arXiv:1109.2719v2 [gr-qc] 25 Oct 2011

Stability of Schwarzschild black hole in f(R) gravity with the dynamical Chern-Simons term

Taeyoon Moon^{a∗} and Yun Soo Myung^{b†},

a Center for Quantum Space-time, Sogang University, Seoul, 121-742, Korea b Institute of Basic Sciences and School of Computer Aided Science, Inje University Gimhae 621-749, Korea

Abstract

We perform the stability analysis of the Schwarzschild black hole in f(R) gravity with the parity-violating Chern-Simons (CS) term coupled to a dynamical scalar field θ. For this purpose, we transform the f(R) gravity into the scalar-tensor theory by introducing a scalaron ϕ, providing the dynamical Chern-Simons modified gravity with two scalars. The perturbation equation for the scalar θ is coupled to the oddparity metric perturbation equation, providing a system of two coupled second order equations, while the scalaron is coupled to the even-parity perturbation equation. This implies that the CS coupling affects the Regge-Wheeler equation, while f(R) gravity does not affect the Zerilli equation. It turns out that the Schwarzschild black hole is stable against the external perturbations if the scalaron is free from the tachyon.

PACS numbers:

Typeset Using L^ATEX

∗e-mail address: tymoon@sogang.ac.kr †e-mail address: ysmyung@inje.ac.kr

1 Introduction

f(R) gravities [1, 2, 3] have much attention as one of strong candidates for explaining the current accelerating universe [4]. f(R) gravities can be considered as Einstein gravity with an additional scalar (scalaron). For example, it was shown that the metric-f(R) gravity is equivalent to the ω_{BD} = 0 Brans-Dicke theory with a certain potential [5].

On the other hand, the Chern-Simons (CS) modified gravity was obtained by adding a parity-violating CS term to the Einstein-Hilbert action, where the CS term couples to gravity via a CS scalar field θ [6]. Originally the coupled scalar field θ was considered as a prescribed function, but on later this choice was not regarded as the well-motivated one. Indeed, the dynamical Chern-Simons (DCS) modified gravity has been formulated by treating the scalar field θ as a dynamical field [7]. For a review on the CS modified gravity, its astrophysical consequences, see [8] and for its critical gravity on the AdS_4 spaceimes, see [9, 10]

It is very interesting to investigate the Schwarzschild black hole obtained from a modified gravity of the f(R) gravity with the dynamical CS term because astrophysical black holes are the most promising objects to probe the strongly gravitational field region of a modified gravity. The first study of the f(R)-black hole stability has very recently been performed in the f(R, G) gravity [11]. In its scalar-tensor theory [12], the even-parity perturbations were affected by the scalaron and thus the black hole was stable against the whole perturbations if the scalaron did not have a tachyonic mass. In the context of the DCS modified gravity, the black hole perturbation has been carried out in [13], which indicates that if the background CS scalar θ̄ is a non-trivial, there was a serious mixing between odd-and even-parity metric perturbations. On the other hand, if θ̄ = 0 or const., odd-and even-perturbations were decoupled as in Einstein gravity and odd-perturbations are affected only by the CS scalar field [14]. The odd-parity and CS scalar perturbations were described by a coupled system of two second-order equations, which has shown that the black hole is stable in the DCS modified gravity [15].

Very recently, there was a perturbation study on the black hole in the context of f(R, C) modified gravity with C the CS term [16]. The black hole is unstable because the perturbed Hamiltonian is not bounded from below, due to the CS term. In order to avoid the instability, either R̄ = const. or^{∂2f}_{∂R∂C} = 0 is required. In this case, number of physically propagating degrees of freedom are three, one from odd-parity and two from even-party and scalaron because the f(R, C) modified gravity belongs to the non-dynamical CS modified gravity. Those modes are too strongly coupled to decouple three independent modes, which shows a distinctive feature of a parity-violating theory. However, the no-ghost condition of ∂f(R,C) ∂R > 0 and no-tachyon condition of^{∂2f(R,C)}_{∂R2} > 0 survive as in f(R) gravities. In this work, we wish to perform the stability analysis of the Schwarzschild black hole in f(R) gravity with the parity-violating CS term coupled to a dynamical scalar field θ. In order to avoid the difficulty with fourth-order derivative terms, we first transform the f(R) gravity into the scalar-tensor theory by introducing a scalaron ϕ. This will provide the DCS modified gravity with two scalars, which means that four modes are physically propagating degrees of freedom. Interestingly, the perturbation equation for the CS scalar θ is coupled to the odd-parity metric perturbation equation, providing a system of two coupled secondorder equations, while the scalaron ϕ is coupled to the even-parity perturbation equation. This enables us to perform the stability analysis of the Schwarzschild black hole obtained from f(R)+DCS modified gravity theory completely. To make all things clear, we mention our notations. The metric signature is (−, +, +, +). The Riemann, Ricci tensor and Levi- Civita tensor are defined by

R^ρ_{σμν} = ∂_μΓ^ρ_{νσ} − ∂_ν Γ^ρ_{μσ} + Γ^ρ_{μλ}Γ^λ_{νσ} − Γ^ρ_{νλ}Γ^λ_{μσ}, R_{μν} = R^ρ_{μρν} , ϵ^{trφ1 φ2} = 1 √ −g . 2 f(R) gravity with the DCS term

Let us consider f(R) gravity with the dynamical Chern-Simons term in four dimensions which is given by S = 1 2κ^2 ∫ d^4x √ −g [ f(R) + θ 4 ∗RR − α∇_μθ∇_μθ ] (2.1)

where κ^2 = 8πG, α is a dimensional constant, and^∗RR =^∗R^{η μν}_ξ R^ξ_{ημν} is the Pontryagin density with ∗R^{η μν}_ξ = 1 2 ϵ^{μνρσ} R^η_{ξρσ}. (2.2) Here ϵ^{μνρσ} denotes the four-dimensional Levi-Civita tensor. It is well known that the action can be rewritten by introducing a scalaron field ϕ as follows [17]: S = 1 2κ^2 ∫ d^4x √ −g [ ϕR − V (ϕ) + θ 4 ∗RR − α∇_μθ∇_μθ ] (2.3) with the potential V (ϕ) = ϕA(ϕ) − f(A(ϕ)). Note that the mass dimensions of ϕ, θ, and α are given by [ϕ] = 0, [θ] = −2, [α] = 4, respectively. Varying for the fields g_{μν} , ϕ, and θ lead to the following equations: ϕ ( R_{μν} − 1 2 g_{μν} R ) + 1 2 g_{μν} V (ϕ) + ( g_{μν} ∇^2 − ∇_μ∇_ν ) ϕ = −C_{μν} + α ( ∇_μθ∇_ν θ − 1 2 g_{μν} ∇_ρθ∇^ρθ ) , (2.4) R = V^′(ϕ), (2.5) ∇^2θ = − 1 8α ∗RR (2.6) where^′ denotes differentiation with respect to ϕ, and C_{μν} takes the form C_{μν} = ∇_ρ θ ϵ^{ρσγ}_{(μ}∇_{|γ|}R_{ν)σ} + 1 2 ∇_ρ∇_σ θ ϵ^{ργδ}_{(ν} R^σ_{μ)γδ} . (2.7)

We take the trace of (2.4) to rewrite (2.5) as the scalaron equation

3∇^2ϕ + 2V (ϕ) − ϕV^′(ϕ) = −2α∇_μθ∇^μθ. (2.8)

Also we can express Eq.(2.4) to be ϕR_{μν} − 1 2 g_{μν} V (ϕ) − 1 2 g_{μν} ∇^2ϕ − ∇_μ∇_ν ϕ = −C_{μν} + α∇_μθ∇_ν θ. (2.9) Taking the restricted background values^1 as

θ̄ = const., ϕ = ϕ̄ = const., V (ϕ̄) = V^′(ϕ̄) = 0, V^{′′}(ϕ̄) ≠ 0, (2.10)

the solution to the Eqs.(2.4), (2.5) and (2.6) is given by the Schwarzschild spacetime ds^2_{Sch} = ḡ_{μν} dx^μdx^ν = −f(r)dt^2 + dr^2 f(r) + r^2(dφ^2_1 + sin^2 φ_1dφ^2) (2.11)

1 When taking these values, it gives the background spacetimes with the constant curvature scalar R̄ which provides an easy step to find the solution of f(R) gravity. In obtaining the constant curvature-black hole solutions (for example, Schwarzschild and Schwarzschild-(A)dS black holes), it seems that there is no difference between θ̄ = 0 and θ̄ = const.. Hence we choose θ̄ = const. here. Note that ϕ̄ corresponds to f^′(R̄) in the original f(R) gravity and R̄ = V^′(ϕ̄) = 2V (ϕ̄)/ϕ̄ from Eqs.(2.5) and (2.8). In this work, we focus on the Schwarzschild black hole solution with R̄ = 0, which implies that V^′(ϕ̄) = V (ϕ̄) = 0. We mention that this is possible to occur when choosing a limited form of f(R) gravity: f(R) = a_1R+a_2R^2 +· · · [18, 19, 20]. In this case, one finds that ϕ̄ = a_1.

with the metric function f(r) = 1 − 2M r . (2.12) Now we introduce the perturbation around the background metric as

g_{μν} = ḡ_{μν} + h_{μν} . (2.13)

The perturbations around the background solution ϕ̄ and θ̄ are given by θ = θ̄ + δθ, ϕ = ϕ̄ + δϕ. (2.14) The linearized equation to (2.9) can be written by ϕ̄δR_{μν} (h) − 1 6 ḡ_{μν}ϕ̄V^{′′}(ϕ̄)δϕ − ¯∇_μ ¯∇_ν δϕ = −δC_{μν} (2.15) where the linearized quantities of δR_{μν} (h), δR(h), and δC_{μν} (h) take the forms δR_{μν} (h) = 1 2 (¯ ∇^γ ¯∇_μh_{νγ} + ¯∇^γ ¯∇_ν h_{μγ} − ¯∇^2h_{μν} − ¯∇_μ ¯∇_ν h ) δR(h) = ¯∇^μ ¯∇^ν h_{μν} − ¯∇^2h δC_{μν} (h) = 1 2 ¯∇_ρ ¯∇_σ δθ ϵ^{ργδ}_{(ν} R̄^σ_{μ)γδ} . (2.16)

In these expressions, the “overbar” denotes the background quantities. From Eq.(2.8) and (2.6), we obtain the linearized-scalaron equation [ ¯∇^2 − 1 3 ϕ̄V^{′′}(ϕ̄) ] δϕ = 0 (2.17)

and the linearized-θ equation

¯∇^2δθ = − 1 4α ϵ^{μνρσ}R̄^η_{ξμν} ¯∇_ρ ¯∇_ηh^ξ_σ (2.18) 3 Perturbation analysis

The metric perturbations h_{μν} are classified according to the transformation properties under parity, namely odd sector (h_0, h_1) and even sector (H_0, H_1, H_2, K). However it is nontrivial task to show how the decoupling process goes with two scalar fields (δθ, δϕ) well.^2 In order

2It turns out that for θ̄ ≠ const., there was mixing between odd and even modes in Chern-Simons modified gravity [13]. Here we can avoid this difficulty by choosing θ̄ = const..

to see this explicitly, we must consider the full metric perturbation as

h_{μν} = H_0(r)Y H_1(r)Y −^{∂φ2 Y}_{sin φ1} h_0(r) sin φ_1∂_{φ1} Y h_0(r) H_1(r)Y H_2(r)Y −^{∂φ2 Y}_{sin φ1} h_1(r) sin φ_1∂_{φ1} Y h_1(r) −^{∂φ2 Y}_{sin φ1} h_0(r) −^{∂φ2 Y}_{sin φ1} h_1(r) r^2Y K(r) 0 sin φ_1∂_{φ1} Y h_0(r) sin φ_1∂_{φ1} Y h_1(r) 0 r^2 sin^2 φ_1Y K(r) e^{−ikt} (3.1)

with Y ≡ Y^{LM} (φ_1, φ_2) spherical harmonics. The form of δθ and δϕ are given by δθ = ψ(r) r Y e^{−ikt}, δϕ = Φ(r) r Y e^{−ikt}. (3.2) Substituting Eqs. (3.1) and (3.2) into Eq.(2.15) and after tedious manipulations, we find the perturbation equations for ten components as (t, t); e^{−ikt}E_1Y = 0 (t, r); e^{−ikt}E_2Y = 0 (t, φ_1); e^{−ikt} ( E_3∂_{φ1} Y + O_1∂_{φ2} Y ) = 0 (t, φ_2); e^{−ikt} ( E_3∂_{φ2} Y + O_2∂_{φ1} Y ) = 0 (r, r); e^{−ikt}E_4Y = 0 (r, φ_1); e^{−ikt} ( E_5∂_{φ1} Y + O_3∂_{φ2} Y ) = 0 (r, φ_2); e^{−ikt} ( E_5∂_{φ2} Y + O_4∂_{φ1} Y ) = 0 (φ_1, φ_1); e^{−ikt} ( E_6Y + E_7∂^2_{φ1} Y + O_5∂_{φ2} Y + O_6∂_{φ1} ∂_{φ2} Y ) = 0 (φ_1, φ_2); e^{−ikt} ( E_8∂_{φ2} Y + E_7∂_{φ1} ∂_{φ2} Y + O_7Y + O_8∂^2_{φ1} Y ) = 0 (φ_2, φ_2); e^{−ikt} ( E_9Y + E_7∂^2_{φ2} Y + E_{10}∂_{φ1} Y + O_9∂_{φ2} Y + O_{10}∂_{φ1} ∂_{φ2} Y ) = 0, (3.3)

where E_i with i = 1, · · · , 10 are functions of (H_0, H_1, H_2, K, Φ) and O_i with i = 1, · · · , 10 are functions of (h_0, h_1, ψ) (see Appendix for the details). It is important to note that for L > 1, the perturbation equations (3.3) imply twenty conditions like

E_i = 0, O_i = 0, for i = 1, · · · , 10 (3.4)

which mean that ten perturbation equations can be decoupled into two classes: odd-parity ({O_i}) and even-parity ({E_i}).

For the even-parity case, we observe that the condition of E_7 = 0 yields

H_0(r) − f^2H_2(r) − 2f ϕ̄r Φ(r) = 0. (3.5)

By using the above condition together with E_i = 0 (i = 1, · · · , 6), one finds the central constraint equation as { λf^{−1} − 2 + rf^{−1}f^′ } H_0 + { 2k^2r^2f^{−1} + 2f + rf^′ + r^2 2 f^{−1}(f^′)^2 − λ } K − { 2ikr + λ 2ik } H_1 − { 2λ − 4f − 2k^2r^2f^{−1} − r^2 2 f^{−1}(f^′)^2 } Φ ϕ̄r = 0, (3.6)

where λ = L(L + 1). Manipulating two equations of E_2 = 0 and E_3 = 0 by using the Eqs.(3.5) and (3.6) lead to d dr ( K + Φ ϕ̄r ) = λrf^{−1}f^′ − 4k^2r^2f^{−1} − 6rf^′ 2r(λ − 2f + rf^′) ( K + Φ ϕ̄r ) + 2λf − 4k^2r^2 − λ^2 2ir^2(λ − 2f + rf^′) ( H_1 k ) , (3.7) d dr ( H_1 k ) = 2λ − 4f − 2k^2r^2f^{−1} − r^2f^{−1}f^{′2}/2 i(λf − 2f^2 + rff^′) ( K + Φ ϕ̄r )

− 3λf^{−1}f^′/2 − 2f^′ + rf^{−1}f^{′2} − 2k^2rf^{−1} λ − 2f + rf^′ ( H_1 k ) . (3.8)

Now we introduce the tortoise coordinate (r^∗ = ∫_{dr} f ) and a new field defined by

M̂ = 1 pq − h { p ( K + Φ ϕ̄r ) − H_1 k } , (3.9)

where q(r) = λ̃(λ̃ + 1)r2 + 3λ̃Mr + 6M 2 r^2(λ̃r + 3M) , h(r) = i(−λ̃r^2 + 3λ̃Mr + 3M^2) (r − 2M)(λ̃r + 3M) , p(r) = − ir^2 r − 2M , λ̃ = λ 2 − 1. (3.10)

As a result, from the Eqs.(3.7), (3.8) and (3.9) we arrive at the Zerilli equation

d^2M̂ dr^{∗2} + [ k^2 − V_Z ] M̂ = 0, (3.11)

where the Zerilli potential is given by [21, 22]

V_Z (r) = f [ 2λ̃^2(λ̃ + 1)r^3 + 6λ̃^2Mr^2 + 18λ̃M^2r + 18M^3 r^3(λ̃r + 3M)^2 ] . (3.12)

The potential V_Z (r^∗) is always positive for whole range of −∞ ≤ r^∗ ≤ ∞ , which implies that the even-parity perturbation is stable, even though the scalaron Φ is coupled to making the even-perturbation [12]. In addition, using the tortoise coordinate (r^∗), the scalaron equation (2.17) becomes d^2 dr^{∗2} Φ + [ k^2 − V_Φ ] Φ = 0, (3.13) where the scalaron potential V_Φ is given by V_Φ = f ( λ r^2 + 2M r^3

+ m^2_ϕ ) (3.14)

with m^2_ϕ = ϕ̄V^{′′}(ϕ̄)/3. The potential V_Φ is always positive exterior the event horizon if the mass squared m^2_Φ is positive [12].^3

On the other hand, for odd-parity perturbation ({O_i = 0}), the first five equations provide three:

O_1 = 0 or O_2 = 0 r^3(−4M + λr)h_0 − rf ( 2kir^4 − 12 ϕ̄ Mψ + kir^5h^{′1} + 6 ϕ̄Mrψ^′ + r^5h^{′′0} ) = 0,(3.15) O_3 = 0 or O_4 = 0 −ikr^3 ( 2h_0 − ikrh_1 − rh^′_0 ) + r^2f(λ − 2)h_1 + 6 ϕ̄ikMψ = 0, (3.16) O_5 = 0

ikr^3h_0 − (2M − r) { 2Mh_1 − (2M − r)rh^′_1 } = 0 (3.17) and all remaining equations O_i with i = 6, · · · , 10 are redundant. Introducing the tortoise coordinate and a new field Q defined by Q = fh_1/r, the above three equations (3.15)∼(3.17) become one coupled second-order equation d^2 dr^{∗2} Q̃ + { k^2 − f ( λ r^2 − 6M r^3 ) } Q̃ = 6ikMf r^5 ψ, (3.18)

where Q̃ = ϕ̄Q. Also, the perturbation equation (2.18) for the dynamical scalar θ becomes a coupled second-order equation

d^2 dr^{∗2} ψ + [ k^2 − f { λ r^2 ( 1 + 18M^2 r^6α̃ ) + 2M r^3 } ] ψ = − 3λ(λ − 2)iMf kr^5α̃ Q̃, (3.19)

3In the original f(R) gravity, the quantity of ϕ̄V^{′′}(ϕ̄)/3 corresponds to f^′(0)/3f^{′′}(0) [ϕ̄ ⇔ f^′(0), V^{′′} ⇔ 1/f^{′′}(0)]. Therefore, the condition of m^2_Φ > 0 implies no-tachyon (f^{′′}(0) > 0) if f^′(0) > 0 (no-ghost) in f(R) gravity.

where α̃ = ϕ̄α. This is an important feature of CS coupling to f(R) gravity. Actually these coupled equation are the same found in [15]. Hence, it is clear that the black hole is stable against the perturbations of Q̃ and ψ when using two independent numerical approaches of time evolution and a formation of frequency domain employed in Ref.[15].

Finally, we wish to mention the f(R)-form dependence on the stability of the Schwarzschild black hole. In writing down two Eqs.(3.18) and (3.19), we introduce two new variables Q̃ = ϕ̄Q and α̃ = ϕ̄α which show the connection to the original f(R) gravity because ϕ̄ = f ′(0). As was mentioned in footnote 1, our analysis is valid for a limited form of f(R) = a_1R + a_2R^2 + · · · . In this limit from, we have f^′(0) = a_1 = ϕ̄, which is fixed by choosing the limited f(R) gravity. In general, we can say that different f(R) theories with different corresponding ϕ̄ have different model parameters. However, as far as the constant curvature-black hole stability is concerned, we expect that Eqs.(3.18) and (3.19) remain unchanged except ϕ̄, leading to the stable Schwarzschild black hole.

4 Discussions

In this work, we have performed the stability analysis of the Schwarzschild black hole in f(R) gravity with the parity-violating CS term coupled to a dynamical scalar field θ. In order to avoid the difficulty with fourth-order derivative terms appeared in f(R) gravity, we first transformed the f(R) gravity into the scalar-tensor theory by introducing a scalaron ϕ. This will provide the DCS modified gravity with two scalars, which provides four physically propagating degrees of freedom.

Interestingly, the perturbation equation for the CS scalar θ is coupled to the odd-parity metric perturbation equation, providing a system of two coupled second-order equations, while the scalaron ϕ is coupled to the even-parity perturbation equation. This enables us to perform the stability analysis of the Schwarzschild black hole obtained from f(R)+DCS modified gravity theory completely. It was shown that the CS coupling affects the Regge- Wheeler equation significantly, while f(R) gravity does not affect the Zerilli equation. It turns out that the Schwarzschild black hole is stable against four external perturbations of {M̂, Φ, Q̃, ψ} if the scalaron is free from the tachyon.

However, the role of DCS term is limited here because its perturbation δC_{μν} in (2.16) does not involve third-order derivative terms. This higher derivative may appear when the background solution contains a spherically symmetric CS scalar [13]. In this case, one could not decouple five massive gravitons successfully because there exists a mixing between odd- and even-parity modes, and third-order derivative terms are present. Even in the Minkowski background, it is not clear which modes are propagating with their own masses. It has been argued that a spacelike vector of v^μ = ∂^μθ̄ = (0, ⃗μ) renders the theory free from ghosts and tachyons, while a timelike vector of v^μ = (μ,⃗0) yields an inconsistent quantum theory [23, 24]. On the contrary, the opposite case is true: the only tachyon- and ghost-free model is the one with a timelike vector [25]. Hence, it seems to be a formidable task to perform the stability of the Schwarzschild black hole when including the third-order derivative terms.

Acknowledgments This work was supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government (MEST) through the Center for Quantum Spacetime (CQUeST) of Sogang University with grant number 2005-0049409. Y. Myung was partly supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government (MEST) (No.2011-0027293).

Appendix: The explicit forms of twenty perturbation equations of E_i = 0 and O_i = 0 where

E_1 = 1 2r^5 [ 2r^5k^2K(r) + r(−2M^2f^{−1} + r^2λ)H_0(r) + 2i(3M − 2r)r^3kH_1(r) −rf(2M^2 − r^4k^2)H_2(r) + 2Mr^3fK^′(r) + r^3(5M − 2r)H^′_0(r)

−2ir^5fkH^′_1(r) − Mr^3f^2H^′_2(r) − r^5fH^{′′}_0 (r) + 1 3 r^4fV̄^{′′}Φ(r) + 2 ϕ̄ { (2M − Mr + k^2r^4)Φ(r) + Mr^2fΦ^′(r) }] , E_2 = i 2r^2 [ 2(r − 3M)kf^{−1}K(r) − 2krfH_2(r) + 4kr^2K^′(r) − iλH_1(r) − 2k ϕ̄ { ( 1 − M r ) f^{−1}Φ(r) − rΦ^′(r) }] , E_3 = i 2r^2 [ kr^2K(r) − 2iMH_1(r) + kr^2fH_2(r) − ir^2fH^′_1 + 2kr ϕ̄ Φ(r) ] , E_4 = 1 2r^4f^2 [ 2M(2r − 3M)f^{−1}H_0(r) + 2iMkr^2H_1(r) − f ( 6M^2 − 4Mr

+k^2r^4 − r^2fλ ) H_2(r) − 2r(6M^2 − 7Mr + 2r^2)K^′(r) − Mr^2H^′_0 +2ikr^4fH^′_1 + rf(6M^2 − 7Mr + 2r^2)H^′_2 − 2r^4f^2K^{′′}(r) + r^4fH^{′′}_0 − r^3f 3 V̄^{′′}Φ(r) − 2f ϕ̄ { (−5M + 2r)Φ(r) + r(5M − 2r)Φ^′(r) + r^3fΦ^{′′}(r) }] , E_5 = −1 2r^3f [ (r − M)rf^{−1}H_0(r) − ikr^3H_1(r) − (2M^2 − 3Mr + r^2)H_2(r)

+r^3fK^′(r) − r^3H^′_0 + 2rf ϕ̄ { − 2Φ(r) + rΦ^′(r) }] , E_6 = −1 2r^2 [ 2Mrf^{−1}H_0(r) − 2ikr^3H_1(r) + 2(2M^2 + Mr − r^2)H_2(r) +r^2(k^2r^2f^{−1} + λ + 2)K(r) − 2r^2(3M − 2r)K^′(r) − r^3H^′_0(r)

−r^3f^2H^′_2(r) + r^4fK^{′′}(r) + 2rf {r2 6 f^{−1}V̄^{′′}Φ(r) + 1 ϕ̄ ( rΦ^′(r) − Φ(r) )}] , E_7 = 1 2r [ rf^{−1}H_0(r) − rfH_2(r) − 2 ϕ̄Φ(r) ] , E_8 = −E_7 cot φ_1, E_9 = E_6 sin^2 φ_1, E_{10} = E_7 cos φ_1 sin φ_1,

O_1 = csc φ_1 2r^3 [ ir^2f { 2kh_1(r) + krh^′_1(r) − irh^{′′}_0(r) } + (4M − λr)h_0(r) − 6 ϕ̄r2 Mf { 2ψ(r) − rψ^′(r) }] , O_2 = −1 2r^3 [ ir^2f sin φ_1 { 2kh_1(r) + krh^′_1(r) − irh^{′′}_0(r) } − (rf + 2M cos 2φ_1) csc φ_1h_0(r)

+r(csc φ_1 − λ sin φ_1)h_0(r) − 6 ϕ̄r2 Mf sin φ^1 { 2ψ(r) − rψ^′(r) }] , O_3 = csc φ_1 2r^3f [ 2ikr^2h_0(r) − ikr^3h^′_0(r) + (2rf + k^2r^3 − λrf)h_1(r) − 6i ϕ̄r kMψ(r) ] , O_4 = −1 2r^3f [ ikr^2 sin φ_1{2h_0(r) − rh^′_0} + { − rf cos φ_1 cot φ_1 + (rf + k^2r^3) sin φ_1

+rf(csc φ_1 − λ sin φ_1) } h_1(r) − 6i ϕ̄r kM sin φ^1ψ(r) ] , O_5 = csc φ_1 cot φ_1 r^3f [ ikr^3h_0(r) + rf { 2Mh_1(r) + r^2fh^′_1(r) }] , O_6 = −O_5 tan φ_1,

O_7 =

O_5λ 2 [ sin^2 φ_1 tan φ_1 ] , O_8 = O_5 sin^2 φ_1 tan φ_1,

O_9 = −O_5 sin^2 φ_1,

O_{10} = O_8.

References

[1] S. Nojiri and S. D. Odintsov, eConf C0602061 (2006) 06 [Int. J. Geom. Meth. Mod.

Phys. 4, 115 (2007)] [arXiv:hep-th/0601213].

[2] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010) [arXiv:0805.1726 [grqc]].

[3] S. Nojiri and S. D. Odintsov, Phys. Rept. 505, 59 (2011) [arXiv:1011.0544 [gr-qc]]. [4] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517 (1999) 565 [arXiv:astro-ph/9812133];

A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116 (1998) 1009 [arXiv:astro-ph/9805201].

[5] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010) [arXiv:1002.4928 [gr-qc]]. [6] R. Jackiw and S. Y. Pi, Phys. Rev. D 68, 104012 (2003) [arXiv:gr-qc/0308071]. [7] T. L. Smith, A. L. Erickcek, R. R. Caldwell and M. Kamionkowski, Phys. Rev. D 77, 024015 (2008) [arXiv:0708.0001 [astro-ph]].

[8] S. Alexander and N. Yunes, Phys. Rept. 480, 1 (2009) [arXiv:0907.2562 [hep-th]]. [9] E. A.-Beato, G. Giribet, and M. Hassaine, Phys. Rev. D83, 104033 (2011) [arXiv:1103.0742 [hep-th]].

[10] T. Moon and Y. S. Myung, arXiv:1108.2612 [hep-th].

[11] A. De Felice, T. Suyama and T. Tanaka, Phys. Rev. D 83, 104035 (2011) [arXiv:1102.1521 [gr-qc]].

[12] Y. S. Myung, T. Moon and E. J. Son, Phys. Rev. D 83, 124009 (2011) [arXiv:1103.0343 [gr-qc]].

[13] N. Yunes and C. F. Sopuerta Phys. Rev. D 77, 064007 (2008) [arXiv:0712.1028 [gr-qc]]. [14] V. Cardoso and L. Gualtieri, Phys. Rev. D 80, 064008 (2009) [Erratum-ibid. D 81, 089903 (2010)] [arXiv:0907.5008 [gr-qc]].

[15] C. Molina, P. Pani, V. Cardoso and L. Gualtieri, Phys. Rev. D 81, 124021 (2010) [arXiv:1004.4007 [gr-qc]].

[16] H. Motohashi and T. Suyama, arXiv:1107.3705 [gr-qc]. [17] G. J. Olmo, Phys. Rev. Lett. 95, 261102 (2005) [arXiv:gr-qc/0505101]. [18] D. Psaltis, D. Perrodin, K. R. Dienes, I. Mocioiu, Phys. Rev. Lett. 100, 091101 (2008).

[arXiv:0710.4564 [astro-ph]].

[19] E. Barausse and T. P. Sotiriou, Phys. Rev. Lett. 101, 099001 (2008) [arXiv:0803.3433 [gr-qc]].

[20] Y. S. Myung, Phys. Rev. D 84, 024048 (2011) [arXiv:1104.3180 [gr-qc]]. [21] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970).

[22] V. Cardoso and J. P. S. Lemos, Phys. Rev. D 64, 084017 (2001) [arXiv:gr-qc/0105103]. [23] A. P. Baeta Scarpelli, H. Belich, J. L. Boldo and J. A. Helayel-Neto, Phys. Rev. D 67, 085021 (2003).

[24] C. Adam and F. R. Klinkhamer, Nucl. Phys. B 607, 247 (2001) [arXiv:hep-ph/0101087].

[25] B. Pereira-Dias, C. A. Hernaski and J. A. Helayel-Neto, Phys. Rev. D 83, 084011 (2011) [arXiv:1009.5132 [hep-th]].