arXiv:1109.4713v2 [hep-th] 26 Nov 2011

Exact plane gravitational waves in the de Rham-Gabadadze-Tolley model of massive gravity

Morteza Mohseni^∗ Physics Department, Payame Noor University, 19395-4697 Tehran, Iran (Dated: November 29, 2011)

Abstract

We show that the nonlinear massive gravity model of de Rham, Gabadadze, and Tolley admits exact plane gravitational wave solution whose waveform obeys the two-dimensional Helmholtz equation. The solution is valid for arbitrary values of the coefficients of the cubic and quartic terms. In the massless limit the solution reduces to the Aichelburg-Sexl metric in general relativity.

PACS numbers: 04.20.Cv, 04.20.Fy, 04.20.Jb, 04.30.Nk

∗ m-mohseni@pnu.ac.ir

I. INTRODUCTION

Massive gravity theories have been of interest for the past decades. Various reasons for this interest range from pure field theoretic considerations to the recently raised problem of the accelerated expansion of the universe. In fact it has been recently suggested, e.g. in Refs. [1, 2], that massive gravitons may be considered as an alternative to dark energy, explaining the accelerated expansion.

The pioneering work by Fierz and Pauli [3] resulted to a now well-known model of massive gravity. That model with its unique property of being the sole massive extension of the general theory of relativity which is linear, is faced with subtle theoretical problems such as the extra helicity degrees of freedom and the so-called van Dam-Veltman-Zakharov discontinuity [4, 5] which implies that the theory does not lead to the general relativity in the zero-mass limit. It has been attempted to remedy this by adding nonlinear terms to the Fierz-Pauli model of massive gravity [6]. However they failed to do so as shown by the analysis of Boulware and Deser [7] according to which, an unwanted peculiarity is always associated with these models: the appearance of ghosts and its consequent instability.

A great deal of progress has been recently made in this field by the new massive gravity (NMG) model proposed by Bergshoeff et.al. [8] which have proved to be unitary and ghost free [9, 10], and there are claims that it is renormalizable [11]. However, the latter model is restricted to three space-time dimensions. A recent review of the theoretical aspects of various massive gravity models may be found in Ref. [12], see also Ref. [13].

Recent works on massive gravity in the context of effective field theories [14, 15] have resulted in the hope that there might be some way out of this dilemma. In a recent paper by de Rham et. al. [16] a four-dimensional nonlinear massive gravity model (the dRGT model) was proposed which is free from the Boulware-Deser ghost up to and including quartic order away from the decoupling limit. The dRGT model is essentially constructed by algebraic resummation of the nonlinear terms in a previously proposed effective field theory of massive gravity [17–19]. Some related works may be found in Refs. [20–23]. The model was used in Ref. [24] to explain the cosmic acceleration from 0- helicity gravitons. The Vainstein mechanism of the model was investigated in Ref. [25]. The effect of massive gravitons on the stellar gravitational field was studied in Ref. [26]. Strong coupling effects was studied in Ref. [27]. Exact Schwarzschild-de Sitter black hole solutions of the dRGT model have been presented in Ref. [28] and they have shown there to go smoothly to the Schwarzschild and Reissner-Nordström solutions of general relativity in the zero-mass limit for a specific choice of the parameters.

In the present work we seek exact plane gravitational wave solutions in the context of the dRGT model. This is well motivated by the current interest in gravitational waves in general and in exact plane wave solutions, in particular. For example, it is believed that certain classes of plane gravitational waves, namely gravitational shock waves, have dominant role in scattering process at ultrahigh-energy regime [29, 30]. Also, the propagation of gravitational waves from various sources have been studied in order to place an upper bound on graviton mass, see e.g. Ref. [31] and references therein.

In the next sections, we shall start with a brief review of the dRGT model and by solving the equations of motion, we show that the model admits exact plane gravitational waves.

II. THE DRGT MODEL

Let us represent the Minkowski metric γ_{μν} in a chart {x^a}, a = 0, 1, 2, 3 by

γ_{μν} = η_{ab}∂_μϕ^a∂_ν ϕ^b (1)

where η_{ab} = diag(−1, 1, 1, 1), and ϕ^a = x^a are the Stückelberg fields in the unitary gauge. The space-time metric g_{μν} is then incorporated via

γ^μ_ν = g^{μλ}γ_{λν} . (2)

The dRGT model of massive gravity is described by the following Lagrangian density [16] L = 1 2 M^2_p √ −g(R − m^2U) (3)

where the first term in the parentheses is the curvature scalar which together with the coefficients outside constitute the Einstein-Hilbert Lagrangian density. The second term defines the mass term and is given by

U = a_2L^{(2)} + a_3L^{(3)} + a_4L^{(4)} (4)

with a_2, a_3, and a_4 being dimensionless coupling constants. The sign of a_2 is negative, otherwise tachyons are allowed in the model. In fact, one may set a_2 = −1 without loss of generality. However, in what follows we also consider the effect of a_2 having the (wrong) positive sign.

The explicit form of L^{(2,3,4)} can be expressed in terms of the tensor κ^μ_ν defined by

κ^μ_ν = δ^μ_ν − β^μ_ν (5)

where β^μ_ν satisfies β^μ_λβ^λ_ν = γ^μ_ν . Defining ⟨κ^n⟩ ≡ g_{μν} κ^μ_{α1} κ^{α1}_{α2} · · · κ^{αn−1ν} (6) we have

L^{(2)} = ⟨κ⟩^2 − ⟨κ^2⟩, (7) L^{(3)} = ⟨κ⟩^3 − 3⟨κ⟩⟨κ^2⟩ + 2⟨κ^3⟩, (8) L^{(4)} = ⟨κ⟩^4 − 6⟨κ⟩^2⟨κ^2⟩ + 3⟨κ^2⟩^2 +8⟨κ⟩⟨κ^3⟩ − 6⟨κ^4⟩. (9) The equations of motion associated with the above Lagrangian read G^{μν} = − m^2 √ −g δ(a_i √ −gL^{(i)}) δg_{μν} (10)

where i = 2, 3, 4. On the other hand, from Eqs. (7)-(9) we have the following relations δL^{(2)} δg_{μν} = κ^{μν} − H^{μν} + ⟨κ⟩(g^{μν} − κ^{μν} ), (11) δL^{(3)} δg_{μν} = 3 2 κ^μ_αH^{αν} + 3 2 H^μ_ακ^{αν} + 3H^{μν} − 6κ^{μν} + 3 2 L^{(2)}(g^{μν} − κ^{μν} ) − 3⟨κ⟩(H^{μν} − κ^{μν} ), (12) δL^{(4)} δg_{μν} = 12H^μ_αH^{αν} − 24H^{μν} + 48κ^{μν} −18κ^μ_αH^{αν} − 18H^μ_ακ^{αν} +2L^{(3)}(g^{μν} − κ^{μν} ) − 6L^{(2)}(H^{μν} − κ^{μν} ) +2⟨κ⟩ (3κ^μ_αH^{αν} + 3H^μ_ακ^{αν} +6H^{μν} − 12κ^{μν} ) (13)

where H^μ_ν = δ^μ_ν − γ^μ_ν . By inserting these into Eq. (10), the explicit form of the equations of motion are obtained. The resulting expressions are algebraically complicated and not illuminating. In the next section we present the relevant relations for the case of a plane gravitational wave.

III. GRAVITATIONAL WAVE SOLUTION

We consider a plane gravitational wave ansatz given by the following line element ds^2 = −dudv − F (u, x, y)du^2 + dx^2 + dy^2 (14) in which u = t−z and v = t+z are the null coordinates and F (u, x, y) is to be obtained from the equations of motion. By taking F (u, x, y) equal to the product of arbitrary functions of u and solutions of the Laplace equation (in terms of x and y), this is an exact gravitational wave solution in general relativity. In this chart the Minkowski metric is given by

γ_{μν} = 0 −^1_2 0 0 −^1_2 0 0 0 0 0 1 0 0 0 0 1

(15)

and hence,

γ^μ_ν =

1 0 0 0 −2F 1 0 0 0 0 1 0 0 0 0 1

(16)

from which we obtain

β^μ_ν =

1 0 0 0 −F 1 0 0 0 0 1 0 0 0 0 1

(17)

There are several other square roots, but they are incompatible with the above ansatz. We thus have

κ^μ_ν =

0 0 0 0 F 0 0 0 0 0 0 0 0 0 0 0

. (18)

This results in L^{(i)} = 0, (19) δL^{(3)} δg_{μν} = 0, (20) δL^{(4)} δg_{μν} = 0, (21) and δL^{(2)} δg_{μν} = 0 0 0 0 0 2F 0 0 0 0 0 0 0 0 0 0

. (22)

Inserting these into the field equation (10) and noting that for the metric given in Eq. (14) we have

G^{μν} = 0 0 0 0 0 −2∇^2F (u, x, y) 0 0 0 0 0 0 0 0 0 0

(23)

where ∇^2 is the Laplacian in the transverse plane, we obtain

∇^2F (u, x, y) = a_2m^2F (u, x, y). (24)

Thus we obtain a plane wave solution provided the waveform satisfies a two-dimensional Helmholtz or modified Helmholtz equation, depending on the sign of a_2. Therefore we obtain F (u, x, y) = f_1(u)F_1(x, y) + f_2(u)F_2(x, y) (25) in which f_1(u) and f_2(u) are arbitrary functions of u and F_1(x, y) and F_2(x, y) are solutions to the two dimensional (modified) Helmholtz equation. This describes a plane wave propagating in the z-direction with the speed of light. The solutions to the (modified) Helmholtz equation can be expressed, in polar coordinates, in terms of the (modified) Bessel functions. The singularity at x = y = 0 then suggests a source located there. Thus the above plane wave corresponds to the gravitational wave generated by that source. In particular, this may be compared with the Aichelburg-Sexl solution [32]

F (u, x, y) = Cδ(u) ln(x^2 + y^2) (26)

with C being a constant proportional to the particle momentum. This describes the general relativistic shock wave due to a massless point-like particle propagating longitudinally.

The modified Helmholtz equation is usually associated with diffusion-like phenomena and hence the non-negative values of a_2 are also disregarded from this point of view.

One can study the physical properties of the plane wave solution Eqs. (14) and (25), by considering its effect on the motion of test particles. This can be achieved by solving the geodesics of the space-time for the trajectory of test particles or by taking the geodesic deviation equations into account. This has been considered for the case of plane waves of type given by Eq. (26) in several works including Refs. [33–35]. Since the equation for geodesics involves the first derivatives of F (u, x, y) with respect to the transverse coordinates (through the connection coefficients), the effect of the graviton mass, the right-hand side of Eq. (24), can then be traced from the terms containing such derivatives.

Now it is interesting to ask if the above plane wave, Eq. (14), is a solution to massive gravities with a general nonlinear potentials given by

U_{gen} = −L^{(2)} + ∑ i=3 L^{(i)}_{gen} (27)

in which

L^{(3)}_{gen} = C^{(3)}_1 ⟨H⟩^3 + C^{(3)}_2 ⟨H⟩⟨H^2⟩ + C^{(3)}_3 ⟨H^3⟩, (28) L^{(4)}_{gen} = C^{(4)}_1 ⟨H⟩^4 + C^{(4)}_2 ⟨H⟩^2⟨H^2⟩ + C^{(4)}_3 ⟨H^2⟩^2

+C^{(4)}_4 ⟨H⟩⟨H^3⟩ + C^{(4)}_5 ⟨H^4⟩, (29) L^{(5)}_{gen} = C^{(5)}_1 ⟨H⟩^5 + C^{(5)}_2 ⟨H⟩^2⟨H^3⟩ + C^{(5)}_3 ⟨H⟩^3⟨H^2⟩

+C^{(5)}_4 ⟨H⟩⟨H^4⟩ + C^{(5)}_5 ⟨H^2⟩⟨H^3⟩ +C^{(5)}_6 ⟨H⟩⟨H^2⟩^2 + C^{(5)}_7 ⟨H^5⟩ (30)

and similar expressions for higher order terms. Here ⟨H^n⟩ is the trace of (H^{μν} )^n, and C^{(n)}_j are generic coefficients. Now by using the ansatz given by Eq. (14), we can repeat the previous calculations to obtain

L^{(n)}_{gen} = 0, (31) δL^{(i)}gen δg_{μν} = 0, (32)

Thus the plane wave is a solution to Eq. (10) for massive gravities with a nonlinear potential with non-tuned coefficients. However, such models are not free of ghosts in general.

IV. CONCLUSIONS

We have shown that the dRGT model of massive gravity admits plane gravitational wave solutions. The waveform only depends on the quadratic term in the interaction potential and obeys the Helmholtz equation for negative values of a_2. It reduces to the general relativistic result, the Laplace equation, for a vanishing a_2. Thus we obtained the generalization of the Aichelburg-Sexl solution in the framework of the dRGT massive gravity model. The graviton mass enters the solution via the massive Helmholtz equation. The solution is valid regardless of values of the coefficients in front of the cubic and quartic terms in the lagrangian. In the massless limit the solution is the same as in general relativity. The plane wave solution may be used to study the scattering of particles in the gravitational field of a massless particle in the context of massive theories of gravity.

ACKNOWLEDGMENTS

I would like to thank Gregory Gabadadze for valuable comments. This work was supported by Payame Noor University.

[1] S. L. Dubovsky, P. G. Tinyakov, and I. I. Tkachev, Phys. Rev. Lett. 94, 181102 (2005). [2] D. H. Eckhardt, J. L. G. Pestaña, and E. Fischbach, New Astronomy 15, 175 (2010). [3] M. Fierz and W. Pauli, Proc. R. Soc. London A 173, 211 (1939). [4] H. van Dam and M. J. G. Veltman, Nucl. Phys. B 22, 397 (1970). [5] V. I. Zakharov, JETP Lett. 12, 312 (1970). [6] A. I. Vainshtein, Phys. Lett. B 39, 393 (1972). [7] D. G. Boulware and S. Deser, Phys. Rev. D 6, 3368 (1972).

[8] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, Phys. Rev. Lett. 102, 201301 (2009). [9] S. Deser, Phys. Rev. Lett. 103, 101302 (2009).

[10] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, Phys. Rev. D 79, 124042 (2009). [11] I. Oda, JHEP 0905, 064 (2009). [12] K. Hinterbichler, arXiv: 1105.3735 [hep-th].

[13] V.A. Rubakov and P.G. Tinyakov, Phys.-Usp. 51, 759 (2008).

[14] C. Deffayet, G.R. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D 65, 044026 (2002). [15] E. Babichev, C. Deffayet, and R. Ziour, Phys. Rev. Lett. 103, 201102 (2009). [16] C. de Rham, G. Gabadadze, and A. J. Tolley, Phys. Rev. Lett. 106, 231101 (2011). [17] N. Arkani-Hamed, H. Georgi, and M. D. Schwartz, Annals Phys. 305, 96 (2003). [18] P. Creminelli, A. Nicolis, M. Papucci, and E. Trincherini, JHEP 0509, 003 (2005).

[19] C. de Rham and G. Gabadadze, Phys.Rev. D 82, 044020 (2010). [20] G. Gabadadze, Phys. Lett. B 681, 89 (2009). [21] C. de Rham , Phys. Lett. B 688, 137 (2010).

[22] C. de Rham and G. Gabadadze, Phys. Lett. B 693, 334 (2010). [23] L. Berezhiani and M.Mirbabayi, Phys. Lett. B 701, 654 (2011).

[24] C. de Rham, G. Gabadadze, L. Heisenberg, and D. Pirtskhalava, Phys. Rev. D 83, 103516 (2011).

[25] G. Chkareuli and D. Pirtskhalava, arXiv: 1105.1783 [hep-th]. [26] A. Gruzinov and M. Mirbabayi, arXiv: 1106.2551 [hep-th]. [27] K. Koyama, G. Niz, and G. Tasinato, Phys. Rev. D 84, 064033 (2011). [28] Th.M. Nieuwenhuizen, Phys. Rev. D 84, 024038 (2011). [29] G. ’t Hooft, Phys. Lett. B 198, 61 (1987).

[30] S. B. Giddings, D. J. Gross, and A. Maharana, Phys. Rev. D 77, 046001 (2008). [31] D. Keppel and P. Ajith, Phys. Rev. D 82, 122001 (2010). [32] P. C. Aichelburg and R. U. Sexl, Gen. Rel. Grav. 2, 303 (1971). [33] T. Dray and G. ’t Hooft, Nucl. Phys. B 253, 173 (1985).

[34] V. Ferrari, P. Pendenza, and G. Veneziano, Gen. Relativ. Grav. 20, 1185 (1988). [35] R. Steinbauer, J. Math. Phys. 39, 2201 (1998).