arXiv:1109.1308v3 [hep-th] 16 Mar 2012

Cosmological perturbations in k-essence model

Kazuharu Bamba^{1∗}, Jiro Matsumoto^{2†}, and Shin’ichi Nojiri^{1,2‡} 1Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, Nagoya 464-8602, Japan 2Department of Physics, Nagoya University, Nagoya 464-8602, Japan

Abstract

Subhorizon approximation is often used in cosmological perturbation theory. In this paper, however, it is shown that the subhorizon approximation is not always a good approximation at least in case of k-essence model. We also show that the sound speed given by k-essence model exerts a huge influence on the time evolution of the matter density perturbation, and the future observations could clarify the differences between the ΛCDM model and k-essence model.

PACS numbers: 04.25.Nx, 95.36.+x, 98.80.-k

∗ E-mail address: bamba@kmi.nagoya-u.ac.jp † E-mail address: matumoto@th.phys.nagoya-u.ac.jp ‡ E-mail address: nojiri@phys.nagoya-u.ac.jp

I. INTRODUCTION

In order to explain the current accelerated expansion of the Universe, we need to modify the Einstein equation. There are two ways to modify the equation. One way is the modification of the right hand side of the Einstein equation by including unknown cosmological fluid, called “dark energy”. A typical example of the dark energy is the ΛCDM model and k-essence model [1–3] is also one of the dark energy models. The k-essence model had been known as the model which causes the accelerated expansion of the Universe only by the kinetic terms of a scalar field. However, the k-essence model is currently recognized as a general single scalar field model which includes quintessence model [4–7], ghost condensate model [8], tachyon model [9–12] and so on. Another way to modify the Einstein equation is the modification of the left hand side of the Einstein equation, which is called “modified gravity”. For example, scalar-tensor theory [13–15] and F (R) gravity model [16–19] are known as the modified gravity models. Only from the data about the expansion rate of the Universe which is given by the observations of supernovae of type Ia, we cannot determine which model could be real one among such many models. One way to solve the problem is to consider the evolution of the matter density perturbation. The behavior of the evolution of the matter density perturbation is usually obtained by solving the equations of the linear perturbations, consisting of the metric perturbation and the perturbation of the energy momentum tensor. It is difficult, however, to solve the equations because scalar field models have more degrees of freedom than those in the ΛCDM model. Hence, the remaining way to evaluate the evolution of matter density perturbation has been using computers to solve the equations numerically under special conditions or to apply subhorizon approximation to the equations.

In this paper, we will see that by linearizing equations without any other approximation, we find the behavior of the evolution of the matter density perturbation in Sec. III. We will also see that the matter density perturbation shows the oscillation whose frequency is proportional to the sound speed in k-essence model at the leading order of small scale and the effective growth factor of it is determined up to by the second derivatives respect to X ≡ −∂^μϕ∂_μϕ/2 of the Lagrangian density K(ϕ, X) and ϕ̇ and their time derivatives. A clear observational difference between the ΛCDM and k-essence model could be also developed by the sound speed in k-essence model, which is also shown in Sec. III. The last section is devoted to the conclusions and discussions. We use units of k_B = c = ℏ = 1 and denote the gravitational constant 8πG by κ^2 ≡ 8π/M_{Pl}^2 with the Planck mass of M_{Pl} = G^{−1/2} = 1.2 × 10^{19}GeV.

II. COSMOLOGICAL PERTURBATIONS

A. Equations of linear perturbations

We start with the following action of k-essence model: S = ∫ d^4x √ −g { R 2κ^2

− K(ϕ, X) + L_{matter} } , X ≡ − 1 2 ∂^μϕ∂_μϕ . (2.1)

Here ϕ is a scalar field and L_{matter} expresses the Lagrangian density of matters. Following the variational principle, by the functional differentiation with respect to metric g^{μν} (x), we obtain the Einstein equations, 1 κ^2 G_{μν} = − K(ϕ, X)g_{μν} − K_{,X} ∂_μϕ∂_ν ϕ + T^{(m)}_{μν} , (2.2) where K_{,X} expresses the partial derivative of K(ϕ, X) with respect to X and T^{(m)}μν is the energy-momentum tensor of the matters. On the other hand, the equation of motion for the scalar field ϕ is given by

K_{,ϕ} + ∇_μ(K_{,X} ∂^μϕ) = 0 . (2.3)

When the Universe is described by the Friedmann-Lemaitre-Robertson-Walker (FLRW) space-time with the flat spacial part, whose metric is given by ds^2 = −dt^2 + ∑ i,j=1,2,3 δij a 2(t)dx^idx^j, Eqs. (2.2) and (2.3) have the following forms:

3H^2 κ^2

=K − ϕ̇^2K_{,X} + ρ_{matter} , (2.4) − 2Ḣ κ^2

= − ϕ̇^2K_{,X} + (1 + w)ρ_{matter} , (2.5) 0 =3Hϕ̇K_{,X} + ϕ̈(K_{,X} + ϕ̇^2K_{,XX} ) − K_{,ϕ} + ϕ̇^2K_{,Xϕ} , (2.6)

where w ≡ p_{matter}/ρ_{matter} is the equation of state (EoS) parameter and H(t) ≡ ȧ(t)/a(t). The energy momentum tensor is treated as that of perfect fluid, here. Then, the continuity equation for the matters is given by

ρ̇_{matter} + 3(1 + w)Hρ_{matter} = 0 . (2.7)

In the following, we abbreviate the suffix “matter” for the quantities corresponding to matter, e.g., we write energy density ρ_{matter} by ρ, etc. We now consider the perturbed scalar field and the metric around the background, ϕ → ϕ + δϕ, X → X + δX, and g_{μν} → g_{μν} + δg_{μν} , to analyze the time evolution of the matter density perturbation. Then Eqs. (2.2) and (2.3) give the following equations of linear perturbations, 1 κ^2 δR^ν_μ = 1 2 ( 1 κ^2 δR − K_{,ϕ}δϕ − K_{,X} δX ) δ^ν_μ − 1 2 δK_{,X} ∂_μϕ∂^ν ϕ − 1 2 K_{,X} (∂_μδϕ∂^ν ϕ + ∂_μϕ∂^ν δϕ) + δT^{(m) ν}_μ , (2.8) 0 =K_{,ϕϕ}δϕ + K_{,ϕX} δX + ∇_μ(δK_{,X} ∂^μϕ + K_{,X} ∂_αϕδg^{αμ} + K_{,X} ∂^μδϕ) + δΓ^μ_λK_{,X} ∂^λϕ . (2.9)

Here, we use the metric of FLRW space-time with the Newtonian gauge,

ds^2 = (−1 + 2Φ)dt^2 + ∑ i,j=1,2,3 δ_{ij} a^2(t)(1 + 2Ψ)dx^idx^j . (2.10)

Then, Eq. (2.8) has the following forms:

−6H^2Φ − 2 k^2 a^2

Ψ − 6HΨ̇ =κ^2 { (−K_{,X} + ϕ̇^2K_{,XX} )(ϕ̇^2Φ + ϕ̇δϕ̇) − (K_{,ϕ} − ϕ̇^2K_{,Xϕ} − 2ϕ̇K_{,X} ∂_0)δϕ + 2Φϕ̇^2K_{,X} − δρ } , (2.11) 2∂_i(HΦ + Ψ̇) =κ^2 { ϕ̇K_{,X} ∂_iδϕ + (ρ + p)δu_i } , (2.12) a^{−2}∂_i∂_j (Φ − Ψ) =0, (i ≠ j) , (2.13) ( k^2 a^2 + ∂_i∂_i a^2

− 2H∂_0 − 4Ḣ − 6H^2 ) Φ − ( k^2 a^2 + ∂_i∂_i a^2

+ 2∂_0∂_0 + 6H∂_0 ) Ψ =κ^2 { −K_{,X} (ϕ̇^2Φ + ϕ̇δϕ̇) − K_{,ϕ}δϕ + δp } , (not summed with respect to i), (2.14)

where Eqs. (2.11)–(2.14) express the (0, 0), (0, i), (i, j) for i ≠ j, and (i, j) for i = j components of the Einstein equations, respectively. In Eqs. (2.11) and (2.14), k expresses the wave number which appears from the derivative with respect to the spacial coordinates (k^2 = −∂_j ∂_j ) by the Fourier transformation.

Since we have treated energy momentum tensor as perfect fluid T_{μν} = pg_{μν} + (ρ + p)u_μu_ν, where u_i = 0 and u_0 = −1, the perturbation of the energy momentum tensor is given as follows, δT^0_0 = − δρ , (2.15) δT^0_i =(ρ + p)δu_i , (2.16) δT^i_0 = − a^{−2}(ρ + p)δu_i , (2.17) δT^i_j =δ^i_jδp , (2.18) where we have used the relation δu_0 = δg_{00}/2, which is obtained from the condition g^{μν} u_μu_ν = −1. We now decompose δu_i as ∂_iδu + δu^V_i , where δu_i satisfies the transverse condition ∂^iδu^V_i = 0. When we consider the scalar perturbation, we put δu^V_i = 0 and keep only the scalar part δu. Then, δu_i is expressed as δu_i ≡ ∂_iδu. On the other hand, perturbative equation of the scalar field (2.9) has the following form:

(ϕ̇^2K_{,XX} + K_{,X} )δϕ̈ = − 3ϕ̇K_{,X}Ψ̇ + (−ϕ̇K_{,X} ∂_0 − ϕ̇^3K_{,XX} ∂_0 − 6Hϕ̇K_{,X} − 2ϕ̈K_{,X} − 2ϕ̇K̇_{,X} − 3Hϕ̇^3K_{,XX} − 3ϕ̇^2ϕ̈K_{,XX} − ϕ̇^3K̇_{,XX} + ϕ̇^2K_{,ϕX} )Φ − (3HK_{,X} + K̇_{,X} + 3Hϕ̇^2K_{,XX} + 2ϕ̇ϕ̈K_{,XX} + ϕ̇^2K̇_{XX} )δϕ̇ + ( −K_{,X} k^2 a^2 − 3Hϕ̇K_{,Xϕ} − ϕ̇K̇_{,Xϕ} − ϕ̈K_{,Xϕ} + K_{,ϕϕ} ) δϕ . (2.19) The perturbative equation of matter is given by linearizing the continuity equation ∇_μT^μ_ν = 0: δρ̇ + 3H(δρ + δp) + a^{−2}∂_i{(ρ + p)δu_i} + 3Ψ̇(ρ + p) = 0 , (2.20) a^{−3}∂_0{a^3(ρ + p)δu_i} + ∂_iδp − (ρ + p)∂_iΦ = 0 . (2.21) In the following, we consider the radiation dominant era, the matter dominant era, and the subsequent era and therefore we may assume w = constant. In addition, we assume the sound speed c^2_s ≡ δp/δρ behaves as constant.

B. Subhorizon approximation

By using Eq. (2.13), we find we can choose Ψ = Φ, which is assumed in the following. Subhorizon approximation is the approximation that H^2, H∂_0, ∂^2_0 ≪ k^2/a^2. If we apply the subhorizon approximation in case of p = 0, c^2_s = δp/δρ = 0 i.e. δp = 0, we obtain the following relation from Eq. (2.19), |Ψ| ≫ |δϕ/ϕ| . (2.22)

This relation implies we can neglect δϕ in Eq. (2.11) and therefore we obtain the approximated equation from Eq. (2.11): 2 k^2 κ^2a^2

Ψ ≃ δρ . (2.23)

The above equation (2.23) is identical with the equation of the Newton gravity. We can, then, obtain the evolution of matter perturbation by using Eqs. (2.22), (2.23), (2.20), and (2.21). Differentiating Eq. (2.20) with respect to N ≡ ln a and substituting Eq. (2.21), we obtain the following differential equation, d^2δ dN^2 + ( 1 2 − 3 2 w_{eff} ) dδ dN − 3 2 Ω_mδ ≃ 0 , (2.24)

where δ ≡ δρ/ρ and Ω_m is the fractional density of matter, defined by κ^2ρ/(3H^2). w_{eff} is an effective EoS parameter defined by w_{eff} ≡ −1 − 2H^′/3H. This equation (2.24) does not include the contribution from the scalar field ϕ explicitly, so that Eq. (2.24) is not changed from the equation given in the ΛCDM model. Thus, it might be considered that there is no contribution for the matter density perturbation explicitly from the scaler field ϕ when scaler field is only minimally coupled to the gravitation. This is, however, incorrect. Because the hypothesis we are able to use the subhorizon approximation is too strong to obtain a correct answer. The subhorizon approximation is decomposed into two approximations, that is, small scale approximation k^2/a^2 ≫ H^2 and the assumption that the magnitude of the time variation of gravitational potential and the perturbation of the scalar field are almost that of the Hubble rate such as ∂_0Ψ ≃ HΨ, and the latter approximation can be only used in the case that the propagating speed of the perturbation mediated by the scalar field is negligible compared with the light speed. The behavior of the matter density perturbation in case that the contribution from the scalar field is not negligible in the subhorizon scale will be investigated in the next section.

III. PERTURBATIVE EQUATIONS WITHOUT APPROXIMATIONS

In this section, we derive the differential equation of the matter perturbation δ, without using any approximations except for using the simple Newtonian gauge metric perturbations and the perfect fluid approximation.

A. Linear differential equations

First, we rewrite the differential equations in the linearized forms. After that, we will obtain a higher order differential equation for the quantity δ ≡ δρ/ρ in the next subsection. In the following, we again assume Ψ = Φ from Eq. (2.13). Then, Eq. (2.11) yields,

Ψ̇ − P_0δρ − P_1Ψ − P_2δX − P_3δϕ = 0 ,

P_0 ≡ κ^2 6H , P_1 ≡ −H − k^2 3a^2H , P_2 ≡ − κ^2 6H ( K_{,X} + ϕ̇^2K_{,XX} ) , P_3 ≡ κ^2 6H ( K_{,ϕ} − ϕ̇^2K_{,Xϕ} ) . (3.1)

Eqs. (2.19) and (3.1) give,

δẊ − E_0δρ − E_1Ψ − E_2δX − E_3δϕ = 0 ,

E_0 ≡ − κ^2 2H ϕ̇^2 K^{,X} K_{,X} + ϕ̇^2K_{,XX} , E_1 ≡ϕ̇(K_{,X} + ϕ̇^2K_{,XX} )^{−1} { 3 ( H + k^2 3a^2H ) ϕ̇K_{,X} + ϕ̇^2K_{,ϕX} − K_{,ϕ} } , E_2 ≡ κ^2 2H ϕ̇^2K_{,X} − d dt ln | | | | a^3 ϕ̇ (K^{,X} + ϕ̇^2K_{,XX} ) | | | | , E_3 ≡ − ϕ̇(K_{,X} + ϕ̇^2K_{,XX} )^{−1} × { κ^2 2H ϕ̇K_{,X} (K_{,ϕ} − ϕ̇^2K_{,Xϕ}) + d a^3dt (a^3ϕ̇K_{,Xϕ}) + k^2 a^2 K_{,X} − K_{,ϕϕ} } . (3.2)

Eqs. (2.12), (2.20), and (3.1) give, δρ̇−R_0δρ − R_1Ψ − R_2δX − R_3δϕ = 0 , R_0 ≡ −3H(1 + c^2_s ) + κ^2 6H { 2k^2 a^2κ^2

− 3(1 + w)ρ } , R_1 ≡ −

2k^4 3a^4Hκ^2

+ 3(1 + w)ρ ( H + k^2 3a^2H ) , R_2 ≡ − κ^2 6H { 2k^2 κ^2a^2

− 3(1 + w)ρ } ( K_{,X} + ϕ̇^2K_{,XX} ) , R_3 ≡ − k^2 a^2 ϕ̇K_{,X} + κ^2 6H { 2k^2 a^2κ^2

− 3(1 + w)ρ } (K_{,ϕ} − ϕ̇^2K_{,Xϕ}) , (3.3) where we have used δp = c^2_s δρ. Therefore, from Eqs. (3.1)–(3.3), we find

d dt δρ Ψ δX δϕ = R_0 R_1 R_2 R_3 P_0 P_1 P_2 P_3 E_0 E_1 E_2 E_3 0 −ϕ̇ 1/ϕ̇ 0 δρ Ψ δX δϕ . (3.4)

We rewrite the above equations to the dimensionless forms for the later convenience:

d dN δρ/ρ Ψ δX/X δϕ/ϕ = A_{11} A_{12} A_{13} A_{14} A_{21} A_{22} A_{23} A_{24} A_{31} A_{32} A_{33} A_{34} A_{41} A_{42} A_{43} A_{44} δρ/ρ Ψ δX/X δϕ/ϕ . (3.5)

Here, A_{ij} (i, j = 1, 2, 3, 4) are given by

A_{11} ≡3(w − c^2_s ) + κ^2 6H^2 { 2k^2 a^2κ^2

− 3(1 + w)ρ } , A_{12} ≡ −

2k^4 3a^4H^2κ^2ρ

+ 3(1 + w) ( 1 + k^2 3a^2H^2 ) , A_{13} ≡ − κ^2 12H^2 { 2k^2 κ^2a^2ρ

− 3(1 + w) } ϕ̇^2 ( K_{,X} + ϕ̇^2K_{,XX} ) , A_{14} ≡ k^2 3a^2H^2 1 ρ ϕϕ̈(K_{,X} + ϕ̇^2K_{,XX} ) − (1 + w) κ^2 2H^2 ϕ(K_{,ϕ} − ϕ̇^2K_{,Xϕ}) , A_{21} ≡ κ^2ρ 6H^2

, A_{22} ≡ −1 − k^2 3a^2H^2 , A_{23} ≡ − κ^2 12H^2 ϕ̇^2 ( K_{,X} + ϕ̇^2K_{,XX} ) , A_{24} ≡ κ^2 6H^2 ϕ ( K_{,ϕ} − ϕ̇^2K_{,Xϕ} ) , A_{31} ≡ − κ^2ρK_{,X} H^2(K_{,X} + ϕ̇^2K_{,XX} ) , A_{32} ≡

2k^2 a^2H^2 K_{,X} K_{,X} + ϕ̇^2K_{,XX} − 2ϕ̈ Hϕ̇ , A_{33} ≡ − 2 ϕ̈ Hϕ̇ + κ^2 2H^2 ϕ̇^2K_{,X} − d dN ln | | | a^3 ϕ̇ (K^{,X} + ϕ̇^2K_{,XX} ) | | | , A_{34} ≡ − 2 ϕ ϕ̇(K_{,X} + ϕ̇2K_{,XX} ) { κ^2 2H^2 ϕ̇K_{,X} (K_{,ϕ} − ϕ̇^2K_{,Xϕ}) + 1 a^3 d dN ( a^3ϕ̇K_{,Xϕ} ) + k^2 a^2H K_{,X} − 1 H K_{,ϕϕ} } , A_{41} ≡0, A_{42} ≡ − ϕ̇ Hϕ , A_{43} ≡ ϕ̇ 2Hϕ , A_{44} ≡ − ϕ̇ Hϕ .

B. Evolution of the matter perturbation

In the last subsection, we have derived a simultaneous differential equations for the perturbative quantities. We will decompose the equations to give a single differential equation of the matter perturbation. As a first step, we consider the case without the scalar field. Then, we obtain following equation from the first and the second lines of Eq. (3.5), 0 = d^2δ dN^2 − ( A_{11} + A_{22} + d dN ln |A_{12}| ) dδ dN + ( A_{11}A_{22} − A_{12}A_{21} − dA_{11} dN + A_{11} d dN ln |A_{12}| ) δ . (3.6)

This is the differential equation for the matter density perturbation without approximation in the ΛCDM model [20]. If we use the sound speed c_s considered subhorizon approximation, that is, not ∂_0δ ≃ Hδ but H^2δ ≪ k^2δ/a^2, Eq. (3.6) is written as, 0 = d^2δ dN^2 + { 1 2 − 6w + 3c^2_s − 3 2 w_{eff} + O (( k^2 a^2H^2 )_{−1})} dδ dN + { c^2_s k^2 a^2H^2

+ 3(w − c^2_s )(1 + 3w + 3w_{eff} ) − 3 2 (1 + 3w)(1 + w_{eff} ) + O (( k^2 a^2H^2 )_{−1})} δ . (3.7)

Here, we have used w_{eff} ≡ −2Ḣ/3H^2 − 1 and (1 + w)κ^2ρ/(3H^2) = 1 + w_{eff} . Now we consider the case with the k-essence field ϕ. From Eq. (3.5), we obtain the fourth order differential equation,

d^4δ dN^4 + M_3 d^3δ dN^3 + M_2 d^2δ dN^2 + M_1 dδ dN + M_0δ = 0 , (3.8)

where the definition of the coefficients M_3, M_2, M_1, and M_0 are written in Appendix A. The expressions of the coefficients in the differential equation (3.8) are so complicated that it is difficult to analyze the differential equation without any approximations. If we use small scale approximation, k^2/a^2 ≫ H^2, we can only consider the leading order terms in the expansion by the power series of a^2H^2/k^2 in the coefficients in Eq. (3.8) as follows:

M_3 = [ 7 + 3c^2_s − 6w − 2ϕ̈ Hϕ̇ − 3(1 + w) κ^2ρ H^2 + 3κ^2ϕ̇^2K_{,X}

H^2 − 6K_{,X} 4K_{,X} + ϕ̇^2K_{,XX} ( 3 + ... ϕ Hϕ̈ )

− ϕ̇(10K_{,X} + ϕ̇2K_{,XX} )(ϕ̈K_{,XX} + K_{,ϕX} ) HK_{,X} (4K_{,X} + ϕ̇^2K_{,XX} ) + 3ϕ̇K_{,X} Hϕ̈(K_{,X} + ϕ̇^2K_{,XX} )(4K_{,X} + ϕ̇^2K_{,XX} ) × { 3(1 + w)κ^2ρK_{,X} − 3κ^2ϕ̇^2K^2_{,X} + 2K_{,ϕϕ} − 2ϕ̈K_{,ϕX} − 6Hϕ̇K_{,ϕX} − 2ϕ̇^2K_{,ϕϕX}

− 2ϕ̇^2ϕ̈K_{,ϕXX} } ] + O ( a^2H^2 k^2 ) , (3.9)

M_2 = k^2 a^2H^2 ( c^2_s + K_{,X} K_{,X} + ϕ̇^2K_{,XX} ) + O (1) , (3.10)

M_1 = k^2 a^2H^2 [ c^2_s { − (1 + w)κ^2ρ

2H^2 + κ^2ϕ̇^2K_{,X} 2H^2 − 2ϕ̈ Hϕ̇ }

+ K_{,X} K_{,X} + ϕ̇^2K_{,XX} { 2 − 6w − (1 + w)κ^2ρ

2H^2 + κ^2ϕ̇^2K_{,X}

2H^2 }

+ c^2_s −2K_{,X} + ϕ̇^2K_{,XX} − 6 ..._ϕ Hϕ̈ K_{,X} 4K_{,X} + ϕ̇^2K_{,XX} − c^2_s ϕ̇(10K_{,X} + ϕ̇2K_{,XX} )(ϕ̈K_{,XX} + K_{,ϕX} ) HK_{,X} (4K_{,X} + ϕ̇^2K_{,XX} ) + c^2_s 3K_{,X} Hϕ̈(K_{,X} + ϕ̇^2K_{,XX} )(4K_{,X} + ϕ̇^2K_{,XX} ) { −3Hϕ̇^2(ϕ̈K_{,XX} + 2K_{,ϕX} ) + 3(1 + w)κ^2ρϕ̇K_{,X} − 3κ^2ϕ̇^3K^2_{,X} − 2ϕ̇ϕ̈K_{,ϕX} + 2ϕ̇K_{,ϕϕ} −2ϕ̇^3ϕ̈K_{,ϕXX} − 2ϕ̇^3K_{,ϕϕX} } ] + O (1) , (3.11)

M_0 = k^4 a^4H^4 ( c^2_s K_{,X} K_{,X} + ϕ̇^2K_{,XX} ) + O ( k^2 a^2H^2 ) . (3.12)

Here, we have deleted Ḣ, ρ̇, and the higher derivatives of them by using Eqs. (2.5) and (2.7). Furthermore, we have used the field equation (2.6) to delete K_{,ϕ} and also used derivatives of Eq. (2.6) to delete K_{,XXX} , K_{,XXXX} , and K_{,XXXXX} . Thus, these coefficients (3.9)–(3.12) can be expressed in different forms by using the background equations (2.4)–(2.7) and their derivatives.

If we use the WKB approximation under the condition, k^2/a^2 ≫ H^2, we can obtain the solution of Eq. (3.8) as follows, δ(N) = 4∑ i=1 C_i(N) exp [∫_N dN^′ λ_ik aH ] . (3.13)

Here, C_i(N)’s are functions determined by the leading terms in Eqs. (3.9)–(3.11) as the terms proportional to k^3/(aH)^3 in Eq. (3.8), and λ_i’s are determined by the terms proportional to (k/aH)^4 as λ_1 = −ic_s, λ_2 = ic_s, λ_3 = −ic_ϕ, and λ_4 = ic_ϕ, respectively. The sound speed in k-essence model c^2_ϕ ≡ (p_ϕ)_{,X} /(ρ_ϕ)_{,X} [2] is given by K_{,X} /(K_{,X} + ϕ̇^2K_{,XX} ), where ρ_ϕ and p_ϕ are the energy density and pressure of the k-essence scalar field, respectively. If c_s is a real number and c_ϕ(ϕ, X) is a real function, then the solution (3.13) oscillates rapidly in the small scale k/a ≫ H since λ_i’s are pure imaginary. We will investigate this oscillation later.

If we require the solution (3.13) to be a real function, we should replace it with the following form:

δ(N) =C_1(N) cos [∫_N dN^′ c_sk aH ] + C_2(N) sin [∫_N dN^′ c_sk aH ]

+ C_3(N) cos [∫_N dN^′ c_ϕk aH ] + C_4(N) sin [∫_N dN^′ c_ϕk aH ] , (3.14)

where C_1(N), C_2(N), C_3(N), and C_4(N) are real functions of N. C_1(N) and C_2(N) are expressed as follows by to solve the third order equation of k/(aH) of Eq. (3.8), d dN ln |C_1(N)| = d dN ln |C_2(N)| = 1 2 (−1 + 6w − 3c^2_s ). (3.15)

The above expression gives d ln |C_1(N)|/dN = d ln |C_2(N)|/dN ≤ 0, therefore, these are not growing modes of the matter density perturbation. The behavior of these solutions C_1(N) cos [∫_N dN^′c_sk/(aH) ] and C_2(N) sin [∫_N dN^′c_sk/(aH) ] are completely the same behavior of the solutions of Eq. (3.7) when c_s ≠ 0. In the following, we will focus on the matter dominant era and the subsequent era, then the equation of state for matter and the sound speed of matter can be treated as w = 0 and c_s = 0, respectively. The term proportional to k^4/(a^4H^4) in Eq. (3.12), then, vanishes, and we should evaluate more lower order terms. When c^2_s = w = 0, M_0 is expressed as

M^′_0 = − c^2_ϕ k^2 a^2H^2 3 2 Ω_mδ + O (1) . (3.16)

For M^′_0 in (3.16), C_1(N) cos [∫_N dN^′c_sk/(aH) ] and C_2(N) sin [∫_N dN^′c_sk/(aH) ] are not the solutions of Eq. (3.8). In the following subsections, we investigate the solutions and estimate the time evolution of C_3(N) and C_4(N) in case of quintessence model and general k-essence model.

C. Quintessence model

When we restrict the k-essence action to be the action of quintessence model (K(ϕ, X) = −X + V (ϕ)), the forms of functions C_3(N) and C_4(N) are given by d dN ln |C_3(N)| = d dN ln |C_4(N)| = − 3 2 + ϕ̈ Hϕ̇ − ... ϕ 2Hϕ̈ − ϕ̇ 2Hϕ̈ ( 3Ḣ + V_{,ϕϕ} ) . (3.17)

We can simplify this expression (3.17) by using the equation of motion for the quintessence model, ϕ̈ + 3Hϕ̇ + V_{,ϕ} = 0 as follows: d dN ln |C_3(N)| = d dN ln |C_4(N)| = ϕ̈ Hϕ̇ . (3.18)

Then we find C_3(N), C_4(N) ∝ ϕ̇(N). The effective evolution of the growth factor d ln δ(N)/dN is determined by the evolution of f_{eff} ≡ d ln |C_3(N)|/dN = d ln |C_4(N)|/dN = ϕ̈/(Hϕ̇) because the exponential factor of the solution (3.14) is oscillating. If we consider a quintessence model with an exponential potential, which is V (ϕ) = B^2e^− √_{3/2κϕ} , we know the exact solutions [21], a^3(t) =(u_1t + u_2) ( 1 4 u_1κ^2B^2t^3 + 3 4 u_2κ^2B^2t^2 + v_1t + v_2 ) , (3.19) ϕ(t) = − √ 2 √ 3κ ln u_1t + u_2 1 4 u_1κ^2B^2t^3 +^3_4 u_2κ^2B^2t^2 + v_1t + v_2

, (3.20)

where u_1, u_2, v_1, and v_2 are arbitrary constants of integration. We now impose u_2 = v_2 = 0 to satisfy the conditions a(0) = 0 and Ω_ϕ(0) = 0 because we do not consider the inflationary regime here. Then the effective growth factor f_{eff} = ϕ̈/(Hϕ̇) is given by f_{eff} (t) = − 3 4 + 9 2 v_1 u_1κ^2B^2t^2 + 2v_1

. (3.21) Here, the constants u_1 and v_1 are restricted to satisfy ρ_0 = 4u_1v_1/3κ^2 by Eq. (2.4) when the present scale factor a_0 is chosen to be unity, so that u_1v_1 > 0 because ρ_0 > 0. Therefore, f_{eff} (t) is a monotonically decreasing function and the value of f_{eff} is restricted to be −3/4 ≤ f_{eff} ≤ 3/2 because lim_{t→0} f_{eff} = 3/2 and lim_{t→∞} f_{eff} = −3/4. The current value of f_{eff} is estimated by using the parameter t_s = 15.8 × 10^9 years defined by t^2_s ≡ 4v_1/κ^2B^2u_1. The value of t_s follows from the conditions Ω_{m0} = 0.3 and H_0 = 70 km s^{−1}Mpc^{−1} [21]. With the present time t_0 = 13 × 10^9 years, we find f_{eff} (t_0) ≈ 0.21, which does not contradict with the observational results [22].

On the other hand, the remaining two solutions in four linearly independent solutions are determined as follows. In quintessence model, the coefficient M^′_0 is expressed as M^′_0 = − k^2 a^2H^2 3 2 Ω_mδ + O (1) . (3.22) By taking account of the second order terms of k/(aH) of coefficients of Eq. (3.8), we find the following equation, d^2δ dN^2 + ( 1 2 − 3 2 w_{eff} ) dδ dN − 3 2 Ω_mδ = 0, (3.23) which will yield quasi-static solutions. This equation (3.23) is same as Eq. (2.24). In case of exponential potential quintessence model we have considered, solutions of Eq. (3.23) are sub-leading ones because the growth rate of them are less than 3/2 in matter dominant era.

D. General k-essence model

In case of general k-essence model, Eq. (3.23) is written as:

c^2_ϕ { d^2δ dN^2 + ( 1 2 − 3 2 w_{eff} ) dδ dN − 3 2 Ω_mδ } = 0. (3.24)

This equation (3.24) equals to Eq. (2.24) when c_ϕ ≠ 0 i.e. K_{,X} ≠ 0.

On the other hand, the coefficient of the oscillating solution C(N) is determined as d dN ln |C_3(N)| = d dN ln |C_4(N)| = ϕ̈ Hϕ̇ − 5 4 ϕ̇K_{,ϕX} + ϕ̇ϕ̈K_{,XX} HK_{,X} + ϕ̇(10K_{,X} + ϕ̇2K_{,XX} )(ϕ̈K_{,XX} + K_{,ϕX} ) 2HK_{,X} (4K_{,X} + ϕ̇^2K_{,XX} ) + { 5 4H(K_{,X} + ϕ̇^2K_{,XX} ) − 3K_{,X} H(K_{,X} + ϕ̇^2K_{,XX} )(4K_{,X} + ϕ̇^2K_{,XX} ) }

× ( ϕ̇K_{,ϕX} + 3ϕ̇ϕ̈K_{,XX} + ϕ̇^3K_{,ϕXX} + ϕ̇^3ϕ̈K_{,XXX} ) . (3.25)

Here, the derivative of the field equation (2.6) is also used to simplify the equation. We will discuss the possibility of “reconstruction” of the effective growth factor f_{eff} = d ln |C_3(N)|/dN = d ln |C_4(N)|/dN in the following. Before considering the reconstruction of the effective growth factor f_{eff} , we review on the reconstruction of background geometry. The reconstruction, we call here, is the method for constructing the action which yields some given behavior of quantities, e.g., a(t), H(t), or f(N) ≡ d ln δ(N)/dN. We can always express ϕ(t) as ϕ(t) = g(t) by using some bijection g(t) because the redefinition of ϕ(t) can be absorbed into the redefinition of the function K(ϕ, X). If we choose g(t) as ϕ = t, the action of k-essence model is reconstructed for arbitrary growth of the background space-time (for an arbitrary a(t) or H(t)) as follows [23]: K(ϕ, X) =K^{(n)}(ϕ) ( X − 1 2 )_n , K^{(0)}(ϕ) ≡ ( wρ + 3H^2 κ^2 + 2Ḣ κ^2 )| | | |_{t=ϕ} ,

K^{(1)}(ϕ) ≡ { 2Ḣ κ^2

+ (1 + w)ρ }| | |_{t=ϕ} . (3.26)

The terms which are proportional to the square or higher power of (X − 1/2) do not contribute to the background evolution of space-time. Therefore, we can choose their coefficients K^{(n)}(ϕ) with (n > 1) as arbitrary functions of ϕ.

We now consider that the possibility of reconstruction of the effective growth factor by using the arbitrariness of K^{(2)}(ϕ). First, we should note that Eq. (3.25) is rewritten as follows: d dN ln |C(N)| = d dN ln |ϕ̇| − 3 4 d dN ln |K_{,X} | + 1 4 d dN ln | |K_{,X} + ϕ̇_2K_{,XX} | | + d dN ln |4K_{,X} + ϕ̇^2K_{,XX} | , (3.27)

where we have used C(N) ∝ C_3(N) ∝ C_4(N) as shown in (3.25). From the above equation (3.27), we immediately obtain the following relation:

C(N)^4K^3_{,X} = const. × ϕ̇^4(K_{,X} + ϕ̇^2K_{,XX} )(4K_{,X} + ϕ̇^2K_{,XX} )^4 . (3.28)

The reconstruction of the effective growth factor f_{eff} is completed if f_{eff} is integrable and Eq. (3.28) is algebraically solvable for K_{,XX} because C(N) is expressed by using the integration of f_{eff} . However, we cannot complete the reconstruction because Eq. (3.28) is a quintic algebraic equation with respect to K_{,XX} and hence it is not generally solvable. It should be noted that it is possible to execute the reconstruction approximately. By redefining α(N) ≡ ϕ̇^2K_{,XX} /K_{,X} and y(N) ≡ C^4(N)/(const. × ϕ̇^4K^2_{,X} ), we can rewrite Eq. (3.28) as y(N) = (1 + α(N))(4 + α(N))^4 . (3.29) Thus, we find that there are one or more real solutions for α. To be concrete, in case y < −2^83^5/5^5 or 0 < y there is one real solution for Eq. (3.29), in case y = −2^83^5/5^5, 0 there are two real solutions, and in case −2^83^5/5^5 < y < 0 there are three real solutions. So that it is possible to define α(N) for the arbitrary behavior of y(N). It should be, however, noted that the function α(N) must be a multi-valued function or a discontinuous function if we consider the continuous function y(N) which crosses over the region [−2^83^5/5^5, 0].

E. Oscillation

Since we find the ratio between C_3(N) and C_4(N) is a constant factor from Eq. (3.25), we can rewrite the oscillating solutions in the following form:

δ_o(N) = C(N) sin [∫_N dN^′ c_ϕk aH + ω ] , (3.30)

where ω is an arbitrary real constant. The frequency of the solution (3.30) is given by ck/(a_0H_0) ≈ 300 when we use the values, H_0 = h × (9.777752 Gyr)^{−1} and k = 0.1h Mpc^{−1}. This corresponds to the frequency around the present time in quintessence model because c_ϕ = c is satisfied in quintessence model. We now examine how often the matter density perturbation becomes 0. We set 300Δz ≈ π and obtain Δz ≈ π/300 because function sin θ vanishes in the period of θ by π. There are points that the matter density perturbation vanishes, for the period 0.01 of the redshift z. Generally, the frequency of the solution (3.30) is given by ck(1 + z^′)/(a_0H(z = z^′)) when we consider it around z = z^′. The difference of N, ΔN(z^′) ≡ N(z^′ − Δz) − N(z^′), is expressed as ln(1 + z^′)/(1 + z^′ − Δz) due to the definition of N. Hence, ΔN ≈ Δz/(1 + z^′) is justified when |1 + z^′| ≫ |Δz|. The frequency corresponding to z, then, is expressed as ck/(a_0H(z = z^′)). The difference of the frequency corresponding to z between around z = 0 and around z = z^′ is only H(z). If we use a scale factor of the ΛCDM model, a(t) = (ρ_{m0}/ρ_Λ)^{1/3} sinh^{2/3}[ √ 3κ^2ρ_Λ/4 t], we can evaluate the concrete value of the frequency because the ratio H(z = z^′)/H(z = 0) is determined. In case of z = 1 and k = 0.01h Mpc^{−1}, the frequency is approximately one seventeenth times of that in case of z = 0 and k = 0.1hMpc^{−1} because the ratio H(z = 1)/H(z = 0) is approximately determined 1.7. Here, we have used Ω_Λ = 0.74, Ω_{m0} = 0.26, and h = 0.72. Thus, the distance of the points that the matter density perturbation vanishes becomes bigger than that in case of z = 0 and k = 0.1h Mpc^{−1}, and the points appears in the interval of 0.18 in the redshift.

We now consider the variation of the wave number k with a fixed redshift. The frequency corresponding to k, then, is expressed by ∫_N dN^′c_ϕ/(aH). It can be replaced with ∫_t dtc_ϕ/a(t) if we use dN = H(t)dt. Here, we assume the bottom point of the domain of the integration as a time of the radiation-matter equality t_{eq}. We also investigate it in case of c_ϕ = c and a(t) = (ρ_{m0}/ρ_Λ)^{1/3} sinh^{2/3}[ √ 3κ^2ρ_Λ/4 t] in order to evaluate the value of the frequency corresponding to k. The present value of the frequency is given by c ∫_{t0} t_{eq} dt/a(t) ≈ 1.45 × 10 4 Mpc, where we have used t_0 = 13.7 × 10^9 years, t_{eq} = 4000 years, and the sidereal year equals 31558149.8 s. So that, the amount of the variation of k in order to make a phase shift with π is Δk ≈ 2.17 × 10^{−4} Mpc^{−1}. It is so small that the observational verification should be very difficult. On the other hand, Δk in z = 1, which is given by setting the upper end of the domain of the integration to be t = 6.0 × 10^9 years, is approximately 1.3 times bigger than that in z = 0, but it is also very small.

IV. CONCLUSIONS AND DISCUSSIONS

We have estimated the time evolution of the matter density perturbation without using subhorizon approximation but using only small scale approximation k/(aH) ≫ 1 in this paper. As a result, the characteristic behaviors of the matter density perturbation, the oscillation caused by the sound speed in k-essence model, and the effective growth factor depends on K_{,X} , K_{,XX} , ϕ̇, and their derivatives, have been discovered. From a viewpoint of verification of dark energy, the effective growth factor is not very important because even the simple example of quintessence model does not induce a great difference from the ΛCDM model, and the possibility of approximate reconstruction of the effective growth factor has been shown. However, the oscillation caused by the sound speed in k-essence model is a peculiar behavior which is not explained by the ΛCDM model, so that we can find a clear difference in it. As seen in the last section, the oscillation could be, moreover, observable if we fix the wavenumber k and move the redshift z around k = 0.01hMpc^{−1} and z = 1. On the other hand, second order differentiated equation of the matter density perturbation which will give quasi-static solutions has been found, too. This differential equation is same as that, for which the subhorizon approximation have been applied when c_ϕ ≠ 0. Therefore, there is a possibility that the quasi-static solutions have a growing mode but the oscillating solutions do not have a growing mode, and thus the oscillation could not be able to be observed. Several conditions, however, will be imposed on the action to realize such a situation. Consequently, if such an oscillation is not observed, k-essence model would be severely constrained. On the other hand, if such an oscillation is observed, the existence of the scalar field dark energy such as k-essence model or the dark matter given by a scalar field may be verified.

Acknowledgments

This work was supported in part by the Global COE Program of Nagoya University “Quest for Fundamental Principles in the Universe (QFPU)” from JSPS and MEXT of Japan and the JSPS Grant-in-Aid for Scientific Research (S) # 22224003 and (C) # 23540296 (S.N.).

Appendix A: Derivation of the forth order differential equation

The fourth order differential equation (3.8), d^4δ dN^4 + M_3 d^3δ dN^3 + M_2 d^2δ dN^2 + M_1 dδ dN + M_0δ = 0 , (A1)

which is given by the Gaussian elimination like procedure:

1. Differentiating the first line of Eq. (3.5) with respect to N.

2. Eliminating the terms proportional to dΨ/dN, d(δX/X)/dN, and d(δϕ/ϕ)/dN from the equation derived in the first step by using the second, third, and fourth lines of Eq. (3.5).

3. Differentiating the equation given in the second step with respect to N.

4. Eliminating the terms proportional to dΨ/dN, d(δX/X)/dN, and d(δϕ/ϕ)/dN from the equation derived in the third step by using the second, third, and fourth lines of Eq. (3.5).

5. Differentiating the equation given in the fourth step with respect to N.

6. Eliminating the terms proportional to dΨ/dN, d(δX/X)/dN, and d(δϕ/ϕ)/dN from the equation derived in the fifth step by using the second, third, and fourth lines of Eq. (3.5). Then we obtain the fourth order differential equation for δ including the extra quantities Ψ, δX/X, and δϕ/ϕ.

7. By using the equations obtained in the second and fourth steps and the first line of Eq. (3.5), we can delete the terms proportional to Ψ, δX/X, and δϕ/ϕ in the equation obtained in the sixth step, and then we find Eq. (A1).

Eq. (A1) is the differential equation for the matter density perturbation in k-essence model without any approximation. The coefficients in (A1) are defined by

M_3 ≡ − A_{11} + 4∑ α,β,γ=2 & α≠β≠γ D(α, β, γ)A_{1β} ( A_{1β} dA_{1γ} dN + A_{1β} 4∑ i=2 A_{1i}A_{iγ} − A_{1γ} dA_{1β} dN − A_{1γ} 4∑ i=2 A_{1i}A_{iβ} ) , (A2)

M_2 ≡ − 3 dA_{11} dN − 4∑ α=2 A_{1α}A_{α1} − 4∑ α,β,γ=2&α≠β≠γ D(α, β, γ)A_{1β} ( A_{1β} d^2A_{1γ} dN^2 + A_{11}A_{1β} dA_{1γ} dN + A_{11}A_{1β} 4∑ d=2 A_{1d}A_{dγ} + 2A_{1β} 4∑ d=2 dA_{1d} dN A_{dγ}

+ A_{1β} 4∑ d=2 A_{1d} dA_{dγ} dN + A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{dγ}

− A_{1γ} d^2A_{1β} dN^2 − A_{11}A_{1γ} dA_{1β} dN − A_{11}A_{1γ} 4∑ d=2 A_{1d}A_{dβ}

− 2A_{1γ} 4∑ d=2 dA_{1d} dN A_{dβ} − A_{1γ} 4∑ d=2 A_{1d} dA_{dβ} dN − A_{1γ} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} ) , (A3)

M_1 ≡ − 3 d^2A_{11} dN^2 − 3 4∑ α=2 dA_{1α} dN A_{α1} − 2 4∑ α=2 A_{1α} dA_{α1} dN − 4∑ α,β=2 A_{1β} A_{βα}A_{α1}

− 4∑ α,β,γ=2&α≠β≠γ D(α, β, γ) {( 2A_{1β} dA_{11} dN + A_{1β} 4∑ d=2 A_{1d}A_{d1} + d^2A_{1β} dN^2 + 2 4∑ d=2 dA_{1d} dN A_{dβ} + 4∑ d=2 A_{1d} dA_{dβ} dN + 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} )( A_{1β} dA_{1γ} dN + A_{1β} 4∑ d=2 A_{1d}A_{dγ} − A_{1γ} dA_{1β} dN − A_{1γ} 4∑ d=2 A_{1d}A_{dβ} )

− ( dA_{1β} dN + 4∑ d=1 A_{1d}A_{dβ} )( A_{1β} d^2A_{1γ} dN^2 + 2A_{1β} 4∑ d=2 dA_{1d} dN A_{dγ}

+ A_{1β} 4∑ d=2 A_{1d} dA_{dγ} dN + A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{dγ} − A_{1γ} d^2A_{1β} dN^2 − 2A_{1γ} 4∑ d=2 dA_{1d} dN A_{dβ} − A_{1γ} 4∑ d=2 A_{1d} dA_{dβ} dN − A_{1γ} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} )} , (A4)

M_0 ≡ − d^3A_{11} dN^3 − 3 4∑ α=2 d^2A_{1α} dN^2 A_{α1} − 3 4∑ α=2 dA_{1α} dN dA_{α1} dN − 4∑ α=2 A_{1α} d^2A_{α1} dN^2

− 3 4∑ α,β=2 dA_{1β} dN A_{βα}A_{α1} − 2 4∑ α,β=2 A_{1β} dA_{βα} dN A_{α1} − 4∑ α,β=2 A_{1β}A_{βα} dA_{α1} dN − 4∑ α,β,γ=2 A_{1γ} A_{γβ} A_{βα}A_{α1} + 4∑ α,β,γ=2&α≠β≠γ D(α, β, γ) {( A_{11} d^2A_{1β} dN^2 + 2A_{11} 4∑ d=2 dA_{1d} dN A_{dβ} + A_{11} 4∑ d=2 A_{1d} dA_{dβ} dN + A_{11} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ}

− A_{1β} d^2A_{11} dN^2 − 2A_{1β} 4∑ d=2 dA_{1d} dN A_{d1} − A_{1β} 4∑ d=2 A_{1d} dA_{d1} dN − A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{d1} )( A_{1β} dA_{1γ} dN + A_{1β} 4∑ f=2 A_{1f} A_{fγ} − A_{1γ} dA_{1β} dN − A_{1γ} 4∑ f=2 A_{1f} A_{fβ} ) − ( A_{1β} d^2A_{1γ} dN^2 + 2A_{1β} 4∑ d=2 dA_{1d} dN A_{dγ}

+ A_{1β} 4∑ d=2 A_{1d} dA_{dγ} dN + A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{dγ} − A_{1γ} d^2A_{1β} dN^2 − 2A_{1γ} 4∑ d=2 dA_{1d} dN A_{dβ} − A_{1γ} 4∑ d=2 A_{1d} dA_{dβ} dN − A_{1γ} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} )

× ( A_{11} dA_{1β} dN + A_{11} 4∑ f=2 A_{1f} A_{fβ} − A_{1β} dA_{11} dN − A_{1β} 4∑ f=2 A_{1f} A_{f1} )} , (A5)

D(α, β, γ) ≡ 1 2 {( A_{1α} d^2A_{1β} dN^2 + 2A_{1α} 4∑ d=2 dA_{1d} dN A_{dβ} + A_{1α} 4∑ d=2 A_{1d} dA_{dβ} dN + A_{1α} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} − A_{1β} d^2A_{1α} dN^2 − 2A_{1β} 4∑ d=2 dA_{1d} dN A_{dα}

− A_{1β} 4∑ d=2 A_{1d} dA_{dα} dN − A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{dα} )( A_{1β} dA_{1γ} dN + A_{1β} 4∑ f=2 A_{1f} A_{fγ} − A_{1γ} dA_{1β} dN − A_{1γ} 4∑ f=2 A_{1f} A_{fβ} )

− ( A_{1β} d^2A_{1γ} dN^2 + 2A_{1β} 4∑ d=2 dA_{1d} dN A_{dγ} + A_{1β} 4∑ d=2 A_{1d} dA_{dγ} dN + A_{1β} 4∑ d,e=2 A_{1e}A_{ed}A_{dγ} − A_{1γ} d^2A_{1β} dN^2 − 2A_{1γ} 4∑ d=2 dA_{1d} dN A_{dβ}

− A_{1γ} 4∑ d=2 A_{1d} dA_{dβ} dN − A_{1γ} 4∑ d,e=2 A_{1e}A_{ed}A_{dβ} )( A_{1α} dA_{1β} dN

+ A_{1α} 4∑ f=2 A_{1f} A_{fβ} − A_{1β} dA_{1α} dN − A_{1β} 4∑ f=2 A_{1f} A_{fα} )}_{−1}

× ( d^3A_{1α} dN^3 + 3 4∑ d=2 d^2A_{1d} dN^2 A_{dα} + 3 4∑ d=2 dA_{1d} dN dA_{dα} dN + 4∑ d=2 A_{1d} d^2A_{dα} dN^2 + 3 4∑ d,e=2 dA_{1e} dN A_{ed}A_{dα} + 2 4∑ d,e=2 A_{1e} dA_{ed} dN A_{dα} + 4∑ d,e=2 A_{1e}A_{ed} dA_{dα} dN + 4∑ d,e,f=2 A_{1f} A_{fe}A_{ed}A_{dα} ) . (A6)

[1] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458, 209 (1999) [arXiv:hep-th/9904075].

[2] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999) [arXiv:hep-th/9904176]. [3] C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001) [arXiv:astro-ph/0006373].

[4] P. J. E. Peebles and B. Ratra, Astrophys. J. 325, L17 (1988). [5] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988).

[6] T. Chiba, N. Sugiyama and T. Nakamura, Mon. Not. Roy. Astron. Soc. 289, L5 (1997) [arXiv:astro-ph/9704199].

[7] I. Zlatev, L. M. Wang and P. J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999) [arXiv:astro-ph/9807002].

[8] N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, JHEP 0405, 074 (2004) [arXiv:hep-th/0312099].

[9] A. Sen, JHEP 0204, 048 (2002) [arXiv:hep-th/0203211]. [10] A. Sen, Mod. Phys. Lett. A 17, 1797 (2002) [arXiv:hep-th/0204143]. [11] G. W. Gibbons, Phys. Lett. B 537, 1 (2002) [arXiv:hep-th/0204008]. [12] J. S. Bagla, H. K. Jassal and T. Padmanabhan, Phys. Rev. D 67, 063504 (2003) [arXiv:astro-ph/0212198].

[13] P. Jordan, Schwerkraft und Weltall (Friedrich Vieweg und Sohn, Brunschweig, 1955). [14] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

[15] Y. Fujii and K. Maeda, The Scalar-Tensor Theory of Gravitation (Cambridge Monographs on

Mathematical Physics, Cambridge Univ. Press, Cambridge, United Kingdom, 2003). K. i. Maeda, Phys. Rev. D 39, 3159 (1989).

[16] S. Nojiri and S. D. Odintsov, eConf C0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys.

4, 115 (2007)] [arXiv:hep-th/0601213].

[17] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010). [arXiv:0805.1726 [gr-qc]]. [18] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010). [arXiv:1002.4928 [gr-qc]]. [19] S. Nojiri and S. D. Odintsov, Phys. Rep. 505, 59 (2011) [arXiv:1011.0544 [gr-qc]]. [20] J. Matsumoto, Phys. Rev. D 83, 124040 (2011) [arXiv:1105.1419 [astro-ph]]. [21] C. Rubano and P. Scudellaro, Gen. Rel. Grav. 34, 307 (2002) [arXiv:astro-ph/0103335] [22] L. Guzzo et al. Nature (London), 451, 541 (2008).

[23] J. Matsumoto and S. Nojiri, Phys. Lett. B 687, 236 (2010) [arXiv:1001.0220 [hep-th]].