arXiv:1109.2190v1 [gr-qc] 10 Sep 2011

Some static spherically symmetric interior solutions of f(R) gravity

A. Shojai and F. Shojai Department of Physics, University of Tehran, Tehran, Iran.

Abstract We have found some new exact static spherically symmetric interior solutions of metric f(R) gravitational theories describing the equilibrium configuration of a star. Then the solution is matched to the exterior solution and thus gives a complete description of a star in R^{1−n/2} theory.

1 Introduction

One of the important problems in the gravitational theories is finding solutions under the assumption of spatial isotropy and time independence, i.e. static spherically symmetric solutions. Then the results can be used to treat the solar system tests and also for computing the pressure, density and gravitational field within a spherically symmetric static star. Regarding the standard general relativity, there is a large number of exact solutions of Einstein’s field equations for perfect spherically symmetric static fluids in the literatures. For a complete list see [1]. From these solutions which are in closed algebraic form, only eleven solutions satisfy physical criteria mentioned in [1] and therefore are physically acceptable. (nine solutions in [1], one in [2] and one in [3]).

A particular class of gravitational theories which has been received great interest recently, is f(R) modified theories of gravity [4]. In [5] spherically symmetric vacuum solutions of f(R) theories are studied. In particular it is shown that the modified gravitational theories have the general static blackhole solutions with nonvanishing cosmological constant, Schwarzschild–deSitter solution[5, 6, 7]. Considering scalar–tensor theories of gravity in the Einstein frame, a reconstruction method is introduced in [8] to generate some spherically symmetric vacuum space–times. Since f(R) gravity is dynamically equivalent to Brans-Dicke theory with zero coupling constant, this method is applicable to f(R) gravity in the Einstein frame. Also in the recent years some exact solutions for static spherically symmetric perfect fluid in f(R) theory of gravity are presented [9, 10, 11]. Since the field equations of f(R) theory are differential equations of fourth order, more integration constants need to be determined in order to get a unique solution. This shows that in general, the exterior space-time geometry is not described only by the mass of the star, and thus the validity of Birkhoff theorem is lost[12, 13]. Other details of mass distribution, i.e. the gravitational multipole moments, are needed to obtain a unique solution for both interior and exterior regions of a star. As a result the exterior solutions of f(R) theory are not necessarily asymptotically flat.

Another issue related to the star evolution is the singularity problem in f(R) gravity which has been first introduced in [14] and then disscused for stellar configurations in [15, 16] which maybe treated by adding higher powers of R [17]. The classification of future singularities according to their properties into four classes is studied in [18]. These singularities occur in scalar or fluid models of dark energy and in f(R) or f(G) (G denotes the Gauss- Bonnet invariant) [19] or other models leading to an accelerating universe. The fact that all such singularities is not unique for f(R) but occur in all known dark energy models is explained in [17, 20].

Moreover the consistency condition of any f(R) theory with the solar system tests is the occurrence of the chameleon mechanism [21, 22]. It is one way to avoid the Doglov–Kawaski instability [23]. Also a positive value of F (R) = df(R)/dR is needed to guarantee the positivity of the effective gravitational constant G_{ef f} = G/F (R) [4]. In [12, 13], by considering the Lagrangian of the form of R^{1+δ}, two exact spherically symmetric vacuum solutions are presented which do not have the asymptotic behavior of the Minkowski space-time. It seems that the non-existence of asymptotic flatness is one of the reasons to study weather f(R) theory can explain the flat rotation curve of galaxies or not [12, 24, 25, 26]. Moreover f(R) static spherically symmetric solution for stellar systems has been investigated in [27]. The authors show that specifying the pressure and the density of matter do not uniquely determine the functional form of f(R). As mentioned before, this is because of appearing higher order derivatives of quantities in the equations which require matching of higher order derivatives of variables at the surface of star. It is shown that assuming Schwartzschild–deSitter metric outside the mass distribution as a boundary condition, induces tight constraints on the quantities[27].

In this paper, we discuss the gravitational equations of f(R) theory for the interior of a spherically symmetric matter distribution and derive a few new solutions in some closed algebraic form. For these solutions, the dependence of f(R) function to the scalar curvature can be found. We divide these solutions into two groups. After analyzing each metric, we see that one of the obtained metrics is appropriate for describing a star. At the end, we consider this solution in more detail and match it to the corresponding exterior metric solution.

2 Spherically symmetric static solutions of f(R) gravity

The dynamics of f(R) theory can be determined by the following action: S = ∫ d^4x √ −g(f(R)) + κL_m) (1)

In the metric approach, the gravitational field equations can be obtained via the variation of action with

respect to metric: F (R)R_{μν} − 1 2 f(R)g_{μν} − ∇_μ∇_ν F (R) + g_{μν} ∇^α∇_αF (R) = κT_{μν} (2) where T_{μν} is the energy-momentum tensor of matter and F (R) = df/dR. Considering a static and spherically

symmetric distribution of matter, the line element has the following form:

ds^2 = A(r)dt^2 − B(r)dr^2 − r^2dΩ^2 (3)

and assuming the matter to be described by a perfect fluid, we have:

T^{μν} = (ρ + p)u^μu^ν − pg^{μν} (4)

where ρ(r) and p(r) are the proper mass density and the isotropic pressure of the fluid in the instantaneous

rest frame of the fluid and u^μ is its four velocity. Substituting (3) and (4) in (2), one obtains the static

spherically symmetric field equations of f(R) theory with matter. Assuming a specific form of f(R), these

equations would be three fourth order nonlinear differential equations. Supplementing by an equation of state

for matter:

p = p(ρ) (5)

one has a complete set of equations for four unknown quantities, A, B, p and ρ. To carry out the calculation, it

is desirable to re-express the equations in a somewhat different form [5]. It can be shown that the expression:

K_{[μ]} = F R_{μμ} − ∇_μ∇_μF − κT_{μμ} g_{μμ} (6) with no summation on repeated indices, is independent of the index μ. From K_{[t]} − K_{[r]} = 0, we have: 2F X^′ X + rF^′ X^′ X − 2rF^{′′} + 2rκ X A (ρ + p) = 0 (7)

where X(r) = A(r)B(r) and a prime denotes the derivative with respect to r. Also K_{[t]} − K_{[θ]} = 0 results in: A^{′′} + ( F^′ F − X^′ 2X ) ( A^′ − 2A r ) − 2A r^2 + 2X r^2

+ 2κ X F (ρ + p) = 0 (8)

Furthermore, from the conservation equation of energy momentum tensor, one obtains: A^′ A = − 2p^′ ρ + p (9)

And also the corresponding curvature scalar is given by:

R = − 2 r^2 + 1 X [ A^{′′} + 4 A^′ r − X^′ X ( A^′ 2 + 2A r ) + 2A r^2 ] (10)

Equations (5), (7), (8), (9) and (10) completely determine the unknown quantities A, X, p, ρ and R. These are the relativistic equations of stellar structure in f(R) theory of gravity.

From a mathematical point of view, knowing the functional form of f(R), equation (10) shows that the functions F (r) and F^′(r) depend on A(r) and B(r) in a complicated and non-linear manner. Therefore we can not expect to obtain the analytical solutions of equations (7), (8) and (9) in a closed form. Although one could use the numerical [10] or approximate methods such as the Newtonian approximation [10] or perturbation method [11]. In the Newtonian limit, assuming a polytropic equation of state of matter, p ∼ ρ^γ , these equations lead to a modified version of Poisson and Lané–Emden equations[28].

Here we are interested in obtaining some analytical solutions in a different way. In order to do this, we follow Tolman’s method [29] which is developed to provide a variety of explicit solutions of Einstein’s equations for a static sphere of fluid. Assuming matter is represented by a perfect fluid, instead of using the equation of the state of matter, Tolman introduces a relation for the metric components or their dependence to radial coordinate, in order to solve the set of equations easily. Of course, it must be noted that this procedure leads to some expression for the density and the pressure of the perfect fluid which may not be physically acceptable for a star [29].

For f(R) equations, it is necessary to consider two assumptions. One is the equation of the state of the fluid and the other is the form of f(R). Logically these two assumptions should be given to have a completely defined model. We should do this in another way. Two relations for X and F are proposed and then the equations are solved. As a byproduct of the solution, the equation of state and f(R) are obtained. However it has to be noted here that not all solutions lead to physically acceptable equation of state and also that not for all solutions it is practical to obtain the form of f(R) analytically.

In this paper we discuss two kinds of assumptions: X = X_0, F = F_0r^n (class I) and X = X_0r^m, F = F_0r^n (class II) where X_0, F_0, n and m are arbitrary constants. For any choice, a number of interesting solutions for A, p and ρ along with the corresponding forms of f(R) are obtained. To specify the integration constants, one must specify the boundary conditions. For a star in equilibrium, it is physical to assume that the pressure drops from its central value to zero at the surface of star, R_s. Moreover the metric needs to be matched with the outside vacuum solution at the surface of the star, according to the Israel junction conditions.

2.1 Class I solutions: X = X_0, F = F_0r^n

A look at equations (7)–(9), suggests that choosing X = X_0 = Constant simplifies the equations. Then on choosing F = F_0r^n and combining equations (7) and (8) we have

A^{′′} + nA^′ r + 2n^2 − 4n − 2

r^2 A + 2X_0 r^2

= 0 (11)

with the general solution A = A_0 + A_1r^m (12) where A_0 = −

X_0 n^2 − 2n − 1

(13) and m = 1 2 ( 1 − n ± √ 9 + 14n − 7n^2 ) (14) and A_1 is a constant.

Finally equations (7) and (9) leads to

p = p_0 + p_1r^{m+n−2} (15)

where p_1 = −

F_0mn(n − 1)A_1 2κX_0(n + m − 2)

(16) and p_0 is a constant, and also ρ = −p_0 + ρ_1r^{n−2} + ρ_2r^{m+n−2} (17) where ρ_1 = −

F_0n(n − 1) κ(n^2 − 2n − 1)

(18) and ρ_2 =

F_0n(n − 1)(2n + 3m − 4)A_1 2κX_0(n + m − 2)

(19) In addition one can simply see that R = R_1 r^2

+ R_2r^{m−2} (20) with R_1 = − 2n(n − 2) n^2 − 2n − 1

(21) and R_2 =

(m^2 + 3m + 2)A_1

X_0

(22) Although these are exact solutions of the f(R) equations, but the form of f(R) only can be reconstructed for special choices of n. These are listed in Table(1).

Solutions I, II, III, IV, and V are not physically acceptable, because they lead to a negative sound velocity squared v^2_s = dp/dρ. The last solution is acceptable for a thick shell. The minimum and maximum radii of the shell would be derived from the conditions that 0 ≤ v^2_s ≤ 1 and ρ ≥ 0 and p ≥ 0. As a result we have a thick shell: 3A_1 A_0 ≤ r ≤ p^2_1 p^2_0

(23) It has to be noted here that to have a physically complete solution, this thick shell solution have to be matched to the vacuum solution at r = 3A_1/A_0 and r = p^2_1/p^2_0. The Israel junction conditions for f(R) theory can be found in the literature[30, 31, 32]. Choosing the coordinates so that the metric is in the form:

ds^2 = N^2dz^2 + h_{ij} dx^idx^j (24)

where z is in the jump direction, the Israel junction conditions are:

Δh_{ij} = 0 (25)

ΔR = 0 (26) ΔK = 0 (27) F (R)ΔK̄_{ij} = S̄_{ij} (28) 3 dF (R) dR Δ∂_zR = NS (29) in which K_{ij} is the extrinsic curvature defined as:

K_{ij} = − 1 2N ∂_zh_{ij} (30)

K is its trace, K̄_{ij} is the traceless part of K_{ij} , S_{ij} is the energy–momentum tensor on the boundary (the thin shell), S is its trace and S̄_{ij} is the traceless part of S_{ij} .

Table 1: The first class of solutions with X = X_0 and F = F_0r^n A(r) p(r) ρ(r) R(r) f(R) v^2_s =^{dp}_{dρ} acceptable?

I (n = 0, m = −1) X_0 +^{A1}_r constant constant 0 any regular -1 no II (n = 0, m = 2) X_0 + A_1r^2 constant constant^{12A1}_{X0} any -1 no III (n = 1, m = −2)^{X0}_2 +^{A1}_{r2} constant constant −^1_{r2} f_0 − 2F_0 √ −R -1 no IV (n = 1, m = 2)^{X0}_2 + A_1r^2 constant constant^{12A1}_{X0} −^1_{r2} f_0 − 2F_0

√_{12A1}

X_0 − R -1 no

V (n = 2, m = 1)^{X0}_2 + A_1r p_0 −^{F0 A1r}_{κX0} −p_0 +^{2F0}_κ +^{3F0 A1r}_{κX0}^{6A1}_{X0 r} f_0 −^{36A21F0}_{X 20 R} −^1_3 no VI (n = 2.5, m = −1) −4X_0 +^{A1}_r p_0 −^{15F0 A1}_{4κX0}^√_r −p_0 −^{15F0 √r}_κ +^{15F0 A1}_{2κX0}^√_r −^{10}_{r2} f_0 −^{10F0(−10R)−1/4}_4^{−A1}_{2A1 +4X0 r} thick shell (see Discussion section)

2.2 Class II solutions: X = X_0r^m, F = F_0r^n

Choosing F = F_0r^n (31) and X = X_0r^m (32) the equations (7)–(9) can be solved leading to:

A = A_0r^m + A_1r^{l1} + A_2r^{l2} (33)

where A_0 = X_0δ; δ = −4 4n^2 − 8n + m^2 − 4m − 4

(34) and l_1 and l_2 are the roots of the equation:

l^2 + (n − 1 − m/2)l + (2n^2 − 4n − nm − m − 2) = 0 (35)

and A_1 and A_2 are two constants.

Some special choices of n and m allows one to reconstruct the form of f(R) which are listed in Table(2). Solution IV gives a negative sound velocity squared and thus is not acceptable. Solutions II, III, and V are acceptable for a thick shell. Again Israel junction conditions should be applied on it to have a complete solution. Finally solution I, with some values of n and m gives a physical acceptable solution for a star.

3 Matching with exterior solution

A look at Tables (1) and (2), shows that only the solution I of Table (2) is appropriate for a star. To have a physical sphere of fluid surrounded by empty space, we set n < 2, so that the energy density and pressure decrease in a monotonic way with decreasing r, and the equation of state can be written as:

p = ωρ + p_0(ω + 1) (36)

where ω =^m_{2n+m−4} . Moreover in spite of obtaining infinite values for central density and pressure at r = 0, they are positive definite provided that p_0 < 0, p_1 > 0 and ω > 0. The pressure vanishes at the surface of the star r = R_s, and thus R_s = (^{−p0}_{p1} )^{1/(n−2)}. We have to have subluminal speed of sound and thus 0 < ω < 1 and thus 0 < m < 2 − n.

Table 2: The second class of solutions with X = X_0r^m and F = F_0r^n

A(r) p(r) ρ(r) R(r) f(R) v^2_s =^{dp}_{dρ} acceptable?

I A_0r^m p_0 + p_1r^{n−2} −p_0 −^{2n+m−4}_m p_1r^{n−2 R1}_{r2} f_0 +^{F0 Rn/21}_{1−n/2} R^{1−n/2} for n ≠ 2^{−m}_{m+2n−4} some m, n

4κX_0 p_1 F_0 A_0 = R1 = f0 + F0R1 ln R for n = 2 −^{m(2n(n−1)−m(n+2))} n−2 −4m^2+4m−8n^2+16n m^2−4m+4(n^2−2n−1)

II A_0r^{10} + A_1r^8 p_0 +^{75F0}_{13κ}^1_r − 20^{F0A1}_{κX0}^1_{r3} −p_0 −^{60F0}_{13κ}^1_r + 5^{F0A1}_{κX0}^1_{r3}^{−314}_{13r2} +^{30A1}_{X0 r4} f_0 −^{4(1−aR+} √ 1+aR) 3a √_{−1+√1+aR} R 5X_0 r^2−52A_1 −4X_0 r^2+13A_1 thick shell

where a = 30

(_{13} 157 )_{2 A1}

X_0 (See Discussion section)

III A_0r^{10} + A_1r^8 p_0 +^{20F0}_{7κ} ln r −^{16F0 A1}_{κX0}^1_{r2} −p_0 −^{4F0}_{7κ} −^{20F0}_{7κ} ln r+^{−45}_{7r2} +^{30A1}_{X0 r4} f_0 + 2 ln(−1 + √ 1 + aR)+^{X0 r2+11.2A1}

−X_0 r^2−5.6A_1 thick shell

8F_0 A_1 κX_0 1 r^2 2 √ 1 + aR where a = 120

(_{13} 157 )_{2 A1}

X_0 (See Discussion section)

IV A_0r^4 + A_1r^2 p_0 −p_0^{−4}_{r2} f_0 −^{16F0}_R −1 no

V A_0r^6 + A_1r^4 p_0 −^{9F0}_{10κ} r^2 +^{12F0 A1}_{κX0} ln r −p_0 −^{6F0A1}_{κX0} +^{−23}_{5r2} +^{6A1}_{X0 r4} f_0 −^{aF0}_{2R} +^{bF0}_4 ln R±^{−3X0 r2+20A1}_{5X0 r2−20A1} thick shell

3F_0

2κ r^2 −^{12F0A1}_{κX0} ln r^{23√a+bR}_{10R} ±^b_2 tanh^{−1} √ 1 + bR/a (See Discussion section)

where a =

(_{23} 5 )_2 and b =^{24A1}_{X0}

Solution I specialize us to power law lagrangian plus a cosmological constant. Since f(R) models are of interest because of the fact that they can explain the late–time acceleration of the universe without the need for a cosmological constant, we set f_0 = 0. Fortunately, for this case in the absence of cosmological constant, there are two spherically symmetric vacuum static solutions in the literature. One is proposed in [12] and another is given by [5]. Therefore one can consider the matching of the interior metric to each of these forms of the exterior solutions at the surface of the sphere. Here we take the first choice.

The exterior solution is thus[12]:

A_{ext} = r^α + Cr^β (37) X_{ext} = γr^α (38) where C is a constant, α =^{2n(n−1)}_{n+2} , β =^{−4n−2}_{n+2} and γ = 1 −^{n(2n3 −2n2−5n−4)}_{(n+2)2} . The parameter n is subject to some constraints. The existence of chameleon–like mechanism (named by [33] so, to denote that the chameleon behavior in the Jordan frame differs slightly from the Einstein frame.), light deflection experiment and the perihelion precession of Mercury leads to the following bound on n [12, 13, 33, 34]:

− 1.6954 × 10^{−17} ≤ n ≤ 6.7800 × 10^{−17} (39)

Using the exterior solution (37) and (38) and the interior solution I of table (2), the junction conditions given by the equations (25)–(27), would be simplified into:

Δh_{ij} = 0 =⇒ A_0R^m_s = R^α_s + CR^β_s (40)

ΔK = 0 =⇒ (m + 4) √ γδ A_0 = R^{(m−α)/2} s [ 4 + αR^{α−m}_s + CβR^{β−m}_s A_0 ] (41) ΔR = 0 =⇒ γδ(m + 2)^2 = (α + 2)^2 (42) The first two equations determine the constants A_0 and C in terms of R_s, n and m, while the third equation can be used to find m in terms of n. It can be solved exactly and there are two solutions:

m_1 = 2n(n − 1) n + 2

(43)

and m_2 =

−2(n^2 − 3n + 2) n − 4 (44) It has to be noted that only the ratio^{p1}_{F0} is fixed according to the relation given in table (2). Therefore given a specific form of f(R) which fixes F_0, one gets the constant p_1. For m_1 one can simply see that p_1 = 0 and this wipes out the star solution. For m_2 we find:

p_1 = −

4F_0 κ (n − 1)^3(n − 4)^4 (n − 4)^2(n^2 − 2n − 1) + (n − 1)(n^2 − 4)(n − 3)

(45)

Also p_0 can be derived from the definition of R_s as:

p_0 = −p_1R^{n−2}_s (46)

As stated before, to have subluminal sound velocity we have to have 0 < m < 2 − n. The acceptable

values of n and m are plotted in Figure (1). Also taking into account the bound given by equation (39) we

see that values of n are very small and thus:

m ≃ 1 − 5 4 n (47)

The last two junction conditions (28) and (29) determine the surface energy–momentum tensor. Equation

(29) gives:

S = 0 (48)

while equation (28) simplifies to:

S̄_{00} = A_0F_0R^n_s ( m √ δ 2 R^{m−1}_s + 2 √ A_0 γ R^{(m−α)/2} s − m + 4 2 √ δ ) (49)

S̄_{22} = F_0R^{n+1}_s ( √ δ − √ A_0 γ R^{(m−α)/2} s ) (50)

S̄_{33} = S̄_{22} sin^2 θ (51)

S̄_{00} is the energy density and S̄_{22} and S̄_{33} are the tension densities on the star surface.

4 Discussion

In this paper we found some static spherically symmetric interior solutions of f(R) theory of gravity. Of the

eleven solutions, listed in table (1) and (2), only one solution is physically acceptable for a star. In obtaining

the solutions, we restricted ourselves to the solutions which have two properties. First, they are in the closed

form and are obtained without any numerical or approximation method for solving the coupled high order

differential equations of f(R) theory. Second, the corresponding form of f(R) function can be reconstructed.

This means that we have not reported those solutions for which there are algebraic relations for R(r) and

f(r), without the possibility for solving them to get f(R).

Figure 1: m as a function of n. Those values of m and n that lies in the shaded region lead to a subluminal sound velocity.

Special attention is paid to the star solution, and it is matched to existing exterior solution and thus as a result one has a complete solution for a star and its exterior region for power law f(R) theories. The junction conditions are applied on this star solution and the acceptable values of the constants are derived.

It has to be noted that we are not able to apply the junction conditions for our thick shell solutions. This is because of the fact that we do not know the exterior solution for such f(R)’s. Moreover those forms of f(R) are not of physical interest.

Acknowledgement This work is partly supported by a grant from university of Tehran. One of us (F. Shojai) wishes to thanks the center of excellence of department of physics on the structure of matter for supporting this work.

References

[1] M. S. R. Delgaty and K. Lake, Comput. Phys. Commun., 115, 395, 1998. [2] K. Lake, Phys. Rev. D, 77, 127502, 2008.

[3] T. E. Kiess, Class. Quantum. Grav., 26, 025011, 2009.

[4] S. Nojiri and S. D. Odintsov, Arxive: 1011.0544, to appear in Phy. Rep.; S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys., 4, 115, 2007; T. Clifton, P. G. Ferreira, A. Padilla and C. Skordis, arXiv: 1106.2476; T. P. Sotiriou, Rev. Mod. Phys., 82, 451, 2010.

[5] T. Multamäki and I. Vilja, Phys. Rev. D, 74, 064022, 2006.

[6] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP, 02, 010,2005. [7] I. Bervik, S. Nojiri, S. D. Odintsov and L. Vanzo, Phys. Rev. D, 70, 043520, 2004. [8] S. Nojiri, S. D. Odintsov and H. Stefancic, Phys. Rev. D, 74, 086009, 2006. [9] K. Henttunen, T. Multamäki and I. Vilja, Phys. Rev. D, 77, 024040, 2008. [10] K. Kainulainen, J. Piilonen, V. Reijonen and D. Sunhede, Phys. Rev. D, 76, 024020, 2007. [11] S. Capozziello, A. Stabile and A. Troisi, Class. Quantum Grav., 25, 085004, 2008. [12] T. Clifton and J. D. Barrow, Phys. Rev. D, 72, 103005, 2005. [13] T. Clifton, Class. Quantum. Grav., 23, 7445, 2006.

[14] J. D. Barrow , Class. Quant. Grav., 21, L79, 2004; M.C.B. Abdalla, S. Nojiri and S. D. Odintsov, Class.

Quant. Grav., 22, L35, 2005; F. Briscese, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Lett. B, 646, 105, 2007; A. V. Frolov, Phys. Rev. Lett., 101, 061103, 2008.

[15] T. Kobayashi and K. Maeda, Phys. Rev. D, 78, 064019, 2008. [16] K. Bamba, S. Nojiri and S. D. Odintsov, Phys. Lett. B, 698, 451, 2011. [17] K. Bamba, S. Nojiri and S. D. Odintsov, JCAP, 10, 045, 2008. [18] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D, 71, 063004, 2005. [19] K. Bamba, S. D. Odintsov, L. Sebastiani and S. Zerbini, arXiv:0911.4390. [20] S. Nojiri and S. D. Odintsov, Phys. Rep., 505, 59, 2011.

[21] J. Khoury and A. Weltman, Phys. Rev. D, 69, 044026, 2004; J. Khoury and A. Weltman, Phys. Rev.

Lett., 93, 171104, 2004;

[22] W. Hu and I. Sawicki, Phys. Rev. D, 76, 064004, 2007. [23] A. D. Doglov and M. Kawaski, Phys. Lett. B, 573,1, 2003. [24] Y. Sobouti, A & A, 464, 921, 2007.

[25] C. G. Böhmer, T. Harko and F. S. N. Lobo, Astropar. Phys., 29, 386, 2008. [26] R. Saffari and S. Rahvar, Phys. Rev. D, 77, 104028 , 2008. [27] T. Multamäki and I. Vilja, Phys. Rev. D, 76, 064021, 2007.

[28] S. Capozziello, M. De Laurentis, S. D. Odintsov and A. Stabile, Phy. Rev. D, 83, 064004, 2011. [29] R. C. Tolman, Phys. Rev., 55, 364, 1939.

[30] H.H. Von Borzeszkowski and V.P. Frolov, Annalen Phys.., 492, 285, 1980. [31] A. Balcerzak and M.P. Dabrowski, Phys.Rev.D, 77, 023524, 2008. [32] N. Deruelle, M. Sasaki, and Y. Sendouda, Prog. Theor. Phys., 119, 237, 2008. [33] M. Roshan and F. Shojai, Class. Quant. Grav., 28, 145012, 2011.

[34] J. D. Barrow, T. Clifton, Class. Quant. Grav., 23, L1, 2006; J. D. Barrow, T. Clifton, Class. Quant.

Grav., 23, 2951, 2006; A. f. Zakharov, A. A. Nucita, F. De Paolis and G. Ingrosso, Phy. Rev. D, 74, 107101, 2006.