}_2 (σ + iφ) + · · · (4.1)

Notice that supersymmetry inevitably adds a second real scalar field σ. This additional scalar can have interesting implications for the phenomenology of inflation [1, 31]. To keep the inflaton naturally light, even in the presence of supergravity corrections, we assume an approximate shift symmetry for φ. This symmetry forbids superpotential couplings^7 and restricts the Kähler potential to be a function of Φ + Φ̄, as well as arbitrary derivatives of Φ. The following derivative expansion of the Kähler potential is of particular interest [1] (see also [32])

K_{cs} =^1_2 (Φ + Φ̄)^2 [ c_1 + c_2D_aΦD^aΦ̄ + · · · ] ≡ c_1K_1 + c_2K_2 + · · · (4.2)

7It would be straightforward to include small shift symmetry breaking effects from a superpotential W (Φ), but for simplicity we focus our attention on the couplings related to the Kähler potential (4.2). For the more general case, see [1].

The limit c_2 → 0 corresponds to ordinary slow-roll inflation. Turning on finite c_2 induces a speed of sound for the inflaton fluctuations δφ. The physics of this theory is explained in much more detail in [1]. Here, we simply restrict our ambitions to the computation of the supergravity action: L_{cs} = ∫ d^2Θ E [ −^1_8 (D̄^2 − 8R)K_{cs} + · · · ] + h.c. (4.3)

4.1 Supersymmetric Slow-Roll Actions

The lowest-order term in eq. (4.2), K_1 ≡^1_2 (Φ + Φ̄)^2, doesn’t contain any derivatives, so the standard supergravity formulas for the scalar F-term potential [12] are applicable. However, in order to make contact with the treatment for higher-derivative terms, it will be instructive not to integrate out the auxiliary fields F , M and b_μ.

From L_1 = −^1_{16} ∫ d^2Θ E [ (D̄^2 − 8R)(Φ + Φ̄)^2 + · · · ] + h.c. , (4.4)

we get the following expression for the scalar sector

L_1 =^1_{12} MD^2(Φ + Φ̄)^2| +^1_{64} D^2D̄^2(Φ + Φ̄)^2| +^1_{24} (R +^2_3 |M|^2 −^2_3 b^2)(Φ + Φ̄)^2| + h.c. , (4.5)

where

D^2(Φ + Φ̄)^2| = 2(Φ + Φ̄)|D^2Φ| , (4.6) D^2D̄^2(Φ + Φ̄)^2| = 2D^2Φ|D̄^2Φ̄| + 2(Φ + Φ̄)|D^2D̄^2Φ̄| − 4D^αD̄_{α̇}Φ̄|D_αD̄^{α̇}Φ̄| . (4.7)

To evaluate eqns. (4.6) and (4.7), we use −^1_4 D^2Φ| = F and D_αD̄_{α̇}Φ̄| = −2iσ^μ_{αα̇}∂_μϕ̄. Moreover, repeated application of eq. (2.6) gives 1 16 D^2D̄^2Φ̄| = □ϕ̄ +^{2i}_3 b^μ∂_μϕ̄ +^2_3 M̄F̄ . (4.8)

Hence, we find 1 12 M D^2(Φ + Φ̄)^2| + h.c. = −^2_3 (MF + M̄ F̄ )(ϕ + ϕ̄) , (4.9) 1 64 D^2D̄^2(Φ + Φ̄)^2| + h.c. =^1_4 [∂_μ(ϕ + ϕ̄)]^2 +^1_4 [∂_μ(ϕ − ϕ̄)]^2 +^1_2 (ϕ + ϕ̄)□(ϕ + ϕ̄) + |F |^2 −^1_3 (ϕ + ϕ̄) [ ib^μ∂_μ(ϕ − ϕ̄) − (MF + M̄F̄ ) ] . (4.10)

Eq. (4.5) then becomes

L^{(1)}_{kin} =^1_4 [∂_μ(ϕ + ϕ̄)]^2 +^1_4 [∂_μ(ϕ − ϕ̄)]^2 +^1_2 (ϕ + ϕ̄)□(ϕ + ϕ̄) , (4.11) L^{(1)}_{aux} = |F |^2 −^1_3 (ϕ + ϕ̄) [ ib^μ∂_μ(ϕ − ϕ̄) + (MF + M̄F̄ ) ] , (4.12)

L^{(1)}_R =^1_{12} (ϕ + ϕ̄)^2 [ R +^2_3 |M|^2 −^2_3 b^2 ] . (4.13)

Integrating the last term in (4.11) by parts, we get the standard kinetic terms

L^{(1)}_{kin} = −^1_2 (∂_μσ)^2 −^1_2 (∂_μφ)^2 . (4.14)

The potential for the non-shift-symmetric field σ is

L^{(1)}_σ =^1_6 (R +^2_3 |M|^2 −^2_3 b^2)σ^2 − √ 2 3 (MF + M̄F̄ )σ +^2_3 b^μ∂_μφ σ . (4.15)

In de Sitter space, R = −12H^2, we find a model-independent curvature-induced contribution to the mass of the partner of the inflaton, δm^2_σ = 4H^2. In addition, there will be other, more model-dependent contributions to the mass of σ. Most importantly, we need vacuum energy to have de Sitter space as a solution of Einstein’s equations. This vacuum energy may have nothing to do with Φ directly, and may be due to some additional spurion field X, whose F-term, F_X ≠ 0, breaks SUSY [1]. Planck-suppressed couplings between these fields of the form ∫ d^4θ β 12M^2_{pl}

(Φ + Φ̄)^2X^†X , (4.16)

will also contribute a mass of order βH^2.

The contributions from the auxiliary fields M and b_μ to the potential for σ are also modeldependent. In the presence of a constant superpotential, ⟨W ⟩ = W_0, the field M acquires a vev ⟨M⟩ = W_0/M^2_{pl}. If W_0 ∼ HM^2_{pl}, then ⟨M⟩ ∼ H would also contribute significantly to the potential for σ. In fact, in particle physics applications one often assumes theses large values for W_0 in order to cancel the cosmological constant. However, in the context of inflation, the vacuum energy should not be cancelled. Moreover, there is no reason to prefer any particular value of W_0 and it is therefore consistent to assume that the vev of M is small. Finally, a vev for b_μ spontaneously breaks spacetime translations and typically gives a negligible contribution to the potential. We refer interested readers to our companion paper [1] for further details on these issues.

4.2 Supersymmetric Small Speed of Sound The higher-derivative term in (4.2), K_2 =^1_2 (Φ + Φ̄)^2 D_aΦD^aΦ̄, is a bit more challenging and require the new results that we developed in this paper.

The Lagrangian can be written as

L_2 = −^1_{16} ∫ d^2Θ E [ (D̄^2 − 8R)(Φ + Φ̄)^2D_aΦD^aΦ̄ ] + h.c. =^1_2 (Φ + Φ̄)^2| L̃_{∂Φ∂}¯_Φ

+^1_{12} M D^2(Φ + Φ̄)^2|D_aΦD^aΦ̄| +^1_{64} D^2D̄^2 { (Φ + Φ̄)^2|D_aΦD^aΦ̄| } + h.c. , (4.17)

where L̃_{∂Φ∂}¯_Φ is given by eq. (3.13). We evaluate the second term in eq. (4.17) with the help of eq. (4.9), 1 12 M D^2(Φ + Φ̄)^2|D_aΦD^aΦ̄| + h.c. = −^2_3 (MF + M̄F̄ )(ϕ + ϕ̄)|∂_μϕ|^2 . (4.18)

The last term in eq. (4.17) is a bit more involved 1 64 D^2D̄^2 { (Φ + Φ̄)^2|D_aΦD^aΦ̄| } + h.c. =

=^1_{64} { D^2D̄^2(Φ + Φ̄)^2|D_aΦD^aΦ̄| + D^2(Φ + Φ̄)^2|D̄^2(D_aΦD^aΦ̄)|

+ D̄^2(Φ + Φ̄)^2|D^2(D_aΦD^aΦ̄)| − 4 D^αD̄_{α̇}(Φ + Φ̄)^2|D_αD̄^{α̇}(D_aΦD^aΦ̄)| } + h.c. (4.19)

However, all the terms in (4.19) have already been determined in previous calculations (see also Appendix A). Assembling the answer is therefore straightforward, if a bit tedious. In fact, the first term in (4.19) combines with (4.18) into 1 12 M D^2(Φ + Φ̄)^2|D_aΦD^aΦ̄| +^1_{64} D^2D̄^2(Φ + Φ̄)^2|D_aΦD^aΦ̄| + h.c. = [ L^{(1)}_{kin} + L^{(1)}_{aux} ] |∂_μϕ|^2 , (4.20) where L^{(1)}_{kin} and L^{(1)}aux are given by (4.11) and (4.12), respectively. The next two terms in (4.19) are related by complex conjugation, and therefore combine into 1 32 D̄^2(Φ + Φ̄)^2|D^2(D_aΦD^aΦ̄)| + h.c. = (ϕ + ϕ̄) [ (F ∂_μF̄ ∂^μϕ + h.c.) −^{2i}_3 |F |^2b_μ∂^μ(ϕ − ϕ̄) ] . (4.21)

The last term in (4.19) gives

−^1_{16} (D^αD̄_{α̇}(Φ + Φ̄)^2|)(D_αD̄^{α̇}D_aΦD^aΦ̄|) + h.c. =

= (ϕ + ϕ̄) [ ∇^μϕ∇^νϕ̄∇_ν ∇_μϕ̄ −^1_6 MF (∂^μϕ̄)^2 −^1_6 M̄F̄ |∂^μϕ|^2 + h.c. ] . (4.22)

Combining all terms, we get

L_2 = [ L^{(1)}_{kin} + L^{(1)}_{aux} ] |∂_μϕ|^2 +^1_2 ϕ^2_+ L̃_{∂ϕ∂}¯_ϕ

+^1_2 ϕ_+ [ ∂_μ|F |^2∂^μϕ_+ + ( F ∂_μF̄ − F̄ ∂_μF −^{4i}_3 |F |^2b_μ ) ∂^μϕ_− +^1_2 (∂^μϕ_+∂^ν ϕ_+ − ∂^μϕ_−∂^ν ϕ_−) ∇_ν∇_μϕ_+

+^1_6 (MF − M̄F̄ )∂_μϕ_+∂^μϕ_− −^1_6 (MF + M̄F̄ )(∂_μϕ_+)^2 ] , (4.23)

where we have defined the shorthand notation ϕ_± ≡ (ϕ ± ϕ̄), i.e. ϕ_+ = √ 2σ and ϕ_− = i √ 2φ. Note that L^{(1)}_{kin} and L^{(1)}_{aux} are given by eqs. (4.11) and (4.12), respectively, and L̃_{∂ϕ∂}¯_ϕ was defined in eq. (3.13).

We will explore the physical implications of these results in our companion paper [1]. There we will find that the case of special interest for the supersymmetric effective theory of inflation is ⟨F ⟩ = ⟨M⟩ = ⟨b_μ⟩ ≃ 0. The supergravity action then simplifies dramatically,

L_2 = − ( |∂_μϕ|^2 )_2

− ∂_μϕ_+∂_ν ϕ_+∂^μϕ∂^νϕ̄

+^1_2 ϕ^2_+ [ L̃_{∂ϕ∂ϕ̄} + ∇_μ∇_ν (∂^μϕ∂^νϕ̄) +^1_2 □|∂_μϕ|^2 ] , (4.24)

where

L̃_{∂ϕ∂ϕ̄} =^1_3 R|∂_μϕ|^2 − R_{μν} ∂^μϕ∂^νϕ̄ + ∂^μϕ∂_μ□ϕ̄ . (4.25)

In writing (4.24), we used |∂_μϕ|^2 =^1_4 (∂_μϕ_+)^2 −^1_4 (∂_μϕ_−)^2 and performed several integrations by part. We see that curvature couplings in the higher-derivative part of the action can contribute significantly to the mass for the SUSY partner of the inflaton. In fact, for the case of most interest for observations—i.e. small sound speed, c_s ≪ 1—the higher-derivative terms lead to a parametrically enhanced mass, m^2_σ ∼

H^2 c^2_s

≫ H^2 . (4.26)

Further discussion of this feature of small-c_s supergravity will appear in [1].

5 Conclusions

Coupling higher-derivative effective theories to supergravity can be non-trivial. This paper has developed the essential tools required for this task. As an illustrative example, we applied the formalism to the effective theory of inflation [10] (a theory of the Goldstone boson of spontaneously broken time translations during inflation). This is an example in which the experimental predictions of various models depend sensitively on higher-derivative interactions. We computed the component action for a supersymmetric inflationary model in which a higher-derivative operator induces a propagation speed for the fluctuations that is different from the speed of light. We showed that curvature couplings associated with the higher-derivative terms lead to a parametrically enhanced mass for the scalar partner of the inflaton. Details of the physical interpretation of our results have been relegated to a companion paper [1].

Although this was beyond the scope of this toolkit paper, it would be interesting to apply the techniques that we developed here to other EFTs—in particular, other examples of spontaneous symmetry breaking. In that case, the two-derivative action for a Goldstone boson is universal, and differences between models will only appear at higher orders in derivatives. Understanding the effects of higher-derivative operators then becomes particularly interesting.

Acknowledgments

We are grateful to Thomas Dumitrescu, Guido Festuccia, Vijay Kumar, and Nathan Seiberg for helpful discussions. D.B. thanks the Institute for Advanced Study for hospitality while this work was being completed. D.B. gratefully acknowledges support from a Starting Grant of the European Research Council (ERC STG grant 279617) and partial support from STFC under grant ST/FOO2998/1. The research of D.G. is supported by the DOE under grant number DE-FG02-90ER40542 and the Martin A. and Helen Chooljian Membership at the Institute for Advanced Study.

A SUGRA Toolbox

In this appendix, we will provide a list of identities that are necessary to reproduce the results in the main text. More identities can be found in Wess and Bagger [12].

A.1 Collection of Useful Identities

The most important identity of the entire paper is ( D_C D_B − (−1)^{bc}D_B D_C ) V^A = (−1)^{d(c+b)}V^DR_{CBD}^A − T^D_{CB}D_DV^A , (A.1)

where b, c and d are functions of B, C and D, respectively. These functions take the values zero or one, depending on whether B, C and D are vector or spinor indices. The contractions in eq. (A.1) are to be understood as follows

V^AW_A = V^aW_a + V^αW_α + V_{α̇}W^{α̇} . (A.2)

Note that the raised and lowered indices have been flipped in the last term.

In minimal supergravity, the non-vanishing components of the torsion are given by

T^a_{αα̇} = 2iσ^a_{αα̇} , (A.3) T^α_{β̇a} = −iσ^α_{β̇a}R , (A.4)

T^α_{βa} =^i_8σ̄^{γγ̇}_a (δ^α_γ G_{βγ̇} − 3δ^α_β G_{γγ̇} + 3ϵ_{βγ} G^α_{γ̇} ) , (A.5)

where G_{αα̇} is real and R is chiral. Expressions with dotted and undotted indices interchanged (and R → R̄) are obtained by complex conjugation. All other components of the torsion vanish. A number of useful facts, related to the components in (A.4) and (A.5), follow directly from the Bianchi identities:

D̄_{α̇}R = 0 , (A.6)

D^αG_{αα̇} = D̄_{α̇}R̄ , (A.7) R_{αβγδ} = 4(ϵ_{αγ} ϵ_{βδ} + ϵ_{αδ}ϵ_{βγ} )R̄ , (A.8) R_{αβγ̇δ̇} = 0 . (A.9)

These relations are useful for solving for the components of the superfield G_a ≡ −^1_2σ̄^{αα̇}_a G_{αα̇} (see §B.1).

In determining the contributions to the action in components, we will frequently require the various Θ-components of R and G_a. Because R is chiral, its components are more easily determined and are given by

R = −^1_6 { M + Θ^2 ( −^1_2 R +^2_3 |M|^2 +^1_3 b_ab^a − iD_ab^a )} + fermions , (A.10)

where R is the Ricci scalar and b_a ≡ −3G_a|. The components of G_a are more difficult to determine. Since in this paper we are mostly interested in scalar couplings, we will not keep track of fermions. The complete list of components of G_a can then be written as

G_a| = −^1_3 b_a , (A.11) D_αG_a| = 0 , (A.12) D̄_{α̇}G_a| = 0 , (A.13) −^1_4 D^2G_a| = +^i_6 (D_a + ib_a)M̄ , (A.14) −^1_4D̄^2G_a| = −^i_6 (D_a − ib_a)M , (A.15) D̄_{α̇}D^2G_a| = 0 , (A.16) D_αD̄^2G_a| = 0 , (A.17) and σ̄^{αα̇}_b D_αD̄_{α̇}G_a| =

(_1 6 R +^1_9 |M|^2 +^1_9 b^2 ) η_{ab} − R_{ab} −^{2i}_3 D_bb_a − ϵ^{cd}_{ab}D_cG_d +^2_9 b_ab_b , (A.18) 1 16 D^2D̄^2G_a| = i ( D_a −^i_3 b_a ) ( −^1_4 D^2R| ) +^i_{36} M̄D_aM +^i_{36} MD_aM̄ −^1_{12} b_a|M|^2 . (A.19)

We will present derivations of these results in §B.1.

A.2 Collection of One-Derivative Results Here, we collect results for the bosonic components of D_aΦ and D_aΦ̄. These results serve as key building blocks for deriving the supergravity couplings of general higher-derivative theories.

Components of ‘ D_aΦ ’ Showing the bosonic terms only, we get

D_aΦ| = e^μ_a ∇_μϕ , (A.20) −^1_4D̄^2D_aΦ| = e^μ_a [ −^1_6 M∇_μϕ ] , (A.21) −^1_4 D^2D_aΦ| = e^μ_a

[_1 6 M̄∇_μϕ + (∇_μ +^{2i}_3 b_μ)F ] , (A.22) 1 16 D^2D̄^2D_aΦ| = e^μ_a [ (^1_6 R −^5_{18} |M|^2 −^1_9 b^2 +^i_3 ∇·b)∇_μϕ −^1_6 M∇_μF −^i_9 b_μMF ] . (A.23)

At times we also need the following mixed derivatives

D^αD̄^{α̇}D_aΦ| = e^μ_a^i_3 MF σ̄^{αα̇}_μ . (A.24)

Components of ‘ D_aΦ̄ ’ Many of the components of D_aΦ̄ can be related to the components of D_aΦ by complex conjugation:

D_aΦ̄| = e^μ_a ∇_μϕ̄ , (A.25) −^1_4 D^2D_aΦ̄| = e^μ_a [ −^1_6M̄∇_μϕ̄ ] , (A.26) −^1_4D̄^2D_aΦ̄| = e^μ_a

[_1 6 M∇_μϕ̄ + (∇_μ −^{2i}_3 b_μ)F̄ ] . (A.27)

The computation of the term D^2D̄^2D_aΦ̄|, on the other hand, requires a significant amount of work (see §B.2). Ultimately, we find 1 16 D^2D̄^2D_aΦ̄| = e^μ_a [ ∇_μ∇^2ϕ̄ +^{2i}_3 b^ν ∇_μ∇_νϕ̄ +^1_2 F_μ^ν ∇_νϕ̄ + F_μ ] , (A.28) where

F_μ ≡^5_6 M̄∇_μF̄ +^1_3F̄ ∇_μM̄ −^i_3 b_μM̄F̄ , (A.29) F_μ^ν ≡ (_1 6 R +^1_6 |M|^2 +^1_3 b^2 −^i_3 ∇·b ) δ^ν_μ + ( −2R_μ^ν −^{4i}_3 ∇^ν b_μ +^{4i}_3 ∇_μb^ν −^4_9 b_μb^ν +^2_3 ϵ^{ρσ}_μ^ν ∇_ρb_σ ) . (A.30)

At times we also need the following mixed derivatives

D^αD̄^{α̇}D_aΦ̄| = e^μ_a [_i 3 M̄F̄ σ̄^{αα̇}_μ − 2iσ^{αα̇}_ν ∇^ν ∇_μϕ̄ −^{2i}_3 ϵ_{μν}^{τ ρ}σ̄^{αα̇}_ρ b_τ ∇^νϕ̄ ] . (A.31)

B Derivations of Selected SUGRA Identities In this appendix, we will derive a few of the identities from Appendix A. This will illustrate how to derive all of the results presented in this paper.

B.1 Components of G_a When dealing with higher-derivative theories, computing the action in components requires knowledge of all components of G_a. While these components all follow from the solutions to the Bianchi identities, deriving the formulas is not always easy. The results were given in eqs. (A.11)– (A.19). Here, we will derive a few of these results to show how this is done (and since not all these formulas appear in standard references like [12]).

Most components can be derived simply from eq. (A.7), i.e. D^αG_{αα̇} = D̄_{α̇}R̄. For example, to derive D^2G_{αα̇}, we perform the following manipulations

2D_αD_β G_{γγ̇} = (D_αD_β + D_β D_α)G_{γγ̇} + (D_αD_β − D_β D_α)G_{γγ̇} = (−^1_2 R_{αβδδ̇γγ̇} G^{δδ̇} − T^D_{αβ} D_DG_{γγ̇} ) + ϵ_{αβ} D^2G_{γγ̇} = −ϵ_{δ̇γ̇} R_{αβδγ} G^{δδ̇} + ϵ_{αβ} D^2G_{γγ̇} = 4R̄(ϵ_{βγ} G_{αγ̇} + ϵ_{αγ} G_{βγ̇} ) + ϵ_{αβ} D^2G_{γγ̇} , (B.1)

where we used T^D_{αβ} = 0 and R_{NMδδ̇γγ̇} = −2ϵ_{δγ} R_{NMδ̇γ̇} + 2ϵ_{δ̇γ̇} R_{NMδγ} , together with (A.8) and (A.9). Contracting both sides with ϵ^{γβ} and using (A.7), we find

2D_αD^γ G_{γγ̇} = 2D_αD̄_{γ̇}R̄ = 12R̄ G_{αγ̇} − D^2G_{αγ̇} , (B.2) or D^2G_a = 4i(D_a − 3iG_a)R̄ , (B.3) where G_a ≡ −^1_2σ̄^{αγ̇}_a G_{αγ̇} . Taking the lowest component of (B.3) reproduces eq. (A.14). Eq. (A.15) is related to this by complex conjugation. Moreover, we get eq. (A.19) from the identity

D^2D̄^2G_a| = −4i [ D_a + iG_a| ] D^2R| + 16iR̄|D_aR| + 12R| D^2G_a| , (B.4)

where we used T^β_{βa} = 2iG_a and T^{β̇}_{βa} = iσ^{β̇}_aR̄ to determine D^2D_aR| = (D_a −2iG_a|)D^2R|+4R̄|D_aR|. Substituting the components of R from eq. (A.10), leads to eq. (A.19).

Deriving the mixed components of G_a, eq. (A.18), requires a bit more work. However, conceptually the computation is straigthforward, so we only sketch the derivation. We start with the component D̄_{β̇} D_βG_{αα̇}. First, we use D̄_{β̇}D^αG_{αα̇} = −^1_2 ϵ_{β̇α̇}D̄^2R̄ to determine that

D̄_{β̇} D_βG_{αα̇} = −^1_4 ϵ_{βα}ϵ_{β̇α̇}D̄^2R̄ −^1_4 ϵ_{β̇α̇}(D̄_{γ̇} D_β G^{γ̇}_α + D̄_{γ̇} D_αG^{γ̇}_β ) +^1_4 (D̄_{β̇} D_βG_{αα̇} + perms.)

= −^1_4 ϵ_{βα}ϵ_{β̇α̇}D̄^2R̄ +^i_2 ϵ_{β̇α̇}(D_{γ̇β}G^{γ̇}_α + D_{γ̇α}G^{γ̇}_β ) +^1_4 (D̄_{β̇}D_β G_{αα̇} + perms.) , (B.5)

where D_{αα̇} ≡ σ^a_{αα̇}D_a and the last term is symmetric under α ↔ β and α̇ ↔ β̇. This symmetric combination of mixed derivatives of G_{αα̇} can be determined from the solutions to the Bianchi identities. Specifically, we use [12]

(σ^{ab}ϵ)_{βα}(ϵσ̄^{cd})_{β̇α̇}R_{abcd} = 4(G_{βα̇}G_{αβ̇} + G_{ββ̇} G_{αα̇}) + 2i(D_{ββ̇} G_{αα̇} + perms.) + 2(D̄_{β̇} D_βG_{αα̇} + perms.) , (B.6)

where σ^{ab} ≡^1_4 ( σ^aσ̄^b − σ^bσ̄^a ) and σ̄^{ab} ≡^1_4 ( σ̄^aσ^b − σ̄^bσ^a ) . Contracting this with σ̄^{αα̇}_a σ̄^{ββ̇}_b , using various identities for traces of σ-matrices (cf. Appendix A of [12]), and symmetries of the Riemann tensor, we find

σ̄^{ββ̇}_b D̄_{β̇} D_βG_a = [ −^1_6 R −^1_9 |M|^2 − G_cG^c ] η_{ab} + R_{ab} + 2iD_bG_a + ϵ^{cd}_{ab}D_cG_d + 2G_aG_b . (B.7)

Substituting this into the identity

σ̄^{ββ̇}_b D_βD̄_{β̇} G_a = 4i D_bG_a − σ̄^{ββ̇}_b D̄_{β̇}D_β G_a , (B.8)

reproduces eq. (A.18). We could have derived the same result using complex conjugation with [D_βD̄_{β̇}G_a]^† = −D̄_{β̇}D_βG_a.

B.2 Derivation of D^2D̄^2D_aΦ̄|

The supergravity treatment of higher-derivative terms requires us to compute the components of D_aΦ and D_aΦ̄. We do this by acting with spinor derivatives D_α and D̄_{α̇} and then taking lowest components. By far the most involved computation is D^2D̄^2D_aΦ̄|. Hence, rather than showing all of our computations, we will only present the derivation of this term. After the reader understands this computation, she should have no problem to reproduce all other results in this paper.

Repeated application of eq. (A.1) leads to

D^2D̄^2D_aΦ̄ = D_aD^2D̄^2Φ̄ − ϵ^{βα}T^D_{αa}D_DD_βD̄^2Φ̄ − ϵ^{βα}R_{αaγβ} D^γD̄^2Φ̄ − ϵ^{βα}D_α(T^D_{βa}D_DD̄^2Φ̄)

− ϵ^{α̇β̇}D^2(T^D_{α̇a}D_DD̄_{β̇}Φ̄) − ϵ^{α̇β̇} D^2(R_{α̇aγ̇β̇}D̄^{γ̇}Φ̄) − ϵ^{α̇β̇}D^2D̄_{α̇}(T_{β̇aγ̇}D̄^{γ̇}Φ̄) . (B.9)

The hard part is to expand each of these contributions in terms of the fundamental scalar components. To make this manageable, we are going to start dropping fermions. We will discuss the terms of eq. (B.9) one by one:

- The bottom component of the first term is

(1) ≡^1_{16} D_aD^2D̄^2Φ̄| = e^μ_a ∇_μ ( ^□ϕ̄ +^2_3M̄F̄ ) , (B.10)

where ^□ϕ̄ ≡ (∇_ν +^{2i}_3 b_ν )∇^νϕ̄.

- The second term can be manipulated as follows

(2) ≡^1_{16} ϵ^{βα}T^D_{αa}D_DD_βD̄^2Φ̄ =^1_{16} ϵ^{βα}T^γ_{αa}D_γ D_βD̄^2Φ̄ +^1_{16} ϵ^{βα}T_{αaγ̇}D̄^{γ̇} D_βD̄^2Φ̄ =^1_{32} T^α_{αa}D^2D̄^2Φ̄ +^1_{16} ϵ^{βα}T_{αaγ̇}D̄^{γ̇} D_βD̄^2Φ̄ , (B.11)

where 1 32 T^α_{αa}D^2D̄^2Φ̄| = e^μ_a [ −^i_3 b_μ ( ^□ϕ̄ +^2_3M̄F̄ )] , (B.12) and 1 16 ϵ^{βα}T_{αaγ̇}D̄^{γ̇} D_βD̄^2Φ̄ =^1_{16} ϵ^{βα}T_{αaγ̇} ( −2iσ^{γ̇b}_β D_bD̄^2Φ̄ − D_βD̄^{γ̇}D̄^2Φ̄ )

=^1_{16} ϵ^{βα}T_{αaγ̇} ( −2iσ^{γ̇b}_β D_bD̄^2Φ̄ − D_β(8R)D̄^{γ̇}Φ̄ )

=^1_{16} ϵ^{βα}T_{αaγ̇} ( −2iσ^{γ̇b}_β D_bD̄^2Φ̄ + 2i(8R)σ^{γ̇b}_β D_bΦ̄ ) + · · · = e^μ_a [ −^1_6M̄∇_μF̄ +^1_{18} |M|^2∇_μϕ̄ ] + · · · (B.13)

Hence, we find

(2) = e^μ_a [ −^i_3 b_μ ( ^□ϕ̄ +^2_3M̄F̄ ) −^1_6M̄∇_μF̄ +^1_{18} |M|^2∇_μϕ̄ ] . (B.14)

- The third term is proportional to fermions

(3) ≡ ϵ^{βα}R_{αaγβ} D^γD̄^2Φ̄ = 0 + · · · (B.15)

- The fourth term can be written as

(4) ≡^1_{16} ϵ^{βα}D_α(T^D_{βa}D_DD̄^2Φ̄) =^1_{16} ϵ^{βα}T^D_{βa}D_αD_DD̄^2Φ̄ =^1_{32} T^α_{αa}D^2D̄^2Φ̄ +^1_{16} ϵ^{βα}T_{βaδ̇} D_αD̄^{δ̇}D̄^2Φ̄ =^1_{32} T^α_{αa}D^2D̄^2Φ̄ +^1_{16} ϵ^{βα}T_{βaγ̇} D_α(8R)D̄^{γ̇}Φ̄ =^1_{32} T^α_{αa}D^2D̄^2Φ̄ − iϵ^{βα}T_{βaγ̇} R σ^{γ̇b}_α D_bΦ̄ . (B.16)

We therefore find

(4) = e^μ_a ( −^i_3 b_μ ( ^□ϕ̄ +^2_3 M̄F̄ ) +^1_{18} |M|^2∇_μϕ̄ ) . (B.17)

- The fifth term is

(5) ≡^1_{16} ϵ^{α̇β̇}D^2(T^D_{α̇a}D_DD̄_{β̇}Φ̄) = −^1_{32} D^2(T^{α̇}_{α̇a}D̄^2Φ̄) −^i_8 ϵ^{α̇β̇}σ^b_{γβ̇} D^2(T^γ_{α̇a}D_bΦ̄) , (B.18) where

−^1_{32} D^2(T^{α̇}_{α̇a}D̄^2Φ̄)| = −^1_{32} T^{α̇}_{α̇a}|D^2D̄^2Φ̄| −^1_{32} D^2T^{α̇}_{α̇a}|D̄^2Φ̄| = −^i_{16} G_a|D^2D̄^2Φ̄| −^i_{16} D^2G_a|D̄^2Φ̄| = e^μ_a [_i 3 b_μ ( ^□ϕ̄ +^2_3 M̄F̄ ) +^1_6F̄ (∇_μ + ib_μ)M̄ ] , (B.19) and −^i_8 ϵ^{α̇β̇}σ^b_{γβ̇} D^2(T^γ_{α̇a}D_bΦ̄) = −^1_4 D^2(R D_aΦ̄) = −^1_4 D^2R|D_aΦ̄| −^1_4 R|D^2D_aΦ̄| = ( −^1_4 D^2R| + R|R̄| ) D_aΦ̄| = e^μ_a ( −^1_4 D^2R| +^1_{36} |M|^2 ) ∇_μϕ̄ . (B.20)

Putting it all together, we find

(5) = e^μ_a [_i 3 b_μ ( ^□ϕ̄ +^2_3 M̄F̄ ) +^1_6F̄ (∇_μ + ib_μ)M̄ + ( −^1_4 D^2R| +^1_{36} |M|^2 ) ∇_μϕ̄ ] . (B.21)

The sum of the first five terms is

(I) ≡ (1) − (2) − (3) − (4) − (5) = e^a_μ [ (∇_μ +^i_3 b_μ) (^ □ϕ̄ +^2_3M̄F̄ ) + (_1 4 D^2R| −^5_{36} |M|^2 ) ∇_μϕ̄ −^i_6 b_μM̄F̄ +^1_6 M̄∇_μF̄ −^1_6 F̄ ∇_μM̄ ] . (B.22)

The computation of the last two terms in eq. (B.9) is a bit more involved: - The sixth term is

(6) ≡^1_{16} ϵ^{α̇β̇} D^2(R_{α̇aγ̇β̇}D̄^{γ̇}Φ̄) =^1_{16} ϵ^{α̇β̇}D^α [ −R_{α̇aγ̇β̇} D_αD̄^{γ̇}Φ̄ + D_αR_{α̇aγ̇β̇}D̄^{γ̇}Φ̄ ] (B.23)

=^1_{16} ϵ^{α̇β̇} [ R_{α̇aγ̇β̇}D^2D̄^{γ̇}Φ̄ − 2D^αR_{α̇aγ̇β̇} D_αD̄^{γ̇}Φ̄ + D̄^{γ̇}Φ̄D^2R_{α̇aγ̇β̇} ] . Since only the middle term on the r.h.s. is non-fermionic, we find

(6) =^i_8 ϵ^{α̇β̇} σ̄^{δδ̇}_a D_αR_{α̇δδ̇γ̇β̇}| σ̄^{αγ̇}_b D^bϕ̄ . (B.24)

The evaluation of D_αR_{α̇δδ̇γ̇β̇}| involves mixed derivatives of G_{αα̇}. Determining those requires quite a bit of extra work. First, we note that

ϵ^{α̇β̇}R_{α̇δδ̇γ̇β̇} = − 3iϵ_{δ̇γ̇}D̄_{ϵ̇}G^{ϵ̇}_δ −^i_2 (D̄_{γ̇} G_{δδ̇} + D̄_{δ̇}G_{δγ̇} ) −^{3i}_2 D̄_{δ̇}G_{δγ̇} = −^{9i}_4 ϵ_{δ̇γ̇}D̄_{ϵ̇}G^{ϵ̇}_δ −^{5i}_4 (D̄_{γ̇} G_{δδ̇} + D̄_{δ̇}G_{δγ̇} ) = +^{9i}_4 ϵ_{δ̇γ̇} D_δR −^{5i}_4 (D̄_{γ̇} G_{δδ̇} + D̄_{δ̇}G_{δγ̇} ) , (B.25)

where the first line uses a solution of the Bianchi identities [12] to relate R_{α̇δδ̇γ̇β̇} to derivatives of G_{αα̇}, and the second line uses the identity

D̄_{δ̇}G_{δγ̇} − D̄_{γ̇} G_{δδ̇} = −ϵ_{δ̇γ̇}D̄_{ϵ̇}G^{ϵ̇}_δ . (B.26)

Hence, we obtain

ϵ^{α̇β̇}D_αR_{α̇δδ̇γ̇β̇}| =^{9i}_4 ϵ_{δ̇γ̇} D_αD_δR| −^{5i}_4 D_α(D̄_{γ̇} G_{δδ̇} + D̄_{δ̇}G_{δγ̇} )| (B.27) =^{9i}_8 ϵ_{δ̇γ̇} ϵ_{αδ}D^2R| −^{5i}_8 (D_αD̄_{γ̇} G_{δδ̇} + perms.)| −^{5i}_8 ϵ_{αδ}D^β(D̄_{γ̇} G_{βδ̇} + D̄_{δ̇}G_{βγ̇} )| =^{9i}_8 ϵ_{δ̇γ̇} ϵ_{αδ}D^2R| −^{5i}_8 (D_αD̄_{γ̇} G_{δδ̇} + perms.)| −^5_4 ϵ_{αδ}(D^β_{γ̇} G_{βδ̇} + D^β_{δ̇} G_{βγ̇} )| , where in the last line we used the fact that the anti-symmetric part in α and δ of the second term is zero. We therefore arrive at the following answer

(6) =^i_8 ϵ^{α̇β̇} σ̄^{δδ̇}_a D_αR_{α̇δδ̇γ̇β̇}| σ̄^{αγ̇}_b D^bϕ̄ = ( −^9_{32} D^2R| η_{ab} −^{5i}_{32} σ̄^{δδ̇}_a σ̄^{αγ̇}_b ϵ_{αδ}(D^β_{γ̇} G_{βδ̇} + D^β_{δ̇} G_{βγ̇} )| +^5_{64} σ̄^{δδ̇}_a σ̄^{αγ̇}_b (D_αD̄_{γ̇} G_{δδ̇} + perms.)| ) D^bϕ̄ . (B.28) We have written the result in terms of G_a, as this will combine with the next term to yield a simpler result.

- The seventh term has the following bosonic terms (7) ≡^1_{16} ϵ^{α̇β̇}D^2D̄_{α̇}(T_{β̇aγ̇}D̄^{γ̇}Φ̄)| =^1_8 D^αD̄^{β̇}T_{β̇aγ̇} |D_αD̄^{γ̇}Φ̄|−^1_{32} D^2T^{β̇}_{β̇a}|D̄^2Φ̄|−^1_{32} T^{β̇}_{β̇a}|D^2D̄^2Φ̄| . (B.29) Using T^{β̇}_{β̇a} = 2iG_a and^1_{16} D^2D̄^2Φ̄| = ^□ϕ̄ +^2_3 M̄F̄ , we find (7a) ≡ −^1_{32} D^2T^{β̇}_{β̇a}|D̄^2Φ̄| −^1_{32} T^{β̇}_{β̇a}|D^2D̄^2Φ̄| = e^μ_a [_i 3 b_μ ( ^□ϕ̄ +^2_3 M̄F̄ ) +^1_6 F̄ ∇_μM̄ +^i_6 b_μM̄F̄ ] . (B.30) To complete the calculation we need D^αD̄^{β̇}T_{β̇aγ̇} |. First, we note that D̄^{β̇}T_{β̇aγ̇} =^i_8σ̄^{δδ̇}_a D̄^{β̇}(−ϵ_{δ̇γ̇} G_{β̇δ} + 3ϵ_{β̇γ̇} G_{δδ̇} + 3ϵ_{β̇δ̇}G_{γ̇δ}) =^i_8σ̄^{δδ̇}_a (−ϵ_{δ̇γ̇}D̄^{β̇}G_{β̇δ} − 3D̄_{γ̇} G_{δδ̇} − 3D̄_{δ̇}G_{γ̇δ}) =^i_8σ̄^δ_{γ̇a}D_δR −^{3i}_8 (D̄_{γ̇} G_{δδ̇} + D̄_{δ̇}G_{γ̇δ})σ̄^{δδ̇}_a . (B.31) This implies D^αD̄^{β̇}T_{β̇aγ̇} =^i_{16} δ^α_δ ϵ_{γ̇δ̇}σ̄^{δδ̇}_a D^2R−^3_8 δ^α_δ (D^β_{γ̇} G_{βδ̇} +D^β_{δ̇} G_{βγ̇} )σ̄^{δδ̇}_a −^{3i}_{16} ϵ^{αβ} (D_βD̄_{γ̇} G_{δδ̇} +perms.)σ̄^{δδ̇}_a , (B.32) and hence (7b) ≡ (_{(−2i)} 8 σ^{γ̇}_{αb}D^αD̄^{β̇}T_{β̇aγ̇} ) D^bΦ̄| =

(_1 32 D^2R| η_{ab} −^{3i}_{32}σ̄^{δδ̇}_a σ̄^{αγ̇}_b ϵ_{αδ}(D^β_{γ̇} G_{βδ̇} + D^β_{δ̇} G_{βγ̇} ) +^3_{64} σ̄^{δδ̇}_a σ̄^{αγ̇}_b (D_αD̄_{γ̇} G_{δδ̇} + perms.) ) D^bϕ̄ . (B.33) At this point, it makes sense to combine (B.33) with (B.28), −(6) − (7b) =

(_8

32 D^2R| η_{ab} +^i_4σ̄^{δδ̇}_a σ̄^{αγ̇}_b ϵ_{αδ}(D^β_{γ̇} G_{βδ̇} + D^β_{δ̇} G_{βγ̇} )| −^1_8 σ̄^{δδ̇}_a σ̄^{αγ̇}_b (D_αD̄_{γ̇} G_{δδ̇} + perms.)| ) D^bϕ̄ . (B.34)

Using the contraction with σ matrices

σ̄^{δδ̇}_a σ̄^{αγ̇}_b ϵ_{αδ}(D^β_{γ̇} G_{βδ̇} + D^β_{δ̇} G_{βγ̇} ) = 4(D_bG_a − D_aG_b) + 4iϵ^{cd}_{ab}D_cG_d , (B.35)

and consulting eq. (A.18), we find

−(6) − (7b) =

( (_1 4 D^2R| +^1_2 (^1_2 R +^i_3 D_cb^c +^1_9 b_cb^c) ) η_{ab} − ( R_{ab} +^{2i}_3 D_bb_a +^2_9 b_ab_b ) +^1_3 ϵ^{cd}_{ab}D_cb_d ) D^bϕ̄ . (B.36)

Combining this with (B.30), we obtain

(II) ≡ −(6) − (7) = e^μ_a

[ (_1

4 D^2R| +^1_2 (^1_2 R +^i_3 ∇·b +^1_9 b^2) ) ∇_μϕ̄ − ( R_{μν} +^{2i}_3 ∇_ν b_μ +^2_9 b_μb_ν ) ∇^νϕ̄ +^1_3 ϵ^{ρσ}_{μν} ∇_ρb_σ∇^νϕ̄

−^i_3 b_μ (^ □ϕ̄ +^2_3M̄F̄ ) −^1_6F̄ ∇_μM̄ −^i_6 b_μM̄F̄ ] . (B.37)

■ FINALLY, we get, 1 16 D^2D̄^2D_aΦ̄| = (I) + (II) = e^μ_a [ ∇_μ∇^2ϕ̄ +^{2i}_3 b^ν ∇_μ∇_νϕ̄ +^1_2 F_μ^ν ∇_νϕ̄ + F_μ ] , (B.38)

where

F_μ ≡^5_6 M̄∇_μF̄ +^1_3F̄ ∇_μM̄ −^i_3 b_μM̄F̄ , (B.39) F_μ^ν ≡ (_1 6 R +^1_6 |M|^2 +^1_3 b^2 −^i_3 ∇·b ) δ^ν_μ + ( −2R_μ^ν −^{4i}_3 ∇^ν b_μ +^{4i}_3 ∇_μb^ν −^4_9 b_μb^ν +^2_3 ϵ^{ρσ}_μ^ν ∇_ρb_σ ) . (B.40)

References

[1] D. Baumann and D. Green, “Signatures of Supersymmetry from the Early Universe,” in preparation.

[2] Y. Golfand and E. Likhtman, “Extension of the Algebra of Poincare Group Generators and Violation of P Invariance,” JETP Lett. 13, 323-326 (1971); • D. Volkov and V. Akulov, “Is the Neutrino a Goldstone Particle?,” Phys. Lett. B46, 109-110 (1973); • J. Wess and B. Zumino, “Supergauge Transformations in Four-Dimensions,” Nucl. Phys. B70, 39-50 (1974).

[3] G. ’t Hooft, “Naturalness, Chiral Symmetry, and Spontaneous Chiral Symmetry Breaking,” NATO Adv. Study Inst. Ser. B Phys. 59, 135 (1980).

[4] S. Weinberg, “The Quantum Theory of Fields. Vol. 1: Foundations,” Cambridge, UK: Univ. Pr.

(1995) 609 p.

[5] S. Cecotti, S. Ferrara, and L. Girardello, “Structure Of The Scalar Potential In General N = 1 Higher-Derivative Supergravity In Four-Dimensions,” Phys. Lett. B187, 321 (1987).

[6] S. Cecotti, S. Ferrara, and L. Girardello, “Flat Potentials In Higher-Derivative Supergravity,” Phys.

Lett. B187, 327 (1987).

[7] N. Krasnikov, A. Kyiatkin, and E. Poppitz, “Structure Of The Effective Potential In Supersymmetric Theories With Higher Order Derivatives Coupled To Supergravity,” Phys. Lett. B222, 66-71 (1989).

[8] E. Poppitz, “A Superfield Derivation of the Low-Energy Effective Action in N = 1, N = 2 Supergravity Theories,” Phys. Lett. B238, 323-327 (1990).

[9] D. Butter and S. Kuzenko, “New Higher-Derivative Couplings in 4D N = 2 Supergravity,” JHEP 1103, 047 (2011).

[10] C. Cheung, L. Fitzpatrick, J. Kaplan, L. Senatore, and P. Creminelli, “The Effective Field Theory of Inflation,” JHEP 0803, 014 (2008); • P. Creminelli, M. Luty, A. Nicolis, and L. Senatore, “Starting the Universe: Stable Violation of the Null Energy Condition and Non-Standard Cosmologies,” JHEP 0612, 080 (2006).

[11] L. Senatore and M. Zaldarriaga, “The Effective Field Theory of Multifield Inflation,” [arXiv:1009.2093 [hep-th]].

[12] J. Wess and J. Bagger, “Supersymmetry and Supergravity,” Princeton, USA: Univ. Pr. (1992).

[13] Z. Komargodski and N. Seiberg, “From Linear SUSY to Constrained Superfields,” JHEP 0909, 066 (2009).

[14] S. J. Gates, M. Grisaru, M. Rocek, and W. Siegel, “Superspace Or One Thousand and One Lessons in Supersymmetry,” Front. Phys. 58, 1-548 (1983).

[15] L. Randall and R. Sundrum, “Out Of This World Supersymmetry Breaking,” Nucl. Phys. B557, 79-118 (1999).

[16] C. Cheung, F. D’Eramo, and J. Thaler, “Supergravity Computations without Gravity Complications,” [arXiv:1104.2598 [hep-ph]].

[17] R. Grimm, J. Wess, and B. Zumino, “A Complete Solution Of The Bianchi Identities In Superspace,” Nucl. Phys. B152, 255 (1979).

[18] N. Dragon, “Torsion And Curvature In Extended Supergravity,” Z. Phys. C2, 29-32 (1979).

[19] G. Girardi, R. Grimm, M. Müller, and J. Wess, “Superspace Geometry And The Minimal,

Nonminimal, And New Minimal Supergravity Multiplets,” Z. Phys. C26, 123 (1984). [20] K. Stelle and P. West, “Minimal Auxiliary Fields for Supergravity,” Phys. Lett. B74, 330 (1978). [21] S. Ferrara and P. van Nieuwenhuizen, “The Auxiliary Fields of Supergravity,” Phys. Lett. B74, 333 (1978).

[22] C. Beasley and E. Witten, “New Instanton Effects in String Theory,” JHEP 0602, 060 (2006). [23] I. Antoniadis, E. Dudas, and D. Ghilencea, “Supersymmetric Models with Higher Dimensional Operators,” JHEP 0803, 045 (2008).

[24] Z. Komargodski and N. Seiberg, “Comments on Supercurrent Multiplets, Supersymmetric Field Theories and Supergravity,” JHEP 1007, 017 (2010).

[25] G. Festuccia and N. Seiberg, “Rigid Supersymmetric Theories in Curved Superspace,” JHEP 1106, 114 (2011).

[26] T. Dumitrescu and N. Seiberg, “Supercurrents and Brane Currents in Diverse Dimensions,” JHEP 1107, 095 (2011).

[27] S. Weinberg, “The Quantum Theory of Fields. Vol. 3: Supersymmetry,” Cambridge, UK: Univ. Pr.

(2000).

[28] M. Magro, I. Sachs, and S. Wolf, “Superfield Noether Procedure,” Annals Phys. 298, 123 (2002). [29] S. Kuzenko, “Variant Supercurrents and Noether Procedure,” Eur. Phys. J. C71, 1513 (2011). [30] L. Senatore, K. Smith, and M. Zaldarriaga, “Non-Gaussianities in Single Field Inflation and their Optimal Limits from the WMAP 5-year Data,” JCAP 1001, 028 (2010).

[31] X. Chen and Y. Wang, “Quasi-Single-Field Inflation and Non-Gaussianities,” JCAP 1004, 027 (2010).

[32] J. Khoury, J. Lehners, and B. Ovrut, “Supersymmetric P (X, ϕ) and the Ghost Condensate,” [arXiv:1012.3748 [hep-th]].