arXiv:1109.3097v1 [hep-th] 14 Sep 2011

UWThPh-2011-29

On the 1-loop effective action for the IKKT model

and non-commutative branes

Daniel N. Blaschke^∗, Harold Steinacker^†

September 14, 2011

University of Vienna, Faculty of Physics Boltzmanngasse 5, A-1090 Vienna (Austria)

Abstract

We study the one-loop effective action of the IKKT or IIB model on a 4-dimensional non-commutative brane background. The trace–U(1) sector is governed by non-commuta-tivity, and leads — assuming no SUSY breaking — to a higher-derivative effective action. In contrast, the non-Abelian sector at low energies reduces to SU(N) N = 4 Super-Yang-Mills on the brane, with a global SO(9, 1) symmetry broken spontaneously by the background. In the Coulomb branch, we recover the leading contribution to the Dirac-Born-Infeld (DBI) action, exhibiting a S^5 × AdS^5 bulk geometry around a stack of branes. SUSY may be broken by compact extra dimensions M^4 × K, leading to an induced gravitational action on M^4 due to the trace–U(1) sector. The one-loop effective action is UV finite on such backgrounds, and the UV/IR mixing is non-pathological.

∗daniel.blaschke@univie.ac.at †harold.steinacker@univie.ac.at

Contents

1 Introduction 2

2 The IKKT or IIB model 4 2.1 The bosonic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 The fermionic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 1-loop effective action for the IKKT model . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Non-commutative branes and effective geometry . . . . . . . . . . . . . . . . . . 10 2.5 Background expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Evaluation of the one-loop effective action: Abelian case 12

4 Non-Abelian sector 16 4.1 General discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 4.2 Spontaneous symmetry breaking and massless sector . . . . . . . . . . . . . . . . 18 4.3 Coulomb branch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Product spaces and SUSY breaking 22 5.1 Scaling behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.2 Example: fuzzy extra dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

6 Conclusion 29

Appendix A 31

Appendix B 34

Appendix C 36

1 Introduction

One of the most fascinating ideas in recent years is the proposal that matrix models of Yang- Mills type, in particular certain supersymmetric models which have been put forward in string theory [1, 2], may provide a description for the quantum structure of space-time and geometry. Even though these models are extremely simple, they contain all the required ingredients for a theory of fundamental interactions including gravity. In fact, they appear to reproduce at least the low-energy sector of string theory or supergravity in certain backgrounds. Here we take these models as a starting point independent of string theory, and focus on 4-dimensional brane solutions or backgrounds, considered as physical space(-time). Due to supersymmetry, these models should provide a well-defined quantum theory at least for 4-dimensional backgrounds. In fact, numerical evidence has been obtained recently [3] for the emergence of 3+1-dimensional space-time within the IKKT or IIB model. This provides renewed motivation to study the effective physics of 4-dimensional backgrounds. The aim of this paper is to provide a better understanding of the quantum effective action on such backgrounds in the matrix model.

Solutions of the IIB model corresponding to flat branes are well known, and are described by the Moyal-Weyl quantum plane R^{2n}_θ . Brane configurations with general geometry in the IIB model have also been studied recently [4], clarifying the geometry and the low-energy physics of fluctuations around such backgrounds. At the semi-classical level, the geometry of these noncommutative (NC) branes in the matrix model is clear: the fluctuations are governed by an effective metric which depends both on the Poisson structure and the embedding of the brane. However upon quantization, gravitational terms are induced on the brane. Thus quantum effects will play an important role for the dynamics of the brane geometry, i.e. for gravity. In fact, the relation with IIB supergravity in the bulk can only be seen at the quantum level, taking into account the one-loop effective action [1]. Similarly, the evidence for gravitons on branes obtained in [5, 6] relies on quantum effects. It is therefore very important to understand these quantum effects more explicitly.

In principle, it is easy to write down the one-loop effective action in a formal, backgroundindependent way [1, 7]. This by itself is very interesting, and it was used to establish a relation with branes in IIB supergravity. Furthermore, UV-finiteness on 4-dimensional backgrounds is obvious. We start with a detailed derivation of this one-loop action, emphasizing the global SO(9, 1) resp. SO(10) symmetry which is only broken spontaneously by the background. The main subject of the present paper is then a detailed study of the 1-loop action on more general backgrounds, both for non-Abelian gauge fields as well as for the trace-U(1) sector governing the geometry.

Some steps in that program were taken in [8], where the action induced by integrating out fermions in a matrix model was computed, and cast into a geometrical form. However, maximal supersymmetry is essential to make the matrix model finite in 4 dimensions, without pathological UV/IR mixing and without any cutoff introduced by hand. On the other hand, SUSY must clearly be broken, otherwise no reasonably physics and no induced gravity will arise on the brane. We will show explicitly in Section 5 how SUSY can be broken dynamically within the IKKT model, on suitable backgrounds with compactified extra dimensions M^4 × K. A gravitational action is then induced on the brane below the SUSY breaking scale, as suggested in [9]. This shows how realistic physics may emerge from the IKKT model, in the presence of refined compactification scenarios such as those discussed in [10, 11]. Without breaking N = 4 SUSY, one only obtains a higher-derivative induced action for the trace-U(1) sector, which we study in Section 3.

Besides the geometrical trace-U(1) sector, the 1-loop contribution to the non-Abelian sector is also of great interest. Non-Abelian gauge fields arise on stacks of branes. For a single stack of N coinciding branes, one obtains SU(N) Super Yang-Mills (SYM) theory coupled to gravity. In particular, one should expect the same quantum effects as in ordinary N = 4 SYM theory. This is studied in Section 4 in two cases: first we compute the one-loop effective action for an unbroken massless gauge boson in the Coulomb phase. Following essentially standard steps adapted to the matrix model case, we obtain e.g. the well-known^{F 4}_{(ϕ2)2} one-loop term. In fact we can largely maintain the global SO(10) symmetry while working on a generic curved brane. This allows to obtain precisely the leading terms of the Dirac-Born-Infeld (DBI) action for a single brane at some distance of the stack of N − 1 branes (corresponding to the Coulomb branch), and to identify the effective near-horizon AdS^5 × S^5 geometry of such a background consistent with IIB supergravity. This illustrates how quantum effects may modify the effective bulk geometry in the matrix model, and provides additional evidence for the relation of the IIB matrix model with supergravity. In contrast to previous work on related issues such as [12– 15], our results are exclusively based on matrix model computations, without presupposing any relation with supergravity. The mechanism is also reminiscent of holography based on N = 4 SYM [16], but in fact non-commutativity allows a more direct understanding of the branes in the “holographic” bulk.

On the other hand, we emphasize that the effective gravity which is relevant for physics in a brane-world scenario emerges on the brane, and it is not a simple reduction of the bulk gravity. The effective metric on the brane involves the Poisson tensor in an essential way, which leads to novel mechanisms as shown in [17]. The present paper further clarifies the origin of the induced gravity terms on the brane, and takes some steps towards their explicit determination. Their precise form depends on the specific compactification, and more work is needed to identify the appropriate compactifications and to understand the physics of the gravity sector. This clarifies the relation of the emergent gravity viewpoint of the matrix model with string theory.

Finally, the 1-loop effective action in a background M^4 × K with fuzzy extra dimensions K is studied in Section 5 both from the higher-dimensional geometry point of view, as well as from the 4-dimensional point of view in terms of Kaluza-Klein modes originating from matrix-valued gauge fields. Special attention is paid to the origin of scales and symmetry breaking within the matrix model.

2 The IKKT or IIB model

We start with a general discussion of the IKKT (or type IIB) matrix model and its properties in the context of emergent gravity, and explain how to compute the effective one-loop action. The IKKT or IIB model [1] is defined by the following action

S_{IKKT} = −(2π)^2Tr ( [X^a, X^b][X_a, X_b] + 2Ψγ_a[X^a, Ψ] ) , (2.1)

where X^a, a = 0, 1, 2, . . . , 9 are Hermitian matrices, Ψ is a matrix-valued Majorana-Weyl spinor of SO(9, 1), and the γ_a form the corresponding Clifford algebra. The model is obtained by dimensional reduction of the 10-dimensional SU(N) Super-Yang-Mills theory to a point, and taking the N → ∞ limit. Indices are raised and lowered using the fixed background metric g_{ab} = η_{ab}; later we will also discuss the Euclidean version where g_{ab} = δ_{ab}. This action is invariant under the following symmetries:

X^a → U^{−1}X^aU , Ψ → U^{−1}ΨU , U ∈ U(H) gauge invariance, X^a → Λ(g)^a_b X^b , Ψ_α → π̃(g)^β_αΨ_β , g ∈ ~SO(9, 1) Lorentz symmetry, X^a → X^a + c^a1 , c^a ∈ R translational symmetry,

(2.2)

where the tilde indicates the corresponding spin group, as well as N = 2 matrix supersymmetry [1]. Here matrices are identified with operators on a separable Hilbert space H, and U(H) denotes the group of unitary operators resp. matrices on H.

2.1 The bosonic sector

We first focus on the bosonic part of the IKKT model, given by

S_{YM} = −(2π)^2Tr ( [X^a, X^b][X_a, X_b] ) . (2.3)

We want to compute the effective action, and for this purpose we will employ the background field method (cf. e.g. [7, 18–20]). Hence we split the matrices into background X^a and a fluctuating part Y^a, X^a → X^a + Y^a . (2.4)

For a given background X^a, there is a gauge symmetry

Y^a → Y^a + U[X^a + Y^a, U^{−1}] , (2.5)

which we fix using the gauge-fixing function G[Y ] = i[X^a, Y_a]. We also need to add ghosts and antighosts c resp. c̄, and together with the gauge fixing the additional terms read

S_{g.f.} + S_{ghost} = 4(2π)^2Tr s ( c̄ G[Y ] − α 2 c̄b )

= 4(2π)^2Tr ( b i[X^a, Y_a] − α 2 b^2 − c̄ i[X^a, sY_a] ) , (2.6)

where b is a multiplier field fixing the gauge, and the BRST transformations associated to the gauge symmetry (2.5) are given by sY_a = i[X_a + Y_a, c] , sc̄ = b , sb = 0 , sc = ic^2 , s^2φ = 0 ∀φ ∈{Y_a, c, c̄, b} . (2.7) Choosing α = 1 and eliminating b using its e.o.m. δS δb = 4(2π)^2 (i[X^a, Y_a] − b) = 0 , (2.8)

we arrive at

S_{g.f.} + S_{ghost} = −2(2π)^2Tr ( [X^a, Y_a][X^b, Y_b] − 2c̄[X^a, [X_a + Y_a, c]] ) . (2.9)

In a one-loop computation of the effective action in X^a, one keeps only the quadratic terms in the fluctuations Y and discards linear and higher order terms [18]. For the gauge invariant part of the action (2.3) this yields

S_Y = 2(2π)^2Tr ( Y^a[X^b, [X_b, Y_a]] − Y^a[X^b, [X_a, Y_b]] + Y^a[[X_a, X^b], Y_b] ) . (2.10)

Combining (2.10) with (2.9), one arrives at the following quadratic action

S_{quad} = 2(2π)^2Tr ( Y^a[X^b, [X_b, Y_a]] + 2iY_a[Θ^{ab}, Y_b] + 2c̄[X^a, [X_a, c]] )

= 2(2π)^2Tr ( Y^a(□δ^{ab} + 2i[Θ^{ab}, .])Y_b + 2c̄□c )

= 2(2π)^2Tr ( Y^a(□ + Σ^{(Y )}_{rs} [Θ^{rs}, .]))^a_b Y^b + 2c̄□c ) , (2.11)

where we define

Θ^{ab} = −i[X^a, X^b] , (Σ^{(Y )}_{ab} )^c_d = i(δ^c_ag_{bd} − δ^c_b g_{ad}) , □ϕ = [X^a, [X_a, ϕ]] . (2.12)

Note that when the background is not fixed, the combined action is invariant under the background gauge transformations

X^a → UX^aU^{−1} , Y^a → UY^aU^{−1} , c → UcU^{−1} . (2.13)

It follows that the one-loop effective action induced by the bosonic matrices^1 Γ_{1−loop}[X] given by Γ_{1−loop}[X] = − 1 2 Tr log(□ + Σ^{(Y )}_{rs} [Θ^{rs}, .]) + Tr log(□) (2.14)

also enjoys this fundamental gauge invariance, provided the integrals over the fluctuations Y and c are regularized such that this symmetry is preserved. In analogy to the fermionic integral computed in [8], this can be achieved using a Schwinger parametrization as follows:

Γ_{1−loop,L}[X] := Γ^Y_{1−loop,L}[X] + Γ^c_{1−loop,L}[X] , (2.15)

where

Γ^Y_{1−loop,L}[X] := 1 2 Tr ∫_∞ 0 dα α e^{−α(□+Σ(Y )ab [Θab,.])}e^{− 1}αL^2 , Γ^c_{1−loop,L}[X] := −Tr ∫_∞ 0 dα α e^{−α□}e^{− 1}αL^2 . (2.16)

Here L is a cutoff of dimension “length”, which essentially sets a lower limit α >^1_L for the α integral. This amounts to a UV cutoff

Λ := Λ^2_{NC}L (2.17)

of dimension (length)^{−1} in a background with NC scale Λ_{NC}, where X^a is considered to have dimension length. Note that the two traces in (2.16) are different. By construction, both contributions are gauge invariant and satisfy a scaling relation

Γ_{1−loop,L}[X] = Γ_{1−loop,L}[UXU^{−1}] , Γ_{1−loop,cL}[cX] = Γ_{1−loop,L}[X] . (2.18)

We also expect invariance under SO(D) as in [8]. However, we will see that no such regularization is needed in the maximally supersymmetric IKKT model.

Finally, it is straightforward to include also e.g. a mass term Tr m^2X_aX^a or a cubic term Tr iC_{abc}X^a[X^b, X^c] into the formalism. Then the quadratic action (2.11) becomes

S_{quad} = 2(2π)^2Tr ( Y^a ( □ + m^2 + Σ^{(Y )}_{rs} [Θ^{rs}, .] ) abY^b + Y^aiC_{abc}[X^c, Y^b] + 2c̄□c ) (2.19)

for totally antisymmetric C_{abc}.

2.2 The fermionic sector Minkowski case. For Dirac fermions, the functional determinant can be simply evaluated as ∫ dΨdΨe^{iTrΨγa[Xa,Ψ]} = det(iΓ_0 /D) = √ det /D^2 . (2.20)

However, the fermions in the IKKT model formulated in 9+1 dimensional Minkowski space-time are (matrix-valued) Majorana-Weyl (MW) spinors Ψ of SO(1, 9), in particular

Ψ_C = CΨ^T = Cγ^T_0 Ψ^⋆ = Ψ , (2.21)

1Note that from the NC gauge theory point of view, they comprises both gauge fields and scalar fields.

where γ^T_a = Cγ_aC^{−1}. This means that in a MW basis, the spinor entries are Hermitian (rather than general complex) matrices (cf. [21–23]). In 9+1 dimensions, C = C^{−1T} anticommutes with the chirality operator γ = iγ_0 . . . γ_9, so that the symmetric matrix

γ̃_a = Cγ_a (2.22)

is well-defined for Weyl spinors. Using Ψ = Ψ^T C^{−1T} , the fermionic action can be written as

TrΨγ_a[X^a, Ψ] = TrΨ^T C^{−1T} γ_a[X^a, Ψ] = TrΨ_αγ̃^{αβ}_a [X^a, Ψ_β] , (2.23)

where we assume that Ψ are 16-dimensional Weyl spinors, or equivalently

TrΨγ_a[X^a, Ψ] = TrΨ^T C /DP_+Ψ , P_± = 1 2 (1 ± γ) , (2.24)

for 32-component Dirac spinors. Then the Grassmann integral over the MW spinors yields

e^{iΓψ [X]} := ∫ dΨe^{iTrΨγa[Xa,Ψ]} = Pfaff(γ̃^{αβ}_a [X^a, .]) = ± √ det γ̃^{αβ}_a [X^a, .] = ± √ det(C /D_+) , (2.25)

where^2 C /D_+ denotes C /D acting on the positive chirality spinors, to be specific.

Euclidean case. Since the Pfaffian makes sense for any (complex) anti-symmetric matrix, one can use Eqn. (2.25) to define the Wick-rotated fermionic induced action Γ^ψ_E [X] also in the Euclidean case (at least for finite-dimensional matrices), by replacing γ_0 → iγ_{10} (see Ref. [22, 23] for further details on Wick rotations in the context of spinors). However, then γ̃^{αβ}_a [X^a, ] is in general not a Hermitian operator for chiral SO(10) spinors, and the effective action has both real and imaginary contributions. The real part of the action can be extracted from det ( (C /D)^†C /D_+ ) = det( /D^2_+) = e^{−2Re(ΓψE [X])} , (2.26)

which is real because /D^2 is a Hermitian operator. Therefore we can write

Γ^ψ_E[X] = Γ^{ψ,real}_E [X] + iΓ^{ψ,imag}_E [X] = − 1 4 Tr log( /D^2_+) + iΓ_{W Z} . (2.27)

The imaginary part is the Wess-Zumino contribution. It is invariant under SO(10) (but not “locally”), and incorporates the anomaly contribution due to the integrated out fermions. For a more detailed discussion we refer to [1, 24–26].

For the real part of the effective action, it is useful to introduce a representation using Schwinger parameters, based on the identity ∫_∞ 0 dα α (e^{−aX} − e^{−aY} ) = log Y X . (2.28)

2The transpose in Ψ^T refers only to the 10 spinor indices.

Noting that /D^2 = □ + Σ^{(ψ)}_{ab} [Θ^{ab}, .], we obtain

Γ^{ψ,real}

E [X] = 1 2 Tr ∞∫ 0 dα α e^{−α(□+Σ(ψ)ab [Θab,.])}, (2.29)

where Σ^{(ψ)}_{ab} denotes the chiral representation on Weyl spinors as given below. The fermionic induced action can also be regularized by introducing an UV cutoff term e^{− 1}αL^2 as in (2.16). However this will not be necessary in the maximally supersymmetric case under consideration here. In the following we will simply replace Γ^ψ_E by Γ^{ψ,real}_E dropping Γ_{W Z} , which would not modify our explicit computations below. The Wess-Zumino contribution is expected to be finite and SO(10) invariant in a “non-local” manner, and would deserve a detailed investigation extending [25].

2.3 1-loop effective action for the IKKT model

Now consider the complete model including bosons and fermions. First, we introduce a common notation which works for all fields. Let

(Σ^{(ψ)}_{ab} )^α_β =^i_4 [γ_a, γ_b]^α_β , fermions, (Σ^{(Y )}_{ab} )^c_d = i(δ^c_ag_{bd} − δ^c_b g_{ad}) , bosonic matrices, Σ^{(c)}_{ab} = 0 , ghosts,

(2.30)

be the generators of SO(D) on the spinor and vector irreducible representations ([γ_a, γ_b] is understood to be the irreducible chiral representation). To evaluate the one-loop effective action explicitly, we will need the traces trΣ_A . . . Σ_C where Σ_A ≡ Σ_{ab} denotes the generators of SO(D) in the vector or spinor representation. These are computed in Appendix A.1, with the results

trΣ_A = 0 , trΣ_AΣ_B =

2tr1 D(D − 1) C^{(2)} g_{AB} ,

trΣ_AΣ_BΣ_C = i tr1 D(D − 1) C^{(2)} f_{ABC} . (2.31)

Taking into account the results of the previous section, we will now switch to the Euclidean case, and drop the (imaginary) Wess-Zumino term in the effective action. The real part of the 1-loop contribution for the IKKT model can therefore be written as

Γ := Γ^{real}_{1−loop}[X] = − 1 2 Tr ∞∫ 0 dα α ( e^{−α(□+Σ(Y )ab [Θab,.])} − 1 2 e^{−α(□+Σ(ψ)ab [Θab,.])} − 2e^{−α□} ) , (2.32)

which is manifestly SO(10) invariant^3. As pointed out before, there may be an additional imaginary contribution to the action for some backgrounds, which can be interpreted as Wess- Zumino term related to a global anomaly of the chiral SU(4) R-symmetry. An analogous formula applies for the D-dimensional reduced model.

3The SO(3, 1) × SO(D − 4) structure was pointed out also in [20], but the SO(10) covariant form apparently has not been used up to now.

As a first check, we note that Γ [X] vanishes in the free case (i.e. for an unperturbed R^4_θ background with Θ^{ab} ∼ 1_H), provided the D − 2 effective degrees of freedom from bosons - ghosts cancel with the fermions. This holds in the D = 10 IKKT model for Majorana- Weyl fermions, and also in the D = 6 model for Weyl fermions in the (4) of SO(6). The latter corresponds to N = 2 SUSY Yang-Mills from a 4-dimensional point of view. These cancellations hold for any background where [Θ^{ab}, .] = 0. Adding perturbations around R^4_θ, the α integral becomes divergent and must be regularized as in Eqn. (2.29) in the D ≠ 10 case, except for the maximally supersymmetric D = 10 case which is (believed to be) perturbatively finite^4 to all loops. One-loop finiteness will become obvious in the following.

The above formula (2.32) is valid for arbitrary backgrounds. It suggests the following expansion:

Γ [X] := − 1 2 Tr ∫_∞ 0 dα α ( e^{−α(□+Σ(Y )ab [Θab,.])} − 1 2 e^{−α(□+Σ(ψ)ab [Θab,.])} − 2e^{−α□} )

= 1 2 Tr ( log(□ + Σ^{(Y )}_{ab} [Θ^{ab}, .]) − 1 2 log(□ + Σ^{(ψ)}_{ab} [Θ^{ab}, .]) − 2 log □ )

= 1 2 Tr ( log(1 + Σ^{(Y )}_{ab} □^{−1}[Θ^{ab}, .]) − 1 2 log(1 + Σ^{(ψ)}_{ab} □^{−1}[Θ^{ab}, .]) )

= 1 2 Tr ( ∑ n>0 (−1)^{n+1} n ( (Σ^{(Y )}_{ab} □^{−1}[Θ^{ab}, .])^n − 1 2 (Σ^{(ψ)}_{ab} □^{−1}[Θ^{ab}, .])^n ))

= 1 2 Tr ( − 1 4 (Σ^{(Y )}_{ab} □^{−1}[Θ^{ab}, .])^4 + 1 8 (Σ^{(ψ)}_{ab} □^{−1}[Θ^{ab}, .])^4 + O(□^{−1}[Θ^{ab}, .])^5 ) . (2.33)

Note that the first terms with Σ, Σ^2 and Σ^3 cancel, as was observed in [1]. Moreover, the SO(10) resp. SO(9, 1) symmetry is still manifest. These statements are independent of any specific background, and reflect the maximal SUSY of the model. Therefore the traces behave as ∫ d^{2n}p^1_{p8} in the UV on 2n-dimensional backgrounds, which is convergent for 2n < 8. In particular, the model is one-loop finite^5 on 4-dimensional backgrounds. There will be oscillating contributions from phase factors due to the non-commutativity, however they are harmless here because the traces are absolutely convergent. Hence the model is free of pathological UV/IR mixing, at least up to one loop (however there might be standard IR issues, as discussed below). This expression is background independent, and applies both to the Abelian and to the non- Abelian case.

Consider the first non-vanishing term

Γ [X] = 1 8 Tr_A ( tr ( − Σ^{(Y )}_A . . . Σ^{(Y )}_D +^1_2 Σ^{(ψ)}_A . . . Σ^{(ψ)}_D ) □^{−1}[Θ^A, □^{−1}[Θ^B , □^{−1}[Θ^C , □^{−1}[Θ^D, .]]]] + . . . ) . (2.34)

Here a sum over so(10) indices A ≡ (a, b); a < b is understood, and Tr_A denotes the trace over the space of (possibly su(N) valued) functions on the background brane without spinor indices. It is interesting to note that in contrast to the non-supersymmetric case [8], this term

4This is a strong hint that 4-dimensional backgrounds in the IKKT model are stable and preferred. 5One-loop finiteness holds even on 6D backgrounds, but not for higher loops. This is consistent with wellknown results [27–29] for SYM theory.

is proportional to (Θ^{ab})^4, and the commutator structure will lead to a complicated momentum dependence for the U(1) sector. The results of the non-SUSY case will re-surface in the case of supersymmetry breaking in Section 5. To proceed, we need tr(Σ_A . . . Σ_D) for both vector and spinor representations, which is given in (A.14).

2.4 Non-commutative branes and effective geometry

One of the particularly interesting features of the IKKT model (2.1) is that it incorporates a quantum theory of gravity in an emergent way — for a detailed review see [4, 30, 31] and references therein. The key is to consider the matrices X^a as “quantized embedding functions” X^a ∼ x^a : M → R^{10} in the semiclassical limit, where x^a are the Cartesian coordinate functions of R^{10}. In particular, U(1)–valued deformations of the Moyal-Weyl quantum plane as in (2.39) can be interpreted geometrically in terms of deformed embedded branes [9]

X^a = ( X^μ ϕ^i(X^μ) ) : M^4 → R^{10} . (2.35)

Here X^μ , μ = 1, . . . , 4 are considered as independent quantized coordinate functions satisfying generic commutation relations [X^μ, X^ν ] = iθ^{μν} (X) (which can be interpreted as a quantized Poisson structure on M^4), while the ϕ^i(X^μ) are functions of these coordinates. Then the matrix model action (2.1) can be viewed as describing scalars, gauge fields and fermions propagating on M^4 ⊂ R^{10} with effective metric [32]

G^{μν} = e^{−σ} θ^{μμ′} θ^{νν′} g_μ′_ν′ , g_{μν} = ∂_μx^a∂_ν x^bg_{ab} , e^{−σ} ≡ √ det θ^{−1}_{μν} √ det G_{ρσ} , (2.36)

in the semi-classical limit where X^a ∼ x^a and θ^{μν} (X) ∼ θ^{μν} (x). To introduce dimensions, we can use the fixed background metric g_{ab} = δ_{ab} resp. g_{ab} = η_{ab} of the matrix model to define an (unphysical) scale Λ_0, such that Λ_0 = 1 for |g_{ab}| = 1. In that sense, X^a has dimension length, and θ^{μν} encodes the (physical) non-commutativity scale

Λ̄^4_{NC} = det θ^{−1}_{μν} =: Λ^4_0 e^{−σ} , (2.37)

which may depend on x.

The effective geometry becomes clear in the following example: The gauge invariant kinetic term of a test particle modeled by a scalar field ϕ has the form

S[ϕ] = −Tr[X^a, Φ][X^b, Φ]η_{ab} ∼ ∫ d^4x √ det θ^{−1}θ^{μν} ∂_μx^a∂_ν ϕθ^{ρσ}∂_ρx^b∂_σϕη_{ab} = ∫ d^4x √ det GG^{νσ}∂_ν ϕ∂_σϕ . (2.38)

Hence, the action in the semiclassical limit is that of a scalar field propagating in curved spacetime with metric G^{μν} .

This geometrical view of the matrix model is much more transparent than the interpretation in terms of NC U(1) gauge theory, while the latter is more suitable for perturbative computations.

2.5 Background expansion

To obtain explicit expressions for the one-loop effective action, we will consider a background of slowly varying gauge and scalar fields around R^4_θ,

X^a = (¯ X^μ 0 ) + ( A^μ ϕ^i ) , (2.39)

and treat A^μ = −θ̄^{μν} A_ν (X̄) and ϕ^i = ϕ^i(X̄) as gauge fields resp. scalar fields on R^4_θ. Then

[X^a, [X_a, Ψ]] = ¯□Ψ + δ_{μν} ([X̄^μ, [A^ν , Ψ]] + [A^μ, [X̄^ν , Ψ]] + [A^μ, [A^ν , Ψ]]) + δ_{ij} [ϕ^i, [ϕ^j , Ψ]] = ¯□Ψ − iḠ^{μν} Λ̄4_{NC} (2[A^μ, ∂^ν Ψ] + [∂^μA^ν , Ψ] + i[A^μ, [A^ν , Ψ]]) + [ϕ^i, [ϕ^i, Ψ]] , (2.40)

where

¯□Ψ = [X^μ, [X_μ, Ψ]] = −Λ̄^{−4}_{NC}Ḡ^{μν} ∂_μ∂_ν Ψ (2.41)

is the free Laplace operator on R^4_θ. The one-loop effective action (2.33) involves commutators with the generalized field strength defined by

Θ^{ab} = Θ̄^{ab} + F^{ab} , (2.42)

which satisfies [Θ, .] = [F, .]. Note that the 10 × 10 matrix

Θ^{ab} = ( −θ^{μμ′} θ^{νν′} (θ^{−1} + F )_{μν} θ^{μμ′} D_μ′ ϕ^i −θ^{νν′} D_ν′ ϕ^j [ϕ^i, ϕ^j ] ) (2.43)

forms an irreducible representation of SO(9, 1) resp. SO(10). Its non-trivial part F^{ab} continues to make sense in the commutative case (upon absorbing θ^{μν} and Λ̄^2_{NC} in Σ^{ab} resp. ϕ^i), where it decomposes into field strength and covariant derivatives transforming under SO(3, 1) × SO(6). Hence gauge fields and scalar fields are related by SO(10) in the non-commutative case, which is very remarkable from the field-theoretical point of view. The effective action is expected to respect this SO(10) invariance, which is broken spontaneously by the background and hence non-linearly realized on the fields; for the fermionic induced action this was verified in [8].

These formulas apply both in the Abelian and the non-Abelian case, however the physical content is very different. In the Abelian case, the commutators in Eqn. (2.34) result from Poisson brackets [F^{ab}(k), ϕ(p)] ∼ i{F(k), ϕ(p)} = O(kp) . (2.44) Hence non-commutativity is essential here, but does not lead to pathological UV/IR mixing due to maximal SUSY. The leading term in a low-energy (momentum) expansion will arise from [F^{ab}, .]^4 = O(k^4(F^4, (∂ϕ)^4)), corresponding to local as well as non-local terms at O(k^4). In particular, no potential term is induced.

In the Non-Abelian case, [F^{ab}(k), ϕ(p)] = O(1) (2.45)

for the su(N)-valued fields, leading to a non-vanishing potential at k → 0. On a flat R^4_θ background, the SU(N) sector essentially reduces to N = 4 SYM gauge theory at low energies. Indeed, we have □^{−1 k=0}→ Λ̄^4_{NC} 1 p·p + [A^μ, [A_μ, .]] + [ϕ^i, [ϕ^i, .]] , (2.46) where p·p = Ḡ^{μν} p_μp_ν . (2.47) Thus the 1-loop low energy effective action for the SU(N) sector has precisely the same form as for the N = 4 SYM theory in the commutative case, consisting of terms of the structure Γ [A, ϕ] = ∫ d^4p (2πΛ̄_{NC})^2 Tr ∑ ( Λ̄^4_{NC} 1 p·p + [A^μ, [A_μ, .]] + [ϕ^i, [ϕ^i, .]] Σ_{ab}[Θ^{ab}, .]] )_k . (2.48)

Turning on also non-trivial trace-U(1) components, this SU(N) action is coupled to non-trivial background geometries, as expected from the emergent gravity point of view [4]. This will be discussed in Section 4.

3 Evaluation of the one-loop effective action: Abelian case

Consider first the Abelian case. Assuming a background given by a small perturbation of R^4_θ as above, we can expand

□^{−1} = ¯□^{−1} ( 1 − ¯□^{−1}V + ( ¯□^{−1}V )^2 − . . . ) (3.1)

where □ = ¯□ + V . In contrast to the non-supersymmetric case [8], the leading non-trivial contributions are obtained here by replacing □ → ¯□, so that we can neglect the sub-leading terms in (3.1) here. We introduce Schwinger parameters for the propagators

□^{−1} ≈ ¯□^{−1} = − ∫_∞ 0 dα e^{−α ¯□} = −Λ̄^4_{NC} ∫_∞ 0 dᾱ e^{−ᾱΛ̄4NC ¯□} (3.2)

where ᾱ = Λ̄^{−4}_{NC}α, and use a basis of plane waves such that commutators can be expressed in terms of sines, cf. [8]. Then the matrix element for the operator in Eqn. (2.34) can be written as follows: ⟨ q| ~V |p ⟩ ≡ ⟨ q| ¯□^{−1}[Θ^A, ¯□^{−1}[Θ^B , ¯□^{−1}[Θ^C , ¯□^{−1}[Θ^D, .]]]]|p ⟩ = ∫ d^4q (2πΛ̄^2_{NC})^2

Ψ(q) ∫ d^4pd^4k_1d^4k_2d^4k_3 2^6π^{10} ∫_∞ 0 dᾱ_{1−4}Θ^A(q − p − k_1 − k_2 − k_3)Θ^B(k_3)

× Θ^C (k_2)Θ^D(k_1) exp [−ᾱ_1(k_1 + p)·(k_1 + p) − ᾱ_2(k_1 + k_2 + p)·(k_1 + k_2 + p)]

× exp [−ᾱ_3(k_1 + k_2 + k_3 + p)·(k_1 + k_2 + k_3 + p) − ᾱ_4(q·q)] sin ( k_1θp 2 )

× sin ( k_2θ(k_1 + p) 2 ) sin ( k_3θ(k_1 + k_2 + p) 2 ) sin ( qθ(k_1 + k_2 + k_3 + p) 2 ) Ψ(p) , (3.3)

and hence

Tr ~V = ∫ d^4pd^4k_1d^4k_2d^4k_3 2^6π^{10} ∫_∞ 0 dᾱ_{1−4}Θ^A(−k_1 − k_2 − k_3)Θ^B (k_3)Θ^C (k_2)Θ^D(k_1)

× exp [−ᾱ_1(k_1 + p)·(k_1 + p) − ᾱ_2(k_1 + k_2 + p)·(k_1 + k_2 + p)]

× exp [−ᾱ_3(k_1 + k_2 + k_3 + p)·(k_1 + k_2 + k_3 + p) − ᾱ_4(p·p)] sin ( k_1θp 2 )

× sin ( k_2θ(k_1 + p) 2 ) sin ( k_3θ(k_1 + k_2 + p) 2 ) sin ( pθ(k_1 + k_2 + k_3) 2 ) . (3.4)

Note on the IR problem. In the context of massless gauge fields one typically encounters an infrared (IR) problem. More specifically, if the external momenta k_i are set to zero, then the integral over the internal loop momentum diverges at p = 0, or equivalently the integral over the Schwinger parameter α diverges at α → ∞. In the present case, this does not seem to happen. The reason is that the coupling is proportional to the sin(pθk) which vanishes at k = 0. The price to pay is a complicated non-local form of the effective action.

To analyze the IR behaviour in more detail, note that the trigonometric functions in (3.4) contribute a factor of order O(k, p)^8. Upon carrying out the Gaussian integration over p, every sine-factor (which arises from a commutator in the vertex (3.3)) leads to an O(k^2) term. These then take care of the^1_{k2} terms from the propagators (which arise from the integration over the Schwinger parameters here). Therefore there will be no IR divergences. In fact, the above argument implies that the leading term in the effective action is O(k^4), multiplying four Θ^{ab} factors. Since the Θ^{ab} can be interpreted either in terms of (F, ∂ϕ^i) or in terms of a generalized vielbein [9], this corresponds to a higher-derivative geometrical term whose physical significance is unclear.

We conclude that the 1-loop integral is both UV and IR finite in the Abelian case or in the trace–U(1) sector, with complicated non-local low-energy behaviour starting at O(k^4(Θ^{ab})^4). More specifically, we will obtain terms which are homogeneous functions of order 4 in the k_i, as well as “quasi-homogeneous” terms with logarithmic behaviour.

Gaussian integration. To proceed with the explicit loop integral, we first need to integrate over p. Since none of the Θ^A depend on p, the Gaussian integral over p can be carried out trivially using ∫ d^4p exp(−λp·p − 2λq·p)e^{ikθp} = π^2 λ^2 exp(λq·q − k̃·k̃ 4λ )e^{−ikθq}, ∫ d^4p exp(−λp·p − 2λq·p)( ∑ a g_a(k_i)e^{ikaθp}) = π^2 λ^2 exp(λq·q) ∑ a exp(− k̃_a ·k̃_a 4λ )g_a(k_i) e^{−ikaθq} , (3.5)

where

k̃_μ := Ḡ_{μν}k̃^ν := Ḡ_{μν}θ̄^{νρ}k_ρ ,

k̃ · k̃ = Ḡ_{μν}θ̄^{νρ}k_ρθ̄^{μρ′} k_{ρ′} = Λ̄^{−4}_{NC}k_ρk_{ρ′} g^{ρρ′} =: Λ̄^{−4}_{NC} k^2 . (3.6)

Basically, p gets replaced by the saddle point. There is no UV divergence in the subsequent Schwinger integral at λ = 0 (see below), due to the 4 external Θ^{ab} vertices. The terms e^{− 1}λ^{k̃2} do not change this conclusion provided we keep this closed form; an expansion in^1_λ would lead to fake UV divergences. After this Gaussian integration, all sine factors such as sin (_{k3θ(k1+k2+p)} 2 ) become O(k^2), since p gets replaced by a linear combination of the k_i. This takes care of the IR divergence from the propagators (which arise after integration over the Schwinger parameters), and there will be no IR divergence as discussed above. The same argument applies to all higher-order terms O(Θ^n) in the one-loop effective action.

Carrying out this Gaussian integral explicitly leads to somewhat lengthy expressions. Introducing the abbreviations

A_2(k) = 1 λ ( ᾱ_1k_1 ·k_1 + ᾱ_2(k_1 + k_2)·(k_1 + k_2) + ᾱ_3k_4 ·k_4 ) − q(k)·q(k) , q(k) = 1 λ (ᾱ_1k_1 + ᾱ_2(k_1 + k_2) − ᾱ_3k_4) , λ = 4∑ i=1 ᾱ_i , (3.7)

where the subscript of A_2 emphasizes that it is a quadratic polynomial in the k_i, we find the following one-loop results after the Gauss integration over p (cf. Eqn. (3.4)): ∫ d^4p ∞∫ 0 dᾱ_{1−4} sin ( k_1θp 2 ) sin ( k_2θ(p + k_1) 2 ) sin ( k_3θ(p + k_1 + k_2) 2 ) sin ( pθ(k_1 + k_2 + k_3) 2 )

× exp [−ᾱ_1(p + k_1)·(p + k_1) − ᾱ_2(p + k_1 + k_2)·(p + k_1 + k_2)] × exp [−ᾱ_3(p + k_1 + k_2 + k_3)·(p + k_1 + k_2 + k_3) − ᾱ_4p·p] = 1 2^4 ∞∫ 0 dᾱ_{1−4} e^{−λA2(k)} ∑ ζ_i=±1 π^2ζ_1ζ_2ζ_3ζ_4 λ^2 √ |g| exp [ − 1 8λ ( (1 − ζ_3ζ_4) k̃_3 ·k̃_3

+ (1 − ζ_1ζ_4) k̃_1 ·k̃_1 + (1 − ζ_2ζ_4) k̃_2 ·k̃_2 + (ζ_1ζ_2 − (ζ_1 + ζ_2) ζ_4 + 1) k̃_1 ·k̃_2

+ (ζ_1ζ_3 − (ζ_1 + ζ_3) ζ_4 + 1) k̃_1 ·k̃_3 + (ζ_2ζ_3 − (ζ_2 + ζ_3) ζ_4 + 1) k̃_2 ·k̃_3 )]

exp [ − i 2λ ( (k_1θk_2) ((ᾱ_2 + ᾱ_3) ζ_1 + ᾱ_4ζ_2 + ᾱ_1ζ_4) + (k_2θk_3) (ᾱ_3ζ_2 + (ᾱ_1 + ᾱ_4) ζ_3 + ᾱ_2ζ_4)

+ (k_1θk_3) (ᾱ_3ζ_1 + ᾱ_4ζ_3 + (ᾱ_1 +ᾱ_2) ζ_4) )] . (3.8)

As a consistency check, we note that A_2 ≥ 0 in the Euclidean case. To see this, let α̃_i = ᾱ_i/λ, so that

(α̃_1k_1 · k_1 + α̃_2(k_1 +k_2)·(k_1 +k_2) + α̃_3k_4 ·k_4) ≥ (α̃_1 +α̃_2 +α̃_3)

(α̃_1k_1 + α̃_2(k_1 +k_2) + α̃_3k_4 α̃_1 + α̃_2 + α̃_3

)_2

≥ (α̃_1k_1 + α̃_2(k_1 + k_2) + α̃_3k_4)^2 = q(k)·q(k) , (3.9)

since α̃_1 + α̃_2 + α̃_3 ≤ 1 and using the convexity of the Euclidean norm square. This implies A_2 ≥ 0.

In order to carry out at least one of the Schwinger parameter integrals after the Gauss integral, we employ the substitutions

ᾱ_1 = λξ_1ξ_2ξ_3 , ᾱ_2 = λ(1 − ξ_1)ξ_2ξ_3 , ᾱ_3 = λ(1 − ξ_2)ξ_3 , ᾱ_4 = λ(1 − ξ_3) , ∏ dᾱ_i = λ^3ξ_2ξ^2_3 dλ ∏ dξ_i , λ = ᾱ_1 + ᾱ_2 + ᾱ_3 + ᾱ_4 , (3.10)

using

(ᾱ_1k_1 + ᾱ_2(k_1 + k_2) − ᾱ_3k_4) = λξ_3 (ξ_1ξ_2k_1 + (1 − ξ_1)ξ_2(k_1 + k_2) − (1 − ξ_2)k_4) = λξ_3 (ξ_2k_1 + (1 − ξ_1)ξ_2k_2 − (1 − ξ_2)k_4) . (3.11)

We can now evaluate the λ integral, which gives the following higher-derivative and non-local effective action

Γ = tr

(_1 2 Σ^ψ_A . . . Σ^ψ_D − Σ^Y_A . . . Σ^Y_D

)∫ d^4k_1d^4k_2d^4k_3

2^{17}π^8 √ |g| Θ^A(−k_1 − k_2 − k_3)Θ^B(k_3)Θ^C (k_2)Θ^D(k_1)

× { 1 6 ( (8γ_E −6) K_4(k) + 4∑ i=1 ( k̃_i ·k̃_i )_2 log (_{k̃i·k̃i} 4 ) − ( (k̃_1 +k̃_2)·(k̃_1 +k̃_2)

)_2 log ((_{k̃1+k̃2})_·(_{k̃1+k̃2}) 4 )

− ( (k̃_1 +k̃_3)·(k̃_1 +k̃_3)

)_2 log ((_{k̃1+k̃3})_·(_{k̃1+k̃3}) 4 ) − ( (k̃_2 +k̃_3)·(k̃_2 +k̃_3)

)_2 log ((_{k̃2+k̃3})_·(_{k̃2+k̃3}) 4 ) )

+ 1∫ 0 dξ_{1−3}ξ_2ξ^2_3 ( 4K_4(k) log (A_2(k)) − 8

B_6(k) A_2(k) + 16ξ_2ξ^2_3

A_2(k)^2 ( k_1k̃_3 − (k_2k̃_3) (ξ_1 − 1) + (k_1k̃_2)ξ_1 ) ( (k_1k̃_3) (ξ_2 − 1) + (k_1k̃_2) (ξ_1ξ_2 − 1) )

× ( (k_1k̃_2) (ξ_3 − 1) + (k_2k̃_3) (ξ_2 − 1) ξ_3 )( (k_2k̃_3) ((ξ_1ξ_2 − 1) ξ_3 + 1) − (k_1k̃_3) (ξ_3 − 1) ) )}

+ O(k^6) . (3.12)

Here A_2(k), B_6(k), K_4(k) are polynomials in k_i with degree indicated by the subscript. They are given by:

K_4(k) = − ( k̃_1 ·k̃_2 k̃_3 ·k̃_4 + k̃_1 ·k̃_3 k̃_2 ·k̃_4 + k̃_1 ·k̃_4 k̃_2 ·k̃_3 ) = 1 4 (_4 ∑ i=1 k̃^4_i − ∑ i<j∈{1,2,3} (k̃_i + k̃_j )^4 ) , (3.13)

while A_2 was already defined in (3.7) which after the substitutions of Eqn. (3.10) becomes

A_2(k) = −ξ_3 (ξ_2 − 1) ((ξ_2 − 1) ξ_3 + 1) k_4 ·k_4 − ξ_1ξ_2ξ_3k_2 ·k_2 + ξ^2 ξ^2_3 k_1 ·k_1

− 2ξ_2ξ^2_3 ( (ξ_2 − 1) k_1 ·k_4 + (ξ_1 − 1)^2 ξ_2k_2 ·k_2 − 2 (ξ_1 − 1) (ξ_2 − 1) k_2 ·k_4 ) − 2ξ_2ξ_3 ( (ξ_1 + ξ_2ξ_3 − ξ_2ξ_3ξ_1) k_1 ·k_2 − (k_1 + k_2)·(k_1 + k_2) ) . (3.14)

The remaining trace over the Σ in (3.12) is computed Appendix A.1 resulting in (A.14). Finally, the full expression for B_6(k) is given in^6 Appendix C.

Conformal rescaling. It is interesting to check the behaviour under conformal rescaling. This is not evident here because the background θ^{μν} breaks the conformal invariance of the N = 4 model. Despite their appearance, the log-terms have the correct scaling behaviour provided the background is also rescaled appropriately, since

4K_4 log (A_2) + 4∑ i=1 ( k̃_i ·k̃_i )_2 log (_{k̃i·k̃i} 4 ) − ∑ i<j<4 ( (k̃_i + k̃_j )·(k̃_i + k̃_j )

)_2 log ((_{k̃i+k̃2})_·(_{k̃1+k̃2}) 4 )

= 4K_4 log (_{A2} Λ^2 ) + 4∑ i=1 (k̃_i ·k̃_i)^2 log ( Λ^{2 k̃i·k̃i}_4 ) − ∑ i<j<4 ( (k̃_i +k̃_j )·(k̃_i +k̃_j)

)_2 log ( Λ^2 (^{k̃i+k̃2})^·(^{k̃1+k̃2}) 4 )

6We have not been able to cast these terms into a more transparent form.

for any scale Λ (in particular Λ = Λ̄_{NC}), using the identity (3.13). Therefore these terms are manifestly invariant under conformal rescaling k_i → αk_i, Θ^A(k) → α^{−2}Θ^A(k), and also completely symmetric in the external momenta k_i, i = 1, 2, 3, 4. In fact, this holds true for the complete one-loop effective action due to (A.14). Note also that these terms depend only on the embedding metric g, while A_2 depends on the effective metric G. The remaining terms in (3.12) contain explicit k_iθ^{μν} k_j and therefore violate Lorentz invariance manifestly. (Lorentz invariance is restored if the θ are also transformed.) Using momentum conservation, all terms of the form k_iθk_i with i, j = 1, . . . , 4 can be expressed in terms of the following basis of anti-symmetric bilinears:

(k_1 + k_2)θ(k_1 + k_3) , (k_1 + k_2)θ(k_2 + k_3) , (k_1 + k_3)θ(k_2 + k_3) .

4 Non-Abelian sector

4.1 General discussion

So far we have studied the quantum effective action for the U(1) sector. Now consider the non-Abelian case, which arises for backgrounds corresponding to N copies of coinciding branes with fluctuations,

X^a = X̄^a 1_N + A^a ∈ A ⊗ su(N) , Θ^{ab} = Θ̄^{ab}1_N + F^{ab}_α λ^α . (4.1)

Here λ^α is a basis of su(N), and X̄^a ∼ x̄^a : M^4 → R^{10} describes an (almost-flat) non-com-mutative brane M^4 as before. Then the fluctuations A^a(x) = A^a_αλ^α ∈ A ⊗ su(N) describe non-Abelian gauge fields^7 and scalar fields on M^4.

If the non-Abelian fields A^a have no vacuum expectation value (VEV), i.e. if there is no su(N) symmetry breaking and N = 4 is preserved, then the non-Abelian loop modes would give the same contribution to the effective U(1) action as considered above, starting at O(k^4Θ^4). However, we now want to consider backgrounds with non-vanishing F^{ab}_α . In that case, there are charged (non-Abelian) fields w.r.t. F which contribute to the loop integral. This will lead to a non-trivial effective action for the SU(N) sector similar to the case of ordinary N = 4 SYM. Furthermore, the associated breaking of N = 4 SUSY also leads to an induced action for the U(1) sector at zero momentum, which governs the geometry of M^4. Our aim is to extract both effects from the one-loop effective action (2.33), (2.34).

To understand the difference to the Abelian sector more explicitly, note that a typical vertex term in the loop integral now looks like

[F^{ab}_α (k_1)e^{ik1X} λ^α, f_β(k_2)e^{ik2X} λ^β] = −i sin ( k_1θk_2 2 ) F^{ab}_α (k_1)f_β(k_2)e^{i(k1 +k2)X} {λ^α, λ^β}

+ cos ( k_1θk_2 2 ) F^{ab}_α (k_1)f_β(k_2)e^{i(k1+k2)X} [λ^α, λ^β ] k_i→0→ F ab α (k_1)f_β(k_2)e^{i(k1 +k2)X} [λ^α, λ^β] . (4.2)

Thus in the low-energy limit k_i → 0, we recover precisely the same su(N)-valued contributions as in the commutative case, while NC effects are sub-leading. Since there are no UV divergences

7Recall that any possible U(1) fluctuations should be ascribed to the geometry.

in the N = 4 model which might induce strong UV/IR mixing, we expect that the effective action for the non-Abelian components reduces to that of the commutative N = 4 SU(N) gauge theory on a general background M^4, even if that background breaks SUSY. Moreover, the limit θ → 0 should be smooth for the SU(N) sector. We emphasize that this statement only applies to the N = 4 resp. the IKKT model.

With this in mind, it makes sense to focus on the limit where F is essentially constant along M^4. In particular, we can assume that the background satisfies

[□, [F^{ab}, .]] = 0 , (4.3)

which is compatible with the SO(10) symmetry. Note that □ contains also contributions from su(N) commutators, nevertheless this is satisfied for a large class of non-trivial backgrounds, cf. (5.28). Here the non-Abelian VEV F^{ab}_α is not necessarily tangential to the brane M^4, i.e. we admit VEVs both for the non-Abelian field fluxes F_{μν} as well as F^{μi} ∼ θ̄^{μν} ∂_ν Φ^i. Then e^{−α(□+Σab[Θab,.])} = e^{−α□}e^{−αΣab[F ab,.]}, dropping [Θ̄^{ab}, .] which vanishes in the k_i → 0 limit.

To understand the significance of (4.3), note that both □ and [F, .] are operators on the wave functions A ⊗ su(N) which can be simultaneously diagonalized. They moreover commute with Σ_{ab} which acts on the appropriate (spinor, vector or trivial) so(10) representation V . Thus the 1-loop low-energy effective action can be written as Γ [X]:= − 1 2 ∫_∞ 0 dα α Tr e^{−α□} tr_V ( e^{−αΣ(Y )ab [F ab,.]} − 1 2 e^{−αΣ(ψ)ab [F ab,.]} − 2 )

= − 1 2 ∫_∞ 0 dα α Tr e^{−α□} χ(−α[F, .]) , (4.4) which is manifestly SO(10) invariant. Here, ‘Tr’ is the trace of operators on A ⊗ Mat(N, C), and χ_V (α[F, .]) = tr_V ( e^{αΣ(V )ab [F ab,.]} ) , χ(α[F, .]) = ( χ_{10}(α[F, .]) − 1 2 χ_{16}(α[F, .]) − 2 ) = O(α^4) , (4.5)

is the character of the SO(10) representation V , identifying the anti-symmetric matrix [F^{ab}, .] with an (operator-valued) element of so(10).

This compact formula is useful in various contexts. To clarify its meaning, consider first the semi-classical limit. Then the matrix Laplace operator separates into the tangential covariant Laplacian □_M on M^4 and transversal operator as follows: □ ∼ □_M + □_⊥, □_M = −Λ^{−4}_{NC} ∇^μ∇_μ ∼ [X̄^μ + A^μ, [X̄_μ + A_μ, .]] , □_⊥ = [Φ^i, [Φ_i, .]] , (4.6)

where A^i ≡ Φ^i are the su(N)-valued fluctuations of X^a perpendicular to M^4. Now recall the commutative^8 heat-kernel expansion for □_M, which for our conventions gives [33, 34] Tr(e^{−α□M} f) ∼ Λ^8_{NC} (4π)^2 1 α^2 ∫ M d^4x √ g ( 1 + O(αR, αF ) ) f(x) . (4.7)

8There is a subtlety: in general, the NC scale ΛNC = ΛNC(x) need not be constant, which would lead to corrections in (4.7). We assume here that ΛNC is nearly constant so that these corrections can be neglected.

As explained in [8], this formula also applies for the trace Tr_A over the quantized space of functions A in the non-commutative case (recall that |G| = |g| in 4 dimensions), provided there is a lower bound^9 for α ≥ α_{min} > 0 corresponding to an effective UV cutoff

α_{min} Λ^4_{NC}

=: Λ^{−2} , (4.8)

such that the momentum scale k of the external field f under the trace (4.7) satisfies

k^2Λ^2 ≪ Λ^4_{NC} (4.9)

(hence α ≫ k^2). This is justified here because the integral over α is absolutely convergent at α = 0 due to maximal supersymmetry, which leads to a factor α^4 in (4.5) that regularizes the α integral at α = 0. Then (4.7) holds, because the spectral geometry of M^4 defined by □_M agrees with the classical one corresponding to the effective metric G on M^4, for the relevant low scales. Dropping the O(F, R) terms from now on, the low-energy 1-loop effective action can be written as follows Γ [X] ∼ − 1 2 Λ^8_{NC} (4π)^2 ∫_∞ 0 dα α^3 ∫ M d^4x √ g tr_{su(N)} ( e^{−α□⊥} χ(−α[F, .]) ) . (4.10)

Although this one-loop action contains no UV divergence, there might be standard IR divergences associated with α → ∞ in the presence of massless gauge fields. To avoid these, we will consider the case of spontaneous symmetry breaking where most non-Abelian fields become massive, except possibly some massless U(1) sector. Then the term e^{−α□⊥} becomes a mass term for all but the unbroken U(1) modes, taking care of the IR divergence.

4.2 Spontaneous symmetry breaking and massless sector

Consider a background as above X^a = X̄^a 1_N + A^a , (4.11)

where X̄^a defines an (almost-flat) brane M^4, and A^a take values in su(N) thus breaking the su(N) symmetry. We denote with K the unbroken low-energy gauge group resp. Lie algebra defined by the transversal scalar fields Φ^i. K can be characterized as the kernel of the effective mass operator

□_⊥ = −[Φ^i, [Φ_i, .]] =: m^2 , (4.12)

which decomposes su(N) into eigenspaces with eigenvalues m^2_j ,

su(N) = K ⊕ (⊕_jV_m2_j ) . (4.13)

The gauge fields in some non-trivial V_m2_j then acquire a mass due to the Higgs effect, and disappear from the low-energy effective action. For example, K = u(1)^{N−1} arises if the background fields Φ^i are proportional to some λ ∈ su(N) with distinct eigenvalues; this case is related to previous work [26, 35–38] in the commutative N = 4 model. We wish to determine the low-energy effective action for the massless sector K, along the lines of [7]. However, some of

9In particular, there is no good asymptotic expansion as α → 0 in the NC case.

the following considerations are more general. In particular, we will exhibit the full SO(10) symmetry, and admit branes with non-trivial geometry.

Assuming F ∈ K it follows that [□, [F, .]] = 0, so that the low-energy effective action starts at O(F^4) and can be written as

Γ_{IR}[X] ∼ − 1 2 Λ^8_{NC} (4π)^2 ∞∫ 0 dα α^3 ∫ M d^4x tr_{su(N)} e^{−αm2} ( χ_{10}(−α[F, .]) − 1 2 χ_{16}(−α[F, .]) − 2 )

= − 1 2 1 4! Λ^8_{NC} (4π)^2 ∞∫ 0 dα α ∫ M d^4x tr_{su(N)} e^{−αm2} ( (Σ^{(Y )}_{ab} [F^{ab}, .])^4 − 1 2 (Σ^{(ψ)}_{ab} [F^{ab}, .])^4 + . . . )

= − 1 2 1 4! Λ^8_{NC} (4π)^2 ∫ M d^4x tr_{su(N)} 1 m^4 ( (Σ^{(Y )}_{ab} [F^{ab}, .])^4 − 1 2 (Σ^{(ψ)}_{ab} [F^{ab}, .])^4 + . . . ) (4.14)

(see also Appendix A.2). Decomposing the trace over the su(N) according to (4.13), the massive modes V_m2_i in the loop now induce a non-trivial contribution to the effective potential for the unbroken modes in K, in contrast to the trace-U(1) sector. The reason is that an effective mass is implemented via e^{−α□⊥} ≡ e^{−αm2} (4.15)

in the loop integral. This mass takes care of possible IR problems, while the UV divergences are cancelled by the maximal SUSY. Note that the massless modes in K do not contribute^{10} in tr_{su(N)} provided K is Abelian, or at least [F, K] = 0. Then (4.14) is perfectly well-defined. If [F, K] ≠ 0, then the K modes in the loop lead to a (standard) IR divergence in the non-Abelian sector. This case is also of interest because it should be related to the non-Abelian DBI action. We will take care of this problem in Section 5, by considering a geometrical background (in the Higgs branch). But first we discuss the Coulomb branch, where F is central in K.

4.3 Coulomb branch Consider the case of a su(N) gauge theory broken down to K = su(N − 1) × u(1) through scalar fields Φ^i ∼ λ, where λ ∼ diag(1 − N, 1, . . . , 1) is the generator of the unbroken u(1). This can be interpreted as a single “probe” brane parallel to a stack of N − 1 coinciding branes. To evaluate the 1-loop effective action for such a background, note that

m^2 = (ϕ^iϕ_i) [λ, [λ, .]] (4.16)

has only a single non-vanishing eigenvalue ∼ (ϕ^iϕ_i) with multiplicity 2(N − 1). Hence these 2(N − 1) modes acquire a mass m^2 ∼ (ϕ^iϕ_i) in the loop. Assuming that

F^{ab} = ( −θ^{μμ′} θ^{νν′} F_{μν} θ^{μμ′} D_μ′ ϕ^i −θ^{νν′} D_ν′ ϕ^j [ϕ^i, ϕ^j ] ) λ , (4.17)

10This can be seen from the first line in (4.14). They do contribute to higher-derivative terms O(k^4F^4), just like the trace-U(1) considered before.

these massive modes are the only modes which contribute in (4.14) since [F, K] = 0. We can then evaluate the tr_{su(N)} and obtain

Γ_{IR} = −(N −1)

16Λ^8_{NC} 4!(4π)^2 ∫ M d^4x (ϕ^iϕ_i)^2

F^AF^B F^C F^Dtr ( Σ^{(Y )}_A Σ^{(Y )}_B Σ^{(Y )}_C Σ^{(Y )}_D −^1_2 Σ^{(ψ)}_A Σ^{(ψ)}_B Σ^{(ψ)}_C Σ^{(ψ)}_D )

= (N −1)

Λ^8_{NC} 4!(4π)^2 ∫ M d^4x (ϕ^iϕ_i)^2

F^{a1 b1} . . . F^{a4 b4} 6 ( g_{b1 a2} g_{b2a1} g_{b3a4} g_{b4 a3} − 4g_{b1a3} g_{b3a2} g_{b2a4} g_{b4 a1} )

= (N −1)

Λ^8_{NC} 4(4π)^2 ∫ M d^4x (ϕ^iϕ_i)^2 ( − 4(FgFgFgFg) + (FgFg)^2 )

D_μϕ^i=0 = (N − 1) 4(4π)^2

Λ^{−8}_{NC} ∫ M d^4x (ϕ^iϕ_i)^2 ( − 4(F GF GF GF G) + (F GF G)^2 ) , (4.18)

writing F^{ab} for its λ component. For D_μϕ^i = 0, we recover the well-known^{F 4}_{ϕ4} term in the low-energy effective action of N = 4 SYM for the Coulomb branch [26]. This term is known to be exact to all orders in perturbation theory, as well as non-perturbatively [39]. It vanishes for (anti-)selfdual (ASD) field strength, noting that

4(F GF GF GF G) − (F GF G)^2 = (F + ⋆_GF )^2(F − ⋆_GF )^2 (4.19)

where ⋆_G denotes the 4-dimensional Hodge star with respect to the effective metric G_{μν} . Hence for 4-dimensional NC branes, the induced action for the U(1) brane is negative (corresponding to an attractive potential), and vanishes identically for (A)SD F_{μν} . It is interesting to recall that ASD fluxes also play a preferred role for the trace-U(1) sector [31].

While the above computation closely follows previous work [7], our SO(10) invariant setup also immediately provides the contributions from the scalar fields using

Λ^8_{NC}(FgFg) = F_{μν} F^{νμ} − 2Λ^4_{NC}D_μϕ_iD^μϕ^i , Λ^{16}_{NC}(FgFgFgFg) = F_{μν} F^{νη}F_{ηρ}F^{ρμ} − 4Λ^4_{NC}D^μϕ_iD_ν ϕ^iF^{νη}F_{ημ} + 2Λ^8_{NC}D_μϕ_iD_ν ϕ^iD^ν ϕ_j D^μϕ^j , (4.20)

where the indices are raised and lowered with G^{μν} . Note that ϕ^i has dimension length here. This gives

Γ_{IR}[X] =

(N − 1) 4(4π)^2

Λ^{−8}_{NC} ∫ M d^4x (ϕ^iϕ_i)^2 ( − 4F_{μν} F^{νη}F_{ηρ}F^{ρμ} + (F_{μν} F^{νμ} − 2Λ^4_{NC}D_μϕ_iD^μϕ^i)^2

+ 16Λ^4_{NC}D_μϕ_iD_ν ϕ^iF^{νη}G_{ηη}′ F^{η′μ} − 8Λ^8_{NC}D_μϕ_iD_ν ϕ^iD^ν ϕ_jD^μϕ^j ) , (4.21)

whose structure is largely determined by the SO(10) invariance. Now recall that the bare matrix model action (2.3) for non-Abelian fields in the background (4.17) is given by [4, 40]

S_{Y M} [X] = −(2π)^2Tr([X^a, X^b][X_a, X_b]) ∼ ∫ M d^4x Λ^4_{NC} ( 2D_μϕ^iD^μϕ_i + Λ^{−4}_{NC}F_{μν} F^{μν} − 2η(x)F ∧ F ) , (4.22)

where η(x) = Λ^{−4}_{NC}(x)G^{μν} (x)g_{μν} (x). It is remarkable^{11} that up to this order, after dropping the trace-U(1) terms, the effective action S_{Y M} [X] + Γ_{IR}[X] is consistent^{12} with the expansion of

11This is essentially known in the case of flat branes [41].

12The “would-be topological terms” η(x)F ∧F presumably correspond to the Chern-Simons terms which should be added to (4.23).

the Dirac-Born-Infeld (DBI) action for a D3-brane in the background of N − 1 coinciding D3 branes [41]

S_{DBI} = T_3 ∫ M d^4x

|ϕ^2|^2 Q √| | |det (G_{μν} + Q |ϕ^2|^2

D_μϕ^iD_ν ϕ_i + Q^{1/2} |ϕ^2| Λ^{−2}_{NC}F_{μν} ) | | | − √ |det G| (4.23)

for Q =^{(N−1)}_{2π2} Λ^{−4}_{NC} and T_3 = Λ^4_{NC}. In string theory, these constants are given by Q =^{(N−1)gsα′2}_π and T_3 =^1_{2πgsα′2} [41]. This is consistent with our results, and allows to identify the scale of non-commutativity with the string theory parameters as

g_sα^{′2} = 1 2πΛ^4_{NC}

. (4.24)

Indeed, one can expand (4.23) using

det(G_{μν} + F_{μν} ) = det(G_{μν} ) ( 1 + 1 2 F_{μν} F^{μν} − 1 16 (F_{μν} ⋆_G F^{μν} )^2 ) (4.25)

(where indices are raised and lowered with G_{μν} ), which together with (4.19) reproduces our results for S_{Y M} [X] + Γ_{IR}[X].

To understand the geometrical meaning of (4.23), recall that the single D3 brane is modeled by the unbroken U(1) component, whose displacement in the transversal R^6 is given by ϕ^i. Thus for^Q_{|ϕ2|2} ≫ 1 (i.e. for small transversal distance |ϕ| resp. large N) and G_{μν} = η_{μν} , the action (4.23) reduces to the DBI action on a geometry with effective metric

ds^2 = H^{−1/2}(x)dx^μdx_μ + H^{1/2}(x)(dϕ^2 + ϕ^2dΩ^5) ,

H = 1 + Q |ϕ^2|^2 ≈ Q |ϕ^2|^2 for Q |ϕ^2|^2

≫ 1 , (4.26)

consistent with IIB supergravity [16, 42]. As is well-known, this reduces to AdS^5 × S^5 in the near-horizon limit. Our result is in fact more general, since the effective 4-dimensional brane metric G_{μν} is quite generic and not necessarily flat. Therefore the quantum corrections to the matrix model can be interpreted in terms of a modified bulk geometry of the embedding space R^{10}. This illustrates the relation of the matrix model with string theory and the gauge-gravity relation. The present derivation also applies to the case of generic NC branes with non-trivial embedding geometry. For a detailed discussion from the point of view of supergravity in the presence of a B-field see [12–14].

At this point, we recall the general result of emergent gravity [4] that the effective geometry of a (stack of coinciding) branes is given by G ∼ θθg, where g_{μν} is the pull-back metric on M^4 → R^{10}. However in the above computation, we found that quantum effects may modify the effective bulk metric to become AdS^5 × S^5. These seemingly inconsistent results may be reconciled as follows: The effective action (4.23) encodes a genuine bulk metric as seen by a test probe (i.e. the single D3-brane) at some distance |ϕ^2| from the N − 1 coinciding branes. This effective bulk metric indeed appears to be described by IIB supergravity, in accordance with string theory. In the “emergent gravity” point of view, it is only the effective metric on the brane (or the stack of branes) which is of interest, as appropriate in a brane-world picture. To see that we would have to send the VEV ϕ^i → 0, but then the above computation no longer applies as the massive modes become important. To understand what may happen on several coinciding branes, we will discuss in the next section the 1-loop effective action in the presence of a “geometrical” vacuum with [ϕ^i, ϕ^j ] ≠ 0 or F^{μi} ≠ 0, such as an extra-dimensional fuzzy space. The effective geometry at tree level is then that of M^4 × K ⊂ R^{10}, with induced gravity action for the effective metric G_{μν} on M^4. As an additional bonus, low-energy supersymmetry will be generically broken by the compactification.

In any case, the above computation demonstrates that quantum effects may modify the effective bulk geometry in the matrix model. The mechanism is reminiscent of holography based on N = 4 SYM [16], but in fact non-commutativity allows a more direct understanding of the branes in the “holographic” bulk. This result underscores the background-independence of the matrix model: There is no need to consider different models to describe different background geometries. The IKKT model is powerful enough to describe non-trivial background geometries not just on the branes, but even for the bulk. This should clarify the relation of the emergent gravity viewpoint of the matrix model with string theory.

One-loop action and characters. For simple backgrounds, the exact one-loop action can be cast into a very simple form, taking advantage of the formulation in terms of characters. For example, consider the case of a flat brane R^{2n}_θ with constant θ^{ab} and F^{ab}. Then the 1-loop effective action can be written as (4.4)

Γ[X] = − 1 2 Tr ∫ dα α e^{−α□}χ(−αF) . (4.27) While the kinetic contributions from e^{−α□} in general depend on the geometry, the character can be evaluated explicitly in simple cases, as explained in Appendix A.2. If F has rank 4, the character is manifestly positive using (A.22),

χ(αF) = χ_{10} −^1_2 χ_{16} − 2 = (e^{α2 (f1−f2)} − e^{− α2 (f1−f2)})^2(e^{α2 (f1+f2)} − e^{− α2 (f1+f2)})^2.

This formula applies in the Abelian case, but is easily generalized e.g. to the Coulomb phase where F^{ab} ∼ f^{ab}λ for some λ ∈ su(n). For example, this describes the effective attractive interaction between parallel D3 branes, which has been shown to be consistent with IIB supergravity [1]. In particular χ is positive definite, and vanishes precisely for (anti-)selfdual fluxes f_1 = ±f_2 i.e. in the supersymmetric case, cf. [10]. Again the leading term agrees with the DBI action, but there are differences at higher order.

The formulation in terms of characters is also useful in the case of higher rank fluxes. For fluxes with higher rank, χ(−αF) can have either sign depending on the specific flux configuration. If two eigenvalues of F dominate, then χ > 0, corresponding to a negative potential energy. This should provide a powerful tool to select the physically relevant vacua with lowest energy, e.g. in the context of brane-world scenarios with intersecting branes in matrix models [10].

5 Product spaces and SUSY breaking

In the previous section, we considered non-Abelian backgrounds which – apart from the trace- U(1) sector – admit a massless unbroken U(1) gauge field. We now consider more elaborate backgrounds which break the SU(N) gauge symmetry completely, and which can be viewed either as product space M^4 × K, or in terms of a SU(N) gauge theory on M^4 in the Higgs phase. Here M^4 is interpreted as (almost-flat, non-compact) space-time, and K as compact extra-dimensional space described by the finite matrix algebra^{13} A_K ∼= Mat(N, C). We want to understand the 1-loop effective action for such a background, in particular for the trace-U(1) sector. The point is that the background will typically break supersymmetry, and we expect induced gravity terms.

Thus consider again a background of the form (4.1)

X^a = X̄^a 1_N + A^a ∈ A_M4 ⊗ su(N) , Θ^{ab} = Θ̄^{ab}1_N + F^{ab}_α λ^α , (5.1)

where X̄^a describes a quantized 4-dimensional manifold M^4 as in Section 4.1. However, instead of the Coulomb branch we now assume that the non-Abelian fields A^a = A^a_αλ^α resp. F^{ab} on M^4 describe a quantized compact 2n-dimensional symplectic (short: fuzzy) space K. In other words, we decompose the full matrix algebra as

Mat(∞, C) ∼= A_M4 ⊗ u(N) ∼= A_M4 ⊗ Mat(N, C) (5.2)

where A_M4 is interpreted as algebra of functions on M^4, and Mat(N, C) is interpreted as algebra of functions on K. Then the background can be interpreted as higher-dimensional space

M = M^4 × K . (5.3)

It is well-known that such K may indeed arise from non-Abelian fields on M^4 via the Higgs effect, e.g. the fuzzy sphere S^2_N [44–47]. The curvature of M^4 is assumed to be small compared with the scale of K, and the embedding of K is allowed to vary slowly along M^4. Semi-classically, this means that locally (after a suitable SO(10) rotation) M^4 = R^4_{0123} and K ⊂ R^6_{456789}. This will be indicated by writing Θ̄^{ab} ≡ Θ^{μν} and F^{ab} ≡ F^{ij} . Then the corresponding Matrix Laplacians □_M4 ≡ □_4 and □_⊥ ≡ □_6 (almost) commute, and [Θ^{μν} , F^{ab}] = 0 up to sub-leading corrections. Thus starting again from (4.4), we can write Tr(e^{−α(□+[Θab,.]Σ(V )ab} ) = Tr_{AM4 ⊗AK⊗V} ( e^{−α(□4+[Θμν ,.]Σ(V )μν )}e^{−α(□6+[F ij ,.]Σ(V )ij} ) (5.4)

where Σ_{ij} and Σ_{μν} are generators of SO(4) resp. SO(6). The representations of SO(10) decompose accordingly as^{14}

V_{(10)} = V_{(4)} ⊕ V_{(6)} , V_{(16,+)} = V_{(2,+)} ⊗ V_{(4,+)} ⊕ V_{(2,−)} ⊗ V_{(4,−)} . (5.5)

This gives

χ_{(10)} = χ_{(4)} + χ_{(6)} , (5.6)

while for fermions we have

χ_{Dirac(32)} = χ_{Dirac(4)}χ_{Dirac(6)} , χ_{(16,+)} = χ_{(2,+)}χ_{(4,+)} + χ_{(2,−)}χ_{(4,−)} , (5.7)

13The idea to use finite matrix algebras for internal spaces is of course not new, cf. [43, 44]. 14This decomposition may depend on x ∈ M.

cf. (A.18). The wave-functions can be decomposed accordingly as

A_M4 ⊗ A_K ⊗ V_{(10)} = (A_M4 ⊗ V_{(4)}) ⊗ A_K ⊕ A_M4 ⊗ (A_K ⊗ V_{(6)}) (5.8)

and similarly for V_{(16,±)}. Now let us introduce

Γ_M4_{,V} (α) = Tr_{AM4 ⊗V} ( e^{−α(□4 +[Θμμ,.]Σ(V )μν )} ) (5.9)

where V denotes some representation of SO(3, 1). This is the contribution at scale α to the effective action Γ_M4_{,V} (α) = ∫_{dα} α Γ_M4_{,V} (α) of the reduced 4-dimensional spinor/vector/scalar NCFT on M^4. Similarly, let Γ_{K,V} (α) = Tr_{AK⊗V} ( e^{−α(□6+[F ij ,.]Σ(V )ij )} ) (5.10)

where V denotes some representation of SO(6), which is the contribution at scale α to the effective action Γ_{K,V} (α) = ∫_{dα} α Γ_{K,V} (α) of the reduced 2n-dimensional NC model on K. Together with (5.7) resp. (5.5), it follows that the low-energy effective action of the full D = 10 matrix model can be written under the present assumptions as

Tr(e^{−α(□+[Θab,.]Σ(10)ab )}) = Γ_M4_{,(4)}(α)Γ_{K,(1)}(α) + Γ_M4_{,1}(α)Γ_{K,(6)}(α) ,

Tr(e^{−α(□+[Θab,.]Σ(16,+)ab )}) = Γ_M4_{,(2,+)}(α)Γ_{K,(4,+)}(α) + Γ_M4_{,(2,−)}(α)Γ_{K,(4,−)}(α) , Tr(e^{−α□}) = Γ_M4_{,(1)}(α)Γ_{K,(1)}(α) . (5.11)

This decomposition is exact for R^4_θ × K. Notice that e.g. in the first line, the 10 components of the matrix fluctuations are separated into the 4 tangential components which contribute to Γ_M4_{,(4)}Γ_{K,(1)}, and 6 transversal components which contribute to Γ_M4_{,(1)}Γ_{K,(6)}. Here Γ_M4_{,(4)}Γ_{K,(1)} describes a NC gauge theory on M times a scalar NCFT on K, and Γ_{M,(1)}Γ_{K,(6)} describes a NC scalar theory on M times a gauge theory on K ⊂ R^6. Similarly, Γ_M4_{,(2,±)}Γ_{K,(4,±)} is built from spinor models on M^4 resp. K ⊂ R^6. Note that the original U(N)-valued fields on M^4 are now interpreted as U(1)-valued fields on M^4 × K.

This decomposition is physically quite appealing and useful, although the global SO(10) is no longer manifest. It will provide a better understanding of the effective 4-dimensional theory at low energy, and allows to see the breaking of N = 4 supersymmetry explicitly.

5.1 Scaling behaviour

Recall that Γ(ᾱ) can be viewed as scale Λ^{−2} ∼ ᾱ contribution to the one-loop effective action ∫_∞ 0 dᾱ ᾱ Γ(ᾱ). Assuming a product background as above (5.3) with a compact fuzzy space K, there are 2 natural scales given by the lowest resp. highest Kaluza-Klein (KK) mode on K. It is then natural (in the spirit of Wilsonian or multi-scale analysis [48]) to separate the ᾱ integration into 3 regimes, ∫_∞ 0 dᾱ = ∫_{1/Λ}2_1 0 dᾱ + ∫_{1/Λ}2

1/Λ^2_1 dᾱ + ∫_∞ 1/Λ^2

dᾱ . (5.12)

We choose Λ_1 = NΛ_K to be the UV cutoff scale for K, and Λ_2 =^1_R ∼^1_N Λ_K to be the IR cutoff for the compact space K with radius R. Then the first integral (“UV regime”) covers the extreme UV scale above the highest KK state, where the modes corresponding to K behave as unbroken

SU(N) gauge fields on M and N = 4 SUSY applies. The second integral (“intermediate regime”) covers the scale where K behaves as a manifold with NC scale Λ_K, describing a 4 + 2ndimensional NC field theory with UV and IR cutoff. The last integral (“IR regime”) then corresponds to a generically non-SUSY low-energy effective theory on M^4, where all non-trivial KK modes are massive and thus suppressed.

Next, we will describe more explicitly the ᾱ dependence of the compact contributions in these scaling regimes. This will allow us to write down effective 4D actions, which contain effective gravitational terms as in [8].

IR regime. In this regime, where ᾱ^{−1} ≤ Λ^2, it is sufficient to take into account only the lowest (trivial) Kaluza-Klein mode on K. The translational invariance X^i → X^i + c^i1 of the matrix model (which is spontaneously broken by the background geometry but nevertheless a symmetry of □_6 +F^{ij} Σ_{ij}) implies that there are zero modes on K. They correspond to constant wave functions ∼ 1_N on K and belong to the trace-U(1) sector; we will see this explicitly in the example of K = S^2_N below. Therefore Tr_{AK⊗V} ( e^{−α(□6+F ij Σij} )_{α→∞} → dim V + N_{0,V} e^{−ᾱm20} + . . . , (5.13)

where m_0 is the lowest non-trivial eigenvalue of □_6 + F^{ij} Σ_{ij}, i.e. the mass of the lowest nontrivial Kaluza-Klein mode, which is of order

m_0 ∼ 1 R = Λ_2 , (5.14)

where R is measured by the effective metric G on K. Note that there are only finitely many Kaluza-Klein modes on a fuzzy space K, therefore this truncation is justified.

The Kaluza-Klein masses m_0 and their multiplicities are in general different for the bosonic and fermionic contributions, as we will see in an example below. Then SUSY is manifestly broken. Assuming that the contributions from the two chiral sectors Γ_{K,(4,±)}(ᾱ) coincide, the 1-loop effective action (5.11) in the IR regime takes the form^{15}

Tr(e^{−α(□+[Θab,.]Σ(10)ab )}) = Γ_{M,(4)}(ᾱ)(1 + N_0e^{−ᾱm20} + . . .) + Γ_{M,1}(ᾱ)(6 + N_0e^{−ᾱm20,2} + . . .) ,

Tr(e^{−α(□+[Θab,.]Σ(16,+)ab )}) = ( Γ_{M,(2,+)}(ᾱ) + Γ_{M,(2,−)}(ᾱ) ) (4 + N^′_0e^{−ᾱm′02} + . . .) ,

Tr(e^{−α□}) = Γ_{M,(1)}(ᾱ)(1 + N^{′′}_0 e^{−ᾱm20} + . . .) . (5.15)

Note that the massless contribution combines into the trace-U(1) N = 4 multiplet (2.33) (which only contributes higher-derivative terms as discussed before which are not of interest here), but the sub-leading massive contributions are in general no longer supersymmetric. Nevertheless, it is useful to write the sub-leading contribution in terms of an N = 4 contribution plus some (fermionic and/or scalar) correction. Thus we write the scale α contribution to the effective action in the IR regime as follows

Γ_{M×K}(ᾱ) = (1 + N_0e^{−ᾱm20} + . . .) Γ^{N =4}_M (ᾱ) + (N^′_0e^{−ᾱm′02} − 4N_0e^{−ᾱm20} + . . .)Γ^{fermion}_M (ᾱ)

+ (N^{′′}_0 e^{−ᾱm20,3} + . . .)Γ^{scalar}_M (ᾱ) . (5.16)

15Note that e.g. Γ_{K,(4,±)}(ᾱ) = 2Γ_{K,(2)}(ᾱ) for the case of a fuzzy sphere, cf. (A.18).

Here Γ^{N =4}_M (ᾱ) is the contribution of an Abelian N = 4 matrix model, Γ^{fermion}_M (ᾱ) is the contribution of a fermionic model on M^4 ⊂ R^{10} and Γ^{scalar}_M (ᾱ) is the contribution of a scalar field model on M^4 ⊂ R^{10}. This organization helps to understand the relevant physics: the first line contains at least 4 derivatives due to [Θ, .]^4 in the trace-U(1) sector, which are of less interest here compared with the non-vanishing vacuum energy and induced gravity contributions below. On the other hand, the contributions due to the massive KK modes ∼ e^{−ᾱm20} are exponentially suppressed as long as Λ^2 ≪ m^2_0, as shown explicitly in Appendix B. The reason is that these modes are above the UV threshold. In special cases, there may be some massless modes as in the example below, but typically SUSY is broken. A gravitational action is then induced in the intermediate regime, as discussed below.

UV regime. In the extreme UV regime, where ᾱΛ^2_{UV} ≪ 1, we can replace Tr_{AK} ( e^{−α□6} )_{α→0} → N^2 , Tr_{AK⊗V} ( e^{−α(□6 +F ij Σij} )_{α→0} → N^2 dim(V ) , (5.17)

because α□_6 ≈ 0 for all KK modes on K. Here N^2 = dim(A_K) is finite. In particular, this is independent of α. We thus recover a non-Abelian 4D model with the field content of the full N = 4 SUSY field content and no symmetry breaking, i.e. the original SO(10)-invariant N = 4 model. It is UV finite and induces only higher-derivative terms in the trace-U(1) sector which are not of interest here. We can therefore simply omit this UV regime.

Intermediate regime. For smaller ᾱ corresponding to the second regime, the internal structure of K is resolved, and the effective action behaves as that of a geometric manifold with 4+2n dimensions. There are two possible points of view: We will first focus on the 4-dimensional point of view keeping track of the KK modes, and then briefly discuss the higher-dimensional geometrical point of view.

Our main interest is the induced trace-U(1) effective action due to the finite tower of KK modes in the loop, which become relevant in the intermediate regime. Thus consider all terms in (5.16) involving the higher KK masses m_i. Neglecting first the m_i for simplicity, the low-energy action induced e.g. by the fermionic modes in the loop has been computed in [8] within the matrix model framework: ∞∫ 1/Λ^2 dᾱ ᾱ Γ^{fermion}

M^4 (ᾱ) = − 1 4 Tr ( Λ^4Λ^{−8}_{NC} √ −trJ^4 +^1_2 (trJ^2)^2 + Λ^{−2}Λ^4_{NC}L_{10, curv}[X] + . . . )

∼ ∫ d^4x √ |g(x)| ( Λ^4 + Λ^2G(x) + . . . ) . (5.18)

As expected, one obtains induced vacuum energy and gravity terms^{16} encoded in the trace-U(1) sector [8]. Here J^a_b := iΘ̄^{ab}g_{bb}′ , and G(x) denotes induced gravitational terms which arise from L_{10, curv}[X], including the Einstein-Hilbert term with additional contributions due to a dilaton and further terms such as Rθθ. Terms depending on the extrinsic curvature may also arise. This formula holds as long as the semi-classical geometric picture is valid, i.e.

k^2 ≪ ᾱΛ^4_{NC} . (5.19)

16This was obtained in [8] using a smooth cutoff for the Schwinger parameter rather than a strict cutoff. Different implementations of a cutoff are related by some inessential redefinition of parameters, without altering the conclusions.

Here k is the inverse curvature or momentum scale of the background M^4.

Now let us take into account the m_i. Then each of the (fermionic, say) massive KK modes in the loop induces such a term, where m_i acts as an IR cutoff for the loop integral as explained in Appendix B. The UV cutoff also gets modified by the mass term m_i, e.g. Λ^4 → (Λ^4 −m^2_i Λ^2); however we neglect this modification as we are mainly interested in the qualitative results here. Thus the contribution due to the KK mode m_i has the structure 1/m^2_i∫

1/Λ^2_1 dᾱ ᾱ Γ^{fermion}

M^4 (ᾱ) ∼ ∫ d^4x √ |g(x)| ( (Λ^4_2 − m^4_i ) + (Λ^2 − m^2_i )G(x) + . . . ) . (5.20)

The scalar modes Γ^{scalar}_M (ᾱ) in (5.16) are also expected to induce terms with a similar structure. As the scale parameter ᾱ approaches the UV scale Λ_1, the N = 4 SUSY is restored, and these induced gravitational terms due to the individual KK modes cancel. In particular, there is no need to put in any cutoff by hand, and the scaling behaviour discussed above arises on physical grounds. Thus summing up all contributions, one obtains a finite induced vacuum energy and gravity action, as required in an induced gravity scenario^{17}. The details and even the signs of these effective gravity parameters depend on the compactification K, and will not be discussed here.

Finally, consider the geometrical point of view in terms of gauge theory on M = M^4 × K. Using again the above results on the non-commutative heat kernel expansion (extrapolated to higher-dimensional cases), there should be a well-defined expansion for the full heat kernel in ᾱ as long as the IR condition k^2 ≪ ᾱΛ^4_{NC}, i.e. the semi-classical geometric picture is valid. Then the induced action has the form of a higher-dimensional gravitational action,

Λ^{−2}_2∫

Λ^{−2}_1 dᾱ ᾱ Γ^{fermion} M (ᾱ) ∼ ∫ M^4×K d^{4+2n}x √ |G(x)| ( (Λ^{4+2n}_2 − Λ^{4+2n}_1 ) + (Λ^{2+2n}_2 − Λ^{2+2n}_1 )G̃(x) + . . . ) .

Here G̃(x) denotes induced (4+2n)-dimensional gravitational terms as explained above. This encodes the non-Abelian sector A_K ∼= Mat(N, C) in a geometrical manner. From the 4-dimensional point of view, this should be reproduced by computing the induced SU(N) contributions due to the higher KK modes, providing a cross-check between the geometric and gauge-theory point of view. Since a similar check has been done in detail in [8] in the 4-dimensional case, we do not pursue this any further here.

Let us summarize these observations. There are higher-derivative contributions to the trace- U(1) sector due to the translational zero modes, which make up an unbroken N = 4 multiplet. These zero modes are distinct from the massive SU(N) modes that break the symmetries and define K. On the other hand, the massive KK modes contribute to Γ_K(ᾱ) at intermediate scales of the loop integral, and typically break SUSY. Since these KK modes live on M^4 and couple to the brane metric, they lead to induced gravitational terms in the trace-U(1) sector. These induced gravitational terms depend to some extent also on the embedding M ⊂ R^{10}, since the Dirac operator on the brane is not the standard one. Thus one should expect deviations from general relativity, which should arise quite generally in similar brane-world scenarios.

17There may be mechanisms other than induced gravity which play an essential role here, such as the “harmonic branch” discussed in [49]. The main point here is to demonstrate that there are computable and finite induced gravity terms in the quantum effective action of the matrix model.

We conclude that geometrical backgrounds such as M^4 × K do indeed lead to induced gravitational terms as expected, however their structure is quite non-trivial. Although the details of these terms depend on the internal space K, the model is UV finite due to the underlying N = 4 SUSY. It would be very interesting to study the case of more general backgrounds which do not have a product structure. There are indeed solutions of the IKKT model with the geometry of M^4 ×K with split non-commutativity, mixing the compact and non-compact space [11]. Although the algebras then no longer factorize, many of the above results are expected to generalize. Finally, the case of intersecting branes allows to make contact with particle physics [10], but poses additional open questions and issues related to gravity which should be studied elsewhere.

5.2 Example: fuzzy extra dimensions

To illustrate the above analysis, let us discuss the example of a fuzzy sphere K = S^2_N ⊂ R^3 [45], realized by the background X^i = c_N λ^i_{(N)} where λ^i_{(N)} is the generator of the N-dimensional irreducible representation of su(2). This is a solution provided^{18} we add the following cubic term S_{cubic} = Tr(iC_{ijk}X^i[X^j , X^k]) to the matrix model action as in (2.19), where C_{ijk} is the totally antisymmetric symbol corresponding to an embedding of so(3) ⊂ R^6. We use this example merely to illustrate the decoupling mechanism discussed above in more detail. There are other solutions of the “pure” IKKT model with compact extra dimensions [11] where analogous considerations apply; this will be discussed elsewhere.

First, it is important to note that the trace-U(1) modes X^i → X^i + c^i1_N correspond to translations of the embedding of the background M^4 × K. This is part of the algebra A_M4 which describes the geometry of M rather than K. This is the sector which leads to UV/IR mixing and enters the induced gravity terms on M.

The algebra A_K = Mat(N, C) of functions on S^2_N decomposes as

A_K = Mat(N, C) ∼= (1) ⊕ (3) ⊕ . . . ⊕ (2N − 1) (5.21)

under the action of SU(2), and □ = [X^i, [X_i, .]] = c^2_N L^iL_i is the quadratic Casimir operator, noting that L_i := [λ^i_{(N)}, .] is the angular momentum operator. Therefore the contribution from the scalar field is

Γ_{K,(1)}(α) = Tr_{AK} ( e^{−α□6} ) = N−1∑ l=0 (2l + 1)e^{−α c2N l(l+1)} ∼ { N^2, α → 0 (1 + 3e^{−m20ᾱ} + . . .) α → ∞

(5.22)

where m^2_0 = 2c^2_N Λ^4_{NC}.

Similarly for 2-component spinors, the space of angular momentum modes is given by

A_K ⊗ C^2 = Mat(N, C) ⊗ (2) ∼= ( (1) ⊕ (3) ⊕ . . . ⊕ (2N − 1) ) ⊗ (2) ∼= 2 × ( (2) ⊕ (4) ⊕ . . . ⊕ (2N − 2) ) ⊕ (2N) , (5.23)

and the relevant Laplacian can be evaluated as

□ + Σ^{(2)}_{ij} [Θ_{ij} , .] = c^2_N (L_iL^i + 2S_iL^i) = c^2_N ( (⃗L + ⃗S)^2 − 3 4 ) . (5.24)

18Lie algebraic solutions of the matrix model without cubic terms do exist [50], albeit not with the required properties.

This indeed has the expected two zero modes for “constant” spinors (1)⊗(2) due to translational invariance, and it happens to have 2 additional zero modes where ⃗J = ⃗L + ⃗S has spin^1_2 . Hence we write

Γ_{K,(2)}(α) ∼ { 2N^2, α → 0 ( 2 + 2 + 8e^{−m20,2ᾱ} + . . . ) α → ∞ . (5.25)

Note that the lowest non-trivial KK mass m^2_{0,2} = 3c^2_N Λ^4_{NC}, which is different from the masses in the bosonic sector. This shows explicitly that SUSY is broken.

Finally consider the bosonic (vector) contribution on S^2_N ⊂ R^3. The space of modes is given by A_K ⊗ (3) = Mat(N, C) ⊗ (3) . (5.26)

In order to stabilize the sphere we should actually add a cubic term^{19} as in (2.19), which on a S^2_N background has the same structure as the Σ^{(3)}_{ij} [Θ_{ij}, .] term. In any case, there are three translational zero-modes (1) ⊗ (3) which belong to the gravity sector for M^4. This leads to^{20}

Γ_{K,(3)}(α) ∼ { 3N^2, α → 0 ( 3 + N^′_0e^{−m20,1ᾱ} + . . . ) α → ∞ . (5.27)

Similar computations could be done for other compact NC spaces, and should be refined for more realistic solutions with extra dimensions [10, 11].

As a final remark, we point out that for a large class of NC spaces M described by some matrix algebra A , the relation [□, Σ_{ij}[F^{ij} , .]] = 0 (5.28)

holds. This is obvious for R^{2n}_θ , but it is also true for fuzzy spaces such as S^2_N , CP^2_N , etc. Moreover, it is plausible that this should also hold for a large class of physically interesting fluctuations around such spaces, such as on-shell non-Abelian gauge fields which satisfy □F^{ij} = 0 at least at the linearized level. We can then write e.g. Tr_{A ⊗V} ( e^{−α(□4+[Θμν ,.]ΣVμν )} ) = Tr_A ( e^{−α□4} tr_V e^{−α[Θμν ,.]ΣVμν} ) = Tr_A ( e^{−α□4} χ_V (α[Θ, .]) ) . (5.29)

This should be useful to determine the low-energy effective action explicitly.

6 Conclusion

In this paper, we have continued our study of the one-loop effective action of the IKKT (resp. IIB) matrix model, generalizing the analysis of the fermionic induced action given in Ref. [8]. The bosonic part of the action is now included using the background field method, and the effective action is elaborated on 4-dimensional non-commutative brane backgrounds. We obtain explicit expressions of the leading terms in a momentum expansion for the Abelian sector, which are manifestly finite of order O(k^4) due to maximal supersymmetry. This sector is very different from the commutative N = 4 theory, and governs the geometry of the branes. In particular,

19Note that this is consistent with translational invariance, but breaks SO(10) to SO(3) × SO(7). 20A more detailed discussion of the 1-loop effective action of such a model has been given in [51]. Here we only need some basic properties.

there is no induced gravitational action in the case of unbroken SUSY, while scale invariance is broken spontaneously by the background θ^{μν} field.

In a second part, we study the effective action for non-Abelian gauge fields, which arise in a background of N (almost) coinciding NC branes. The non-Abelian sector is closely related to standard N = 4 SYM, however our computations apply also to the case of 4-dimensional branes with general geometry, taking advantage of recent work on NC branes [4, 8]. We focus on two cases: the Coulomb branch with an unbroken U(1), as well as a background with completely broken gauge group that can be interpreted as a product space M^4 × K_N with fuzzy compact extra dimensions. In the Coulomb branch, we show that the effective action coincides with the Dirac-Born-Infeld action for a D3-brane in the background of N −1 coinciding branes, expanded to leading non-trivial order. In particular, the effective bulk metric is seen to be consistent with AdS^5 × S^5 around the stack of branes, providing additional evidence for the relation with IIB supergravity. The mechanism is also reminiscent of holography based on N = 4 SYM, but non-commutativity allows a more direct understanding of the branes in the bulk. Moreover, we obtain a specific relation (4.24) between the non-commutativity scale and the string coupling.

Finally, we study the effective action on M^4 × K_N in the presence of compact fuzzy extra dimensions, and give a detailed discussion of the relevant physics at different scales. In particular, we demonstrate that supersymmetry can be broken by the extra dimensions K_N and their Kaluza-Klein modes, and finite gravitational terms are generically induced in the trace–U(1) sector. Maximal supersymmetry is restored above a certain scale, ensuring a UV finite effective action. This supports the picture of emergent gravity on the branes, within a brane-world scenario with compactified extra dimensions.

The results of this paper represent another step in the understanding of the IKKT resp. IIB model at the quantum level. Additional evidence for the relation with IIB supergravity is obtained, and the ideas of emergent gravity on NC branes are supported in particular by exhibiting a mechanism for breaking N = 4 SUSY. Combined with the recent evidence for a 3+1-dimensional behaviour of the IKKT model [3], its expected finiteness on 4-dimensional brane backgrounds and possible realizations of the standard model [10], there are good prospects to extract real physics from this or related matrix models. One interesting extension of this work would be to study the one-loop action on the compactified brane solutions found in [11], which could be building blocks towards physically relevant low-energy models. We hope to report on progress along these lines elsewhere. There are many other possible directions of research in this context, which should clarify the physical viability of this and related matrix models as a quantum theory of fundamental interactions including gravity.

Acknowledgements

Useful discussions with J. Buchbinder, C-S. Chu, J. Nishimura, H. Kawai, Y. Kitazawa, E. Ivanov, M. Henningson, N. Irges, A. Tseytlin, and A. Wipf are gratefully acknowledged. D.N. Blaschke is a recipient of an APART fellowship of the Austrian Academy of Sciences. The work of H. Steinacker was supported by the Austrian Science Fund (FWF) under contract P21610-N16.

Appendix A: Some group theory

A.1 Invariants We need the traces trΣ_A . . . Σ_C where Σ_A ≡ Σ_{ab} denotes the generators of SO(D) in the vector or spinor representation of SO(D). This gives group-theoretical invariants. Obviously trΣ_{ab} = 0.

Quadratic invariants. Consider first the quadratic invariant

trΣ_AΣ_B = g_{AB} (g_A′_B′ g^{A′B′} ) tr C^{(2)} = 2g_{AB} D(D − 1) tr C^{(2)} . (A.1)

Here C^{(2)} is the quadratic Casimir, which is easy to compute from SO(D) group theory [52]:

C^{(2)spinor} = g^{AB} Σ^{(ψ)}_A Σ^{(ψ)}_B = 1 2 Σ^{(ψ)}_{ab} Σ^{(ψ)}_{ab} = 1 8 (D^2 − D)1 ,

C^{(2)vector} = g^{AB} Σ^{(Y )}_A Σ^{(Y )}_B = 1 2 Σ^{(Y )}_{ab} Σ^{(Y )}_{ab} = (D − 1)1 , (A.2)

since A = (a, b); a < b is a basis of SO(D) and g^{AB} = δ^{AB} is the Killing metric. Hence 1 2 trΣ^{(ψ)}_{ab} Σ^{(ψ)}_{ab} = tr_ψ1 1 8 (D^2 − D) = 1 8 2^{D/2−1}D(D − 1) = 2^{D/2−4}D(D − 1), 1 2 tr_Y Σ^{(Y )}_{ab} Σ^{(Y )}_{ab} = tr_Y 1 (D − 1) = D(D − 1) . (A.3)

In particular, for SO(10) we get 1 2 trΣ^{(ψ)}_{ab} Σ^{(ψ)}_{ab} = 180 , 1 2 tr_Y Σ^{(Y )}_{ab} Σ^{(Y )}_{ab} = 90 . (A.4)

Note that the relative factor 2 cancels the explicit^1_2 in front of the fermionic contribution in (2.32), so all the O(V^2) contributions cancel. This shows the special structure of the N = 4 SUSY.

For SO(6), we get 1 2 trΣ^{(ψ)}_{ab} Σ^{(ψ)}_{ab} = 15 , 1 2 tr_Y Σ^{(Y )}_{ab} Σ^{(Y )}_{ab} = 30 . (A.5)

Now there is no factor^1_2 in front of the fermionic contribution in (2.32) because there is no Majorana condition. Therefore the O(V^2) contributions do not cancel, and the model is not one-loop finite but has log divergences. Note that probably trΣΣΣ ≠ 0 in that case.

For SO(8), we get 1 2 trΣ^{(ψ)}_{ab} Σ^{(ψ)}_{ab} = 56 , 1 2 tr_Y Σ^{(Y )}_{ab} Σ^{(Y )}_{ab} = 56 , (A.6)

again no Majorana, hence the O(V^2) contributions cancel. But recall that the model isn’t even supersymmetric and the vacuum energy does not cancel.

Cubic invariants. The only cubic invariant tensor in the adjoint is f_{ABC} . (For SO(6) one might expect a d_{ABC} , but this does not seem to arise.) Thus

trΣ_AΣ_BΣ_C = i 2 f_{ABC} g^{A′B′} g_A′_B′ tr C^{(2)} = i f_{ABC} D(D − 1) tr C^{(2)} (A.7)

since tr[Σ_A, Σ_B ]Σ_C = i^{fABC}_{gA′B′ gA′B′} tr C^{(2)}. This gives

trΣ_AΣ_B Σ_C = if_{ABC} D D(D − 1) (D − 1) = if_{ABC} , vector

trΣ_AΣ_B Σ_C = if_{ABC} 2^{D/2−1} D(D − 1) 1 8 D(D − 1) = i2^{D/2−4}f_{ABC} , spinor (A.8)

which differ by a factor 2 in the SO(10) case,

trΣ_AΣ_B Σ_C = if_{ABC} , vector trΣ_AΣ_B Σ_C = 2if_{ABC} , spinor. (A.9)

So even these cubic terms cancel in the IKKT case. This implies that the model is one-loop finite even on 6D backgrounds, consistent with known results on SYM [27–29] which give 1-loop finiteness in D < 8.

Quartic invariants. The quartic terms no longer coincide:

tr C^{(2)}C^{(2)} = 10(9)^2 = 810 , vector 1 2 tr C^{(2)}C^{(2)} = 8 ( 45 4 )_2

= 1012.5 , spinor (A.10)

for SO(10). So these no longer cancel, and we can easily work them out explicitly. For the vector representation, one obtains

Θ^{a1b1} . . . Θ^{a4b4} tr ( Σ^{(Y )}_{a1b1} . . . Σ^{(Y )}_{a1b1} ) = 16Θ^{a1 b1} . . . Θ^{a4b4} g_{b1a2} g_{b2 a3} g_{b3a4} g_{b4a1} = 16Θ^{ab}Θ^{bc}Θ^{cd}Θ^{da} . (A.11)

To compute the spinorial traces, we use the standard contraction formulas for Dirac spinors tr ( γ_{a1} . . . γ_{a2n} ) = ∑ contractions C (−1)^C g_{ai aj} . . . g_{ak al} tr1 , tr ( γ_{a1} . . . γ_{a2n} γ ) = 0 , 2n < 10 ,

tr_{Dirac} ( γ_{a1} . . . γ_{a2n} ( 1 + γ 2 ) ) = 16 ∑ contractions C (−1)^C g_{aiaj} . . . g_{ak al} , 2n < 10 , (A.12) where γ = iγ_1 . . . γ_{10} in the Euclidean case. For 10 insertions, the γ gives an imaginary contribution to the effective action with 10 insertions, which is characteristic for the WZ term.

For the chiral spinor representations of SO(10), this gives

Θ^{a1b1} . . . Θ^{a4b4} tr ( Σ^{(ψ)}_{a1b1} . . . Σ^{(ψ)}_{a4b4} ) = 4Θ^{a1b1} . . . Θ^{a4b4} ( 4g_{b1a2} g_{b2a3} g_{b3a4} g_{b4 a1} − 4g_{b1 a2} g_{b2a4} g_{b4a3} g_{b3 a1} − 4g_{b1 a3} g_{b3a2} g_{b2a4} g_{b4a1}

+ g_{b1a2} g_{b2 a1} g_{b3a4} g_{b4a3} + g_{b1a3} g_{b3a1} g_{b2a4} g_{b4a2} + g_{b1a4} g_{b4a1} g_{b2a3} g_{b3a2} ) (A.13) using tr^1_{16} = 1. The first 3 terms are connected contractions while the last 3 are disconnected contractions, which have a symmetry factor 4. This gives

Θ^{a1b1} . . . Θ^{a4b4} tr (1 2 Σ^{(ψ)}_{a1b1} . . . Σ^{(ψ)}_{a4b4} − Σ^{(Y )}_{a1b1} . . . Σ^{(Y )}_{a4b4} )

= 2Θ^{a1b1} . . . Θ^{a4b4} ( − 4g_{b1 a2} g_{b2a3} g_{b3a4} g_{b4a1} − 4g_{b1 a2} g_{b2a4} g_{b4a3} g_{b3a1} − 4g_{b1a3} g_{b3a2} g_{b2a4} g_{b4a1}

+ g_{b1 a2} g_{b2a1} g_{b3a4} g_{b4a3} + g_{b1a3} g_{b3 a1} g_{b2a4} g_{b4a2} + g_{b1a4} g_{b4a1} g_{b2a3} g_{b3a2} )

= 6 ( − 4(ΘgΘgΘgΘg) + (ΘgΘg)^2 ) , (A.14)

for the IKKT model, which is not only cyclic but in fact totally symmetric in the Θ^{ab}.

A.2 Characters The character for a representation V of some Lie algebra g is defined as

χ_V (H) = Tr e^H , (A.15)

where H ∈ g (which is often assumed to be in the Cartan sub-algebra and thus identified with a weight). Characters are very useful objects in group theory, notably because they satisfy χ_{V ⊗W} = χ_V χ_W . In the present context, we can interpret the term tre^{αΣab[Θab,.]} as character of SO(10), for a given matrix Θ^{ab} (one may also try to interpret [Θ^{ab}, .] as a generator of su(N^2) acting on the space of matrices).

For a given flux F^{ab} (either constant or at some point in the semi-classical limit), we can choose a basis using a suitable SO(D) rotation where F^{ab} is block-diagonal:

F^{ab} ∼ 0 f_1 −f_1 0

.. .

0 f_5 −f_5 0 = f_1 iσ_2 ... 0 f_5 iσ_2

. (A.16)

In this basis, we can then choose a corresponding fermionic oscillator rep. for the Gamma matrices,

2α_i = γ_{2i−1} − iγ_{2i} , 2α^+_i = γ_{2i+1} + iγ_{2i} , {α_i, α^+_j } = δ_{ij} , i = 1, 2, . . . , 5 ,

iγ_1γ_2 = −2(α^+_1 α_1 − 1 2 ) , iγ_3γ_4 = −2(α^+_2 α_2 − 1 2 ) , etc.,

Σ_{12} = i 4 [γ_1, γ_2] = − 1 2 [α_1, α^+_1 ] = − 1 2 (1 − 2α^+_1 α_1) = 1 2 χ_{(1)} = 1 2 σ_3 , (A.17)

etc. which act on the spin^1_2 irrep.

F^{ab}Σ^{ab} = f_1σ_3 ⊗ f_2σ_3 ⊗ . . . ⊗ f_5σ_3 ,

χ_{(32)}(αF) = tr_{32}(e^{αF abΣ(ψ)ab} ) = (e^{αf1} + e^{−αf1} ) . . . (e^{αf5} + e^{−αf5} ) = ∑ n_i=±1 e^{αnifi} , (A.18) which acts on C^{32}. The most general state for a Dirac fermion Ψ can be written as Ψ = ∑ n_i=±1 ψ_{n1...n5} |n_1 . . . n_5⟩ψ_{n1...n5} (A.19) where the ket denotes spinor states. It is the sum of both chiral contributions.

χ_{(16,+)}(αF) = ∑ n_i=±1, ∑ n_i=5,1,−3 e^{αnifi} = e^{α(f1 +f2+f3+f4+f5)} + e^{α(f1 +f2−f3−f4+f5)} + e^{α(f1+f2−f3−f4−f5)} + e^{α(f1+f2+f3−f4−f5)} + e^{α(−f1 −f2+f3+f4+f5)} + e^{α(−f1+f2−f3+f4+f5)} + e^{α(−f1 +f2+f3−f4+f5)} + e^{α(f1 +f2+f3+f4−f5)} + e^{α(f1 −f2−f3+f4+f5)} + e^{α(f1−f2+f3−f4+f5)} + e^{α(f1−f2+f3+f4−f5)} + e^{α(f1 −f2−f3−f4−f5)} + e^{α(−f1+f2−f3−f4−f5)} + e^{α(−f1−f2+f3−f4−f5)} + e^{α(−f1 −f2−f3+f4−f5)} + e^{α(−f1−f2−f3−f4+f5)} , χ_{(16,+)}(αF) = ∑ n_i=±1, ∑ n_i=3,−1,−5 e^{αnifi} . (A.20)

Notice that tr_{16,±}(e^{αF abΣ(ψ)}ab ) =^1_2 tr_{32}(e^{αF abΣ(ψ)}ab ) whenever F has rank at most 8, since then both contributions from e^{±αf5} coincide.

On the other hand, on the vector representation we have

χ_{(10)}(αF) = tr(e^{αF abΣ(Y )ab} ) = ∑ i (e^{2αfi} + e^{−2αfi} ) . (A.21)

In the case of a rank 4 flux, this gives

tr_{10}(αF) − 1 4 tr_{32}(αF^{ab}) − 2 = (e^{2αf1} + e^{−2αf1} + e^{2αf2} + e^{−2αf2} + 6) − 1 4 8(e^{αf1} + e^{−αf1} )(e^{αf2} + e^{−αf2} ) − 2 = (e^{α(f1 −f2)/2} − e^{−α(f1−f2)/2})^2(e^{α(f1 +f2)/2} − e^{−α(f1 +f2)/2})^2 ≥ 0 (A.22) which is positive definite and vanishes precisely for (A)SD fields. This is consistent with previous results.

Appendix B: Mass deformed matrix model

Adding a mass term to the IKKT model does not add any potential or gravitational terms to the U(1) sector of the effective action, because the [Θ, .]^4 terms involve at least 4 derivatives.

Consider e.g. the following mass-deformed matrix model where only the fermionic part is massive, i.e. the bosonic and ghost parts are massless. A computation along the same lines as in Eqn. (2.33) then leads to

Γ [X, m^2] := − 1 2 Tr ∞∫ 0 dα α ( e^{−α(□+Σ(Y )ab [Θab,.])} − 1 2 e^{−α(m̄2 +□+Σ(ψ)ab [Θab,.])} − 2e^{−α(□)} )

= Γ [X, 0] + 1 4 Tr ∞∫ 0 dα α ( e^{−α(m̄2 +□+Σ(ψ)ab [Θab,.])} − e^{−α(□+Σ(ψ)ab [Θab,.])} ) (B.1)

where Γ [X, 0] is the contribution of the massless N = 4 model. Thus we need to understand the effect of such a mass term in the integrand. For simplicity, consider the contribution of a massive scalar field on a flat space

Tr ∞∫ 1/Λ^2 dα α e^{−α(□+m̄2 )} = ∫ d^4p (2πΛ^2_{NC})^2 ∞∫ 1/Λ^2 dᾱ ᾱ e^{−ᾱ(p2+m2)}

= 1 4Λ^4_{NC} ∞∫ 1/Λ^2 dᾱ ᾱ^3 e^{−ᾱm2} ≈ 1 4Λ^4_{NC} ∞∫ 0 dᾱ ᾱ^3 e^{−ᾱm2− 1}αΛ^2 (B.2)

where m̄^2 = Λ^{−4}_{NC}m^2, and introducing a UV cutoff Λ. We will use the latter form of a UV cutoff, which is slightly more convenient. This can be evaluated using ∫_∞ 0 dα 1 α^n exp ( − m^2α − 1 αΛ^2 ) = 2(Λm)^{n−1} K_{n−1} (2m Λ ) . (B.3)

Now we can use the asymptotic behaviour of the Bessel functions K_n(x) ∼ { e^{−x} (√_π 2x + O(x^{−3/2}) ) , x → ∞ c_n (_2 x )_n − c_{n−1} (_2 x )_{n−2} + O(x^n) , x → 0

. (B.4)

Therefore, below the mass threshold Λ^2 < m^2, the induced action is exponentially suppressed since the massive KK modes are not excited, while for Λ^2 > m^2 the mass becomes irrelevant and the standard vacuum energy contributions (cosmological const., induced Einstein-Hilbert term, etc.) are induced. More precisely, K_2(x) ∼^2_{x2} −^1_2 + O(x^2) gives ∫_∞ 0 dα 1 α^3 exp ( − m^2α − 1 αΛ^2 ) = Λ^4 − Λ^2m^2 + O(m^4) (B.5)

so that the cutoff is effectively modified by the mass term as Λ^4 → Λ^4 − m^2Λ^2 + O(m^4) for Λ^2 ≫ m^2. Similarly, we find Λ^2 → Λ^2 + O(m^2 log Λ), and Λ^6 → Λ^6 −^1_2 m^2Λ^4 + O(m^4Λ^2) for higher-order terms in the induced action as in Ref. [8].

Appendix C: Supplementary results

For completeness, we give the explicit expression for the abbreviation B_6(k) introduced in Eqn. (3.12):

B_6(k) = ( (k_1k̃_2)^2ξ_3 ( k̃_1 ·k̃_3 (2ξ_1ξ_2 − 1) (ξ_3 −1) + (ξ_1ξ_2 − 1) ( k̃_3 ·k̃_3(ξ_3 −1) + k̃_2 ·k̃_3 (ξ_1ξ_2ξ_3 + ξ_3 − 1) ))

+ (k_2k̃_3)^2ξ_3 ( k̃_1 ·k̃_2 ((ξ_1 − 2) ξ_2 + 1) (ξ_1ξ_2ξ_3 − ξ_3 + 1) − k̃_1 ·k̃_1 (ξ_2 − 1) ((ξ_1ξ_2 − 1) ξ_3 + 1)

−k̃_1 ·k̃_3 (ξ_2 − 1) ((2ξ_1ξ_2 − ξ_2 − 1) ξ_3 + 1) )

+ (k_1k̃_3)^2ξ_3 ( k̃_1 ·k̃_2 (2ξ_2 − 1) (ξ_3 − 1) + (ξ_2 − 1) ( k̃_2 ·k̃_2 (ξ_3 − 1) + k̃_2 ·k̃_3 (ξ_2ξ_3 + ξ_3 − 1) ))

+ (k_1k̃_2)(k_2k̃_3) ( k̃_1 ·k̃_3 − k̃_1 ·k̃_1(ξ_3 −1) ((ξ_1ξ_2 −1) ξ_3 +1) − k̃_1 ·k̃_2 (2ξ_1ξ_2ξ_3 −1) ((ξ_1ξ_2 −1) ξ_3 +1)

+ξ_3 ( k̃_2 ·(k̃_2 + k̃_3) + k̃_3 ·k̃_3 (ξ_2 − 1) (ξ_1ξ_2 − 1) ξ_3 − k̃_2 ·k̃_3ξ_2 (ξ_1 + 2 (ξ_1 − 1) (ξ_1ξ_2 − 1) ξ_3) )

+ξ_3 ( −k̃_2 ·k̃_2 ( ξ_3 (ξ_1ξ_2 − 1)^2 + ξ_1ξ_2 ) + k̃_1 ·k̃_3 (2ξ_1ξ_2 − ξ_2 + 2 (ξ_1 (ξ_2 − 2) ξ_2 + 1) ξ_3 − 2) ))

+ (k_1k̃_3)(k_1k̃_2) ( k̃_1 ·k̃_1(ξ_3 −1)^2 + k̃_1 ·k̃_2 (2ξ_1ξ_2ξ_3 −1)(ξ_3 −1) + k̃_1 ·k̃_3 + ξ_3k̃_1 ·k̃_3 (2ξ_2(ξ_3 −1)−1)

+ξ_3 (( k̃_3 ·k̃_3(ξ_2 −1) + k̃_2 ·k̃_2 (ξ_1ξ_2 −1) ) (ξ_3 −1) + k̃_2 ·k̃_3 (−2ξ_3 +ξ_2 (2ξ_2ξ_3ξ_1 −ξ_1 −1) + 2) ))

+ (k_1k̃_3)(k_2k̃_3)ξ_3 ( k̃_1 ·k̃_1 (ξ_2 − 1) (ξ_3 − 1) + k̃_1 ·k̃_2 (−2ξ_3 + ξ_2 (−2ξ_2ξ_3ξ_1 + ξ_1 + 4ξ_3 − 4) + 2)

+ (ξ_2 − 1) ( k̃_3 ·k̃_3k̃_3 (ξ_2 − 1) ξ_3 + k̃_1 ·k̃_3 (2ξ_2ξ_3 − 1) + k̃_2 ·k̃_3 (−2 (ξ_1 − 1) ξ_2ξ_3 − 1) )

+ (ξ_2 − 1) ( k̃_2 ·k̃_2 (−ξ_1ξ_2ξ_3 + ξ_3 − 1) ))) . (C.1)

References

[1] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B498 (1997) 467–491, [arXiv:hep-th/9612115].

[2] T. Banks, W. Fischler, S. Shenker and L. Susskind, M theory as a matrix model: A Conjecture, Phys.Rev. D55 (1997) 5112–5128, [arXiv:hep-th/9610043].

[3] S.-W. Kim, J. Nishimura and A. Tsuchiya, Expanding (3+1)-dimensional universe from a Lorentzian matrix model for superstring theory in (9+1)-dimensions [arXiv:1108.1540].

[4] H. Steinacker, Emergent Geometry and Gravity from Matrix Models: an Introduction, Class. Quant.

Grav. 27 (2010) 133001, [arXiv:1003.4134].

[5] Y. Kitazawa and S. Nagaoka, Graviton propagators in supergravity and noncommutative gauge theory, Phys.Rev. D75 (2007) 046007, [arXiv:hep-th/0611056].

[6] Y. Kitazawa and S. Nagaoka, Graviton propagators on fuzzy G/H, JHEP 0602 (2006) 001,

[arXiv:hep-th/0512204].

[7] I. Chepelev and A. A. Tseytlin, Interactions of type IIB D-branes from D instanton matrix model, Nucl.Phys. B511 (1998) 629–646, [arXiv:hep-th/9705120].

[8] D. N. Blaschke, H. Steinacker and M. Wohlgenannt, Heat kernel expansion and induced action for the matrix model Dirac operator, JHEP 03 (2011) 002, [arXiv:1012.4344].

[9] H. Steinacker, Emergent Gravity and Noncommutative Branes from Yang-Mills Matrix Models, Nucl. Phys. B810 (2009) 1–39, [arXiv:0806.2032].

[10] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, Intersecting branes and a standard model realization in matrix models [arXiv:1107.0265].

[11] H. Steinacker, Split noncommutativity and compactified brane solutions in matrix models

[arXiv:1106.6153].

[12] J. M. Maldacena and J. G. Russo, Large N limit of noncommutative gauge theories, JHEP 9909 (1999) 025, [arXiv:hep-th/9908134].

[13] M. Alishahiha, Y. Oz and M. Sheikh-Jabbari, Supergravity and large N noncommutative field theories, JHEP 9911 (1999) 007, [arXiv:hep-th/9909215].

[14] D. S. Berman, V. L. Campos, M. Cederwall, U. Gran, H. Larsson et al., Holographic noncommutativity, JHEP 0105 (2001) 002, [arXiv:hep-th/0011282].

[15] H. Liu and J. Michelson, ∗-Trek: The One loop N = 4 noncommutative SYM action, Nucl.Phys.

B614 (2001) 279–304, [arXiv:hep-th/0008205].

[16] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv.Theor.Math.Phys. 2 (1998) 231–252, [arXiv:hep-th/9711200].

[17] V. O. Rivelles, Noncommutative field theories and gravity, Phys. Lett. B558 (2003) 191–196,

[arXiv:hep-th/0212262].

[18] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory, Cambridge, Mass.:

Perseus Books, 1995.

[19] S. Weinberg, Effective Gauge Theories, Phys. Lett. B91 (1980) 51.

[20] V. V. Khoze and G. Travaglini, Wilsonian effective actions and the IR/UV mixing in noncommutative gauge theories, JHEP 01 (2001) 026, [arXiv:hep-th/0011218].

[21] J. Nishimura and F. Sugino, Dynamical generation of four-dimensional space-time in the IIB matrix model, JHEP 0205 (2002) 001, [arXiv:hep-th/0111102].

[22] P. van Nieuwenhuizen and A. Waldron, On Euclidean spinors and Wick rotations, Phys. Lett. B389 (1996) 29–36, [arXiv:hep-th/9608174].

[23] C. Wetterich, Spinors in euclidean field theory, complex structures and discrete symmetries, Nucl.

Phys. B852 (2011) 174–234, [arXiv:1002.3556].

[24] E. D’Hoker and E. Farhi, Decoupling a Fermion Whose Mass Is Generated by a Yukawa Coupling:

The General Case, Nucl.Phys. B248 (1984) 59.

[25] A. A. Tseytlin and K. Zarembo, Magnetic interactions of D-branes and Wess-Zumino terms in superYang-Mills effective actions, Phys.Lett. B474 (2000) 95–102, [arXiv:hep-th/9911246].

[26] D. V. Belyaev and I. B. Samsonov, Wess-Zumino term in the N=4 SYM effective action revisited, JHEP 04 (2011) 112, [arXiv:1103.5070].

[27] M. B. Green, J. H. Schwarz and L. Brink, N = 4 Yang-Mills and N = 8 Supergravity as Limits of String Theories, Nucl.Phys. B198 (1982) 474–492.

[28] E. Fradkin and A. Tseytlin, Quantization and dimensional reduction: one loop results for super Yang-Mills and supergravities in D ≥ 4, Phys.Lett. B123 (1983) 231–236.

[29] P. S. Howe and K. Stelle, Ultraviolet divergences in higher dimensional supersymmetric Yang-Mills theories, Phys.Lett. B137 (1984) 175.

[30] D. N. Blaschke and H. Steinacker, Curvature and Gravity Actions for Matrix Models, Class. Quant.

Grav. 27 (2010) 165010, [arXiv:1003.4132].

[31] D. N. Blaschke and H. Steinacker, Curvature and Gravity Actions for Matrix Models II: the case of general Poisson structure, Class. Quant. Grav. 27 (2010) 235019, [arXiv:1007.2729].

[32] H. Steinacker, Emergent Gravity from Noncommutative Gauge Theory, JHEP 12 (2007) 049,

[arXiv:0708.2426].

[33] P. B. Gilkey, Invariance theory, the heat equation and the Atiyah-Singer index theorem, Boca Raton:

CRC Press Inc., second edition, 1995.

[34] D. V. Vassilevich, Heat kernel expansion: User’s manual, Phys. Rept. 388 (2003) 279–360,

[arXiv:hep-th/0306138].

[35] A. Banin, I. Buchbinder and N. Pletnev, One loop effective action for N = 4 SYM theory in the hypermultiplet sector: Leading low-energy approximation and beyond, Phys.Rev. D68 (2003) 065024, [arXiv:hep-th/0304046].

[36] I. Buchbinder, E. Ivanov and A. Petrov, Complete low-energy effective action in N = 4 SYM: A Direct N = 2 supergraph calculation, Nucl.Phys. B653 (2003) 64–84, [arXiv:hep-th/0210241].

[37] I. Buchbinder and E. Ivanov, Exact N = 4 supersymmetric low-energy effective action in N = 4 super Yang-Mills theory [arXiv:hep-th/0211067].

[38] D. A. Lowe and R. von Unge, Constraints on higher derivative operators in maximally supersymmetric gauge theory, JHEP 9811 (1998) 014, [arXiv:hep-th/9811017].

[39] M. Dine and N. Seiberg, Comments on higher derivative operators in some SUSY field theories, Phys.Lett. B409 (1997) 239–244, [arXiv:hep-th/9705057].

[40] H. Steinacker, Covariant Field Equations, Gauge Fields and Conservation Laws from Yang-Mills Matrix Models, JHEP 02 (2009) 044, [arXiv:0812.3761].

[41] A. A. Tseytlin, Born-Infeld action, supersymmetry and string theory in ‘The Many Faces of the Superworld — Yuri Golfand Memorial Volume’, ed. M. Shifman, World Scientific, 2000,

[arXiv:hep-th/9908105].

[42] I. Buchbinder, A. Petrov and A. A. Tseytlin, Two loop N = 4 super Yang-Mills effective action and interaction between D3-branes, Nucl.Phys. B621 (2002) 179–207, [arXiv:hep-th/0110173].

[43] M. Dubois-Violette, R. Kerner and J. Madore, Noncommutative Differential Geometry and New Models of Gauge Theory, J.Math.Phys. 31 (1990) 323.

[44] P. Aschieri, T. Grammatikopoulos, H. Steinacker and G. Zoupanos, Dynamical generation of fuzzy extra dimensions, dimensional reduction and symmetry breaking, JHEP 0609 (2006) 026,

[arXiv:hep-th/0606021].

[45] J. Madore, The fuzzy sphere, Class. Quant. Grav. 9 (1992) 69–88. [46] R. C. Myers, Dielectric branes, JHEP 9912 (1999) 022, [arXiv:hep-th/9910053]. [47] A. Y. Alekseev, A. Recknagel and V. Schomerus, Non-commutative world-volume geometries:

Branes on SU(2) and fuzzy spheres, JHEP 09 (1999) 023, [arXiv:hep-th/9908040]. [48] V. Rivasseau, From perturbative to constructive renormalization, 1991, princeton, USA: Univ. Pr.

(1991) 336 p. (Princeton series in physics).

[49] H. Steinacker, On the Newtonian limit of emergent NC gravity and long-distance corrections, JHEP 0912 (2009) 024, [arXiv:0909.4621].

[50] A. Chatzistavrakidis, On Lie-algebraic solutions of the type IIB matrix model [arXiv:1108.1107]. [51] P. Castro-Villarreal, R. Delgadillo-Blando and B. Ydri, A gauge-invariant UV-IR mixing and the corresponding phase transition for U(1) fields on the fuzzy sphere, Nucl. Phys. B704 (2005) 111– 153, [arXiv:hep-th/0405201].

[52] R. Slansky, Group Theory for Unified Model Building, Phys.Rept. 79 (1981) 1–128.