arXiv:1109.3894v3 [quant-ph] 20 Apr 2012

Exact Solution of Schrödinger Equation with Three Physical Potentials Using the Nikiforov-Uvarov Method Falaye, B. J.^1 , Oyewumi, K. J.^2 and Abbas, M.^3

Theoretical Physics Section, Department of Physics University of Ilorin, P. M. B. 1515, Ilorin, Nigeria.

Abstract In this paper we present the exact solution of one dimensional Schrödinger equation for Woods-Saxon plus Rosen-Morse plus symmetrical double well potential via Nikiforov-Uvarov mathematical method. The eigenvalues and eigenfunctions of this potential are obtained. The energy equations and the corresponding wave function for special cases of this potential are briefly discussed. The PT-symmetry and Hermiticity for this potential are also considered.

Keywords: Schrödinger equation, Woods-Saxon, Rosen-Morse, symmetrical double well potential, Nikiforov-Uvarov PACs No. 03.65.Ge; 03.65.Pm

1 Introduction

It is well known that the exact solutions of the Schrödinger equation for some physical potential, plays an essential role in non-relativity quantum mechanics and are possible only for a few set of quantum systems.

In recent time, a number of researchers have studied the solution of the Schrödinger equation. For example, these investigation have employed Woods-Saxon Potential [1, 2, 3, 4], Harmonic oscillator potential [5], Hulthén potential [6, 7, 8], Rosen-Morse potential [9, 10], Manning-Rosen potential [11] etc. Several methods such as the Nikivorov-Uvarov method, Supper-Symmetric quantum mechanics, Factorization method, etc, have been used to solve differential equations arising from these considerations.

In this present work, our focus is to solve the one dimensional Schrödinger equation for Woods-Saxon plus Rosen-Morse plus symmetrical double well potential using the

1E-mail: fbjames11@physicist.net 2E-Mail: kjoyewumi66@unilorin.edu.ng 3E-Mail: abbasmustapha1@yahoo.com

Nikiforov-Uvarov mathematical method. The results include the PT-symmetric and the non PT-symmetric solution of this potential

The paper is organized as follows, section 2; we briefly review Nikiforov-Uvarov (N −U) Mathematical method. In section 3, by using this method, we obtain the energy eigenvalue and eigenfunction for real and complex cases of this potential. We investigate the PTsymmetric and non PT-symmetric of this potential in sect. 4 and sect. 5. In section 6, we investigate the special cases of this potential and section 7 devoted to conclusion.

2 The Nikiforov-Uvarov (N-U) Method

The N-U method is based on solving a second order linear differential equation by reducing it to a generalized equation of hypergeometric type [12, 13]. By introducing an appropriate coordinate transformation z = z(r), this equation can be re-written in the following form.

Ψ^{′′}(z) + τ̃ (z) σ(z) Ψ^′(z) + σ̃(z) σ^2(z)

Ψ(z) = 0 (1)

where σ(z) and σ̃(z) are polynomials, at most of second degree, and τ̃ (z) is a first degree polynomial. Now, if one takes the following factorization

Ψ(z) = y(z)ϕ(z). (2)

The equation (1) reduces to a hypergeometric type equation

σ(z)y^{′′}(z) + τ(z)y^′(z) + λy(z) = 0, (3)

where τ(z) = τ̃ (z) + 2π(z). (4) The function π and the parameter λ require for this method are define as follows π(z) = ( σ^′(z) − τ̃(z) 2 ) ± ( σ^′(z) − τ̃ (z) 2 )_2

+ σ̃(z) + kσ(z) (5) and λ = k + π^′(z) (6) In other to find the value of k, the expression under the square root must be a square of a polynomial. This gives the polynomial π(z) which is dependent on the transformation function z(r). Also the parameter λ defined in equation (6) takes the form λ = λ_n = −nτ^′ − [ n(n − 1) 2 σ^{′′} ] . (7)

The polynomial solutions y_n(z) are given by the Rodrigue relation

y_n(z) = N_n ρ(z) d^n dz^n [σ^n(z)ρ(z)] (8)

where N_n is the normalization constant and ρ(z) is the weight function satisfying d dz [σ(z)ρ(z)] = τ(z)ρ(z). (9) Second part of the wave function ϕ(z) can be obtained from the relation π(z) = σ(z) d dz [ln ϕ(z)] (10)

3 Bound state solutions

The one dimensional time independent Schrödinger Equation can be written as

d^2Ψ(x) dx^2 + [E − V (x)] Ψ(x) = 0 , for h̄ = 2μ = 1 (11)

The generalized Woods-Saxon plus Rosen-Morse plus generalized symmetrical double well Potential can be expressed as

V (x) = {_{V1e−2αx} 1+qe^{−2αx} + V_2e^{−4αx} (1+qe^{−2αx})^2 + V3 sec h 2 q(αx) +V_4 tan h_q(αx) − V_5 tan h^2_q(αx) + V_6 sec h^2_q (αx) } (12)

Using the following deformed hyperbolic function [14] we have

sin h_qx = e^x − qe^{−x} 2 , cos h_qx = e^x + qe^{−x} 2 , tan h_qx = sin h_qx cos h_qx

sec h_qx = 1 cos h_qx , cosech_qx = 1 sin h_qx

, cot h_qx = cos h_qx sin h_qx

(13)

By using z = −e^{−2αx} (14)

We obtained d^2 dx^2 = 4α^2z^2 d^2 dz^2 + 4αz d dz (15)

Putting Eqs. (15), (14), (12) and appropriate parameter in Eq. (13) into Eq. (11), we have

Ψ^{′′} (z) + 1 − qz z (1 − qz) Ψ^′ (z) + 1 z^2(1 − qz)^2

[z^2 { β_1q − β_2 − q^2(β_4 + β_5 + ξ) }

+ z {−β_1 − 4 (β_3 + β_6) − 2qβ_5 + 2qξ} + (β_4 − ξ)] (16)

Where we have used the following notations ξ = −E 4α^2 and β_i = V_i 4α^2

, i = 1 − 6 (17)

Comparing Eq. (16) with Eq. (1), we have

σ (z) = z^2 { β_1q − β_2 − q^2(β_4 + β_5 + ξ) } + z {−β_1 − 4 (β_3 + β_6) − 2qβ_5 + 2qξ} + (β_4 − ξ)

τ̃(z) = 1 − qz , σ(z) = z − qz^2 (18)

Inserting the values of these parameters with σ^′(z) = 1 − 2qz into Eq. (5), we obtained π(z) = − qz 2 ± 1 2 [{2δ − ηH} qz − 2δ] , for k = 2q (β_4 − β_5) − 4 (β_3 + β_6) − β_1 + ηHqδ (19) Where we have used the following notations η = ±1, δ = √ ξ − β_4, H = √ 4β_2 q^2

+ 16

(β_3 + β_6) q + 12β_5 + 1 (20)

By choosing an appropriate parameter of k in π(z) which satisfies the condition τ̃(z) < 0, one gets π (z) = − qz 2 − 1 2 [{δ − ηH} qz − 2δ] for k = 2q (β_4 − β_5)−4 (β_3 + β_6)−β_1 +ηHqδ (21)

From Eq. (6), we obtained the parameter λ as

λ = 2q (β_4 − β_5) − 4 (β_3 + β_6) − β_1 + ηHqδ − q 2 − 1 2 {{2δ − ηH} qz} (22) Also we obtain the parameter λ from Eq. (7) as

λ = λ_n = nq {(n + 1) + 2δ − ηH)} (23) Comparing Eqs. (22) and (23), we obtained the exact energy eigenvalues equation as

E_n = − α^2 4 2qV_4+qV_5−V_1

qα^2 +

V_2 q^2α^2

2n + 1 − η √_{V2} q^2α^2 + 4

(V_3+V_6)

qα^2 + 3

V_5 α^2 + 1 − ( 2n + 1 − η √ V_2 q^2α^2 + 4 (V_3 + V_6) qα^2 + 3 V_5 α^2 + 1 ) 2 −V_4 n ≥ 0, q ≥ 1 (24) Where we have substituted for β_1, β_2, β_3, β_4, β_5, β_6, δ and H. From Eq. (9) it can be shown that the weight function ρ(z) is

ρ(z) = z^{2δ} (1 − qz)^{−ηH} (25)

Substituting Eq. (25) into the Rodrigue relation (8), we obtained y_n(z) = N_nP^{(2δ,−ηH)} n (1 − 2qz) (26)

Where, we have used the properties of Jacobi Polynomial [15, 16]. We obtain the other part of the wave function from Eq. (9) as

ϕ (z) = z^δ (1 − qz)^{12 (1−ηH)} (27)

Finally we obtained the wave function Ψ_n (z) = ϕ (z) y_n (z) as

Ψ_n(z) = N_nz √_{ξ−β4} (1 − qz)^{12} ( 1−η √_{V2} q2α2 +4

(V3+V6)

qα2 +3^{V5}_{α2} +1 ) P ( 2 √_{ξ−β4,−η}√_{V2} q2α2 +4

(V3+V6)

qα2 +3^{V5}_{α2} +1 ) n (1−2qz) (28) Where N_n is the normalization factor to be determined from normalization condition

∫_1 0 |Ψ_n (z)|^2dz = 1 (29)

This can further be written as

N^2_n

∫_1 0 z^{2c}(1 − qz)^{(1+2d)} [ P^{(2c,2d)} n (z) ]_2

= 1 (30)

Where c = δ and d = −^{ηH}_2 . Using the different forms of Jacobi polynomial [15, 16]

P^{(c,d)}_n (z) = 2^{−n} n∑ r=0 (−1)^n ( n + c p ) ( n + d n − p ) (1 − z)^{n−p}(1 − z)^p (31)

P^{(c,d)}_n (z) =

(Γn + c + 1) n!Γ(n + c + d + 1) n∑ r=0 ( n r ) Γ(n + c + d + r + 1) r + c + 1 ( z − 1 2 )_r (32)

Where ( n r ) =^{n!}_{r!(n−r)!} =^{Γ(n+1)}

Γ(r+1)Γ(n−r+1)

We obtained [ P^{(2c,2d)} n (x) ]_2

from Eqs. (31) and (32) as [ P^{(2c,2d)} n (z) ]_2 = z^{n+r−p}(1 − qz)^pA_{nq} (p, r) (33)

Putting Eq. (33) into (30), we have N^2_nA_nq (p, r) ∫_1 0 z^{n+r−p+2c}(1 − qz)^{1+2d+p}dz = 1 (34)

Before presenting the normalization constant N_n, let us recall a relation of hypergeometric function, which is used to solve Eq. (34) and present N_n

∫_0 1 z^{c−a−1}(1 − qz)^{−b}ds =_2F_1(a, b; a + 1; q) × Γ(a)Γ(c − a) Γ(c)

(35) Provided Re(c) < Re(a) > 0, |arg(1 − q)| < π ∫_1 0 z^{a−1}(1 − qz)^{−b}ds = 1 a [_2F_1(a, b; a + 1; q)] (36) Using the above Eq. (36), we obtain the normalization factor N_n as

N_n = B_{nq}(p, r) A_{nq} (p, r) (37)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) P =0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (38)

(B_{nq}(p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1(n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (39) c = δ, δ = √ ξ − β_4, β_4 =

V_4 4α^2 , d = − ηH 2 , H = √ V_2 q^2α^2 + 4 (V_3 + V_6) qα^2 + 3 V_5 α^2

+ 1 (40)

4 PT -Symmetry and non-Hermiticity

When a Hamiltonian commutes with P T , it is called PT-symmetric Hamiltonian, i.e. [H, P T ] = 0, where the parity operator P and the time reversal operator T , satisfying the following relations. P pP^{−1} = −P = T pT^{−1}, P xP^{−1} = −x, T AT^{−1} = −iA (41) In this case, we set the potentials parameter in Eq. (12) as V_1, V_2, V_3, V_4, V_5, V_6, q ∈ ℑ and α ∈ ∩ℑ (α → iα). Where ℑ and ∩ℑ denotes the set of purely real numbers and purely complex numbers respectively.

This replacement and after some manipulations in Eq. (12) leads to the following potential

V (x) = { −V_1 [1 + q(cos 2αx − isin2αx)] + V_2 [cos 2αx − isin2αx] − 4(V_3 + V_6) −V_4 [ (1 − q^2) cos 2αx + i(1 + q^2) sin 2αx ] + V_5 [ (1 + q^2) cos 2αx + i(1 − q^2) sin 2αx − 2q ] }

(1 + q^2) cos 2αx + (1 − q^2) isin2αx + 2q (42) Using Eqs. (11) and (42) and making the corresponding parameter replacements in Eqs. (24) and (28), we obtained energy eigenvalues equation and eigenfunction respectively as

E_n = α^2 4 V_1−2qV_4−qV_5 qα^2 − V_2 q^2α^2

2n + 1 − η √ 1 −^{V2}_{q2α2} − 4^{(V3+V6)}_{qα2} − 3^{V5}_{α2} − ( 2n + 1 − η √ 1 − V_2 q^2α^2 − 4 (V_3 + V_6) qα^2 − 3 V_5 α^2 ) 2 −V_4

n ≥ 0, q ≥ 1 (43)

Ψ_n (z) = C_nz √_{ξ−β4} (1 − qz)^{12} ( 1−η √ 1−^{V2}_{q2α2} −4^{(V3+V6)}_{qα2} −3^{V5}_{α2} ) P ( 2 √_{ξ−β4,−η}√_{1− V2} q2α2 −4 (V3+V6) qα2 −3^{V5}_{α2} ) n (1−2qz) (44) Using the above Eq.(44), we can consequently obtain the normalization constant C_n as

C_n = B_{nq}(p, r) A_{nq}(p, r) (45)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) P =0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (46)

(B_{nq} (p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (47)

c = δ = √ ξ − β_4, β_4 =

V_4 4α^2 , d = − ηH 2 , H = √ 1 − V_2 q^2α^2 − 4 V_3 + V_6 qα^2 − 3 V_5 α^2

5 Non PT -symmetry and non Hermiticity

We obtain another form of the potential by assuming some of the parameters as pure imaginary,i.e. q → iq, α → iα, V_1 → iV_1, V_3 → iV_3, V_6 → iV_6. Under this replacement and after some manipulations, the potential takes the form

V (x) = { V_1 [qcosαx + i (1 + qcos2αx)] + V_2[cos 2αx − isin2αx] − i(V_3 + V_6) −V_4 [( 1 + q^2 ) cos 2αx + i(1 − q^2) sin 2αx ] + V_5 [( 1 + q^2 ) cos 2αx + i ( 1 − q^2 ) sin 2αx − 2iq ] }

(1 − q^2) cos 2αx + i (1 + q^2) sin 2αx + 2iq (48) Using Eqs. (11) and (48) and making the corresponding parameter replacements in Eqs. (24) and (28), we obtained energy eigenvalues equation and eigenfunction respectively as

E_n = α^2 4 V_1−2qV_4−qV_5 qα^2 − V_2 q^2α^2

2n + 1 − η √ 1 +^{V2}_{q2α2} − 4^{(V3+V6)}_{qα2} − 3^{V5}_{α2} − ( 2n + 1 − η √ 1 + V_2 q^2α^2 − 4 (V_3 + V_6) qα^2 − 3 V_5 α^2 ) 2 −V_4

n ≥ 0, q ≥ 1 (49)

Ψ_n (z) = D_nz √_{ξ−β4} (1 − qz)^{12} ( 1−η √ 1+^{V2}_{q2α2} −4^{(V3+V6)}_{qα2} −3^{V5}_{α2} ) P ( 2 √_{ξ−β4,−η}√_{1+ V2} q2α2 −4 (V3+V6) qα2 −3^{V5}_{α2} ) n (1−2qz) (50) Using the above Eq. (50), we can consequently obtain the normalization constant D_n as D_n = B_{nq}(p, r) A_{nq} (p, r) (51)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) P =0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (52)

(B_{nq} (p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (53) c = δ, = √ ξ − β_4, β_4 =

V_4 4α^2 , d = − ηH 2 H = √ 1 + V_2 q^2α^2 − 4 (V_3 + V_6) qα^2 − 3 V_5 α^2

6 Discussion

In this section, in the framework of the Schrödinger equation the energy eigenvalues and the corresponding wave functions for the Woods-Saxon potential, Rosen-Morse potential and symmetrical double well potential are obtained by setting appropriate parameters in Eq (12) to zero. The PT-symmetric and the non PT-symmetric solution of this potential are also considered

6.1 Woods-Saxon Potential

On putting V_3 = V_4 = V_5 = V_6 = 0, the potential (12) turns to the Woods-Saxon [1, 2, 3, 4] V (x) = −V_1e^{−2αx} 1 + qe^{−2αx} + −V_2e^{−4αx} 1 + qe^{−2αx} (54)

The energy eigenvalues equation and wave function are respectively obtained as

E_n = − α^2 4 V_1 qα^2 +

V_2 q^2α^2

2n + 1 − √_{V2} q^2α^2 + 1 − ( 2n + 1 − √ V_2 q^2α^2 + 1 ) 2 , n ≥ 0, q ≥ 1, η = 1 (55)

Ψ_n (z) = P_nz √_ξ (1 − qz)^{12} ( 1− √_{V2} q2α2 +1 ) P ( 2 √_{ξ,−}√_{V2} q2α2 +1 ) n (1 − 2qz) (56)

This is consistent with [16] Using the above Eq.(56), the normalization constant P_n is obtained as

P_n = B_{nq}(p, r) A_{nq} (p, r) (57)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) p=0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (58)

(B_{nq} (p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (59)

c = δ = √ ξ, d = − ηH 2 , H = √ V_2 q^2α^2 + 1 Now, let consider the case in which α is a pure imaginary parameter, i.e. α → iα. Under this replacement and after some manipulations, the potential takes the form

V (x) = −V_1 [1 + q (cos 2αx − isin2αx)] + V_2 [cos 2αx − isin2αx] (1 + q^2) cos 2αx + (1 − q^2) isin2αx + 2q

(60)

We obtain the real positive energy eigenvalues as

E_n = α^2 4 V_1 qα^2 − V_2 q^2α^2

2n + 1 − √ 1 −^{V2}_{q2α2} − ( 2n + 1 − √ 1 − V_2 q^2α^2 ) 2 , η = 1, n ≥ 0, q ≥ 1 (61)

The above Eq. (61) is consistent with [16] and [17] for h̄ = 2μ = 1 and α =^{α1}_2 . By assuming some of the parameters as pure imaginary, i.e. q → iq, α → iα and V_1 → iV_1, then we have potential of the form

V (x) = V_1 [qcosαx + i (1 + qcos2αx)] + V_2[cos 2αx − isin2αx] (1 − q^2) cos 2αx + i (1 + q^2) sin 2αx + 2iq

(62)

We obtained the corresponding energy eigenvalues as

E_n = α^2 4 V_1 qα^2 − V_2 q^2α^2

2n + 1 − √_{V2} q^2α^2 + 1 − ( 2n + 1 − √ V_2 q^2α^2 + 1 ) 2 , n ≥ 0, q ≥ 1 (63)

6.2 Rosen-Morse Potential

If we substitute for V_1 = V_2 = V_5 = V_6 = 0, then the potential in Eq. (12) becomes Rosen-Morse V (x) = −V_3sech^2_q (αx) − V_4tanh_q (αx) (64)

The energy eigenvalues equation and corresponding wave function are respectively obtained as E_n = − α^2 4 2qV_4 qα^2 2n + 1 + √ 1 + 4^{V3}_{qα2} − ( 2n + 1 + √ 1 + 4

V_3 qα^2 ) 2 − V_4

= − α^2 4 ( 2n + 1 + √ 1 + 4

V_3 qα^2 )_2 − V^2_4 α^2 ( 2n + 1 + √ 1 + 4

V_3 qα^2 )_{−2} , n ≥ 0, q ≥ 1 (65)

Ψ_n(z) = R_nz √_{ξ−β4} (1 − qz)^{12} ( 1+ √ 1+4^{V3}_{qα2} ) P ( 2 √_{ξ−β4,}√_{1+4 V3} qα2 ) n (1 − 2qz), η = −1 (66)

Which is consistent with [10] Using the above Eq. (66), we obtained the normalization constant R_n as

R_n = B_{nq}(p, r) A_{nq} (p, r) (67)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) P =0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (68) (B_{nq} (p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (69)

c = δ = √ ξ − β_4, d = − ηH 2 , H = √ V_3 qα^2 + 1

We consider a case in which α is a pure imaginary parameter, i.e. α → iα. Then Eq. (64) takes the form

V (x) =

−4V_3 − V_4 [(1 − q^2) cos 2αx + i (1 + q^2) sin 2αx]

(1 + q^2) cos 2αx + (1 − q^2) isin2αx + 2q

(70)

The positive energy eigenvalues is given as

E_n = α^2 4 2V_4 α^2

2n + 1 − √ 1 − 4^{V3}_{qα2} − ( 2n + 1 − √ 1 − 4

V_3 qα^2 ) 2 − V_4, n ≥ 0, q ≥ 1 (71)

Setting some of the parameters as pure imaginary, i.e. q → iq ,α → iα, V_3 → iV_3 and V_4 → iV_4, Then Eq. (64) takes the form

V (x) =

−iV_3 − V_4 [(1 + q^2) cos 2αx + i(1 − q^2) sin 2αx]

(1 − q^2) cos 2αx + i (1 + q^2) sin 2αx + 2iq

(72)

The energy eigenvalues equation is also found to be (71)

6.3 Symmetrical Double Well Potential

Choosing V_1 = V_2 = V_3 = V_4 = 0 in Eq. (12) we have

V (x) = V_5 tanh^2_q (αx) − V_6sech^2_q(αx) (73)

Again, energy eigenvalues and the corresponding wave function are respectively obtained as E_n = − α^2 4 V_5 α^2

2n + 1 − η √ 4^{V6}_{qα2} +^{3V5}_{α2} + 1 − ( 2n + 1 − η √ 4 V_6 qα^2 + 3V_5 α^2 + 1 ) 2 , n ≥ 0, q ≥ 1 (74) Ψ_n (z) = W_nz √_ξ (1 − qz)^{12} ( 1−η √ 4^{V6}_{qα2} +^{3V5}_{α2} +1 ) P ( 2 √_{ξ−β4,−η}√_{4 V6} qα2 +^{3V5}_{α2} +1 ) n (1 − 2qz), η = ±1 (75) Using the above Eq. (75), we obtained the normalization constant W_n as

W_n = B_{nq}(p, r) A_{nq} (p, r) (76)

Where A_{nq}(p, r) = (−1)^n[Γ (n + 2c + 1)]^2Γ(n + 2d + 1) Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) P =0∑ n (−1)^{p+r}q^{n−p+r}Γ(n + 2c + 2d + r + 1) p!r! (n − p)! (n − r)!Γ(p + 2d + 1) (77)

(B_{nq} (p, r))^{−1} = 1 n + r − p + 2δ + 1^2

F_1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) (78) c = δ = √ ξ, d = − ηH 2 , H = √ 4 V_6 qα^2 + 3V_5 α^2 + 1 Let us consider the case where at least one of the potential parameters is complex. If α is a pure imaginary parameter, i.e. α → iα, symmetrical double well potential can be written as V (x) =

−4V_6 + V_5 [(1 + q^2) cos 2αx + i (1 − q^2) sin 2αx − 2q] (1 + q^2) cos 2αx + (1 − q^2) isin2αx + 2q

(79) By using Eqs. (11) and (78) and making the corresponding parameter replacements in Eq. (24) again, we obtained the real positive energy eigenvalues equation

E_n = α^2 4 qV_5 qα^2 2n + 1 − η √ 1 − 4^{V6}_{qα2} − 3^{V5}_{α2} − ( 2n + 1 − η √ 1 − 4

V_6 qα^2 − 3 V_5 α^2 ) 2 , n ≥ 0, q ≥ 1 (80) When α → iα, V_6 → iV_6 and q,∈ ℑ then V (x) takes the form

V (x) =

−iV_6 + V_5 [(1 + q^2) cos 2αx + i (1 − q^2) sin 2αx − 2iq] (1 − q^2) cos 2αx + i (1 + q^2) sin 2αx + 2iq

(81)

The positive energy eigenvalues is also found to be (80)

7 Conclusion

In this paper we solve the Schrödinger equation for Woods-Saxon plus Rosen-Morse plus Symmetrical double well potential via Nikiforov-Uvarov mathematical method. The results include energy spectrum of Wood-Saxon potential, Rosen-Morse potential and Symmetrical double well potential which are obtained by setting some parameters to zero. The PT-symmetric and non-PT-symmetric of Wood-Saxon potential, Rosen-Morse potential symmetrical double well potential have also been discussed.

References

[1] H. Fakhri, and J. Sadeghi, Mod. Phys. Lett. A 19, 615 (2004).

[2] C. Berkdemir, A. Berkdemir and R. Sever, J. Math. Chem. 43, 944 (2008).

[3] C. Berkdemir, A. Berkdemir and R. Sever, J. Phys. A: Math. Gen. 39, 13455 (2006).

[4] C. Berkdemir, A. Berkdemir and R. Sever, Phys. Rev. C 72 027001 (2005). [5] Z. Ahmed, Phys. Lett. A 294 287 (2002).

[6] X. Y. Gu and J. Q. Sun, J.Math. Phys. 51, 022106-022111 (2010). [7] M. Simsek and H. Erifes, J. Phys. A: Math. Gen. 37, 4379 (2004). [8] S. Meyur and S. Debnath, Mod. Phys. Lett. A 23, 2077 (2008). [9] M. Q. Zhong, A. Gonzalez-Cisneros, B. W. Xu and S. H. Dong, Phy. Lett. A. 371 180 (2007) [10] A. R. Akbarieh and H. Motavalli, Mod. Phys. Lett. A. 23 3005 (2008). [11] S. Meyur and S. Debnath, Lat. Am. J. Phys. Educ. 3 300 (2009). [12] A. F. Nikiforov and V. B. Uvarov, Special Functions of Mathematical Physics, (Basel, Birkhauser) (1988).

[13] A. F. Nikiforov, S. K. Suslor and V. B. Uvarov, Classical Orthogonal Polynomials of a Discrete Variable, Springer, Berlin, (1991).

[14] A. Arai, J. Math. Anal. Appl. 158 63 (1991).

[15] M. Abramowitz and I. A. Stegun, Handbook of Mathematical functions with formulas, Graphs and Mathematical Tables (Dover, New York) (1970).

[16] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, (Academic Press, New York) (2007).

[17] S. Meyur and S. Debnath, Lat. Am. J. Phys. Educ. 4 3 2010. [18] S. M. Ikhdair and R. Sever, Int. J. Theo. Phys. 46 1643 (2007).