arXiv:1109.4849v1 [physics.gen-ph] 2 Aug 2011

Quantization of a string with attached mass

A. Lewis Licht^∗ Dept. of Physics U. of Illinois at Chicago Chicago, Illinois 60607

We consider in the following the quantization of a simple model of a relativistic open string with a point mass attached at one end. The normal modes are derived and used to construct expressions for the position-position and position-conjugate commutators. Light cone gauge is used to find the mass squared operator. The singular part of the operator product expansion is derived.

1. INTRODUCTION

We consider in the following a relativistic bosonic open string with a point mass attached at one end. In a following paper [1] we will discuss a string with point masses attached at each end. This might be considered a model for a meson, as also discussed in the Lund model [2], but incorporating some of the techniques of modern string theory. [3] [4] [5]

In Section 2 we derive the oscillation modes and also an equation giving the allowed frequencies. The boundary condition due to the attached mass makes the standard canonical commutation relations invalid. The system could possibly be quantized using Dirac brackets [6], but in Section 3 we find it more convenient to quantize the mode amplitudes. [7] The resulting expressions for the position-velocity and position-conjugate commutators are given a simplified form in Section 4. In Section 5 light cone gauge is used to find the expression for the mass squared operator. In Section 6 the singular part of the operator product expansion is derived.

2. THE OSCILLATION MODES

An open string has the action

S = T_0 2 ∫ dτ ∫_π 0 dσ ( Ẋ^2 (τ, σ) − X^{′2} (τ, σ) ) (1) Here the parameter T_0 has the role of a mass per unit length when it multiplies the time derivative term, and also is the coefficient of tension when it multiplies the spatial derivative term. We introduce a point mass at the σ = π end by increasing there the mass per unit length by a delta function distribution of strength m_0. The string with an attached point mass at one end then has the action:

S = m_0 2 ∫ dτ Ẋ^2 (τ, π) +

T_0 2 ∫ dτ ∫_π 0 dσ ( Ẋ^2 (τ, σ) − X^{′2} (τ, σ) ) (2) It obeys the boundary conditions

m_0Ẍ^μ (τ, π) = −T_0X^{′μ} (τ, π) X^{′μ} (τ, 0) = 0 (3) and the equation of motion

Ẍ^μ (τ, σ) − X^{′′μ} (τ, σ) = 0 (4)

There is a linear solution:

X^μ_0 = x^μ + b^μτ (5)

∗ licht@uic.edu

and also oscillating solutions:

X^μ_ω (τ, σ) = B^μ_ω (τ) cos (ωσ) (6)

where

B^μ_ω (τ) = A^μ_{ω+}e^{−iωτ} + A^μ_{ω−}e^{+iωτ} (7)

and the frequencies ω must satisfy

T_0 sin (ωπ) = −m_0ω cos (ωπ) (8)

as a consequence of Eq. (3 a).

3. QUANTIZATION

We write

X^μ (τ, σ) = X^μ_0 (τ) + ∑ ω>0 X^μ_ω (τ, σ) (9)

and substitute this expression in Eq. (2) The terms in the Lagrangian involving X^μ_0 are

m_0 2 ( Ẋ_0

)_2 + T_0π 2 ( Ẋ_0

)_2

+ m_0Ẋ^μ_0 ∑ ω>0 Ḃ_{ωμ} cos (ωπ) + T_0Ẋ^μ_0 ∑ ω>0 Ḃ_{ωμ} sin (ωπ) ω = m_0 2 ( Ẋ_0

)_2 + T_0π 2 ( Ẋ_0

)_2 (10)

where we have used Eq. (8)

The other time derivative terms are T D = ∑ ω,ω^′>0 Ḃ_ω · Ḃ_{ω′} [ m_0 2 cos (ωπ) cos (ω^′π) +

T_0 2 ∫_π 0 dσ cos (ωσ) cos (ω^′σ) ] (11)

Now if ω ≠ ω^′ then

m_0 2 cos (ωπ) cos (ω^′π) +

T_0 2 ∫_π 0 dσ cos (ωσ) cos (ω^′σ) = m_0 2 cos (ωπ) cos (ω^′π) +

T_0 2 (ω^2 − ω^{′2})

[ω sin (ωπ) cos (ω^′π) − ω^′ sin (ω^′π) cos (ωπ)] = 0 (12)

where we have used Eq. (8)

When ω = ω^′ then m_0 2 cos^2 (ωπ) +

T_0 2 ∫_π 0 dσ cos^2 (ωσ) = m_0 2 cos^2 (ωπ) +

T_0 2 [ π 2 + sin (ωπ) cos (ωπ) 2ω ]

= 1 2 [ m_0 2 cos^2 (ωπ) +

T_0π 2 ] (13)

Again using Eq. (8).

The spatial derivative terms are SD = − T_0 2 ∑ ω,ω^′>0 B_ω · B_ω′ ∫_π 0 dσωω^′ sin (ωσ) sin (ω^′σ) (14)

Now if ω ≠ ω^′ then

T_0 ∫_π 0 dσ sin (ωσ) sin (ω^′σ) =

T_0 2 ∫_π 0 [cos ((ω − ω^′) π) − cos ((ω + ω^′) π)] = T_0 2 [ sin ((ω − ω^′) π) ω − ω^′ − sin ((ω + ω^′) π) ω + ω^′ ]

= T_0 2 [ sin (ωπ) cos (ω^′π) − sin (ω^′π) cos (ωπ) ω − ω^′ − sin (ωπ) cos (ω^′π) + sin (ω^′π) cos (ωπ) ω + ω^′ ]

= 0

(15)

by Eq. (8) When ω = ω^′ then a typical factor is . − T_0 2 ω^2 ∫_π 0 dσ sin^2 (ωσ) = −

T_0 4 ω^2 ∫_π 0 dσ (1 − cos (2ωσ)) = − T_0 4 ω^2 ( π − sin (ωπ) cos (ωπ) ω )

= − T_0 4 ω^2π − m_0 4 ω^2 cos^2 (ωπ)

(16)

The Lagrangian can now be written as L = 1 2 (m_0 + T_0π) ( Ẋ_0

)_2 + 1 4 ∑ ω>0 ( m_0 cos^2 (ωπ) + T_0π ) [(˙ B_ω )_2 − ω^2 (B_ω)^2 ] (17)

From this we can find the canonical conjugates:

Π_{μ0} = ∂L ∂Ẋ^μ_0

= (m_0 + T_0π) Ẋ_{μ0}

Π_{μω} = ∂L ∂Ẋ^μ_ω = 1 2 ( m_0 cos^2 (ωπ) + T_0π )˙ B_{μω} (18)

The canonical commutation rules are

[X^μ_0 , Π_{ν0}] = iδ^μ_ν [X^μ_ω , Π_{νω}′ ] = iδ^μ_ν δ_{ωω}′

(19)

Which for the zero mode implies that [ X^μ_0 , Ẋ^ν_0 ] = i η^{μν} m_0 + T_0π

(20)

and therefore with Eq. (5) we can identify

b^ν = p^ν m_0 + T_0π

(21)

where p^ν is the total momentum operator, with [x^μ, p^ν ] = iη^{μν} . With Q (ω) = m_0 cos^2 (ωπ) + T_0π , the non-zero modes satisfy [ B^μ_ω (τ) , Ḃ^ν_ω′ (τ) ] = 2i η^{μν} Q (ω) δ_{ωω}′ (22)

Using Eq. (7), this leads to [ A^μ_{ω+}, A^ν_ω′_+ ] = [ A^μ_{ω−}, A^ν_ω′_− ] = 0 [ A^μ_{ω+}, A^ν_ω′_− ] = η^{μν} ωQ (ω) δ_{ωω}′ (23)

Define, for ω > 0 α^μ_ω = −iω √ Q (ω)A^μ_{ω+} (24) and for ω < 0 α^μ_ω = −iω √ Q (ω)A^μ_{|ω|−} (25) Then we get the conventional commutator:

[α^μ_ω, α^ν_ω′ ] = ωη^{μν} δ_{ω+ω}′_{,0} (26) And we can now write the coordinate operator as

X^μ (τ, σ) = x^μ + p^μτ m_0 + T_0π + i ∑ ω≠0 α^μ_ω ω √ m_0 cos^2 (ωπ) + T_0π e^{−iωτ} cos (ωσ) (27)

The equal time position-velocity commutator is [ X^μ (τ, σ) , Ẋ^ν (τ, σ^′) ] = iη^{μν} [ 1 m_0 + T_0π + 2 ∑ ω>0 cos (ωσ) cos (ωσ^′) m_0 cos^2 (ωπ) + T_0π ]

= iη^{μν} D (σ, σ^′) (28)

We will examine this in detail in the following.

4. THE COMMUTATOR

The action of Eq. (2) gives for Π_μ (τ, σ) , the operator canonical conjugate to X^μ (τ, σ) ,

Π_μ (τ, σ) = δS δẊ_μ (τ, σ) = m_0Ẋ_μ (τ, π) δ (σ − π) + T_0Ẋ_μ (τ, σ) |_{σ<π}

= m_0 p^μ m_0 + T_0π + ∑ ω≠0 α_{μω} √ m_0 cos^2 (ωπ) + T_0π e^{−iωτ} cos (ωπ) δ (σ − π)

+T_0 p^μ m_0 + T_0π + ∑ ω≠0 α_{μω} √ m_0 cos^2 (ωπ) + T_0π e^{−iωτ} cos (ωσ)

(29)

Then the position-conjugate commutator is therefore [X^μ (τ, σ) , Π^ν (τ, σ^′)] = iη^{μν} [m_0D (σ, π) δ (σ^′ − π) + T_0D (σ, σ^′) |_σ′_{<π}]_{σ<π} (30) The commutator function D (σ, σ^′) can be written as D (σ, σ^′) = +∞∑ n=−∞ cos (ω_nσ) cos (ω_nσ^′) m_0 cos^2 (ω_nπ) + T_0π

(31)

where we have labeled the frequencies ω_n given by Eg. (8) in the order of their magnitude, with ω_n < ω_{n+1} and ω_0 = 0 . The function

f (ω) = 1 m_0ω T_0 + tan (ωπ)

(32)

has poles at each ω_n with residue Lim_{ω→ωn} ω − ω_n m_0 ω T_0 + tan (ωπ) = 1 d dω [_{m0 ω} T_0 + tan (ωπ) ] ω_n = T_0 cos^2 (ω_nπ) m_0 cos^2 (ω_nπ) + T_0π

(33)

Therefore, let C_n denote a very small circular path in the complex plane around each real ω_n , then we can write D (σ, σ^′) = +∞∑ n=−∞ ∮ C_n dω 2πi cos (ωσ) cos (ωσ^′) T_0 cos^2 (ωπ) [_{m0 ω} T_0 + tan (ωπ)

] (34)

Next we expand the circles C_n to become two lines parallel to the real axis, one above and one below the real axis, plus a series of new, clockwise paths C^′_k around each of the zeros of cos (ωπ). The parallel lines may be taken to infinity, where each integrand decreases as exp [− |Im (ω)| (2π − σ − σ^′)] . There are three possibilities: (1) Both σ and σ^′ are each less than π . (2) One, say σ < π , but σ^′ = π . (3) σ = σ^′ = π .

(1) The parallel lines contribute nothing. The zeros occur at ω_k =^{2k+1}_2 for integers k, and with ω = ω_k + ε near such a point, we have

T_0 cos^2 (ωπ) [ m_0ω T_0

+ tan (ωπ) ] = cos (ωπ) [m_0ω cos (ωπ) + T_0 sin (ωπ)]

= − (−1)^k επ [ m_0O (ε) + T_0 (−1)^k ] = −επT_0 (35)

The minus sign converts the clockwise paths to counterclockwise, giving us D (σ, σ^′) = 2 T_0π ∑ k=0 cos ( 2k + 1 2 σ ) cos ( 2k + 1 2 σ^′ )

= 1 T_0 δ (σ − σ^′) (36)

since the functions

√_2 π cos

(_{2k+1} 2 σ ) are normal, orthogonal and complete on the interval 0 < σ < π .

(2) The parallel lines still contribute nothing, but now the integrand is

D (σ, π) = +∞∑ n=−∞ ∮ C_n dω 2πi cos (ωσ) cos (ωπ) T_0 cos^2 (ωπ) [_{m0 ω} T_0 + tan (ωπ) ]

= +∞∑ n=−∞ ∮ C_n dω 2πi cos (ωσ) T_0 cos (ωπ) [_{m0ω} T_0 + tan (ωπ) ] (37)

However the denominator in the integrand near the zeros of cos (ωπ) becomes

T_0 cos (ωπ) [ m_0ω T_0

+ tan (ωπ) ] → m_0O (ε) + T_0 (−1)^k (38)

There are therefore no poles other than those at ω_n and thus

D (σ, π) = D (π, σ) = 0 (39)

(3) In this case there are no extra poles in the integrand, but the parallel lines do contribute. The commutator function is now D (π, π) = +∞∑ n=−∞ cos^2 (ω_nπ) m_0 cos^2 (ω_nπ) + T_0π = +∞∑ n=−∞ ∮ C_n dω 2πi 1 T_0 [_{m0ω} T_0 + tan (ωπ) ] (40)

We can now expand the integrations over the C_n into one circle of radius R, and take the limit as R → ∞ . Then D (π, π) = 1 2πim_0 ∮ R dω ω = 1 m_0

(41)

Summarising, we can now write the commutator function as D (σ, σ^′) = 1 m_0 δ_{σ,π}δ_σ′_{,π} + 1 T_0 δ_π (σ, σ^′) (42)

where δ_{σ,π} is an ordinary Kronecker delta, and δ_π (σ, σ^′) = δ (σ − σ^′) and is non zero, so long as neither of its arguments equals π .

The position-conjugate commutator is now

[X^μ (τ, σ) , Π^ν (τ, σ^′)] = iη^{μν} [δ_{σ,π}δ (σ^′ − π) + δ_π (σ, σ^′)] (43)

5. THE MASS SQUARED OPERATOR

We determine the possible physical states by going into the light cone frame. In this frame X^+ =^{X 0+X 1√}_2 , X^− =^{X 0−X 1√}_2 , and the remaining coordinates are X^I , for I = 2, 3, · · · D − 2 . We then fix the gauge by setting

X^+ = τ (44)

From Eq. (27) we see that this requires

p^+ = m_0 + T_0π x^+ = 0 α^+_ω = 0

(45)

(for ω ≠ 0 ), and the Lagrangian becomes L = m_0 2 [ −2Ẋ^− (τ, π) + ( Ẋ^I (τ, π) )_2]

+ T_0 2 ∫_π 0 dσ [ −2Ẋ^− (τ, σ) + ( Ẋ^I (τ, σ) )_2 − ( X^{′I} (τ, σ) )_2

] (46)

From Eq. (27) we also see that the oscillatory parts of X^− (τ, σ) appear in this Lagrangian as

−m_0 α^−_ω √ Q (ω) e^{−iωτ} cos (ωπ) − T_0 ∫_π 0 dσ α^−_ω √ Q (ω) e^{−iωτ} cos (ωσ) = − α^−_ω √ Q (ω) e^{−iωτ} ( m_0 cos (ωπ) +

T_0 ω sin (ωπ) ) = 0 (47)

where we have used Eq. (8). The oscillatory part of X^− thus does not appear in the Lagrangian and may be set to 0. The Lagrangian becomes

L = − (m_0 + T_0π) Ẋ^−_0 + m_0 2 ( Ẋ^I (τ, π) )_2

+ T_0 2 ∫_π 0 dσ [( Ẋ^I (τ, σ) )_2 − ( X^{′I} (τ, σ) )_2

] (48)

This gives us

p_− = ∂L ∂Ẋ^− = − (m_0 + T_0π) = −p^+ (49)

which is consistent with Eq. (45). With the components expanded as in Eq. (6) the Lagrangian becomes

L = (m_0 + T_0π) −Ẋ^−_0 + ( Ẋ I_0

)_2 2 + 1 4 ∑ ω>0 Q (ω) [( Ḃ^I_ω )_2 − ω^2 ( B^I_ω )_2] (50)

The canonical momenta of Eq. (18) are now

p^I_0 = ∂L ∂Ẋ^I_0

= Q (0) Ẋ^I_0

p^I_ω = ∂L ∂Ḃ^I_ω = Q (ω) 2 Ḃ^I_ω (51)

From this we obtain the Hamiltonian,

H = p_−Ẋ^−_0 + p^I_0Ẋ^I_0 + ∑ ω>0 p^I_ωḂ^I_ω − L

= ( p^I_0

)_2

2Q (0) + ∑ ω>0 [ ( p^I_ω )_2 Q (ω) + ω^2Q (ω) ( B^I_ω )_2 4 ] (52)

We identify H = p^− = −p_+ as it is the operator that changes τ . ([4], vol I, p 17). Then using Eq. (51) and with Q (0) = m_0 + T_0π = p^+ , Eq. (52) becomes

M^2 = 2p^+p^− − ( p^I_0

)_2 = (m_0 + T_0π) 2 ∑ ω>0 Q (ω) [( Ḃ^I_ω )_2

+ ω^2 ( B^I_ω )_2 ] (53)

From Eqs. (7) and (24, 25) we can write

B^I_ω = i ω √ Q (ω) [ α^I_ωe^{−iωτ} − α^I_{−ω}e^{+iωτ} ] (54)

Then

M^2 = 2Q (0) ∑ ω>0 α^I_{−ω} α^I_ω + (D − 2) A (55)

where

A = Q (0) ∑ ω>0 ω (56)

For m_0 ≫ T_0 it is convenient to write the solutions to Eq. (8) as

ω_k =

2k + 1 2 + ε_k (57)

where ε_k satisfies

tan (ε_kπ) =

T_0 m_0

(_{2k+1} 2 + ε_k

) (58)

For m_0 ≫ T_0 this becomes

ε_k =

2T_0 πm_0 (2k + 1) + O (( T_0 m_0

)_2) (59)

and Eq. (55) becomes

M^2 = 2 (m_0 + T_0π) [ ∑ ω>0 α^I_{−ω}α^I_ω + D − 2 2 ∑ k=0 ( 2k + 1 2 + 2T_0 πm_0 (2k + 1) )] (60)

We regularize the third sum by considering ∞∑ k=0 2 2k + 1 e^{−kε} = ln ( 1 + e^{−ε} ) − ln ( 1 − e^{−ε} )

= ln (2) − 2 ln (ε) − ε^2 6 + · · · (61)

Taking the limit as ε → 0 and discarding the divergent part, this becomes simply ln (2). We write the second sum as − ∂_ε ∑ k=0 e^{− 2k+12 ε} = 1 ε^2 + 1 24 + O (ε) (62)

Discarding the divergent term and taking the limit as ε → 0 we get

M^2 = 2 (m_0 + T_0π) [ ∑ ω>0 α^I_{−ω}α^I_ω + D − 2 2 ( 1 24 + T_0 πm_0 ln (2) + O (( T_0 m_0 )_2))] (63)

Unlike the situation for the open string without attached mass, the ground state here has positive mass squared. If m_0 is not much greater than T_0 the situation is more complicated. If it is much less than T_0 it can be shown that the frequencies ω_n are slightly less than the integers n, so long as n is not too large, and eventually, for large n, they become as above, slightly greater than the half odd integers.

6. THE OPERATOR PRODUCT EXPANSION

We map the string world sheet coordinates (τ, σ) into the complex plane by setting

τ = −iσ^0, σ = σ^1 z = e^{σ0 +iσ1} = e^{i(τ +σ)} z̄ = e^{σ0 −iσ1} = e^{i(τ −σ)} (64)

Then the operator expansion of Eq. (27) becomes

X^μ (τ, σ) → X^μ (z, z̄) = X^μ (z) + X^μ (z̄) (65)

where

X^μ (z) = x^μ 2 − i p^μ 2Q (0) ln (z) + i 2 ∑ ω≠0 α^μ_ω ω √ Q (ω) z^{−ω} X^μ (z̄) = x^μ 2 − i p^μ 2Q (0) ln (z̄) + i 2 ∑ ω≠0 α^μ_ω ω √ Q (ω) z̄^{−ω} (66)

and from this we get ∂X^μ (z) = −i p^μ 2Q (0) z − i 2 ∑ ω≠0 α^μ_ω √ Q (ω) z^{−ω−1} (67)

We will find the singularity at z=w in the OPE of ∂X^μ (z) X^ν (w) by considering its vacuum expectation value with |z| > |w|.

⟨0| ∂X^μ (z) X^ν (w) |0⟩ = 1 4 ∑ ω>0 ⟨0| ( α^μ_ω √ Q (ω) ) ( α^ν_{−ω} −ω √ Q (ω) ) |0⟩ w^ω z^{ω+1} = − η^{μν} 4z ∑ ω>0 1 m_0 cos^2 (ωπ) + T_0π ( w z )_ω (68)

As in Eq. (34) we can write this sum as a sum of path integrals around allowed frequencies, but here around only the ω_n > 0 , therefore n > 0. ⟨0| ∂X^μ (z) X^ν (w) |0⟩ = − η^{μν} 4z ∑ n>0 ∮ C_n dω 2πi 1 T_0 cos^2 (ωπ) (_{m0 ω} T_0 + tan (ωπ) ) (w z )_ω (69)

As before, this converts to integrals around the zeros of cos (ωπ) , plus integrals along lines parallel to the real axis, which go to zero, plus here an integral along the imaginary ω axis which however is finite and stays finite as z → w . The result is ⟨0| ∂X^μ (z) X^ν (w) |0⟩ = − η^{μν} 4πT_0z ∑ k=0 ( w z ) 2k+1_2

= − η^{μν} 4πT_0 √ w z 1 z − w = − η^{μν} 4πT_0 ( 1 z − w + O ( 1 w )) (70)

We conclude that

∂X^μ (z) X^ν (w) ∼ − η^{μν} 4πT_0 1 z − w (71)

exactly the same value it would have if there were no attached mass.

7. CONCLUSION

The commutation relations found here are actually what one would what one would expect if the string position operator was the sum of an ordinary particle operator located at σ = π and an independent ordinary open string position operator defined on the interval 0 < σ < π .

The parameter m_0 measures the mass attached to one end. The parameter T_0 measures the mass per unit length. The results depend greatly on the ratio r = m_0/T_0 . When r is very large, the frequencies are close to half odd integers, very much what one would expect for a string that is free at one end but fixed at the other.

The allowed frequencies ω are in general not rational numbers. Therefore although the position operator X^μ can be expressed as a function of the complex variables z and z̄ , and then X^μ (z, z̄) = X^μ (z) + X^μ (z̄), these functions can not be expressed as simple Laurent series in z or z̄ . However the operator product expansion for two Xs still has the simple form

X^μ (z) X^ν (w) ∼ − η^{μν} 4πT_0 ln (z − w) (72)

[1] A. L. Licht Quantization of a string with two attached masses, in preparation [2] B. Andersson The Lund Model, Cambridge U. Press, 1998 [3] M. B. Green, J. H. Schwartz, E. Witten Superstring Theory, Vol. I and II, Cambridge U. Press, 1988 [4] J. Polchinski String Theory, Vol. I and II, Cambridge U. Press, 1998 [5] K. Becker, M. Becker, J. H. Schwartz String Theory and M-Theory Cambridge U. Press, 2007 [6] P. A. M. Dirac Proc. Roy. Soc. London, A 246, 326 (1958) [7] M. M. Sheikh-Jabbari, A. Shirzad Boundary Conditions as Dirac Constraints arxiv:9907055 [hep-th]