arXiv:1109.0407v2 [hep-th] 14 Jan 2012

UTTG-17-11 TCC-019-11

On Three-Dimensional Mirror Symmetry

Anindya Dey

Theory Group, Department of Physics and Texas Cosmology Center The University of Texas at Austin, TX 78712.

anindya@physics.utexas.edu

Abstract

Mirror Symmetry for a large class of three dimensional N = 4 supersymmetric gauge theories has a natural explanation in terms of M-theory compactified on a product of ALE spaces. A pair of such mirror duals can be described as two different deformations of the eleven-dimensional supergravity background M = R^{2,1} × ALE_1 × ALE_2, to which they flow in the deep IR. Using the A − D − E classification of ALE spaces, we present a neat way to catalogue dual quiver gauge theories that arise in this fashion. In addition to the wellknown examples studied in [1], [2], this procedure leads to new sets of dual theories. For a certain subset of dual theories which arise from the aforementioned M-theory background with an A-type ALE_1 and a D-type ALE_2, we verify the duality explicitly by a computation of partition functions of the theories on S^3, using localization techniques . We derive the relevant mirror map and discuss its agreement with predictions from the Type IIB brane construction for these theories.

Contents

1 Introduction 1

2 D = 3, N = 4 Supersymmetric Gauge Theories 3 2.1 Massless Spectrum and R-symmetry . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Lagrangian Description of N = 4 theories . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 IR Behavior and Mirror Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.4 Mirror Symmetry: Type IIB (Hanany-Witten) Interpretation . . . . . . . . . . . . 6

3 M-theory Perspective and Cataloging Mirror Duals 8 3.1 M-theory Description of Mirror Symmetry . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Cataloging Mirror Duals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Z_n × D_{m−2} theories : Type IIB description . . . . . . . . . . . . . . . . . . . . . . 21

4 Computation of Partition Functions for the Dual Theories 23 4.1 Localization on S^3 and Mirror Symmetry . . . . . . . . . . . . . . . . . . . . . . . 23 4.2 A Simple Example:Γ_1 = Z_n, Γ_2 = T rivial . . . . . . . . . . . . . . . . . . . . . . . 26 4.3 Partition Functions of Mirror Duals :Z_n × D_{m−2} Case . . . . . . . . . . . . . . . . 28

5 Conclusion 38

6 Acknowledgements 39

Appendix A 39 6.1 Dual Theories for Z_n × D_{m−2} Singularity . . . . . . . . . . . . . . . . . . . . . . . 39 6.2 Dual Theories for D_{n−2} × D_{m−2} Singularity . . . . . . . . . . . . . . . . . . . . . . 45

1 Introduction

Mirror symmetry is an extremely interesting example of duality in three-dimensional supersymmetric gauge theories with moduli spaces (studied in [1],[2] for N = 4 supersymmetry). The duality involves pairs of gauge theories flowing to the same superconformal fixed point in the IR. In particular, mirror symmetry exchanges the Coulomb and the Higgs branches of the moduli spaces of the two theories and leads to a linear map(known as the “mirror map”) between the Fayet-Iliopoulos parameters associated with vector multiplets in one theory and masses of hypermultiplets in the other . The flavor symmetry at the superconformal fixed point is enhanced and this enhanced flavor symmetry group in the deep IR includes the flavor symmetry groups of the individual gauge theories as subgroups. We will restrict ourselves to theories with N = 4 supersymmetry in this work.

A large class of three-dimensional supersymmetric gauge theories can be realized as worldvolume theories on coincident D3 branes (with one compact direction) with appropriate boundary conditions at the two ends [4], imposed by the presence of 5-branes (or orbifold/orientifold planes as we shall explain later) spanning directions orthogonal to the compact direction. Given a gauge theory with such a description, the mirror dual is obtained simply as the world-volume theory on the same set of coincident D3 branes with S-dual boundary conditions. Therefore, mirror symmetry can be understood as a consequence of S-duality in Type IIB string theory.

In [7], mirror duality between pairs of A_{n−1} quiver gauge theories was deduced in this fashion and the construction was later extended to D_n quivers [6]. In this note, we focus on the Mtheory/ Type IIA realization of mirror symmetry for these quiver gauge theories, the basic idea for which was laid out in [8]. We first discuss the complete M-theory description of the duality for pairs of A_{n−1}-type quivers and then show how the M-theory picture provides a nice way to catalogue mirror dual theories. In the process, we obtain new mirror pairs in addition to the more well-known examples discussed in [1],[2] . We discuss the Type IIB realization for some of these theories.

The rest of the paper is devoted to studying the duality of mirror pairs using a direct comparison of their partition functions on S^3. The basic strategy is to show that the partition functions of the dual theories (each of which can be expressed as finite-dimensional integrals) are related by a simple redefinition of integration variables. In addition to confirming the duality, this provides a nice way to read off the mirror map between dual theories. In [9], such an analysis was performed for dual pairs involving A_{n−1}-type quivers. Here, we extend that computation to include certain theories involving D_n-type quivers and derive the mirror maps in such cases, comparing our results to predictions from Type IIB considerations.

The paper is organized as follows: Section 2 deals with the basic properties of N = 4 supersymmetric gauge theories in three dimensions and presents an elementary discussion on the Type IIB description of Mirror Symmetry. In section 3, we describe the M-theory picture and present a catalogue of mirror pairs that can arise in this fashion. Section 4 contains the partition function computation and derivation of the mirror maps.

2 D = 3, N = 4 Supersymmetric Gauge Theories

2.1 Massless Spectrum and R-symmetry

N = 4 supersymmetry in D = 3 has 8 real supercharges, which are doublets of Spin(2, 1) ∼ SL(2, R) and transform as (2, 2) under the R-symmetry group, SU(2)_R × SU(2)_L. The massless supermultiplets are most conveniently obtained by dimensional reduction of the (1, 0) supersymmetry in D = 6, where the supercharges are four-component Majorana-Weyl spinors (in D = 6) transforming as doublets of the Sp(1) ∼ SU(2)_X R-symmetry. The massless representations of the Poincare algebra are labelled by the representations of the little group Spin(4) ∼ SU(2)_1 × SU(2)_2 :(2j_1 + 1, 2j_2 + 1), where j_1, j_2 denote the “spins” for the representations of SU(2)_1 and SU(2)_2 respectively. The particle content of the lowest massless representations (those without the graviton, or particles of yet-higher spin) of D = 6, N = 1 can be summarized as follows:

Tensor multiplet:(3, 1; 1) + (2, 1; 2) + (1, 1; 1) Vector multiplet:(2, 2; 1) + (1, 2; 2) Half-hyper multiplet:(1, 1; 2) + (2, 1; 1) where we have indicated the representation of SU(2)_1 × SU(2)_2 × SU(2)_X , and denoted the fermions in bold.

On dimensional reduction to three dimensions, we embed SU(2)_L diagonally in SU(2)_1 × SU(2)_2 and SU(2)_R in SU(2)_X . The transformation properties of the dimensionally reduced fields (bosons and fermions respectively) under the R-symmetry group SU(2)_L × SU(2)_R can be summarized as:

Tensor multiplet:(3 ⊕ 1, 1) + (2, 2) Vector multiplet:(3 ⊕ 1, 1) + (2, 2) Half-hyper multiplet:(1, 2) + (2, 1) For the 3D vector multiplets (the reductions of 6D vector or tensor multiplets), the bosons consist of an SU(2)_L-triplet of scalars and a gauge boson, which is an R-symmetry singlet. Strictly speaking, the latter can be dualized to a circle-valued scalar only for an abelian gauge field. In that case, we obtain 4 scalars,transforming overall as (3 ⊕ 1, 1). Nevertheless, for a nonabelian gauge field, the gauge symmetry (on either the Coulomb or Higgs branches) is higgsed to at most an abelian subgroup. So it is useful to carry over this counting in describing the low-energy theory.

The half-hypermultiplets transform in pseudo-real representation of the gauge group. Two copies of half-hypers give a N = 4 hypermultiplet in three dimensions.

Since the matter content in these supermultiplets is not symmetric with respect to the exchange SU(2)_R ↔ SU(2)_L, there can be “twisted” multiplets where SU(2)_R and SU(2)_L are exchanged.

2.2 Lagrangian Description of N = 4 theories

The action for the N = 4 supersymmetric gauge theories is most conveniently presented in the N = 2 superspace language. A N = 4 vector multiplet consists of one N = 2 vector multiplet and one N = 2 chiral multiplet in the adjoint of the gauge group. The action for a N = 4 quiver gauge theory consists of the following terms:

• A Yang-Mills term for each factor in the gauge group.

S_{Y M} = 1 g^2_{Y M} ∫ d^3xd^2θd^2θ̄( 1 4 Σ^2 − Φ^† exp 2V Φ) (1)

where Σ is a N = 2 linear multiplet, defined as Σ = iDD̄V , where V is a N = 2 vector multiplet, which is part of the N = 4 vector multiplet. Φ is a chiral multiplet in the adjoint of the gauge group.

• Kinetic terms and minimal gauge couplings for the hypermultiplets.

S_{matter} = − ∫ d^3xd^2θd^2θ̄ ∑ i (ϕ^†_i exp 2V ϕ_i + ϕ̃^†_i exp (−2V )ϕ̃_i) (2)

where ϕ_i, ϕ̃_i are N = 2 chiral multiplets constituting a N = 4 hypermultiplet (for each i) and the sum is over all the flavors in the theory.

• Holomorphic superpotential term for the N = 2 chiral multiplets, compatible with the N = 4 supersymmetry. S_{sup} = −i √ 2 ∫ d^3xd^2θ ∑ i (ϕ̃_iΦϕ_i + c.c.) (3)

There are two possible deformations of the theory - namely, adding real or complex mass terms for the hypers or adding Fayet-Iliopoulos (FI) terms for the U(1) factors in the gauge group.

• The hypermultiplet masses transform as triplets of SU(2)_L and can be interpreted as the lowest components of a background N = 4 vector multiplet coupled with the flavor symmetry currents in the usual way,

S_{mass} = − ∫ d^3xd^2θd^2θ̄ ∑ i (ϕ^†_i exp 2V^i_mϕ_i + ϕ̃^†_i exp (−2V^i_m)ϕ̃_i) − i √ 2 ∫ d^3xd^2θ ∑ i (ϕ̃_iΦ_mϕ_i + c.c.) (4) where V^i_m and Φ^i_m are respectively the N = 2 vector and chiral multiplets which make up the N = 4 background vector multiplet.

• The FI factors transform as a triplet of SU(2)_R and can be thought of as the lowest components of a twisted N = 4 background vector multiplet, coupled to the topological currents for the U(1) factors in the gauge group by a BF term, S_{F I} = T r ∫ d^3xd^2θd^2θ̄ΣV̂_{F I} + T r( ∫ d^3xd^2θΦΦ̂_{F I} + c.c.) (5)

where the T r picks up the U(1) factors. The ”^” denotes a twisted multiplet.

2.3 IR Behavior and Mirror Symmetry

In the rest of the paper, we will be concerned with the infrared limit of the N = 4 supersymmetric gauge theories, where they approach a superconformal fixed point. The low-energy theory has a R-symmetry Spin(4) ⊂ OSp(4|4) (the superconformal symmetry), which, in most cases, coincides with the manifest SU(2)_R × SU(2)_L in the Lagrangian description of the theory. For such theories, the conformal dimension for the bosonic fields is 1 for the vector multiplet and^1_2 for the hypermultiplet. This obviously implies that the Yang-Mills term in the Lagrangian is irrelevant in the IR. The IR limit thus coincides with the strong coupling limit of the gauge theory, g_{Y M} → ∞.

The low-energy theory has a Coulomb branch where the expectation values of the hypermultiplet scalars are zero and the expectation values of the vector and adjoint scalars are in the Cartan subalgebra of the gauge group G. For a generic vev, the gauge group is broken to U(1)^r,where r = rank(G). The Coulomb branch is a hyper-Kahler manifold of real dimension 4r , parametrized by vevs of one dual scalar and three adjoint scalars for every U(1) factor. The Higgs branch, on the other hand, is characterized by non-zero vevs of the hypermultiplet scalars which break the gauge group completely. If the hypermultiplets transform in the representation R of the gauge group G, then the Higgs branch is given by the hyper-Kahler quotient M/G (M being the quaternionic manifold parametrized by the scalar vevs of the hypermultiplet in the representation R ) and parametrized by 4n real scalars, where n = dim_C (R) − dim_R(G).

Two theories with N = 4 supersymmetry in D = 3 (generically known as the A and the B model) are mirrors if they are related by an exchange of the Coulomb and the Higgs branch. This naturally implies an exchange of vector multiplets and hypermultiplets, SU(2)_R and SU(2)_L in the R-symmetry transformations and also the FI parameters and the hypermultiplet masses.

Note that this 3D Mirror Symmetry is only a duality in the IR limit, and not at arbitrary energy scales.

In the next section, we discuss the Type IIB description of this duality for a discrete family of A_{n−1} quiver gauge theory pairs.

2.4 Mirror Symmetry: Type IIB (Hanany-Witten) Interpretation

The most commonly cited example of mirror duality involves the following discrete family of quiver gauge theory pairs:

A-model:U(k)^m gauge theory with the matter content given by an extended A_{m−1} quiver diagram (3 (a)) with the (m + 1)th node being identified with the first node. The i-th factor in the gauge group has w_i fundamental hypers, such that ∑ i w_i = n.

B-model:U(k)^n gauge theory with the matter content given by an extended A_{n−1} quiver diagram (3 (b)) with the (n + 1)th node being identified with the first node. The j-th factor in the gauge group has v_j fundamental hypers, such that ∑ j v_j = m.

A simple counting of quaternionic dimensions of the Coulomb and Higgs branches shows, dimM^A_C = dimM^B_H = mk and dimM^A_H = dimM^B_C = nk, as expected from duality. For a given sequence of integers {w_i} specifying the A-model, the sequence of integers {v_j } in the B-model are determined by the following rule:

Consider a Young diagram with m rows such that the length of the p-th row (the one at the top of the diagram is assigned p = 1)is given by ∑_p i=1 w_i. Then the length of the q-th column of the Young diagram (the right-hand-most column is assigned q = 1) is given as ∑_q j=1 v_j , thereby determining the set of integers {v_j }.

Finally, masses and FI parameters of the A-model are related to the FI parameters and masses of the B-model respectively by a set of linear equations, usually called “mirror maps”. For the A-model, the total number of independent FI parameters is m (one for each U(1) in the gauge group) while the number of independent mass parameters is n + m − m = n - accounting for the linear combination of masses that can be eliminated for every U(1) factor in the gauge group by shifting the origin of the Coulomb branch. For the B-model, the total number of independent mass parameters is m + n − n = m while the number of FI parameters is n, following the same reasoning as in the A-model. This gives a counting evidence of the fact that mirror duality exchanges masses and FI parameters. The precise form of the mirror map between FI parameters of the A-model and mass parameters of the B-model is given by [2], i∑ l=1 ⃗ζ^A_l = ⃗m^B_i (6)

or equivalently by,

⃗ζ^A_l = ⃗m^B_l − ⃗m^B_{l−1} (7)

Mirror duality for any pair of theories, described above, can be interpreted as a direct consequence of S-duality by resorting to a Type IIB brane construction involving D3, D5 and NS5 branes [7] . Consider a Type IIB background, M = R^{2,1} × S^1 × R^3_{⃗X} × R^3_{⃗Y} . A set of NS5 branes wrapping R^{2,1} × R^3_{⃗X} are located at different points in S^1 × R^3_{⃗Y} while a set of D5 branes extend along R^{2,1} × R^3_{⃗Y} and are located at different points in the transverse space S^1 × R^3_{⃗X} . Finally, D3 branes wrapping R^{2,1} × S^1 can stretch between pairs of 5 branes located at adjacent points on the S^1.

The configuration of branes described above preserves eight real supercharges - appropriate amount of supersymmetry for N = 4 theories in three dimensions. Since the 5-branes are infinitely extended in two directions transverse to the 3-branes, the 5-brane world-volume fields have infinitely large volume coefficients in their kinetic terms compared to the world-volume fields on the D3 brane. As a result, 5 brane fields can essentially be treated as frozen backgrounds and enter the world-volume theory of the D3 branes as moduli in the effective QFT.

A D3 brane wraps the compact direction S^1, along which the (3+1)-dimensional world-volume theory can be Kaluza-Klein reduced to give a (2+1)-dimensional theory. Dynamical fields in this theory naturally arise from lightest excitations of open strings stretched between pairs of Dbranes. Following the discussion in [7], the properties of this (2+1)-dimensional theory can be read off from the brane construction as follows:

• Open strings beginning and ending on k coincident D3 branes stretched between two NS5 branes give a N = 4, D = 3vector multiplet with a gauge group U(k). The gauge coupling for the vector multiplet is given as, 1 g^2_{Y M} = |s_1 − s_2| (8)

where s_1, s_2 are the positions of the two NS5 branes on S^1.

• Open strings beginning(ending) on k coincident D3 branes stretched between the ith and the (i + 1)th NS5 and ending(beginning) on k^′ coincident D3 branes stretched between the (i + 1)th and the (i + 2)th NS5 give a N = 4, D = 3 hypermultiplet in the bifundamental representation of U(k) × U(k^′).

• Open strings beginning(ending) on k coincident D3 branes stretched between the ith and the (i + 1)th NS5 and ending(beginning) on p D5 branes whose S^1 coordinates lie between the two NS5 branes in question gives p hypermultiplets in the fundamental representation of U(k).

• The positions of the NS5 branes in R^3_{⃗Y} correspond to the FI parameters for the gauge groups. Assuming that all the D3 branes are located at the origin of R^3_{⃗X} , the positions of the D5 branes in R^3_{⃗X} correspond to the masses of the fundamental hypers. The masses of the bifundamental hypers correspond to the relative position of D3 branes between the ith pair of NS5 branes with respect to the D3 branes between the (i + 1)th pair along R^3_{⃗X} , which we set to zero.

With these rules, one can immediately write down the appropriate Type IIB brane construction for the A-model. It simply consists of m NS5 branes arranged in a circle with w_i D5 branes located between the ith and the (i + 1)th NS5 on the circle,such that ∑ i w_i = n. Finally, we have m sets of k D3 branes stretched between the m pairs of NS5 branes, without any relative displacement along R^3_{⃗X} .

Now,let us consider the action of S-duality on this system. NS5 and D5 branes transform into each other under S-duality while D3 branes remain invariant. The S-dual system consists of n NS5 branes and m D5 branes and one can easily see that the number of D5 branes between the jth and the (j + 1)th NS5 is precisely v_j (for all j) - the answer expected from the Young diagram rule stated above (after a possible cyclic permutation of brane labels).Therefore, the Sdual system clearly gives a Type IIB brane construction for the B-model: a U(k)^n gauge theory described by a A_{n−1} quiver and a distribution of m fundamental hypers among its’ n nodes given by the sequence v_j . Also, since positions of NS5 and D5 are interchanged, the mapping of FI parameters to masses and vice-versa is trivially achieved.This is how mirror duality in three dimension can be understood as a consequence of S-duality in a Type IIB set-up.

In the next section, we present another description of the duality in terms of a Type IIA/Mtheory. Obviously, the two descriptions are related via T-duality along S^1, but the M-theory picture, as we shall soon demonstrate, is helpful in classifying a large family of mirror duals and also finding new dual pairs.

3 M-theory Perspective and Cataloging Mirror Duals

3.1 M-theory Description of Mirror Symmetry

The M-theory description of mirror duality involves a solution of 11D supergravity with the following geometry, M : R^{2,1} × ALE_1 × ALE_2, where ALE denotes an “Asymptotically Locally Euclidean” space - a smooth hyper-Kahler resolution of an orbifold singularity of the form C^2 /Γ (Γ being a discrete subgroup of SU(2)). The ALE spaces have a well-known A-D-E classification, which is related to the A-D-E classification of the discrete subgroups of SU(2) appearing in the orbifold limit of these spaces. In what follows, we will restrict ourselves to A and D type ALE spaces, which can be further deformed to ”Asymptotically Locally Flat” or ALF spaces. These are four-dimensional hyper-Kahler manifolds, locally asymptotic to R^3 × S^1 at infinity (we will discuss a concrete case in a moment).

Consider first a simpler solution of 11D supergravity M = R^{2,1} × C^2 × ALE, where the ALE space has an A_{n−1} singularity, i.e. this ALE space is the hyper-Kahler resolution of the orbifold singularity C^2 /Z_n .The ALE metric is explicitly given as follows:

ds^2_{ALE} = Hd⃗r^2 + H^{−1}(dx_{11} + ⃗C.d⃗r)^2 (9)

where H =^1_2 ∑_n i=1 1 |⃗r−⃗r_i| and ∇ × ⃗C = −∇H. Now, we compactify the coordinate x_{11} as x_{11} ∼= x_{11} + 2πg_s √ α^′ and deform H → H^′ ,where

H^′ = 1 g^2_{Y M} α^′ + 1 2 n∑ i=1 1 |⃗r − ⃗r_i| (10)

where g^2_{Y M} = g_s^1√_{α′} . This deformation gives a muti-centered Taub-Nut space, which is locally asymptotic to R^3 × S^1 at infinity (and hence “asymptotically locally flat”). At a generic point, the manifold is circle bundle over R^3 and at the centers of the Taub-Nut ⃗r = ⃗r_i the circle fiber shrinks to zero radius.

Note that the deformed background approaches the original background in the limit g_{Y M} → ∞. This deformed M-theory background can be understood as the M-theory lift of a Type IIA supergravity background of n D6 branes at transverse positions ⃗r_i, wrapping the C^2 . In addition, if we have k M2 branes wrapping the R^{2,1} in the M-theory picture, then these become k D2 probe branes in the IIA picture. This Type IIA background preserves 8 real supercharges and as a result the world-volume gauge theory on the D2 branes has N = 4 supersymmetry. The gauge couplings are all proportional to g_{Y M} as defined above.

One can similarly deform an ALE with a D_n-type singularity to an ALF form - the corresponding space turns out to be a generalization of the Atiyah-Hitchin space [12] . One can show that this space appears as the resolution of the orbifold singularity C^2 /D_{n−2} , where D_{n−2} denotes the Dihedral group with a Z_2 central extension. The resultant Type IIA background consists of n D6 branes at transverse positions ⃗r_i parallel to an O6 plane which wraps the C^2 .

Now, consider the manifold we are interested in, namely, M : R^{2,1} × ALE_1 × ALE_2, where the ALE spaces are associated A_{n−1} and A_{m−1} singularities respectively. Deforming ALE_1 → ALF_1, the resultant M-theory background M : R^{2,1} × ALF_1 × ALE_2 can easily be seen to correspond to a Type IIA background with nD6 branes wrapping ALE_2. The k M2 branes become k D2 branes in the Type IIA picture. The three-dimensional world-volume gauge theory given by the spectrum of D2 − D2 and D2 − D6 open strings is an A_{m−1} quiver gauge theory with n fundamental hypers associated with one of the m U(k) gauge groups. The gauge couplings are proportional to g_{Y M} which, in turn, is proportional to the radius of the circle fiber for ALF_1 at infinity (equation 10).

One can similarly consider the deformed M-theory background M^′ : R^{2,1} × ALE_1 × ALF_2, which leads to a Type IIA background with mD6 branes wrapping ALE_1. The three-dimensional world-volume gauge theory on the D2 branes, in this case, is an A_{n−1} quiver gauge theory with m fundamental hypers associated with one of the n U(k) gauge groups. The gauge couplings are proportional to g^′_{Y M} which is proportional to the radius of the circle fiber for ALF_2 at infinity. In the IR limit, when g_{Y M} , g^′_{Y M} → ∞, the two quiver gauge theories, in question, are described by the same M-theory background M : R^{2,1} × ALE_1 × ALE_2 and therefore have equivalent IR dynamics. The exchange of hypermultiplet masses and FI parameters can also be clearly seen. In the A-model (obtained by deforming ALE_1 to ALF_1), the parameters ⃗r^{(n)}_i appear as masses of the fundamental hypers while the parameters ⃗r^{(m)}_j are the FI parameters. In the B-model, their roles are reversed.

We are, however, not done yet since mirror duality, as argued in the previous subsection, exists between a discrete family of pairs of A_{m−1} and A_{n−1} quiver gauge theories, where each distinct pair can be characterized by a certain distribution {w_i} of n fundamental hypers on the A_{m−1} quiver and a related distribution {v_j} of m fundamental hypers on the A_{n−1} quiver. In the Type IIA picture, the distribution of fundamental hypers can be achieved by turning on background fluxes for world-volume gauge-fields on D6 branes. For example, consider the A-model described previously. In the orbifold limit of the ALE space which D6s are wrapping, the Wilson line e^{i ∫ Ai} for the i-th D6 world-volume gauge field along a closed path around the orbifold singularity can have any value z^{li} , where z = e^{2πi/m} and l_i = 0, 1, ..., m − 1. We now define the number of D6 branes with Wilson line z^{li} as w_i, so that the U(n) Wilson line diagonalizes into blocks of dimension w_i. This naturally leads to the required flavor-symmetry breaking U(n) → ∏ i U(w_i). An identical procedure for the B-model gives the flavor-symmetry breaking U(m) → ∏ j U(v_j ), where {w_i}s and {v_j}s are related in a particular way described by the Young diagram rule of the previous section. Since the set of integers {w_i} in the A-model essentially determines the set of integers {v_j} in the B-model, the background fluxes in the two cases must be related to each other as well. This relation is best understood in the M-theory lift of these theories.

In the M-theory picture, the background gauge-field fluxes are lifted to appropriate 4-form G-fluxes in the purely geometrical background described so far. In the rest of the subsection, we write down an explicit expression for this G-flux in terms of a basis of self-dual two forms on the Taub-Nut introduced by Witten in [5] and show how it leads to the appropriate flavor-symmetry breaking in the mirror dual theories. For this purpose, we will consider a slightly more general M-theory background, R^{2,1} × ALF_1 × ALF_2 (one can obviously take ALE limits of the results whenever necessary).

Let us denote by ω^α_i the set of anti-selfdual 2-forms on TN_α (Taub-Nut associated with a A_{α−1} singularity) which are curvature forms of α independent U(1) gauge fields over TN_α. Equivalently, these can be treated as curvature (1, 1) forms (in some chosen complex structure) over α complex line-bundles L_i → TN_α, i = 1, ..., α. In [5], these 2-forms were shown to arise naturally in course of the hyper-Kahler quotient construction of a multi-centered Taub-Nut space and were explicitly constructed. On T-dualizing a Hanany-Witten system with α NS5 branes, ω^α_i s appear as the α B-field modes that are dual to the positions of the NS5s on the S^1. These 2-forms define a basis for H^2(T N_α, Z) and obey the constraint that the two-form ω = ∑_α i=1 ω^α_i has a vanishing integral over each compact cycle on the Taub-Nut.

The G-flux on the M-theory background R^{2,1} × ALF_1 × ALF_2 can be described in a basis of the 4-forms ω^n_i ∧ ω^m_j as follows: G = n∑ i=1 m∑ j=1 a_{ij} ω^n_i ∧ ω^m_j (11)

where a_{ij} is a n × m matrix with entries 0 or 1. For a given Young diagram representing the integers {w_i} and {v_j}, a_{ij} can be specified by the following rule:

• a_{ij} = 1 if there’s a box at the ij-th position and is assigned the value 0 otherwise (the index i of ω^n_i increases from bottom to top of the Young diagram while the index j of ω^m_j increases from right to left).

The A-model corresponds to taking the circle direction of M-theory along T N_n(ALF_1). On writing the G-flux as G = ∑_n i=1 ω^n_i ∧ F^n_i , the ith D6 brane is endowed with the flux F^n_i = ∑_m j=1 a_{ij} ω^m_j (for i = 1, ..., n). For the B-model, the circle direction is chosen along T N_m and writing G = ∑_m j=1 F^m_j ∧ ω^m_j , we deduce that the flux on the jth D6 brane is F^m_j = ∑_n i=1 a_{ij} ω^n_i (for j = 1, ..., m). One can easily check that flux configurations constructed above lead to the appropriate flavor-symmetry breaking in the A and B-model respectively. Therefore, we obtain a complete M-theory description for mirror duality involving A-type quivers on both sides.

For a given A_{n−1} quiver gauge theory, the background fluxes in the Type IIA picture can obviously be derived by T-dualizing the Type IIB brane construction [5]. Each D6 brane, obtained by T-dualizing a D5 brane along the circle direction, is associated with a Chan-Paton line bundle over T N_n. Suppose the ith D5 brane is located between the σ_ith and the σ_{i+1}th NS5 brane (with respect to some base point on the circle) in the compact direction. Then the Chan-Paton line bundle for the ith D6 brane is R_i = ⊗^{σi}_{k=1}L^{−1}_k . Therefore, the flux F_i on the ith D6 brane (obtained on T-dualizing along the circle) is given as,

F_i = σ_i∑

k=1 ω^n_k (12)

One can easily check that the prescription for G-fluxes mentioned previously is consistent with the above equation (up to a possible relabeling of ω^n_k s). We demonstrate this equivalence now using a toy example. Let the A-model be a U(k)^5 gauge theory with four fundamental hypers whose distribution on the quiver is given by the set {w_i} = {1, 1, 0, 1, 1}. The Type IIB brane construction for this theory is shown in figure 1 - the solid and dotted lines represent the NS5 branes and D5 branes respectively. Figure 2 gives the Young diagram characterizing the distribution of fundamental hypers for this theory and its mirror dual. The mirror dual is therefore a U(k)^4 theory with five fundamental hyper distributed on the quiver as {v_j} = {1, 1, 2, 1}.

Figure 1: Hanany-Witten set-up for a U(k)^5 quiver gauge theory with fundamental hypers {w_i} = {1, 1, 0, 1, 1}

Figure 2: Young Diagram encoding distribution of fundamental hypers for the U(k)^5 quiver gauge theory and its mirror dual

In this case, the G-flux is given by the rule in equation 11,

G = ω^4_1 ∧ ω^5_1 + ω^4_2 ∧ (ω^5_1 + ω^5_2 ) + ω^4_3 ∧ (ω^5_1 + ... + ω^5_4 ) + ω^4 ∧ (ω^5_1 + ...... + ω^5 )

(13)

On writing the G-flux as G =

∑_4 i=1 ω^4_i ∧ F^4_i , the fluxes can be read off from the above equation:

F^4_1 = ω^5_1 , F^4_2 = ω^5_1 + ω^5_2, F^4_3 = ω^5_1 + ...... + ω^5_4 , F^4_4 = ω^5_1 + ......... + ω^5 , in obvious agreement with equation 12. Note that the above configuration of fluxes also gives the required flavor symmetry breaking U(4) → U(1)^4.

One can read off the fluxes in the B-model in a similar fashion by writing G =

∑_5 j=1 ω^5_j ∧ F^5_j and show that they agree with equation 12, up to a relabeling of the ω^4_i s. The flux configuration also leads to the correct flavor symmetry breaking U(5) → U(1)^3 × U(2), in this case.

3.2 Cataloging Mirror Duals

The M-theory interpretation of mirror symmetry, described above, provides a neat way to catalogue a large class of mirror dual quiver gauge theories in terms of singularities appearing in the orbifold limit of the ALE spaces. A generic M-theory background M : R^{2,1} × ALE_1 × ALE_2 reduces to the orbifold R^{2,1} × C^2 /Γ_1 × C^2 /Γ_2 in this limit, with the G-fluxes collapsing at the Γ_1 × Γ_2 singularity. Below, we list the mirror duals that can be obtained for different choices of Γ_1 and Γ_2 (we will often refer to these as Γ_1 × Γ_2 mirror dual theories), restricting ourselves to A and D-type singularities only.

In each case, we compute the quaternionic dimensions of the Coulomb and Higgs branches of the dual models and provide a counting evidence for the duality.

• Γ_1 = Z_n,Γ_2 = Z_m

A-model: U(k)^m gauge theory with the matter content given by an extended A_{m−1} quiver diagram (fig.3 (a)) with the (m + 1)th node being identified with the first node. The i-th factor in the gauge group has w_i fundamental hypers, such that ∑ i w_i = n. dimM^A_C = mk (14) dimM^A_H = nk (15) B-model:U(k)^n gauge theory with the matter content given by an extended A_{n−1} quiver diagram (fig.3 (a)) with the (n + 1)th node being identified with the first node. The j-th factor in the gauge group has v_j fundamental hypers, such that ∑ j v_j = m. dimM^B_C = nk (16) dimM^B_H = mk (17) • Γ_1 = Z_n,Γ_2 = Trivial

Figure 3: Mirror Duals for Γ_1 = Z_n,Γ_2 = Z_m. Each black node denotes a U(k) factor in the gauge group while the white node connected to it by a solid line denotes fundamental hyper(s) of that U(k)

Figure 4: Mirror Duals for Γ_1 = Z_n,Γ_2 = T rivial.The fundamental hypers are denoted by white nodes while the adjoint hyper of the A-model is drawn as a circle beginning and ending on the black node, representing the U(k) vector multiplet.

A-model: U(k) gauge theory with n fundamental hypers and one hyper in the adjoint of U(k) (fig. 4 (a)).

dimM^A_C = k (18) dimM^A_H = nk (19) B-model: U(k)^n gauge theory with the matter content given by an extended A_{n−1} quiver diagram (fig. 4 (b)) with the (n + 1)th node being identified with the first node. One of the U(k) factor which we label as U(k)_1 has one hyper in the fundamental representation. dimM^B_C = nk (20) dimM^B_H = k (21)

• Γ_1 = D_{n−2} ,Γ_2 = Trivial

Figure 5: Mirror Duals for Γ_1 = D_{n−2} ,Γ_2 = Trivial. In figure (a), the black nodes denote the U(2k) factors, the white ones denote the U(k) factors and the single fundamental hyper is drawn as a white square connected to the appropriate U(k) factor by a solid line. In figure (b), the white node denotes the vector multiplet, while the large and the small square represent the set of n fundamental hypers and the single antisymmetric hyper respectively.

A-model:U(k)^4 × U(2k)^{n−3} gauge theory with the matter content given by an extended D_{n−2} quiver diagram (fig. 5 (a)). One of the U(k) factors has one fundamental hyper.

dimM^A_C = 2k(n − 1) (22) dimM^A_H = k (23) B-model: Sp(k) gauge theory with n fundamental hypers and one hyper in the anti-symmetric representation of Sp(k) (fig. 5 (b)).

dimM^B_C = k (24) dimM^B_H = 2k(n − 1) (25) • Γ_1 = Z_n,Γ_2 = D_{m−2} • n even (n>2)

Figure 6: Mirror Duals for Γ_1 = Z_n,Γ_2 = D_{m−2} , with n even. Fundamental hypers are simply denoted as dotted lines connected to the appropriate black/white node.

A-model:U(k)^2 × U(2k)^{m−3} × U(k)^2 gauge theory with the matter content given by a D_{m−2} quiver diagram (fig. 6 (a)). The ith factor in the gauge group has w_i fundamental hypers, such that ∑ i w_il_i = n, where l_i = 1, 2 is the Dynkin label for the ith node.

dimM^A_C = 2k(m − 1) (26) dimM^A_H = nk (27)

B-model:Sp(k) × U(2k)^n2^{−1} × Sp(k) gauge theory with bi-fundamentals (fig. 6 (b)). The ith factor in the gauge group has v_i fundamentals, where ∑ i v_i = m. dimM^B_C = nk (28) dimM^B_H = 2k(m − 1) (29) • n odd (n>1)

Figure 7: Mirror Duals for Γ_1 = Z_n,Γ_2 = D_{m−2} , with n odd

A-model:U(k)^2 × U(2k)^{m−3} × U(k)^2 gauge theory with the matter content given by a D_{m−2} quiver diagram (fig. 7 (a)). The ith factor in the gauge group has w_i fundamental hypers, such that ∑ i w_il_i = n,where l_i = 1, 2 is the Dynkin label for the ith node.

dimM^A_C = 2k(m − 1) (30) dimM^A_H = nk (31) B-model:Sp(k)×U(2k)^{n−1}2 gauge theory with bi-fundamentals and one hyper in the antisymmetric representation of U(2k) n−1_2 (fig. 6 (b)). The ith factor in the gauge group has v_i fundamentals, where ∑ i v_i = m. dimM^B_C = nk (32) dimM^B_H = 2k(m − 1) (33)

• Γ_1 = D_{n−2} ,Γ_2 = D_{m−2}

• n,m even (n,m > 4)

Figure 8: Mirror Duals for Γ_1 = D_{n−2} ,Γ_2 = D_{m−2} , with n, m even.The solid lines connecting a pair of black nodes or a black and white node denote half-hypers in the bi-fundamental of the corresponding gauge groups. Fundamental hypers are denoted by dotted lines.

A-model:Sp(k)^2 × SO(4k)^m2^{−1} × Sp(2k)^m2^{−2} × Sp(k)^2 gauge theory, with bi-fundamental halfhypers (fig. 8 (a)), described by a D_{m−2} quiver. The ith factor of the gauge group has w_i fundamentals, such that ∑ i w_il_i = n, where l_i = 1, 2 is the Dynkin label for the ith node.

dimM^A_C = 2k(m − 1) (34)

dimM^A_H = 2k(n − 1) (35)

B-model:Sp(k)^2×SO(4k)^n2^{−1}×Sp(2k)^n2^{−2}×Sp(k)^2 gauge theory, with bi-fundamental half-hypers (fig. 8 (b)), described by a D_{n−2} quiver. The ith factor of the gauge group has v_i fundamentals, such that ∑ i v_il_i = n, where l_i = 1, 2 is the Dynkin label for the ith node.

dimM^B_C = 2k(n − 1) (36)

dimM^B_H = 2k(m − 1) (37)

• n odd,m even (n>3,m>4)

Figure 9: Mirror Duals for Γ_1 = D_{n−2} ,Γ_2 = D_{m−2} , with n odd and m even. The ”dot-dash” line denotes the bifundamental hyper for Sp(2k) × U(2k) in figure (b)

A-model:Sp(k)^2 × SO(4k)^m2^{−1} × Sp(2k)^m2^{−2} × Sp(k)^2 gauge theory, with bi-fundamental halfhypers (fig. 9 (a)), described by a D_{m−2} quiver. The ith factor of the gauge group has w_i fundamentals, such that ∑ i w_il_i = n, where l_i = 1, 2 is the Dynkin label for the ith node.

dimM^A_C = 2k(m − 1) (38)

dimM^A_H = 2k(n − 1) (39)

B-model:Sp(k)^2 × SO(4k)^{n−3}2 × Sp(2k)^{n−3}2 × U(2k) gauge theory, with half-hypers in the bifundamental of Sp(k)×SO(4k) and Sp(2k)×SO(4k) ( 9 (b)) and one hyper in the bi-fundamental of Sp(2k) × U(2k) (fig. 9 (b)). The ith factor of the gauge group has v_i fundamentals, such that ∑ i v_il_i = n, where l_i =^{Rank(gi)}_k and g_i is the factor in the gauge group.

dimM^B_C = 2k(n − 1) (40)

dimM^B_H = 2k(m − 1) (41)

• n odd,m odd (n,m>3) A-model:Sp(k)^2 × SO(4k)^{m−3}2 × Sp(2k)^{m−3}2 × U(2k) gauge theory, with half-hypers in the bi-fundamental of Sp(k) × SO(4k) and Sp(2k) × SO(4k) (fig.10 ) and one hyper in the bifundamental of Sp(2k) × U(2k) . The ith factor of the gauge group has v_i fundamentals, such that ∑ i w_il_i = n, where l_i =^{Rank(gi)}_k and g_i is the factor in the gauge group.

Figure 10: A-model for Γ_1 = D_{n−2} ,Γ_2 = D_{m−2} , with n, m odd. B-model is identical with m replaced by n and the integers{w_i}s by {v_i}

dimM^A_C = 2k(m − 1) (42)

dimM^A_H = 2k(n − 1) (43)

B-model:Sp(k)^2 × SO(4k)^{n−3}2 × Sp(2k)^{n−3}2 × U(2k) gauge theory, with half-hypers in the bifundamental of Sp(k) × SO(4k) and Sp(2k) × SO(4k) and one hyper in the bi-fundamental of Sp(2k) × U(2k) . The ith factor of the gauge group has v_i fundamentals, such that ∑ i v_il_i = n, where l_i =^{Rank(gi)}_k and g_i is the factor in the gauge group. The quiver diagram for the B-model can simply be obtained by replacing m and n and the w_is by v_is in figure 10.

dimM^B_C = 2k(n − 1) (44)

dimM^B_H = 2k(m − 1) (45)

The mirror duals resulting from (1),(2) and (3) have been discussed in the literature [1],[2] in great detail. In the appendices, we derive the field content of the mirror dual theories in the cases (4)-(8), using standard orbifold/orientifold projection techniques [15] directly from the Type IIA brane construction described above.

There are two points which need to be discussed for the theories involving D-type singularities:

1. The map between the set of integers {w_i} and {v_j} is not clear in these cases.

2. There seems to be an apparent mismatch of the number of masses and FI parameters between the dual theories. For example, in the Z_n × D_{m−2} (n even) theories, the B-model has^n_2 − 1 FI parameters and it is not clear apriori whether this matches with the number of independent hypermultiplet masses in the A-model.

In the next section, we shall address the above questions by resorting to Type IIB brane constructions. We shall restrict our discussion to Z_n × D_{m−2} - type mirror dual theories, for even n.

Type IIB description for some of the theories listed above have been discussed in [6], [13] and [14]. Generic Sp × SO quivers ( recall that mirror duals arising out of D_{n−2} × D_{m−2} singularities in the M-theory are of this type) have been discussed in [4] in some detail. The Type IIB brane construction in [4] can be used to find the appropriate map between the sets of integers {w_i} and {v_j} in a way similar to the Z_n × D_{m−2} case, described below. However, we will leave a discussion of this particular category of mirror duals for a future work.

3.3 Z_n × D_{m−2} theories : Type IIB description

Generically, Type IIB description of theories arising from D-type singularities in the M-theory requires additional ingredients - O5 planes and orbifold 5-planes [6]. S-duality maps the orbifolding operation (−)^{FL} I_4 into the orientifolding operation ΩI_4, where I_4 denotes a Z_2 action on 4 of the spatial directions (we will specify which ones below). For concreteness, consider the mirror pair in figure 11. The A-model is essentially a D_{m−2} quiver gauge theory with^n_2 hypers on two of the nodes with Dynkin label 1 (corresponding to gauge groups U(k)_1 and U(k)_2). The brane construction for this theory (shown in figure 12 (a)) involves the same background M : R^{2,1} × S^1 × R^3_{⃗X} × R^3_{⃗Y} with D3, D5 and NS5 branes extending in precisely the same directions as described in section 2. In figure 12, the black spheres and the solid vertical lines denote the NS5s and the D5s respectively, while the horizontal solid lines represent D3 branes. The vertical dotted lines represent orbifold fixed planes while vertical dot-dashed lines are used to represent O5^0 planes (to be defined below). The orbifold fixed planes are parallel to the NS5 branes while the O5^0 planes are parallel to the D5 branes.

We consider a Z_2 orbifolding on S^1 ×R^3_{⃗X} - directions transverse to the D5 branes.The compact direction along the D3 branes is, therefore, the orbifolded circle S^1/Z_2 and the fixed points (at s = 0, L) correspond to the locations of the two orbifold fixed planes in the compact direction. We place m−2 NS5 branes in this interval with 2k D3 branes stretching between consecutive pair of NS5s. At each of the two boundaries, we also have 2k D3 branes connecting the orbifold fixed plane and the nearest NS5 brane. Finally, we put^n_2 D5 branes in the interval between s = 0 and the nearest NS5 branes. The particle-content of the resultant three-dimensional theory can now be obtained by standard orbifold-projection techniques. Away from the boundaries, open strings on the 2k D3 branes between any two consecutive NS5 branes give a U(2k) vector multiplet while those connecting D3 branes stretched between adjoining pairs of NS5s give bifundamental hypermultiplets as before. But there is an important subtlety involving D3 branes which end on the orbifold fixed planes. These branes are charged under the RR twisted sector U(1) gauge field living on the orbifold plane, as can be verified directly by a boundary state computation [11]. The computation also shows that ,for D3 branes ending on the fixed plane, there are two allowed configurations , differing in their charge under the twisted RR gauge field - we shall call these ”+” and “-” states respectively.

Now, suppose we have k_+ D3 branes in the ”+” state and k_− D3 branes in the “-” state(k_+ + k_− = 2k). The action of orbifold (−1)^{FL} I_4 on the CP factors of the D3 branes is given by a diagonal matrix with k_+ entries equal to +1 and k_− entries equal to -1. Obviously, this breaks the gauge group from U(2k) to U(k_+) × U(k_−) and a similar action on the D5 CP factors (diagonal,n/2 entries +1 and n/2 entries -1) implies that each factor in U(k_+) × U(k_−) has n/2 fundamental hypers. The bi-fundamental hypers of U(k_+) × U(k_−) are projected out by the boundary conditions on the NS5 brane. Therefore, for k_+ = k_− = k at both boundaries, we obtain the required quiver gauge theory for the A-model.

The brane construction clearly shows that the A-model has a total of^n_2 −1 fundamental mass parameters - putting all the D3 branes at the R^3_{⃗X} position of the ith D5 brane leaves exactly n 2 − 1 free parameters. Since D3 branes on the left and right of each NS5 brane can be chosen to have same position in R^3_{⃗X} , all the bifundamental masses can be set to zero. Also, the total number of FI parameters is m−1, which can be seen as follows. The FI parameters for the U(k)_1 and U(k)_2 gauge groups are obviously equal, since they are related to the R^3_{⃗Y} position of the same NS5. The same argument holds for the U(k)_3 and U(k)_4 gauge groups. The total number is therefore, (m − 3) + 2 = m − 1.

Now, mirror dual for this system of branes (shown in figure 12 (b)) is given by the action of S-duality (followed by a rotation R^3_{⃗X} ↔ R^3_{⃗Y} ). The NS5s are mapped into D5s and vice-versa, while each orbifold fixed plane is mapped into a O5^0 plane - a single D5 brane coincident with a parallel O5^− plane. Therefore, the B-model consists of^n_2 NS5 branes placed between two O5^0 planes in the compact direction. In addition, there are m − 2 D5 branes between one of the NS5 branes at the boundary and the closest O5^0 plane. This naturally leads to the quiver gauge theory of 11(b) - a Sp(k) × U(2k)^{n/2−1} × Sp(k) gauge theory (bifundamental hypers as indicated in the figure) with m − 1 hypers in the fundamental of one of the Sp(k)s and 1 hyper in the fundamental of the other.

Evidently, the number of FI parameters for the B-model is^n_2 − 1 while the number of fundamental mass parameters is m − 1. Since the D3 branes at the two boundaries actually end on the boundary D5 branes and therefore have to be localized at the same R^3_{⃗X} points as the respective D5s, the two fundamental hypers (originating from the D3-D5 open strings for the boundary D5s) will be massless. The number of fundamental masses will then correspond to the positions of the remaining D5 branes, namely, (m − 2). However, all the bifundamental masses cannot be set to zero by the same reasoning as before. Since the D3 branes at the two boundaries have different R^3_{⃗X} positions, one can only set^n_2 of those to zero leaving behind one massive bifundamental hyper. This leads to a total of m − 1 mass parameters in the B-model.

Therefore, the exchange of FI parameters and masses in mirror duality can be established in this case as well, with the brane construction giving a clear map between the two sets of parameters. The derivation above also shows that there is no real mismatch in their numbers between the dual theories. The map between the sets of integers {w_i} and {v_j } encoding the distribution of fundamental hypers on the dual theories can also be read off from the rules of S-duality stated above. In the next section, we will compute the partition functions of the dual theories using localization techniques and explicitly derive the mirror map.

Figure 11: A mirror pair of Z_n × D_{m−2} type, n even

4 Computation of Partition Functions for the Dual Theories

4.1 Localization on S^3 and Mirror Symmetry

In the IR limit, one can compute the expectation values of a certain set of observables (described below) in N = 4 theories in d = 3 by evaluating the corresponding path integral on S^3 with localization techniques.

To localize the path integral of a theory (deformed by mass and FI parameters)on S^3, one

Figure 12: Type IIB description of the mirror pairs in figure 11

first needs to identify the supercharge Q corresponding to a Killing spinor ϵ on S^3. The prescription,then, is to add a Q-exact term to the action: S_{loc} = t ∫ d^3xQ( ∑ {Q, Ψ_i}^†Ψ_i) (46)

where the sum extends over all fermions in the theory and t is a real parameter. One can easily show that the expectation values of the partition function and other Q − closed observables are invariant under such a transformation and hence can be calculated in the t → ∞ limit. In this limit, the path integral localizes to field configurations which makes the Q − exact functional vanish.

The zero locus of the functional requires all bosonic fields in the matter hypermultiplets to vanish. For the vector multiplets, the only non-vanishing fields are σ, D living in the N = 2 vector multiplet (which is part of the N = 4 vector multiplet), such that σ = −D = σ_0, where σ_0 is a constant on S^3. Also, one can gauge-transform σ_0 to an element of the Cartan sub-algebra of the gauge group, by introducing a Vandermonde determinant into the integration measure of the path-integral. For the background vector-multiplets, one can show [9] that Φ_m = Φ̂_{F I} = 0, while V̂_{F I} and V_m contribute respectively to the classical action and the 1-loop partition function as described below.

In the limit of large t, the saddle point approximation for the partition function is given as, Z = ∫ dσ_0 exp S_{cl}[σ_0]Z_{1−loop}[σ_0] (47)

The classical and 1-loop contributions for the gauge and matter fields can be summarized as follows:

Classical Action For the N = 4 theories with superconformal IR fixed points, S_{cl}[σ_0] does not have the usual quadratic term in σ_0 - it only contributes a term linear in σ_0 coming from the BF coupling with the background vector multiplet V̂_{F I} : • S^{F I}_{cl} = 2πiηT r(σ_0) for every U(1) factor in the gauge group.

1-loop Determinant

• Each N = 4 vector multiplet contributes

Z^v_{1−loop} = ∏ α sinh πα(σ_0) (πα(σ_0))^2

(48)

where the product extends over all the roots of the Lie algebra of G.

• Each N = 4 hypermultiplet contributes

Z^h_{1−loop} = ∏ ρ 1 cosh πρ(σ_0 + m)

(49)

where the product extends over all the weights of the representation R of the gauge group G and m is a real mass parameter.

The Vandermonte factor in the measure exactly cancels with the denominator of the 1-loop contribution of the vector multiplet for each factor in the gauge group.

The integrand obtained from the above set of rules has to be divided by the order of the Weyl group to account for the residual gauge symmetry.

This completes the prescription for writing down the partition function on S^3 for any N = 4 gauge theory in three dimension with a given gauge group and a given matter content in some representation(s) of the gauge group (with the same set of restrictions as noted in [9] ).

In the next subsections, we will describe two examples in which mirror symmetry between two theories can be confirmed by computing the partition functions of individual theories and showing that they are identical, with masses in one theory becoming FI parameters in the other theory and vice-versa.

4.2 A Simple Example:Γ_1 = Z_n, Γ_2 = T rivial

The mirror duals for Γ_1 = Z_n, Γ_2 = T rivial are, A-model: U(k) gauge theory with n fundamental hypers and 1 adjoint hyper. B-model: U(k)^n gauge theory given by a Z_n quiver ((n + 1)th node identified with the 1st) with one hyper in the fundamental of one of the U(k)s.

In the Type IIB (Hanany-Witten) picture, the A-model corresponds to the world volume theory of k D3 branes beginning and ending on a single NS5 brane and n D5 branes. The Bmodel, on the other hand, corresponds to sets of k D3 branes stretched between n NS5 branes and 1 D5 brane.

From the set of rules summarized in the previous section, the partition functions of the A-model and the B-model on S^3 can be readily computed:

Z_A = ∫ d^kσ ∏ i<j sinh^2 π(σ^i − σ^j ) ∏ i,j cosh π(σ^i − σ^j + m_{adj} ) ∏_n i;a=1 cosh π(σ

i + m^fa ) exp 2πiη ∑ i σ^i (50)

Z_B = ∫ n∏ a=1 d^kσ_a 1 ∏ i cosh π(σ^i_1 + m) ∏ i<j,a=1,..,n sinh 2 π(σ^i_a − σ^j_a) ∏ i,j,a=1,..,n cosh π(σ i a − σ^j_{a+1} + m_a) exp 2π ∑ i,a η_aσ^i_a (51)

where σ^i_{n+1} is identified with σ^i_1 .

Now, Z_B (as also Z_A) can be recast into the following form:

Z_B = ∫ n+1∏ a=1 d^kσ_ad^kτ_a( ∑ ρ_1

(−1)^{ρ1} ∏ i exp 2πiτ^i_1(σ^i_1 − σ^{ρ1(i)}_2 ) cosh π(σ^i_1 + m) )

× ( n+1∏ b=2 ∑ ρ_b (−1)^{ρb} ∏ i exp 2πiτ^i_b (σ^i_b − σ^{ρb(i)}_{b+1} + m_b) cosh π(τ^i_b ) exp 2π ∑ i η_bσ^i_b)

(52)

where σ^i_{n+2} is identified with σ^i_1. Following [9], the expression ∑ ρ_1 (−1) ρ_1 ∏ i exp 2πiτ^i_1(σ^i_1 −σ^{ρ1(i)}_2 ) cosh π(σ^i_1 +m) can

be interpreted as the contribution of the only D5 brane to the partition function. The expression ∑ ρ_b (−1) ρ_b ∏ i exp 2πiτ^i_b (σ^i_b −σ^{ρb(i)}_{b+1} +m_b) cosh π(τ^i_b ) , on the other hand, can be interpreted as the contribution of

the b-th NS5 brane to the partition function.

Now, consider the numerator of the Z_B integrand: ∏_{n+1} a=1 ∑ ρ_a (−1) ρ_a ∏ i exp 2πiτ^i_a(σ^i_a − σ^{ρa(i)}_{a+1} ) (with σ_{n+2} = σ_1) = ∏_{n+1} a=1 ∑ ρ_a (−1) ρ_a ∏ i exp 2πiσ^i_a(τ^i_a − τ^{ρ−1a−1(i)}_{a−1} )(with τ^i_0 = τ^i_{n+1}) → ∏_{n+1} a=1 ∑ ρ_a (−1) ρ_a ∏ i exp 2πiσ^i_a(τ^i_a − τ^{ρa(i)}_{a+1} ).

In the last step, we relabel τ_a → −τ_{a+1}, with τ_{n+2} = τ_1. The above equalities prove that the

numerator of the Z_B integrand has a symmetry under σ_a ⇐⇒ −τ_a.

Given the said symmetry, the partition function Z_B can be written as,

Z_B = ∫ ( n+1∏ a=1 ∑ ρ_a (−1)^{ρa} ∏ i exp 2πiσ^i_a(τ^i_a − τ^{ρa(i)}_{a+1} )) 1 ∏ i cosh π(σ^i_1 + m) × ( ∏ a≠2 1 ∏ i cosh πτ^i_a )( ∏ a≠1 e^{2πi ∑i ηaσia} e^{2πi ∑i maτ ia} ) (53)

Note that in the denominator we have implemented the redefinition τ_a → −τ_{a+1}, which is neces-

sary for making the above-mentioned symmetry of the numerator manifest.

The action of S-duality on the integration variables in the partition function is then given by

σ_a ⇐⇒ −τ_a. The S-dual partition function can be written as,

Z̃_B = ∫ ( n+1∏ a=1 ∑ ρ_a (−1)^{ρa} ∏ i exp 2πiτ^i_a(σ^i_a − σ^{ρa(i)}_{a+1} )) 1 ∏ i cosh π(−τ^i_1 + m) × ( ∏ a≠2 1 ∏ i cosh πσ^i_a )( ∏ a≠1 e^{−2πi ∑i ηaτ ia} e^{−2πi ∑i maσia} ) (54)

On integrating out the τ_{n+1}, σ_{n+1};τ_n, σ_n;. . . . . . τ_2, σ_2, we have,

Z̃_B = ∫ ∑ ρ_a (−1)^{ρ1} (−1)^{ρ2} ....(−1)^{ρn+1} ∏ i exp 2πiτ^i_1(σ^i_1 − σ^{ρn+1ρn....ρ2ρ1(i)} 1 − η_2 − .... − η_{n+1}) × 1 ∏ i cosh π(−τ^i_1 + m) 1 ∏ i cosh π(σ^i_1 + η_3 + .... + η_{n+1}) 1 ∏ i cosh π(σ^i_1 + η_4 + .... + η_{n+1}) ...... × 1 ∏ i cosh π(σ^i_1 + η_{n+1}) 1 ∏ i cosh π(σ^i_1) × e^{(−2πi(m2 +m3+...+mn+1) ∑i σi1)} (55)

The permutations ρ_1, ρ_2, ....., ρ_{n+1} can all be combined into a single permutation since the inte-

grand only depends on the product of their action on the index i. Then, integrating out τ^i_1 and

using the Cauchy determinant formula, we have,

Z̃_B = ∫ d^kσ_1 ∏ i<j sinh^2 π(σ^i_1 − σ^j_1) ∏ i,j cosh π(σ^i_1 − σ^j_1 − η_2 − ... − η_{n+1}) × 1 ∏ i cosh π(σ^i_1) ∏ i cosh π(σ^i_1 + η_{n+1}).... ∏ i cosh π(σ^i_1 + η_{n+1} + .... + η_3) × e^{(−2πi(m2 +m3+....+mn+1) ∑i σi1)} (56)

We note that the above expression is identical to Z_A, provided the parameters in the two expressions are related in a particular way. This set of linear equations gives the appropriate mirror map for the dual theories in question.

Mirror Map Comparing the expressions for Z_A and Z_B, one can read off the mirror map, as follows:

m_{ad} = −(η_2 + η_3... + η_{n+1}) (57)

m^f_1 = 0, m^f_2 = η_{n+1}, ......, m^f_n = η_3 + η_4 + .... + η_n + η_{n+1}, (58)

η = −(m_2 + m_3 + .... + m_{n+1}) (59)

By a suitable relabeling of the FI parameters of the B-model, one can rewrite the mirror map in the more conventional form,

η_i = m^f_{i+1} − m^f_i (i < n), η_n = m^f_1 − m^f_n − m_{ad} (60)

4.3 Partition Functions of Mirror Duals :Z_n × D_{m−2} Case

In this section, we compute the partition functions for mirror dual theories arising from Z_n×D_{m−2} singularities in the M-theory picture and explicitly obtain the mirror map for the case where n is even. For concreteness, we consider the particular example of mirror duals in this category studied in the previous section (figure 11), with the following field content:

A-model: A U(k)^2 × U(2k)^{m−3} × U(k)^2 gauge theory with bi-fundamental hypers and two sets of^n_2 hypers in the fundamental of U(k)_1 and U(k)_2 respectively (figure 11 (a)).

B-model: A Sp(k) × U(2k)^n2^{−1} × Sp(k) with bi-fundamental hypers and (m − 1) hypers in the fundamental of Sp(k)_1 and one hyper in the fundamental of Sp(k)_2 (figure 11 (b)).

The partition functions of the above theories on S^3 in the IR limit can be readily obtained using the rules summarized in the previous section.

Z_A = ∫ dσ_αdσ̃_β 1 ∏_{n/2} i,a=1 cosh π(σ i 1 + m^fa ) ∏_{n/2} i;a=1 cosh π(σ i 2 + m^fa ) ∏ i<j,α=1,..,4 sinh 2 π(σ^i_α − σ^j_α) ∏ i,p;(α,β) cosh π(σ i α − σ̃^p_β + m_{αβ}) × ∏ p<l,β=1,..,m−3 sinh 2 π(σ̃^p_β − σ̃^l_β ) ∏ p,l;β=1,2,...,m−4 cosh π(σ̃ p β − σ̃^l_{β+1} + m_β) ∏ α e^{2πiηα ∑i σiα} ∏ β e^{2πiη̃β ∑p σ̃pβ} (61)

where the adjoint scalars for U(k)_α is denoted as σ^i_α and those for U(2k)_β as σ̃^p_β . (α, β) labels the hypermultiplet in the bi-fundamental of U(k)_α × U(2k)_β - obviously, β = 1 for α = 1, 2 and β = m − 3 for α = 3, 4.

Z_B = ∫ dσ_αdσ^′_β Π^{m−1}_{a=1} 1 Π_i cosh π(σ^i_1 + M^fa ) cosh π(σ^i_1 − M^fa ) 1 Π_i cosh^2 πσ^in_2

F (σ_1, σ^′_1; m_{bif} )F (σ^n_2 , σ^′n_{2 −1}; m^′_{bif} )

× Π_{p<l,β=1,..,}^n_{2 −2} sinh π(σ^{′p}_β − σ^{′l}_β ) sinh π(σ^{′p}_{β+1} − σ^{′l}_{β+1}) Π_{i,j,β=1,..,}^n_{2 −2} cosh π(σ^{′p}_β − σ^{′l}_{β+1} + M_β) Π^{n2 −1}_{β=1} e^{2πiη′β Σpσ′pβ} (62)

where the adjoint scalars for the two Sp(k) factors are denoted as σ^i_1 and σ^i_{n/2} respectively, while the scalars in the adjoint of U(2k)_β are denoted as σ^{′p}_β . Also, F (x, y; m_{xy}) = ∏ i<j sinh^2 π(x^i − x^j ) sinh^2 π(x^i + x^j ) ∏ i sinh^2 π2x^i ∏ p<l sinh π(y^p − y^l) ∏ i,p cosh π(x^i − y^p + m_{xy}) cosh π(x^i + y^p − m_{xy})

(63)

In the expression for Z_A, we have set the masses of the fundamental hypers to be pairwise equal and one can easily check that this is a necessary condition for FI-like contributions corresponding to the Sp(k)_1 group to drop out from the dual partition function. Moreover, note that in the A-model the total number of independent fundamental mass parameters is^n_2 − 1. This can be directly seen from Z_A by redefining σ^i_1 → σ^i_1 −m^f_1 and σ^i_2 → σ^i_2 −m^f_1 , which shifts the fundamental masses (and two of the bi-fundamental masses) by −m^f_1 and leaves a total of^n_2 − 1 independent fundamental mass parameters. This is consistent with the Hanany-Witten description of the A-model (discussed in the last section) which states that there should be n/2 D5 branes and hence n/2 − 1 independent fundamental hyper masses . Similarly one can show that the masses of the U(k)_1 × U(2k)_1 and U(k)_2 × U(2k)_1 bifundamental hypers have to be equal. The same is true for the U(k)_3 × U(2k)_{m−3} and the U(k)_4 × U(2k)_{m−3} bifundamental masses. Our goal is to demonstrate that the partition functions listed above are related by a simple redefinition of integration variables, implying that the quiver gauge theories (A and B model) flow to the same superconformal theory in the IR.

We start with the A-model partition function.

Define σ̃^p_0 = (σ^i_1, σ^i_2),σ̃^p_{m−2} = (σ^i_3, σ^i_4)

Now, with this redefinition, ∏ i<j,α=1,..,4 sinh 2 π(σ^i_α−σ^j_α) ∏ i,p;(α,β) cosh π(σ i α−σ̃^p_β +m_{αβ} ) ∏ p<l,β=1,..,m−3 sinh 2 π(σ̃^p_β −σ̃^l_β ) ∏ p,l;β=1,...,m−4 cosh π(σ̃ p β −σ̃^l_{β+1}+m_β )

= X(σ_1, σ_2)( ∏ p<l,β=0,1,..,m−3 sinh π(σ̃ p β −σ̃^l_β ) sinh π(σ̃^p_{β+1}−σ̃^l_{β+1}) ∏ p,l;β=0,1,...,m−3 cosh π(σ̃ p β −σ̃^l_{β+1}+m_β ) )X(σ3, σ4),

where X(x, y) = ∏ i<j sinh π(x^i−x^j ) sinh π(y^i−y^j ) ∏ i,j sinh π(x^i−y^j ) = ∑ ρ(−1)^{ρ 1} ∏ i sinh π(x^i−y^{ρ(i)}) .

Thus,

X(σ_1, σ_2) = ∑ ρ(−1)^{ρ 1} ∏ i sinh π(σ^i_1−σ^{ρ(i)}_2 ) = ∫ dτ ∑ ρ(−1)^ρ ∏ i sinh πτ^i ∏ i cosh πτ^i exp 2πiτ

i(σ^i_1 − σ^{ρ(i)}_2 ).

X(σ_3, σ_4) = ∑ ρ^′ (−1) ρ^′ 1 ∏ i sinh π(σ^i_3−σ^{ρ′ (i)}_4 ) = ∫ dτ^′ ∑ ρ^′ (−1) ρ^′ ∏ i sinh πτ^{′i} ∏ i cosh πτ^{′i} exp 2πiτ

′i(σ^i_3 − σ^{ρ(i)}_4 ).

The NS5 contribution in the partition function Z_A can be rewritten as, ∏ p<l,β=0,1,..,m−3 sinh π(σ̃ p β − σ̃^l_β ) sinh π(σ̃^p_{β+1} − σ̃^l_{β+1}) ∏ p,l;β=0,1,...,m−3 cosh π(σ̃ p β − σ̃^l_{β+1} + m_β ) = ∫ ∏ β=0,1,..,m−3 ( ∑ ρ_β (−1)^{ρβ} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρβ (p)}_{β+1} + m_β)

cosh πτ̃^p_β )dτ̃^p_β (64)

Combining the NS5 contribution in the partition function with X(σ_3, σ_4), we have,

T_{NS5} = ∫ ∏ p,β dτ̃^p_β ∏ i dτ^{′i}( ∏ β=0,1,..,m−3 ∑ ρ_β (−1)^{ρβ} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρβ (p)}_{β+1} + m_β )

cosh πτ̃^p_β )

× ( ∑ ρ^′ (−1)^{ρ′} ∏ i sinh πτ^{′i} ∏ i cosh πτ^{′i} exp 2πiτ^{′i}(σ^{′i}_{m−2} − σ^{k+ρ(i)}_{m−2} )) ∏ α e^{2πiηα ∑i σiα} ∏ β e^{2πiη̃β ∑p σ̃pβ} (65)

Similarly,combining the ”D5” contribution (i.e. the fundamental hypers) in the partition function

with X(σ_1, σ_2), we have,

T_{D5} = 1 ∏ i,a cosh π(σ^i_1 + m^fa ) ∏ i,a cosh π(σ^i_2 + m^fa )

X(σ_1, σ_2)

= ∫ n/2+1∏ p;a=1 dτ̃^{′p}_a ∏ i dτ^i( n 2∏ a=1 ∑ ρ_a (−1)^{ρa} ∏ p exp 2πiτ^{′p}_a (σ^{′p}_a − σ^{′ρa(p)}_{a−1} ) cosh π(σ^{′p}a + m^fa ) ) × ( ∑ ρ n_{2 +1}

(−1)^{ρ n}2^{+1} exp 2πiτ^{′p}n_{2 +1}(σ^{′p}n_{2 +1} − σ^{′ρ n2 +1(p)}n_2 ))

× ( ∑ ρ (−1)^ρ ∏ i sinh πτ^i ∏ i cosh πτ^i exp 2πiτ^i(σ^{′i}n_{2 +1} − σ^{k+ρ(i)}n_{2 +1} ))

(66) with the identification σ^{′p}_0 = σ̃^p_0 = (σ^i_1, σ^i_2). Note that we have added an extra pair of auxiliary variables (σ^n_{2 +1}, τ^n_{2 +1}) in the integral.

Since the NS5 contribution is antisymmetric under permutation of the indices of σ̃^p_0 , the D5 contribution can be antisymmetrized for σ̃^p_0 (i.e.σ^{′p}_0 ) and by the same reasoning, for σ^{′p}_1 , σ^{′p}_2 , ....., σ^{′p}n_2 , as we have done above.

Putting the two contributions together, we have,

Z_A = ∫ ( ∑ ρ (−1)^ρ ∏ i sinh πτ^i ∏ i cosh πτ^i exp 2πiτ^i(σ^{′i}n_{2 +1} − σ^{k+ρ(i)}n_{2 +1} ))( n 2 +1∏

a=1 ∑ ρ_a (−1)^{ρa} ∏ p exp 2πiτ^{′p}_a (σ^{′p}_a − σ^{′ρa(p)}_{a−1} ) I_a(σ^′ , τ^′ ) )

× ( ∏ β=0,1,..,m−3 ∑ ρ_β (−1)^{ρβ} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρβ (p)}_{β+1} + m_β) cosh πτ̃^p_β )

× ( ∑ ρ^′ (−1)^{ρ′} ∏ i sinh πτ^{′i} ∏ i cosh πτ^{′i} exp 2πiτ^{′i}(σ^{′i}_{m−2} − σ^{k+ρ(i)}_{m−2} )) × ∏ α e^{2πiηα ∑i σiα} ∏ β e^{2πiη̃β ∑p σ̃pβ} (67)

where I_a(σ^′ , τ^′ ) = 1, cosh π(σ^{′p}_a + m^f_a ) for a =^n_2 + 1, a ≤^n_2 respectively.

We now demonstrate that the action of S-duality on the integration variables is given by the simple redefinition: σ^{′p} ↔ −τ^{′ p}, σ̃^p ↔ −τ̃^p; τ, τ̃ remaining invariant. To this end, we will consider the action of S-duality on the individual terms T_{D5} and T_{NS5}.

In T_{D5}, the numerator transforms as follows under the transformation σ^{′p} ↔ −τ^{′p}, n 2 +1∏

a=1 ∑ ρ_a (−1)^{ρa} ∏ p exp 2πiτ^{′p}_a (σ^{′p}_a − σ^{′ρa(p)}_{a−1} ) → n 2 +1∏

a=1 ∑ ρ_a (−1)^{ρa} ∏ p exp 2πiσ^{′p}_a (τ^{′p}_a − τ^{′ρa(p)}_{a−1} )

= n 2 +1∏

a=1 ∑ ρ_a (−1)^{ρa} ∏ p exp 2πiτ^{′p}_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} )

× exp 2πiσ^{′p}n_{2 +1}τ^{′p}n_{2 +1} exp −2πiσ^{′p}_1 τ^{′ρ1(p)}_0 .

(68)

Hence,

T̃_{D5} =

∫^n_2∏ a=1 ∑ ρ_a (−1)^{ρa+1} ∏ p exp 2πiτ^{′p}_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} )

cosh π(−τ^{′p}a + m^fa ) × ( ∑ ρ (−1)^ρ ∏ i sinh πτ^i ∏ i cosh πτ^i exp 2πiτ^{′i}n_{2 +1}(σ^{′i}n_{2 +1} − τ^i) exp 2πiτ^{′k+i}n_{2 +1}(σ^{′i}n_{2 +1} + τ^{ρ−1(i)})) × ( ∑ ρ_1

(−1)^{ρ1} ∏ p exp −2πiσ^{′p}_1 τ^{′ρ1(p)}_0 )

(69)

On integrating out τ^{′p}_a (for a = 1, 2, ...,^n_2 ) and τ^′ (none of which appear in the NS5 term), we have,

T̃_{D5} =

∫^n_2∏ a=1 ( ∑ ρ_a (−1)^{ρa+1} ∏ p exp 2πim^f_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} ) cosh π(σ^{′p}a − σ^{′ρ−1a+1(p)}_{a+1} ) )( ∑ ρ (−1)^ρ ∏ i sinh πτ^i ∏ i cosh πτ^i δ(σ^{′k+i}n_{2 +1} + σ^{′ρ−1(i)}n_{2 +1} )) × ( ∑ ρ_1

(−1)^{ρ1} ∏ p exp −2πiσ^{′p}_1 τ^{′ρ1(p)}_0 )

(70) Finally, using the Cauchy determinant formula, we obtain,

T̃_{D5} =

∫^n_2∏ a=1 ∏ p<l sinh π(σ^{′p}_a − σ^{′l}_a ) sinh π(σ^{′p}_{a+1} − σ^{′l}_{a+1}) ∏ p,l cosh π(σ^{′p}a − σ^{′l}_{a+1}) ( ∑ ρ (−1)^ρ ∏ i sinh π2σ^{′i}n_{2 +1} ∏ i cosh^2 πσ^{′i}n_{2 +1} δ(σ^{′k+i}n_{2 +1} + σ^{′ρ−1(i)}n_{2 +1} ))

× ( ∑ ρ_1

(−1)^{ρ1} ∏ p exp −2πiσ^{′p}_1 τ^{′ρ1(p)}_0 )( n 2∏ p;a=1 exp 2πim^f_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} ))

(71)

with τ^{′p}_0 = τ̃^p_0 .

Now, similarly, the numerator of the NS5 term transforms as, ∏ β=0,1,..,m−3 ( ∑ ρ_β (−1)^{ρβ} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρβ (p)}_{β+1} + m_β )) → ∏ β=0,1,..,m−3 ( ∑ ρ_β (−1)^{ρβ} ∏ p exp 2πiσ̃^p_β(τ̃^p_β − τ̃^{ρβ (p)}_{β+1} + m_β )) = ∏ β=1,..,m−3 ( ∑ ρ_{β−1} (−1)^{ρβ−1} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρ−1β−1(p)}_{β−1} )) ∏ p exp 2πiσ̃^p_0τ̃^p_0 exp −2πiσ̃^p_{m−3}τ̃^p_{m−2}

× m−3∏ β=0 exp −2πiσ̃^p_β m_β

(72)

Therefore, one can write the NS5 contribution as,

T̃_{NS5} = ∫ ∏ β=1,..,m−3 ( ∑ ρ_{β−1} (−1)^{ρβ−1} ∏ p exp 2πiτ̃^p_β (σ̃^p_β − σ̃^{ρ−1β−1(p)}_{β−1} − η̃_β) cosh πσ̃^p_β )( ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh πσ̃^p_0 ) × ( ∑ ρ_{m−3} (−1)^{ρm−3} ∏ p exp −2πi(σ̃^{ρ−1m−3(p)}_{m−3} + η^p_{m−2})τ̃^p_{m−2})

× ( ∑ ρ^′ (−1)^{ρ′} ∏ i sinh πτ^{′i} ∏ i cosh πτ^{′i} exp 2πiτ^{′i}(τ̃^i_{m−2} − τ̃^{k+ρ′ (i)}_{m−2} ))

× ( m−3∏ p;β=0 exp −2πiσ̃^p_β m_β )

(73)

Integrating out τ̃^p_1 , τ̃^p_2 , ......., τ̃^p_{m−3}, we have,

T̃_{NS5} = ∫ ∏ β=1,..,m−3 ∏ p 1 cosh π(σ̃^p_0 + ∑_β m−3 η_β) × ( ∑ ρ_β ∏ β=0,1,...,m−3 (−1)^{ρβ} ∏ p exp −2πi(σ̃^{ρ−10 ....ρ−1m−3(p)} 0 + η + η^p_{m−2})τ̃^p_{m−2})

× ( ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh πσ̃^p_0 )( ∑ ρ^′ (−1)^{ρ′} ∏ i sinh πτ^{′i} ∏ i cosh πτ^{′i} exp 2πiτ^{′i}(τ̃^i_{m−2} − τ̃^{k+ρ′ (i)}_{m−2} ))

( m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β )

(74)

where η = ∑_{m−3} β=1 η_β .

Note that, ∑ ρ_β ∏ β=0,1,...,m−3(−1) ρ_β ∏ p exp −2πiσ̃^{ρ−10 ....ρ−1m−4(p)} 0 τ̃^{ρm−3(p)}_{m−2} = ∑ ρ̃(−1)^{ρ̃} ∏ p exp −2πiσ̃^p_0τ̃^{ρ̃(p)}_{m−2}, where, ρ̃ = ρ_{m−3} ∘ ρ_{m−4} ∘ .... ∘ ρ_0.

Also, note that T_{NS5} only depends on ρ^′ ∘ρ̃^{−1}, so that ρ̃ can be taken to be a trivial permutation of the indices (the integrand gets multiplied by a factor of 2k!, which we will ignore).

Plugging this back in the expression for T̃_{NS5}, we have,

T̃_{NS5} = ∫ ∏ β=1,..,m−3 ∏ p 1 cosh π(σ̃^p_0 + ∑_β m−3 η_β) × ( ∑ ρ^′ (−1)^{ρ′} ∏ i exp 2πiτ̃^i_{m−2}(τ^{′i} − σ̃^i_0 − η − η_3) exp{−2πiτ̃^{k+i}_{m−2}(τ^{′ρ′−1(i)} + σ̃^{k+i}_0 + η + η_4)} sinh πτ^{′i} cosh πτ^{′i} )

× ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh πσ̃^p_0 ( m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β ) = ∫ ∏ β=1,..,m−3 ∏ p 1 cosh π(σ̃^p_0 + ∑_β m−3 η_β) × ( ∑ ρ^′ (−1)^{ρ′} ∏ i δ(τ^{′i} − σ̃^i_0 − η − η_3)δ(τ^{′ρ′−1(i)} + σ̃^{k+i}_0 + η + η_4) sinh πτ^{′i} cosh πτ^{′i} )

× ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh πσ̃^p_0 ( m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β )

= ∫ ∏ β=1,..,m−3 ∏ p 1 cosh π(σ̃^p_0 + ∑_β m−3 η_β) ( ∑ ρ^′ (−1)^{ρ′} δ(σ̃^{ρ′−1(i)} + σ̃^{k+i}_0 + 2η + η_3 + η_4) sinh π(σ̃^i_0 + η + η_3) cosh π(σ̃^i_0 + η + η_3) )

× ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh πσ̃^p_0 ( m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β )

(75)

where we have integrated out τ_{m−2} and τ^′ in the second and the final step respectively.

Therefore, the final expression for T̃_{NS5} becomes,

T̃_{NS5} = ∫ ( ∏ β=1,..,m−3 ∏ p exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 cosh π(σ̃^p_0 + ∑_β m−3 η_β) ) 1 ∏ p cosh πσ̃^p_0 ( ∏ i sinh 2π(σ̃^i_0 + η + η_3) cosh^2 π(σ̃^i_0 + η + η_3) )

× ( ∑ ρ^′ (−1)^{ρ′} ∏ i δ(σ̃^{k+ρ′ (i)} 0 + σ̃^i_0 + 2η + η_3 + η_4))( m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β)

(76)

The S-dual partition function of the A-model is then given as,

Z̃_A = ∫ ∏ β=1,..,m−3 ∏ p 1 cosh π(σ̃^p_0 + ∑_β m−3 η_β ) 1 ∏ p cosh πσ̃^p_0 ( ∏ i sinh 2π(σ̃^i_0 + η + η_3) cosh^2 π(σ̃^i_0 + η + η_3) )

× n 2∏ a=1 ∏ p<l sinh π(σ^{′p}_a − σ^{′l}_a ) sinh π(σ^{′p}_{a+1} − σ^{′l}_{a+1}) ∏ p,l cosh π(σ^{′p}a − σ^{′l}_{a+1}) ( ∏ i sinh π2σ^{′i}n_{2 +1} ∏ i cosh^2 πσ^{′i}n_{2 +1} )( n 2∏ p;a=1 exp 2πim^f_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} )) × ( ∑ ρ^′ (−1)^{ρ′} ∏ i δ(σ̃^{k+ρ′ (i)} 0 + σ̃^i_0 + 2η + η_3 + η_4))( ∑ ρ (−1)^ρδ(σ^{′k+i}n_{2 +1} + σ^{′ρ−1(i)}n_{2 +1} ))

× ( ∑ ρ_1

(−1)^{ρ1} ∏ p exp −2πiσ^{′p}_1 τ̃^{ρ1(p)}_0 exp 2πi(σ̃^p_0 − η^p_0 )τ̃^p_0 )) m−3∏ p;β=0 exp −2πiσ̃^p_0 m_β

(77)

By relabeling the integration variables, one can reduce all of ρ^′ , ρ, ρ_1 to trivial permutation. Now, we define σ̃^i_0 + η + η_3 → σ̃^i_0 and σ̃^{k+i}_0 + η + η_4 → σ̃^{k+i}_0 .

With this redefinition the delta functions imply,

σ^{′k+i}n_{2 +1} = −σ^{′i}n_{2 +1} (78)

σ̃^{k+i}_0 = −σ̃^i_0 (79)

Also, on integrating out τ̃^p_0 , the resultant delta function relates σ^′_1 and σ̃_0 as follows:

σ^{′i}_1 = σ̃^i_0 − η − η_1 − η_3 (80)

σ^{′k+i}_1 = σ̃^{k+i}_0 − η − η_2 − η_4 (81)

Now, integrating out σ^{′k+i}n_{2 +1} and σ^{′k+i}_0 ,

Z̃_A = ∫ ∏ β=1,..,m−3 ∏ i 1 cosh π(σ̃^i_0 − η − η_3 + ∑_β m−3 η_β) cosh π(σ̃^i_0 + η + η_3 − ∑_β m−3 η_β) × 1 cosh π(σ̃^i_0 − η − η_3) cosh π(σ̃^i_0 + η + η_4) × ( ∏ i sinh 2π(σ̃^i_0) cosh^2 π(σ̃^i_0) ) n 2∏ a=1 ∏ p<l sinh π(σ^{′p}_a − σ^{′l}_a ) sinh π(σ^{′p}_{a+1} − σ^{′l}_{a+1}) ∏ p,l cosh π(σ^{′p}a − σ^{′l}_{a+1}) ( ∏ i sinh π2σ^{′i}n_{2 +1} ∏ i cosh^2 πσ^{′i}n_{2 +1} )

× ( n 2∏ p;a=1 exp 2πim^f_a (σ^{′p}_a − σ^{ρ−1a+1(p)}_{a+1} ))

(82)

with σ^{′i}_1 given as a function of σ̃^i_0 as above. Note that the contribution of the term ∏_{m−3} p;β=0 exp −2πiσ̃ p 0 m_β drops out, since σ̃^{k+i}_0 = −σ̃^i_0.

For^1

cosh π(σ̃^i_0−η−η_3 ) cosh π(σ̃^i_0 +η+η_4) to be the contribution of a fundamental hyper of Sp(k) in the

mirror theory, we need η_3 = η_4.

Also, ∏ p<l sinh π(σ^{′p}_1 − σ^{′l}_1 ) = ∏ i<j sinh^2 π(σ̃^i_0 − σ̃^j_0) ∏ i,j sinh π(σ̃^i_0 + σ̃^j_0 + η_2 + η_4 − η_1 − η_3).

For the above to be a contribution to a Sp(k) vector multiplet in the mirror theory, we need to set, η_1 = η_2. Note that the partition function computation, therefore, reproduces one of the predictions from the Type IIB brane construction,namely, η_1 = η_2, η_3 = η_4.

Finally, the remaining phase factors can be rewritten as, ∏^n_{2a=1} ∏

p exp 2πim^f_a (σ^{′p}_a − σ^{′ρ−1a+1(p)}_{a+1} ) =

∏^n_{2a=2} ∏ p exp 2πiσ^{′p}_a (m^f_a − m^f_{a−1}). Thus,we can recast Z̃_A as follows:

Z̃_A = ∫_{m−3}∏ β=1 1 ∏ i cosh π(σ̃^i_0 − η − η_3 + ∑_β m−3 η_β) cosh π(σ̃^i_0 + η + η_3 − ∑_β m−3 η_β) × 1 ∏ i cosh π(σ̃^i_0 − η − η_3) cosh π(σ̃^i_0 + η + η_3) cosh^2 πσ̃^i_0 1 ∏ i cosh^2 πσ^{′i}n_{2 +1} × F (σ̃_0, σ^′_2; −(η + η_1 + η_3))F (σ^′n_{2 +1}, σ^′n_2 ; 0) × ∏ p<l,β=2,..,^n_2 −1 sinh π(σ ′p β − σ^{′l}_β ) sinh π(σ^{′p}_{β+1} − σ^{′l}_{β+1}) ∏ p,l,β=1,..,^n_2 −2 cosh π(σ ′p β − σ^{′l}_{β+1}) ( n 2∏ a=2 ∏ p exp 2πiσ^{′p}_a (m^f_a − m^f_{a−1}))

(83)

Finally, relabeling, σ̃^i_0 → σ^i_1, σ̃^{′p}_β → σ̃^{′p}_{β−1}(for β = 2, 3, ...^n_2 ),σ^{′i}n_{2 +1} → σ^in_2 , we conclude that,

Z̃_A = Z_B (84)

with certain relations between the mass and FI parameters, which precisely state the mirror map in this case. Mirror Map

Comparing the expressions for Z̃_A and Z_B, we see that,

m_{bif} = −(η + η_1 + η_3) (85) All other bi-fundamental masses in the B-model are zero.

The (m − 2) fundamental masses in the B-model are given as,

M^f_a = −(η + η_3 − a∑ m−3 η_β) = −( a−1∑ 1 η_β + η_3); a = 1, 2, ..., m − 3 (86)

M^f_{m−2} = −(η + η_3), M^f_{m−1} = 0, M^f_m = 0 (87)

The non-zero fundamental masses, together with the non-zero bi-fundamental mass gives a total of (m − 1) mass parameters as predicted by the Type IIB description. On the other hand, the n/2 − 1 FI parameters of the B-model are given as, η̃_β = m^f_{β+1} − m^f_β , β = 1, 2, ..., n 2 − 1 (88)

Since only^n_2 − 1 of the masses in the A-model are independent, as we argued before, we may set m_1 to zero, which slightly modifies the mirror map as follows:

η̃_1 = m^f_2 , η^B_β = m^f_{β+1} − m^f_β, β = 2, ..., n 2 − 1 (89)

Therefore, to summarize, the total number of independent mass-parameters is^n_2 − 1 and the number of independent FI parameters is m−1. In the B-model, the total number of independent (non-zero) mass parameters is (m − 2) + 1 = m − 1 and the number of FI parameters is^n_2 − 1. Thus, there seems to be a perfect match of allowed deformations in the two theories, under mirror symmetry.

The above computation can be trivially modified to include fundamental hypers for the U(2k) factors, as long as U(k)_1 and U(k)_2 (and similarly U(k)_3 and U(k)_4) have equal number of fundamental hypers.

We would like to end this section by briefly commenting on the number of FI parameters and masses of the A-model that enter the mirror map computed above . As shown earlier, duality between the A-model and the B-model seems to require that, in the A-model, η_1 = η_2 and η_3 = η_4, so that there are only m − 1 independent FI parameters as opposed to the expected number m for a D_m quiver (corresponding to every U(1) in U(k)^4 × U(2k)^{m−3}/U(1)_D, U(1)_D being the diagonal U(1) subgroup of the gauge group). The fundamental masses of U(k)_1 and U(k)_2 are also required to be pairwise equal, so that there are only n/2 independent fundamental hyper masses. Finally, the mass of the U(k)_1 ×U(2k)_1 bifundamental hyper has to be equal to the mass of the U(k)_2 × U(2k)_1 bifundamental hyper (same is true for the masses of the U(k)_3 × U(2k)_{m−3} and the U(k)_4 × U(2k)_{m−3} bifundamental hypers).

Now, the D_m quiver has a Z_2 outer automorphism symmetry which acts by exchanging the gauge groups U(k)_1 and U(k)_2 (as well as U(k)_3 and U(k)_4) . The reduced number of FI parameters and hypermultiplet masses (and, in particular, the relations connecting some of the FI parameters mentioned above) can be readily explained if we require the A-model to be even under this outer automorphism (understood as a discrete gauge symmetry) so that the Z_2 odd operators of the theory are projected out. The action of this symmetry on the space of moduli of the theory, in particular, projects out linear combinations of FI parameters and hypermultiplet masses which are odd under the aforementioned transformation. The space of FI parameters of the gauged theory , even under this discrete symmetry, is then restricted to η_1 = η_2 and η_3 = η_4. Exactly analogous argument holds for the hypermultiplet masses.

We, therefore, conclude that the supersymmetric gauge theory dual to the B-model (described in figure 11(b)) is a D_m quiver, specified in figure 11(a), which is also even under the action of the Z_2 outer automorphism as a discrete gauge symmetry.

5 Conclusion

In this note, we have discussed the M-theory description of mirror symmetry in three dimensions for a large class of N = 4 quiver gauge theories, involving an eleven-dimensional supergravity solution with the geometry M = R^{2,1} × ALE_1 × ALE_2 and a configuration of four-form Gfluxes over the eight-dimensional transverse manifold ALE_1 × ALE_2. In particular, we argued that a pair of quiver gauge theories, mirror dual to each other, can be described by the Mtheory backgrounds M_1 = R^{2,1} × ALF_1 × ALE_2 and M_2 = R^{2,1} × ALE_1 × ALF_2 respectively, for generic values of gauge couplings. In the IR limit, which is also the strong coupling limit for the gauge theories, the dual theories, in question, flow to the same M-theory background, M_{IR} = R^{2,1} × ALE_1 × ALE_2.

This M-theory interpretation readily allows one to use the A − D − E classification of ALE spaces to derive a systematic catalogue of the discrete families of mirror symmetric quiver gauge theory pairs. In addition to the well-known examples (figures 3-5), the procedure leads to a set of new mirror duals (figures 6-10), the field content of which are determined from the corresponding Type IIA set-up, as previously explained. For the Z_n ×D_{m−2} theories (n even), we have presented the Type IIB brane construction to illustrate the map between the two sets of integers {w_i} and {v_j} (which parametrize the distributions of fundamental hypermultiplets on the dual quivers) and discussed relevant features of mirror maps for this class of dual theories.

The duality can be tested beyond the moduli space arguments , by directly computing partition functions of mirror-dual theories on S^3 in the IR limit using localization techniques. An agreement of the partition functions essentially gives a proof of the duality for the pair of theories under consideration. After demonstrating the procedure in one of the simpler and more well-known example of mirror duals (Z_n × Trivial), we perform a computation for the Z_n × D_{m−2} (n even) case . In addition to confirming the duality,the partition function computation provides a way to explicitly determine the mirror-map for this family of dual theories. We observe that the mirror map obtained in this case is in complete agreement with the predictions from the Type IIB set-up.

6 Acknowledgements

The author would like to thank Jacques Distler for numerous discussions that helped shape the project. The author benefitted greatly from discussions with Andy Neitzke and Yuji Tachikawa at different stages of the work.

This work was supported by the National Science Foundation under Grant Number PHY- 0969020.

Appendix A

6.1 Dual Theories for Z_n × D_{m−2} Singularity

Case 1: n even A-Model : The A-Model corresponds to the case where the M-theory circle lies along the ALF obtained by deforming^{C 2}_{Zn} . The resulting Type IIA background consists of n D6 branes wrapping the^{C 2}_{D m−2} . There are k D2 branes parallel to the D6. The D2 branes wrap the directions 0, 1, 2,while D6 wraps 0, 1, 2, 3, 4, 5, 6.

Since this background does not involve orientifold planes, one only needs to compute the orbifold projection of the spectrum of open string states under Γ = D_{m−2} from the D2 − D2 and the D2 − D6 sectors to obtain the field content of the world-volume theory on the D2 branes. It is sufficient to deal with the NS-sector fields (bosons) only, since the R-sector fields (fermions) will naturally assemble themselves into appropriate supermultiplets because of the N = 4 supersymmetry of the background.

D2-D2 Spectrum The NS-sector fields, arising from D2-D2 open strings are: A^μ_{ij}(μ = 0, 1, 2),X^I_{ij}(I = 3, 4, 5, 6),Y^a_{ij} (a = 7, 8, 9); where i, j = 1, 2, ...., N are the Chan-Paton factors with N = k|Γ| being the dimension of the covering space. The indices μ and a are invariant under the action of Γ. X^I s can be arranged into a pair of complex fields on which Γ acts by the usual SU(2) action on C^2 . The action of the orbifold projection on the fields is given by,

A_μ = γ(g)A_μγ(g)^{−1} (A.1)

X^I = R^I_J γ(g)X^J γ(g)^{−1} (A.2)

with the Y^as transforming the same way as the A_μs.

The gauge field and matter content can be obtained by directly solving the above equations. However, the field content can also be derived from a more algebraic approach by counting the Γ-invariant homomorphisms, noting that A^μ_{ij} , Y^m_{ij} ∈ Hom[C^N , C^N ] and X^I_{ij} ∈ 2 ⊗ Hom[C^N , C^N ].

For the gauge field,

(A^μ_{ij})_Γ = Hom[C^N , C^N ]_Γ = [Hom(⊕_iC^{kni} ⊗r_i, ⊕_jC^{knj} ⊗r_j )]_Γ = ⊕_{i,j} C^{kni ∗} ⊗C^{knj} ⊗[r^∗_i ⊗r_j ]_Γ (A.3) = ⊕_iC^{kni ∗} ⊗ C^{kni} = ⊕_iC^{kdimri ∗} ⊗ C^{kdimri} (A.4) = ⊕_iHom(C^{kdimri} , C^{kdimri} ) (A.5) Here, (A^μ_{ij} )_Γ denotes the Γ-invariant homomorphism. In the second line, we have used the fact that [r^∗_i ⊗ r_j]_Γ = δ_{ij} (by Schur’s Lemma) where r_i, r_j are irreducible representations of Γ = D_{m−2} (the notation used above is a bit sloppy since it uses the same symbol for a representation and the vector space it is defined on).

We also assume that the representation of the orbifold group is regular i.e. the irrep r_i appears dimr_i number of times in the decomposition of the N-dimensional representation into irreps of D_{m−2} . The sum in the last step is over all the irreps of D_{m−2} - 4 of them 1-dimensional and (m − 3) of them 2-dimensional. The gauge group can be immediately read off from above:

G_{gauge} = U(k)^4 × U(2k)^{m−3} (A.6)

The analysis is identical for the Y^a fields - orbifold projection yields 3 scalars (one for each a) in the adjoint of every factor in the gauge group. Thus the orbifold projected A_μ and Y_a,taken together, give the bosonic parts of 4 U(k) vector multiplets and (m − 3) U(2k) vector multiplets. For the X^I , we similarly have, [2 ⊗ Hom(C^N , C^N )]_Γ = ⊕_{i,j} a^{(2)}_{ij} Hom(C^{kdimri} , C^{kdimrj} ) (A.7) where a^{(2)}_{ij} r_j = 2 ⊗ r_i and a^{(2)}_{ij} can be directly read off from the extended Dynkin diagram corresponding to D_{m−2} . The 4 outer nodes in the Dynkin diagram (see figure 6 (a)) represent the 4 U(k) groups and the remaining nodes represent the U(2k) groups. Then a^2_{ij} is given by the number of lines connecting the ith and the jth node. So the orbifold projected X^I fields assemble into the bosonic parts of hypermultiplets (4 real scalars) in the bi-fundamental of U(k_i) × U(k_j ) for each pair of nodes (i, j) for which a^2_{ij} ≠ 0.

D2-D6 Spectrum For a single pair of D2-D6 branes, the DN/ND open string ground states yield a D = 3, N = 4 hypermultiplet, whose scalars are given by the complex doublet h^A (h̃_A for ND).The two doublets are related by complex conjugation,

ϵ_{AB} (h^B )^∗ = h̃^A In case of multiple branes, the CP structure of the scalars is h^A_{iI} , where i = 1, 2, ..., N as before and I = 1, 2, ..., n represent the CP factors corresponding to the D6 branes. The orbifold action on these fields is given by, h^A_{iI} = γ_{ij}(g)h^A_{jJ} γ^{−1}_{JI} (g) (A.8)

where, γ_{JI} (g) gives the action of the D_{m−2} orbifolding on the CP factors of the D6 branes.

We may choose the orbifold action to act trivially on the D6 branes. In that case, the orbifold projected h^A fields, give the bosonic part of n hypermultiplets in the fundamental of one of the U(k)s. For a general non-trivial action on the D6 CP factors, we note that, h_{iI} ∈ Hom(C^N , C^n ).

Now, as before,

Hom[C^N , C^n ]_Γ = [Hom(⊕_iC^{kni} ⊗ r_i, ⊕_j C^{wj} ⊗ r_j)]_Γ = ⊕_{i,j} C^{kni ∗} ⊗ C^{wj} ⊗ [r^∗_i ⊗ r_j ]_Γ (A.9) = ⊕_iC^{kni ∗} ⊗ C^{wi} = ⊕_iC^{kdimri ∗} ⊗ C^{wi} (A.10) = ⊕_iHom(C^{kdimri} , C^{wi} ) (A.11) so that the ith factor in the gauge group has w_i fundamental hyper, subject to the condition, ∑ i w_idimr_i = n The particle content of the A-model can then be summarized as in the quiver diagram figure 6 (a).

Given the particle content, the dimensions of the Coulomb and the Higgs branch are as follows:

dimM^A_C = 2k(m − 1) (A.12)

dimM^A_H = nk (A.13)

B-Model : The B-Model corresponds to the case where the M-theory circle lies along the ALF obtained by deforming^{C 2}_{D m−2} . The Type IIA background now consists of m D6 branes near an O6 plane, wrapping the^{C 2}_{Zn} . There are again k D2 branes parallel to the D6. The D2 branes wrap the directions 0, 1, 2,while D6 wraps 0, 1, 2, 3, 4, 5, 6.

D2-D2 Spectrum The NS sector fields are now projected under the action of both the orbifold and the orientifold group. The orbifold action on the fields are precisely the same (albeit under a different orbifold group,viz. Z_n) and the orientifold action is given as follows:

A_μ = −γ(ΩZ_2)A^T_μ γ(ΩZ_2)^{−1} (A.14)

X_I = γ(ΩZ_2)X^T_I γ(ΩZ_2)^{−1} (A.15)

Y_a = −γ(ΩZ_2)Y^T_a γ(ΩZ_2)^{−1} (A.16)

The matrix γ(ΩZ_2) has to satisfy the following consistency conditions:

(ΩZ_2)^2 = I : γ(ΩZ_2) = −γ(ΩZ_2)^T (A.17)

Ωg = gΩ : γ(g)γ(ΩZ_2)γ(g)^T = γ(ΩZ_2) (A.18)

where g ∈ Z_n is the generator of the orbifold group. We choose the following regular representation γ(g) on the CP factors:

γ(g) = I_{2k} . . . . . ξI_{2k} . . . . . . . . . . . . . . . . . ξ^{n−1}I_{2k} (A.19)

where I_{2k} is a 2k × 2k identity matrix. Let γ(ΩZ_2) = A_{i,α;j,β}, where A_{ij} is a (2k × 2k) block and i, j = 1, 2, ...., n. Then, equation A.18 implies: ξ^{i+j}A_{i,α;j,β} = A_{i,α;j,β} (A.20) Hence,i + j = n for A_{i,α;j,β} ≠ 0. On the other hand,equation A.17 implies: A_{i,α;n−i,β} = −A_{n−i,β;i,α} (A.21) with i = 0 being identified with i = n. Thus, choosing A_{i,α;n−i,β} = δ_{αβ} , for 0 < i <^n_2 , we have A_{n−i,β;i,α} = −δ_{αβ} . For i = 0,^n_2 , we have A_{i,α;i,β} = −A^T_{i,α;i,β} = ϵ_{2k}, where ϵ_{2k} is the completely antisymmetric matrix with non-zero entries ±1. Thus, taken together the matrix γ(ΩZ_2) is given as:

γ(ΩZ_2) = ϵ_{2k} 0 . . . . 0 0 0 0 . . . 0 I_{2k} 0 0 0 . . 0 . 0 0 0 0 . 0 I_{2k} 0 0 0 0 0 0 ϵ_{2k} 0 . 0 0 0 0 −I_{2k} 0 . 0 0 0 0 −I_{2k} . 0 . 0 0 0 −I_{2k} . . 0 . 0 0

(A.22)

Now, the Z_n orbifolding reduces the gauge group to U(2k)^n, so that the matrix A_μ can be expressed as A_μ = diag[A_0, A_1, A_2, ...., A_{n−2}, A_{n−1}], where each A_i is a 2k × 2k matrix. From equation A.14, we have:

A_i = −A^T_{n−i}, 0 < i < n 2 (A.23)

A_0 = −ϵ_{2k}A^T_0 ϵ^{−1}_{2k} (A.24) A^n_2 = −ϵ_{2k}A^Tn_2 ϵ^{−1}_{2k} (A.25) Thus, the independent blocks consist of A_0 and A^n_2 which are in the adjoint of Sp(k) and A_1, A_2, ....., A^n_{2 −1} which are in the adjoint of U(2k)s. The gauge group, on orientifold projection, is given by: G_{gauge} = Sp(k) × U(2k)^{n2 −1} × Sp(k) (A.26) The Y^as obey the same projection equation under orientifolding, giving three scalars in the adjoint of each of the component groups. Together with the gauge field, they constitute the bosonic part of the N = 4 vector multiplet for each of the component groups.

As mentioned before, we assemble the X_I s into the complex doublet X^A (A = 1, 2), diagonalizing the SU(2) action.

The Z_n orbifolding implies,ξ^{i−j±1}X_{i,α;j,β} = X_{i,α;j,β}, so that the non-zero blocks are X_{i,i+1} ∈ Hom(C^{2k} , C^{2k} ), with i = 0 being identified with i = n as before. The orientifold projection implies, X_{i,i+1} = X^T_{n−i−1,n−i}, 0 < i < n 2 (A.27)

X_{0,1} = ϵ_{2k}(X_{n−1,0})^T (A.28) X^n_{2 ,}^n_{2 +1} = −ϵ_{2k}X^Tn_{2 −1,} n_2 (A.29) X_{i,i+1} gives the bosonic part of a hypermultiplet in the bi-fundamental of U(2k)_i × U(2k)_{i+1} with i = 1, 2, ...,^n_2 − 2, while X_{0,1} and X^n_{2 −1,}^n_2 are in the bi-fundamental of Sp(k) × U(2k)_1 and U(2k)^n_{2 −1} × Sp(k).

D2-D6 Spectrum Now consider the contribution of the D2 − D6 open strings. In general, the scalars h^As will be projected under both the Z_n orbifolding as well as the orientifolding.Under the orbifolding, h^A ∈ Hom[C^N , C^{2m} ], decomposes as, Hom[C^N , C^{2m} ] = ⊕_iHom[C^{2k} , C^{2vi} ] , where ∑ i v_i = m, the sum extends over the one-dimensional irreps of Z_n, with not all v_is being zero.

The Z_n projected scalars h^A_{iI} (where D2 CP factor i = 1, 2, ..., 2k|Γ| on orbifold projection and D6 CP factor I = 1, 2, ..., 2m) will now be projected under orientifolding. The orientifold action on the DN scalars is given by:

h^{2∗}_{iI} = −iγ_2(ΩZ_2)_{ii}′ h^1_i′_I′ γ_6(ΩZ_2)_I′_I (A.30)

h^{1∗}_{iI} = iγ_2(ΩZ_2)_{ii}′ h^2_i′_I′ γ_6(ΩZ_2)_I′_I (A.31)

The orientifold action gives a total of 8km real scalars, which can be assembled into the bosonic parts of m fundamental hypermultiplets distributed among the factors of the gauge group, i.e. if the ith gauge group has v_i fundamental hypers, then ∑ i v_i = m.

The particle content for the B-model can thus be summarized as in figure 6(b) . The dimension of the Coulomb branch and the Higgs branch for the B-model are as follows:

dimM^B_C = nk (A.32)

dimM^B_H = 2k(m − 1) (A.33)

Now, comparing with the results for the A − model, we have dimM^B_C = dimM^A_H and dimM^B_H = dimM^A_C , as expected for mirror dual theories.

Case 2: n odd A-model: The computation for the A-model is almost identical to the case where n is even. The D2-D2 spectrum is exactly the same - the D_{m−2} quiver gauge theory with gauge group U(k)^2 × U(2k)^n2^{−1} × U(k)^2 and bi-fundamental hypermultiplets. The D2-D6 spectrum gives w_i hypermultiplets in the fundamental of the ith factor of the gauge group, such that ∑ i w_idimr_i = n, where the sum extends over all the irreps of D_{m−2} . Since n is odd, the above equation basically implies that the total number of hypers in the fundamental of the U(k)s have to be odd. This number is even for the case when n is even. The particle content of the A-model can then be summarized as in figure 7 (a). So the dimensions of the Coulomb and Higgs branches are:

dimM^A_C = 2k(m − 1) (A.34)

dimM^A_H = nk (A.35)

B-model: The mirror theory,however, will have non-trivial differences with the n even case, essentially because the orientifolding matrix is different when n is odd.

D2-D2 spectrum: The NS sector fields are projected by the same orbifolding matrix. The orientifold matrix satisfying the consistency conditions A.17, A.18 is given as:

γ(ΩZ_2) = ϵ_{2k} 0 . . . . 0 0 0 0 . . 0 I_{2k} 0 0 0 . 0 . 0 0 0 . 0 I_{2k} 0 0 0 0 0 −I_{2k} . 0 0 0 0 . 0 . 0 0 0 −I_{2k} 0 . . 0 0

(A.36)

Proceeding in the same way as before, the orientifold-projected gauge fields and the scalar fields Y_as assemble into the bosonic parts of vector multiplets for the gauge group, G_{gauge} = Sp(k) × U(2k)^{n−12} (A.37) The orientifold-projected X^I s form the bosonic parts of hypers in the bi-fundamental of Sp(k) × U(2k)_1 and U(2k)_i × U(2k)_{i+1} (for 1 < i <^{n−3}_2 ). U(2k) n−1_2 has one hypermultiplet in the anti-symmetric representation.

D2-D6 spectrum: The action of orbifolding on the DN scalars is precisely the same as in the n even case. On orientifolding, we have a total of 8km real scalars which assemble into hypermultiplets in the fundamental of the different factors in the gauge group, so that if v_i is the number of fundamental hypers for the ith factor in the gauge group, then ∑ i v_i = m.

The particle-content of the B-model in the n odd case is summarized in figure 7 (b). The dimensions for the Coulomb and Higgs branches are: dimM^B_C = k + n − 1 2 (2k) = nk (A.38) dimM^B_H = 2km + k(2k − 1) + n − 1 2 (4k^2) − (2k^2 + k) − n − 1 2 (4k^2) = 2k(m − 1) (A.39)

Comparing with the results for the A-model, we see dimM^A_C = dimM^B_H and dimM^A_H = dimM^B_C - as expected of mirror duals.

6.2 Dual Theories for D_{n−2} × D_{m−2} Singularity

We consider the case of even m and even n in detail. The computation for odd m (or n) is almost identical - the difference comes from the fact that the one-dimensional representations of a binary dihedral group of odd order are different from those of even order. A-Model The A-Model corresponds to choosing the M-theory circle to lie along the ALF obtained by deforming^{C 2}_{D n−2} . In the Type IIA picture, we have n D6 branes near an O6 plane, wrapping the^{C 2}_{D m−2} , with k D2 branes parallel to the D6.

D2-D2 Spectrum The NS-sector fields A^μ,X^I ,Y^a have CP factors i = 1, 2, ..., 2k|Γ|, where Γ = 4(m − 2) is the total number of elements of D_{m−2} . First we consider in a little more detail the D_{m−2} orbifolding which acts on the CP factors by the usual regular representation. The fields need to be invariant under the action of the two generators of the D_{m−2} group, a and b and in the regular representation these are as follows:

γ(a) =

I_{2k} 0 . . . . . 0 0 −I_{2k} 0 . . . 0 0 0 0 I_{2k} . . 0 . 0 0 . . −I_{2k} 0 . . 0 0 . . 0 ã_1 0 . 0 0 . . 0 0 . 0 0 0 . . . . 0 . 0 0 . . . 0 . 0 ã_{m−3}

(A.40)

γ(b) =

I_{2k} 0 . . . . . 0 0 I_{2k} 0 . . . 0 0 0 0 −I_{2k} . . 0 . 0 0 . . −I_{2k} 0 . . 0 0 . . 0 b̃_1 0 . 0 0 . . 0 0 . 0 0 0 . . . . 0 . 0 0 . . . 0 . 0 b̃_{m−3}

(A.41)

where

ã_l = exp (iπl/(m − 2))I_{2k} 0 0 0 0 exp −(iπl/(m − 2))I_{2k} 0 0 0 0 exp (iπl/(m − 2))I_{2k} 0 0 0 0 exp −(iπl/(m − 2))I_{2k} and b̃_l =

0 0 0 i^lI_{2k} 0 0 i^lI_{2k} 0 0 i^lI_{2k} 0 0 i^lI_{2k} 0 0 0 with l = 1, 2, ..., m − 3. The orientifold action γ(ΩZ_2) has to obey consistency conditions w.r.t both the generators, i.e.,

γ(a)γ(ΩZ_2)γ(a)^T = γ(ΩZ_2) (A.42)

γ(b)γ(ΩZ_2)γ(b)^T = γ(ΩZ_2) (A.43)

Denoting the orientifold matrix as γ(ΩZ_2)_{M,α;N,β}, where M, N label the different irreps in the regular representation, including their multiplicities and α, β run from 1 to 2k. M, N = i, j denote the 1-dimensional irreps while M, N = I, J denote the 2-dimensional irreps. With this notation, the solution for γ(ΩZ_2) is given as follows:

γ(ΩZ_2)_{i;j} = 0, i ≠ j (A.44)

γ(ΩZ_2)_{i;j} = ( 0 I_k −I_k 0 ) , i = j (A.45)

γ(ΩZ_2)_{I;J} = 0, I ≠ J (A.46)

γ(ΩZ_2)_{I;J} =

0 I_{2k} 0 0 −I_{2k} 0 0 0

0 0 0 −I_{2k} 0 0 I_{2k} 0 , I = J(even) (A.47)

γ(ΩZ_2)_{I;J} =

0 I_{2k} 0 0 −I_{2k} 0 0 0

0 0 0 I_{2k} 0 0 −I_{2k} 0

, I = J(odd) (A.48)

and finally,

γ(ΩZ_2)_{i;I} = 0. (A.49)

As before, the D2 − D2 spectrum is obtained by orbifold-projecting the fields and orientifoldprojecting with the form of γ(ΩZ_2) as given above. The gauge-fields,for example, satisfy,

A^μ = γ(a)A^μγ(a)^{−1} = γ(b)A^μγ(b)^{−1} = −γ(ΩZ_2)A^{μT} γ(ΩZ_2)^{−1} (A.50)

The resultant gauge group, is given by,

G_{gauge} = Sp(k)^4 × SO(4k)^{m2 −1} × Sp(2k)^{m2 −2} (A.51)

The X^I s on projection, yield half-hypers in the bifundamental of Sp(k)×SO(4k) and half-hypers in the bifundamental of Sp(2k) × SO(4k) (see figure 8 (a) ).The Y^as, as before, are projected in the same way as the gauge fields.

D2-D6 Spectrum Since the action of the orbifold on the D6 brane is chosen to be trivial, one can simply choose γ_6(ΩZ_2) = I_{2n} ( γ_6(ΩZ_2) has to be symmetric since γ_2(ΩZ_2) is antisymmetric). The orbifolded fields, on orientifolding, give n hypers (and not half-hypers) in the fundamental of one of the four Sp(k)s. A non-trivial choice of the orbifolding action on the D6 branes will lead to a the ith gauge group having w_i fundamental hypers, such that ∑ i w_idimr_i = n, where r_i denotes the irrep of D_{m−2} corresponding to the ith node in the quiver. The field content of the theory can, therefore, be summarized in figure 8 (a).

Given the particle content, the dimensions of the Coulomb and the Higgs branch are as follows:

dimM^A_C = 2k(m − 1) (A.52) dimM^A_H = 2k(n − 1) (A.53) B-Model The B-Model is simply obtained by exchanging m and n in quiver diagram for the A-Model and is summarized in figure 8 (b) .

The dimensions of the Coulomb and the Higgs branch,in this case, are:

dimM^B_C = 2k(n − 1) (A.54) dimM^B_H = 2k(m − 1) (A.55) Thus, dimM^A_C = dimM^B_H and dimM^A_H = dimM^B_C , as expected for mirror dual theories.

References

[1] K. A. Intriligator and N. Seiberg, “Mirror symmetry in three-dimensional gauge theories,” Phys. Lett. B 387, 513 (1996) [arXiv:hep-th/9607207].

[2] J. de Boer, K. Hori, H. Ooguri and Y. Oz, “Mirror symmetry in three-dimensional gauge theories, quivers and D-branes,” Nucl. Phys. B 493, 101 (1997) [arXiv:hep-th/9611063].

[3] D. Gaiotto and E. Witten, “Supersymmetric Boundary Conditions in N=4 Super Yang-Mills Theory,” arXiv:0804.2902 [hep-th].

[4] D. Gaiotto and E. Witten, “S-Duality of Boundary Conditions In N=4 Super Yang-Mills Theory,” arXiv:0807.3720 [hep-th].

[5] E. Witten, “Branes, Instantons, And Taub-NUT Spaces,” JHEP 0906, 067 (2009) [arXiv:0902.0948 [hep-th]].

[6] A. Kapustin, “D(n) quivers from branes,” JHEP 9812, 015 (1998) [arXiv:hep-th/9806238]. [7] A. Hanany and E. Witten, “Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics,” Nucl. Phys. B 492, 152 (1997) [arXiv:hep-th/9611230].

[8] M. Porrati and A. Zaffaroni, “M theory origin of mirror symmetry in three-dimensional gauge theories,” Nucl. Phys. B 490, 107 (1997) [arXiv:hep-th/9611201].

[9] A. Kapustin, B. Willett and I. Yaakov, “Nonperturbative Tests of Three-Dimensional Dualities,” JHEP 1010, 013 (2010) [arXiv:1003.5694 [hep-th]].

[10] A. Kapustin, B. Willett and I. Yaakov, “Exact Results for Wilson Loops in Superconformal Chern-Simons Theories with Matter,” JHEP 1003, 089 (2010) [arXiv:0909.4559 [hep-th]].

[11] A. Sen, “Stable nonBPS bound states of BPS D-branes,” Conf. Proc. C 100523, WEPE078 (2010) [arXiv:hep-th/9805019].

[12] A. Sen, “A Note on enhanced gauge symmetries in M and string theory,” JHEP 9709, 001 (1997) [arXiv:hep-th/9707123].

[13] A. Hanany and A. Zaffaroni, “Issues on orientifolds: On the brane construction of gauge theories with SO(2n) global symmetry,” JHEP 9907, 009 (1999) [arXiv:hep-th/9903242].

[14] B. Feng and A. Hanany, “Mirror symmetry by O3 planes,” JHEP 0011, 033 (2000) [arXiv:hep-th/0004092].

[15] M. R. Douglas and G. W. Moore, arXiv:hep-th/9603167.

[16] A. Kapustin and M. J. Strassler, JHEP 9904, 021 (1999) [arXiv:hep-th/9902033].