arXiv:1109.4266v3 [hep-th] 21 Nov 2011

Gravitational Wave During Slowly Evolving

Yun-Song Piao College of Physical Sciences, Graduate University of Chinese Academy of Sciences, Beijing 100049, China

The ekpyrotic slow contraction or the slow expansion might be responsible for the adiabatical production of the nearly scale invariant curvature perturbation. However, the tensor perturbation generated is generally strongly blue, which implies that it is negligible on large scale. Thus it has been still thought that the detection of primordial tensor perturbation will rule out the relevant models. Here, we will show a counterexample. We will illustrate that in a model of the slow evolution, due to the rapid change of the gravitational coupling, both the curvature perturbation and the tensor perturbation can be nearly scale invariant. The resulting ratio of the tensor to scalar is in a regime which can be detected by the coming or planned experiments. We argue that the result is similar to that of inflation is because the background evolution given here is actually conformally equivalent to the inflationary background.

PACS numbers:

The observations indicated that the primordial curvature perturbation is nearly scale invariant. How generating it has been still a significant issue, especially for single field. The curvature perturbation on large scale consists of a constant mode and a mode dependent of time [1]. When one of which is dominated and scale invariant, the spectrum of perturbation will be scale invariant.

The quadratic action of the curvature perturbation R is generally given by [2],[3],[4],[5],

S_2 ∼ ∫ dηd^3x a^2Q_R c^2_R ( R^{′2} − c^2_R(∂R)^2 ) , (1)

where Q_R and c^2_R are determined by the evolution of background field. Q_R > 0 and c^2_R > 0 are required to avoid the ghost and gradient instabilities. The equation of R is [6],[7], u^{′′}_k + ( c^2_Rk^2 − z^{′′}_R z_R ) u_k = 0, (2)

after defining u_k ≡ z_RR_k, where the prime is the derivative for η, z_R ∼ aQ^{1/2}_R /c_R.

The scale invariance of R requires z_R ∼ aQ^{1/2}_R c_R ∼ 1 η_∗ − η for constant mode (3)

or (η_∗ − η)^2 for increasing mode (4)

has to be satisfied, where initially η ≪ −1. In certain sense, both evolutions are dual [8]. Noting the results will be different if c^2_R is changed [9],[10],[11],[12],[13], however, we will not involve it here, see [14],[15] for recent discussions. In principle, both a and Q_R can be changed, and together contribute the change of z. However, only one among them is changed while another is hardly changed might be the most interesting.

We have generally Q_R = M^2_P ϵ for single field action P (X, φ) [2]. While the case is slightly complicated for the most general single field [3],[4],[5]. However, as has been showed, if ϵ < 0, we actually can manage to obtain Q_R ≃ M^2_P |ϵ| [16]. When the scale factor is rapidly changed while ϵ is nearly constant, the constant mode is responsible for inflation [17], while the increasing mode is for the matter contraction [8],[18],[19].

However, the case can also be inverse. When a is slowly evolving, the scale invariant spectrum of curvature perturbation can be adiabatically generated for ϵ ≫ 1 [20] or ϵ ≪ −1 [21]. The evolution with ϵ ≫ 1 corresponds the slow contraction, which is that of ekpyrotic universe [22]. While ϵ ≪ −1 gives the slow expansion, which has been applied for island universe [23]. In certain sense, in Ref.[21] it was for the first time observed that the slow expansion might adiabatically induce the scale invariant spectrum of curvature perturbation, see [24] for that induced by the entropy perturbation.

It is generally thought that for constant |ϵ|, the result depends of the physics around the exiting [25]. However, when ϵ is rapidly changed, the thing is altered, see [26] for the case of the ekpyrotic slow contraction, and criticism for it [27]. In general, during the slow contraction or the slow expansion with rapidly changed ϵ, the scale invariant adiabatical perturbation can be naturally induced by its increasing mode [28], or its constant mode [29],[30]. Though both cases give the scale invariant spectrum, both pictures are distinct. In [28], initially |ϵ| ≫ 1, and then is rapidly decreasing, the slow evolution ends when |ϵ| ∼ 1. While in [26],[29],[30], initially |ϵ| ≲ 1, and then is rapidly increasing. In [15], it is argued that only a finite range of the scale invariant mode can be generated in the regime of the validity of perturbation theory. Whether the conclusion is applicable to that induced by the increasing mode [16],[28] is interesting for studying. However, even if considering the constant mode, the larger range of the scale invariant mode might be also obtained by a series of the phases of different slow evolutions.

Not as the curvature perturbation, the tensor perturbation is generally strongly blue during the slowly evolving, which implies that it is negligible on large scale. Thus it has been still thought that the detection of primordial tensor perturbation will rule out the relevant models of the slow evolution. However, is it certain that the tensor perturbation is not scale invariant ? We will revisit the reason of having this result.

The quadratic action of the tensor perturbation h_{ij} is

S_2 ∼ ∫ dηd^3x a^2Q_T c^2_T ( h^′_{ij}^2 − c^2_T (∂h_{ij} )^2 ) , (5)

where Q_T > 0 and c^2_T > 0 are required to avoid the ghost and gradient instabilities. This action has same shape with that of the curvature perturbation. Thus the scale invariance of h_{ij} requires

z_T ∼ aQ^{1/2}_T c_T ∼ 1 η_∗ − η for constant mode (6)

or (η_∗ − η)^2 for increasing mode (7)

has to be satisfied. The results will be different if c^2_T is changed, however, as for the curvature perturbation, we will not involve this case here. In principle, both a and Q_T can be changed. Q_T = M^2_P for P (X, φ). We generally have not Q_T ∼ Q_R, since Q_R ∼ M^2_P |ϵ| and |ϵ| is rapidly changed. Thus it is impossible that during the slow evolution, i.e. a is hardly changed, both Eqs.(3) and (6) are simultaneously satisfied. During the slow expansion, z_T ∼ a is hardly changed, which implies a strongly blue spectrum.

During the inflation, both R and h_{ij} are scale invariant. The reason is simple, since only a is rapidly changed, which just equally appears in z_R and z_T . This is the crux of the matter. This implies that the scale invariance of both R and h_{ij} can be obtained simultaneously, only when the variable, which is required to be rapidly changed, equally appears in Q_R and Q_T . When Q_R ∼ M^2_P |ϵ| and Q_T = M^2_P for P (X, φ) are brought into mind, it is intuitional that for hardly changed a and constant |ϵ| ≫ 1, if M_{P ef f} ∼ 1 η_∗ − η for constant mode (8)

or (η_∗ − η)^2 for increasing mode (9)

can be managed, both R and h_{ij} are scale invariant might be obtained. We will discuss one possible implement in the following.

The change of M_{P ef f} can be obtained by a nonminimal coupling of the scalar field to the gravity. The nonminimal coupling has been investigated for a long history, e.g.[31] for a review. Recently, the nonminimal coupling inflation has been studied in [32],[33], and the most general single field inflation in [5],[34],[35]. However, here the nonminimal coupling is introduced for a different purpose. When the nonminimal coupling with the gravity is considered, we will study whether the result is actually as imagined. Here, we only consider the case of (8), since only it is consistent with the argument in Ref.[36].

We will only consider the slow expansion. However, perhaps the similar calculation is applicable to the slow contraction, in which a bounce is required [37],[38],[39],[40]. We begin with the action L ∼ M^2_{P ef f} 2 R + 1 2 (∂_μφ)^2 − 1 4 λφ^4, (10)

where M^2_{P ef f} = ξφ^2 and ξ is a constant to be determined. The sign before (∂φ)^2 is reverse, however, as will be showed, there are not the ghost instability for the perturbation. The calculation is essentially similar to that in [21]. The background evolution of the slow expansion is given in [21],[41], a ∼ 1 (t_∗ − t)^{1/|ϵ|} , H = 1 |ϵ|(t_∗ − t) (11)

for negative ϵ and |ϵ| ≫ 1. ϵ ≪ −1. Noting for |ϵ| ≪ 1, a corresponds to that of inflation. When the nonminimal coupling is considered, we require this background can be still valid. The equations of background and field are given in e.g.[32], When 3H^2φ^2 ≪ 6Hφ̇φ is neglected, the Fridmann equation is simplified as H ≃ −^1_2 φ̇^2 +^1_4 λφ^4 3^d_{dt} M^2_{P ef f} ∼ 1 |ϵ|(t_∗ − t) . (12)

This implies φ ∼ ( 1 + O( 1 |ϵ| ) ) √ 2/λ (t_∗ − t)^{1/|ϵ|+1} . (13)

−^1_2 φ̇^2 +^1_4 λφ^4 = 0 generally leads φ ∼

√_2 λ 1 (t_∗−t) . The

deviation ∼ 1/|ϵ| is required to accurately give Eq.(12). Thus φ ∼^1_{(t∗−t)} for ϵ ≪ −1. The result is consistent with 3H^2φ^2 ≪ 6Hφ̇φ, since Hφ ∼ 1 |ϵ|(t_∗ − t)^2 ≪ φ̇ ∼ 1 (t_∗ − t)^2

(14)

for ϵ ≪ −1.

When Eqs.(11) and (13) are considered, ξ can be determined by the equation of Ḣ, which is 2M^2_{P ef f} Ḣ − ( d dt M^2_{P ef f} ) H = φ̇^2 − d^2 dt^2 M^2_{P ef f} , (15)

where M^2_{P ef f} = ξφ^2. The left side of this equation is 0 up to 1/|ϵ| order, which requires both terms in the right side should set off up to 1/|ϵ| order. Thus we have ξ ≃ 1 6 (1 + 1 3|ϵ| ), (16)

which implies that for |ϵ| ≫ 1, ξ = 1/6 is just that of conformal coupling constant. Thus here the corresponding theory (10) is actually nearly conformal invariant.

The equation of φ approximately is φ̈ ∼ λφ^3. Thus the equation of the perturbation δφ is δφ̈ − 3λφ^2δφ ∼ 0. The dominated solution of δφ is δφ ∼ 1 (t_∗ − t)^2

, (17) which is the result that φ has weight 1 [42]. This perturbation can be resummed into a constant timeshift of background, which thus is harmless.

There might be other fluids and also anisotropy. However, their energies ∼ 1/a^n, n > 0 generally do not increase, since the universe is still expanding. Thus they will not destroy the background. Thus the solutions (11) and (13) can be stable.

When the slow expansion ends, the energy of field should be released to reheat the universe. Here, the reheating is similar to that after inflation. The evolution of hot big bang cosmology begins after the reheating. However, M^2_{P ef f} ∼ M^2_P before the reheating should be set up. This might be done by considering

M^2_{P ef f} ∼ M^2_P /(1 +

M^2_P φ^2

), (18)

which implies M^2_{P ef f} ∼ φ^2 for φ ≪ M_P , and M^2_{P ef f} ∼ M^2_P for φ ∼ M_P . Thus initially M_{P ef f} is small, which implies the gravity is stronger, since G_{Newton} ∼ 1/M^2_{P ef f} . However, this is consistent with the argument in Ref.[36]. φ is increased all along during the slow expansion. Thus when the slow expansion is over, we have φ_f ∼ √ 2 λ 1 (t_∗ − t_f )

∼ M_P . (19) Thus |t_f | ∼ O(|t_∗|) ∼ 1/ √ λM_P . As will be showed, λ ∼ 1/10^{10}, which implies |t_∗| ∼ 10^5t_P .

The quadratic actions of R and h_{ij} for the most general single field, including the nonminimal coupling case, are given in Ref.[5]. We will follow Ref.[5] for the calculation and definition of both perturbations. Here, Q_T is given by Q_T = M^2_{P ef f} ≃^{φ2}_6 , and c^2_T = 1. Thus

z_T = 0.5 aQ^{1/2}_T c_T ∼ a 2 √ 3λ(η_∗ − η) , (20)

since η ∼ t^{1/|ϵ|+1} ∼ t for ϵ ≪ −1. Thus the spectrum is nearly scale invariant. The amplitude of tensor perturbation is given by

P_T = k^3 π^2 | | | u_{kT} z_T | | | 2 ≃ 6 π^2 λ, (21)

where u_{T k} ≃^{1√}_{2k}^1_{k(η∗ −η)} , all quantities are calculated around k^2 ∼ z^{′′}_T /z_T , since this spectrum is induced by the constant mode.

The calculation of the curvature perturbation is slightly complicated, Q_R = G_Rc^2_R and c^2_R =^{FR}_{GR} . G_R is given by

G_R =

−^1_2 φ̇^2 − 3M^2_{P ef f} H^2 − 6Hφ̇M_{P ef f} M_{P ef f,φ} (M^2_{P ef f} H + φ̇M_{P ef f} M_{P ef f,φ})^2 M^4_{P ef f} +3M^2_{P ef f} ≃ 1 6|ϵ| φ^2, where M^2_{P ef f} = ξφ^2 and ξ is given by (16). It is found that only that with 1/|ϵ| order is left, since all terms with 0/|ϵ| is just set off. Thus G_R > 0, independent of the sign of ϵ. However, if M^2_{P ef f} = M^2_P , M_{P ef f,φ} = 0, we have G_R = M^2_P ϵ. Thus if ϵ < 0, G_R < 0. Here, the advantage of the rapidly changed M_{P ef f} is obvious, because it is its change that alters the sign of G_R, and leads G_R > 0. In similar reason, F_R is given by

F_R = 1 a ( aM^4_{P ef f} M^2_{P ef f} H + φ̇M_{P ef f} M_{P ef f,φ} )_. − M^2_{P ef f} ≃ 1 6|ϵ| φ^2, (22)

which implies c^2_R =^{FR}_{GR} = 1 and Q_R =^1_{6|ϵ|} φ^2 ∼^1_{(t∗−t)2} ∼ Q_T . Thus if we assume Q_R ∼ M^2_{P ef f} , we will have M_{P ef f} ∼ 1 (η_∗ − η) , (23)

which is just claimed in (8). z_R is given by

z_R = √ 2 aQ^{1/2}_R c_R ∼ √ 2a √ 3λ|ϵ|(η_∗ − η) . (24)

Thus similarly R is nearly scale invariant, and is also induced by the constant mode. The amplitude is

P_R = k^3 2π^2 | | | | u_{kR} z_R | | | | 2 ≃ 3 8π^2 λ|ϵ|. (25) Thus r is given by r ≡^{PT}_{PR} , which is r = 16 |ϵ| , (26)

which is only dependent of |ϵ|. It is interesting to notice that if we replace |ϵ| with 1/ϵ, Eq.(26) is just that of minimal coupling inflation with constant ϵ. In principle, the larger |ϵ| gives the smaller r. However, perhaps |ϵ| can not be arbitrary large, or there will be the strong couple problem [15]. Here, with Refs.[34],[35], this can be discussed similarly in detail, which is left for the future. In general, if |ϵ| ∼ 10^2, Eq.(26) implies r ∼ 0.16. The result is in a regime which can be detected by the coming or planned experiments and CMB observations. P^{1/2}_R ∼ 10^{−5} requires λ ∼ 1/10^{10} for |ϵ| ∼ 10^2. Thus the only left and adjusted parameter of the model is fixed, and there is not additional finetuning.

The freezed horizons of R and h_{ij} , outside which the perturbation modes freeze, are defined by c^2_{R,T} k^2 ≃ z^{′′}_{R,T} /z_{R,T} , respectively. The results are plotted in Fig.1. Here, the perturbation mode naturally leaves the freezed horizons of R and h_{ij} , and the Hubble horizon. Thus this model can be responsible for the emergence of scale invariant primordial perturbations on large scale.

We reclarify the significance of the rapidly changed gravitational coupling. When the gravitational coupling

FIG. 1: The evolutions of a for Eq.(11) (black line), and Eq.(27) (gray line) with respect to time. The freezed horizons of R and hij (brown line), and the Hubble horizon (green line) are also plotted for (11). We see when the gravitational coupling is hardly changed, the expansion is exponentially slow, while when the coupling is rapidly changed, the exponentially slow expansion is intenerated and becomes power law. This might be analogous with the extended inflation [43].

is hardly changed, i.e.in (10) φ^2 is replaced with M^2_P , the similar calculation gives ln a ∼ 1 λM^2_P (t_∗ − t)^2 , H ∼ 1 λM^2_P (t_∗ − t)^3

, (27)

which is consistent with (11) for M_P ∼^1_{(t∗−t)} . Thus the expansion is exponentially slow. It is found for this case that R is strongly blue. In pseudoconformal universe, the result is similar [42], though in a phase of slow contraction.

In Refs.[42],[44],[45], it is imagined that the scale invariance of R is obtained by the conversion of the perturbation of a light field χ. This light field has the conformal coupling φ^2(∂χ)^2. The mechanism here is actually similar, however, for the graviton, since the coupling actually equals L ∼ φ^2 ( ḣ^2_{ij} − 1 a^2

(∂h_{ij} )^2 ) , (28) which naturally leads the scale invariance of tensor perturbation. The cost is that the background evolution is altered, but luckily is still slowly expanding. However, this cost is just interesting, since it simultaneously leads the scale invariance of R.

Here, the results might be incredible. However, the essential might be simple. We still enjoy in Jordan frame, which actually can be conformally transformed to Einstein frame by the redefinition of metric. Then it can be found the background evolution is just inflation. Thus the background given here is actually conformally equivalent with the inflationary background. This explains the equivalence of result to that of inflation, since the physical predictions for observables are independent of the frames, even if the description of backgrounds is completely different e.g.[46]. In [47], it is argued that when the universe is dominated by the single component, the perturbation is conformal invariant fully nonperturbatively. The conformal invariant of perturbations implies that the different background evolution having equivalent observable to that of inflation might be designed by a conformal transformation of inflationary background. The model showed here is just such a nontrivial example, which will be studied in detail in the coming.

In conclusion, it is found that, in a phase of slowly expanding, both the curvature perturbation and the tensor perturbation can be scale invariant, due to the rapid change of the gravitational coupling, and the resulting ratio of the tensor to scalar is in a regime which can be detected by the coming or planned experiments. Here, we only bring one of all possible implements of the slow evolution, however, in principle, there could be other effective actions of the single scalar field [5],[48], giving the similar result, which might be interesting for further exploring. This work in certain sense highlights the fact again that identifying the evolution of primordial universe might be a more subtle task than expected.

Acknowledgments We thank Taotao Qiu for discussion. This work is completed during KITPC program ”string phenomenology and cosmology”, and supported in part by NSFC under Grant No:10775180, 11075205, in part by the Scientific Research Fund of GU- CAS(NO:055101BM03), in part by National Basic Research Program of China, No:2010CB832804.

[1] V. Mukhanov, “Physical Foundations of Cosmology”, (Cambridge University Press, 2005).

[2] J. Garriga, V.F. Mukhanov, Phys. Lett. B458, 219 (1999).

[3] T. Kobayashi, M. Yamaguchi, J. Yokoyama, Phys. Rev.

Lett. 105, 231302 (2010).

[4] C. Deffayet, O. Pujolas, I. Sawicki, A. Vikman, JCAP 1010, 026 (2010).

[5] T. Kobayashi, M. Yamaguchi, J. Yokoyama, arXiv:1105.5723.

[6] V.F. Mukhanov, JETP lett. 41, 493 (1985); Sov. Phys.

JETP. 68, 1297 (1988).

[7] H. Kodama, M. Sasaki, Prog. Theor. Phys. Suppl. 78 1 (1984).

[8] D. Wands, Phys. Rev. D60, 023507 (1999). [9] C. Armendariz-Picon and E. A. Lim, JCAP 0312, 002 (2003); C. Armendariz-Picon, JCAP 0610, 010 (2006) [10] Y. S. Piao, Phys. Rev. D75, 063517 (2007); Phys. Rev.

D79, 067301 (2009) [11] J. Magueijo, Phys. Rev. Lett. 100, 231302 (2008). [12] J. Khoury, F. Piazza, JCAP 0907, 026 (2009). [13] D. Bessada, W.H. Kinney, D. Stojkovic, J. Wang, Phys.

Rev. D81, 043510 (2010).

[14] G. Geshnizjani, W.H. Kinney, A.M. Dizgah, arXiv:1107.1241.

[15] A. Joyce, J. Khoury, arXiv:1107.3550.

[16] Z.G. Liu, J. Zhang, Y.S. Piao, Phys. Rev. D84, 063508 (2011), arXiv:1105.5713.

[17] V. Mukhanov and G. Chibisov, JETP 33 549 (1981); A.

Guth and S.Y. Pi, Phys. Rev. Lett. 49, 1110 (1982); S.W. Hawking, Phys. Lett. B115,295 (1982); A.A. Starobinsky, Phys. Lett. B117 175 (1982); J.M. Bardeen, P.J. Steinhardt and M.S. Turner, Phys. Rev. D28 679 (1983).

[18] F. Finelli, R. Brandenberger, Phys. Rev. D65, 103522 (2002).

[19] A.A. Starobinsky, JETP Lett. 30, 682 (1979). [20] S. Gratton, J. Khoury, P.J. Steinhardt, N. Turok, Phys.

Rev. D69, 103505 (2004); J. Khoury, P.J. Steinhardt, N. Turok, Phys. Rev. Lett. 91, 161301 (2003).

[21] Y.S. Piao and E Zhou, Phys. Rev. D68, 083515 (2003). [22] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D64, 123522 (2001); Phys. Rev. D66, 046005 (2002).

[23] Y.S. Piao, Phys. Rev. D72, 103513 (2005); Phys. Lett.

B659, 839 (2008); Phys. Rev. D79, 083512 (2009). [24] Y.S. Piao, Phys. Rev. D76, 083505 (2007). [25] D.H. Lyth, Phys. Lett. B524, 1 (2002); Phys. Lett.

B526, 173 (2002); R. Durrer and F. Vernizzi, Phys. Rev. D66, 083503 (2002); S. Tsujikawa, R. Brandenberger, F. Finelli, Phys. Rev. D66, 083513 (2002).

[26] J. Khoury, P.J. Steinhardt, Phys. Rev. Lett. 104, 091301 (2010).

[27] A. Linde, V. Mukhanov, A. Vikman, JCAP 1002, 006

(2010).

[28] Y.S. Piao, Phys. Lett. B701, 526 (2011), arXiv:1012.2734.

[29] J. Khoury, G.E.J. Miller, Phys. Rev. D84, 023511 (2011). [30] A. Joyce, J. Khoury, Phys. Rev. D84, 023508 (2011). [31] A.D. Felice, S. Tsujikawa, Living Rev. Rel. 13, 3 (2010). [32] T. Qiu, K.C. Yang, Phys. Rev. D83, 084022 (2011). [33] A.D. Felice, S. Tsujikawa, JCAP 1104, 029 (2011). [34] X. Gao, D.A. Steer, arXiv:1107.2642. [35] A.D. Felice, S. Tsujikawa, arXiv:1107.3917. [36] G. Dvali, S. Folkerts, C. Germani, Phys. Rev. D84, 024039 (2011).

[37] T. Qiu, J. Evslin, Y.F. Cai, M. Li, X. Zhang, arXiv:1108.0593.

[38] D.A. Easson, I. Sawicki, A. Vikman, arXiv:1109.1047. [39] P. Creminelli, L. Senatore, JCAP 0711, 010 (2007). [40] E.I. Buchbinder, J. Khoury, B.A. Ovrut, Phys. Rev.

D76, 123503 (2007).

[41] Y.S. Piao, Phys. Lett. B606, 245 (2005); Y.S. Piao, Y.Z.

Zhang, Phys. Rev. D70, 043516 (2004). [42] K. Hinterbichler, J. Khoury, arXiv:1106.1428. [43] D. La, P.J. Steinhardt, Phys. Rev. Lett. 62, 376 (1989). [44] V. Rubakov, JCAP 0909, 030 (2009); M. Libanov, V.

Rubakov, arXiv:1107.1036.

[45] P. Creminelli, A. Nicolis, E. Trincherini, JCAP 1011, 021 (2010).

[46] N. Deruelle, M. Sasaki, arXiv:1007.3563.

[47] J.O. Gong, J.C Hwang, W. Park, M. Sasaki, Y.S. Song, arXiv:1107.1840.

[48] C. Deffayet, X. Gao, D.A. Steer, G. Zahariade, arXiv:1103.3260.