arXiv:1109.4899v3 [math-ph] 16 Jan 2012

Spin operator and spin states in Galilean covariant Fermi field theories

Fuad M. Saradzhev Centre for Science, Athabasca University, Athabasca, Alberta, Canada^∗

Spin degrees of freedom of the Galilean covariant Dirac field in (4 + 1) dimensions and its nonrelativistic counterpart in (3 + 1) dimensions are examined. Two standard choices of spin operator, the Galilean covariant and Dirac spin operators, are considered. It is shown that the Dirac spin of the Galilean covariant Dirac field in (4 + 1) dimensions is not conserved, and the role of non- Galilean boosts in its non-conservation is stressed out. After reduction to (3 + 1) dimensions the Dirac field turns into a nonrelativistic Fermi field with a conserved Dirac spin. A generalized form of the Lévy-Leblond equations for the Fermi field is given. One-particle spin states are constructed. A particle-antiparticle system is discussed.

PACS numbers: 03.70.+k, 11.10.Kk, 03.65.Nk, 11.30-j, 11.30.Cp

I. INTRODUCTION

Galilean invariance underlies many low-energy systems encountered in nuclear physics, condensed matter physics and many-body theory. It is used in the field theoretical study of superfluids, superconductors, and Bose-Einstein condensation [1]-[5].

A (4+1)-dimensional covariant formulation of Galilean covariance [6] based on an extended space-time approach developed in [7],[8] provides new insights into the properties of these systems. A formulation of Galilean covariance within a relativistic framework in one higher dimension makes non-relativistic theories similar to Lorentz covariant theories. Many procedures and calculations can be carried out in the same way as relativistic ones. Some characteristic features of non-relativistic theories are likely to appear only after a reduction to (3 + 1) dimensions. Historically, a dimensional reduction from (4 + 1) to (3 + 1) dimensions was first developed for Lorentz covariant theories [9]. The extended spacetime formulation allows us to treat relativistic and nonrelativistic theories in (3 + 1) dimensions in a unified approach, depending on how (3 + 1)-dimensional spacetime is embedded into a (4 + 1)-dimensional manifold. A similar approach was used in the investigation of fluid dynamics in [10],[11].

In the present paper, we study spin degrees of freedom of nonrelativistic Fermi fields in both (4 + 1) and (3 + 1) dimensions. We start with a Galilean covariant Fermi field theory in (4 + 1) dimensions and then perform a reduction to (3 + 1) dimensions. We want to determine to what extent spin and its characteristics are affected by this reduction.

In relativistic theories, the orbital angular momentum and Dirac spin of a moving particle are not separately conserved. The component of the Dirac spin in any fixed direction cannot be therefore used to enumerate the particle’s spin states. Such enumeration is possible in the

∗E-mail address: fuads@athabascau.ca

nonrelativistic case. Our aim is to demonstrate the Dirac spin conservation in (3 + 1) dimensions as a result of dimensional reduction and to construct the spin states explicitly.

The concept of spin for nonrelativistic particles was introduced in [12] through the theory of unitary irreducible representations of the Galilei group [13]-[17]. A nonrelativistic particle described by such representation is localizable for any value of spin, if it has a nonzero mass. Although the concept of spin appears here in the same way as in the relativistic case, the nonrelativistic spin particles are not involved in spin-orbit interactions and do not possess electromagnetic multiple momenta [12].

Our paper is organized as follows. In Sect. II, we first briefly review a covariant formulation of Galilean covariance in (4 + 1) dimensions. Then we construct the Galilean covariant spin operator. The expression for this operator was previously given in [15]-[18], and a possible connection between spin and statistics was discussed in [19]. We derive the same expression in a different way similar to the Lorentz covariant procedure presented in [20].

We define the five-dimensional Galilei invariant Dirac field model and determine the transformation properties of the Dirac field. Conserved currents and the corresponding generators are constructed. We observe that the model is invariant with respect to non- Galilean transformations as well and introduce non- Galilean boosts. We discuss similarities and differences between the Galilean covariant and Dirac spin operators and demonstrate the role of non-Galilean boosts in the non-conservation of the Dirac spin. Different choices of spin operator in the relativistic case were studied in [21].

In Sect. III, we perform a reduction to (3 + 1) dimensions by eliminating the x^5 coordinate and keeping the model invariant under reduced Galilean transformations. We obtain the effective Lagrangian density for a nonrelativistic Fermi field in (3 + 1) dimensions. The Fermi field is quantized, and one-particle states are constructed. We prove that the one-particle states are spin-1/2 and use the third component of spin to enumerate them.

Finally, we study a particle-antiparticle system. The possibility to include antiparticles within a Galilean framework was discussed in [16],[22]. We show that particles and antiparticles belong to two different mass sectors and construct transition operators that connect states with different number of particles and antiparticles. We conclude with Discussion in Sect. IV.

II. GALILEAN COVARIANT FERMI FIELD THEORIES IN (4 + 1) DIMENSIONS

The Galilean covariant theories in (4 + 1) dimensions are built with Lorentz-like action functionals, except that Galilean kinematics is based on the so-called Galilean five-vectors [6]

(x, x^4, x^5) = ( x, c̄t, s c̄ ) , where c̄ is a parameter with the dimensions of velocity, which will be specified below, and s stands for the additional fifth coordinate. By rescaling

t → x^4 = c̄t, s → x^5 = s c̄ , the physical units of space and time are adjusted in such way that all the components of the Galilean five-vectors have the same dimensions.

Under homogeneous Galilean transformations, these vectors transform as follows:

x^′ = Rx − βx^4,

x^{′4} = x^4, (1)

x^{′5} = x^5 − (Rx) · β + 1 2 |β|^2x^4, where β = (v/c̄), v is the relative velocity between two reference frames, R is a three-by-three orthogonal rotation matrix.

These transformations leave invariant the scalar product, g_{μν} x^μx^ν , μ, ν = 1, ..., 5, defined with the Galilean metric g_{μν} = −1_{3×3} 0 0 0 0 1 0 1 0 . (2)

The momentum five-vector is

p_μ = i∂_μ = ( i∇, i ∂_t c̄ , ic̄∂_s ) = (p, p_4, p_5).

With the usual identification i∂_t → E, we have p_4 = E/c̄. Since p_5/c̄ has the dimension of mass, it is identified with the inertial mass m so that the coordinate x^5 is canonically conjugate to p_5 = mc̄.

The inhomogeneous Galilei group also includes translations in space, time and x^5-direction, being a subgroup of the Poincare group. While the Poincare group in (4 + 1)- dimensions is generated by 15 elements, five translations P^μ and ten rotations M^{μν} with μ < ν, its Galilei subgroup has 11 generators.

The non-zero commutation relations of the Galilei Lie algebra are

[J^a, J^b]_− = iϵ^{abc}J^c, [J^a, K^b]_− = iϵ^{abc}K^c,

[J^a, P^b]_− = iϵ^{abc}P^c, [K^a, P_4]_− = iP^a, (3)

[P^a, K^b]_− = ig^{ab}P_5,

where a, b, c = 1, 2, 3, P^a, J^a = (1/2)ϵ^{abc}M^{bc} and K^a = M^{a4} are generators of space translations, rotations and Galilean boosts, respectively, while P_4 and P_5 are generators of time and x^5-translations. The explicit expressions for these generators in the case of Fermi fields will be given below.

Like the Poincare group in (4 + 1) dimensions, the Galilei group admits three Casimir invariants:

I_1 = P_μP^μ, I_2 = P_5, (4) I_3 = W_{5μ}W_5^μ,

where W_{μν} ≡ 1 2 ϵ_{μαβρν} P^αM^{βρ} is the five-dimensional Pauli-Lubanski tensor, ϵ_{μναβρ} being the totally antisymmetric tensor in five dimensions. We assume that ϵ_{54abc} = ϵ_{abc}.

The invariant I_2 is the inertial mass operator, which is assumed to be positive (or negative) definite. The inertial mass is conserved independently; that is a characteristic feature of Galilean covariant theories. This implies the so-called Bargmann superselection rule [23], the theory factoring into sectors labeled by the eigenvalue of I_2.

The invariant I_1 is related to the rest (or internal) energy:

I_1 = 2P_5P_4 − P^2 = 2P_5 ( P_4 −

P^2 2P_5 ) = 2P_5P^{(0)}_4 ,

where

P^{(0)}_4 ≡ P_4 −

P^2 2P_5 (5) is the rest energy operator. In Galilean theories the inertial and rest masses are not in general the same [24]. They are taken equal if the Galilean theory is considered to be the limit of a Lorentz covariant one.

For a state with momentum p_μ, P_μ|p⟩ = p_μ|p⟩, assuming that

p_μp^μ = k^2 > 0, (6)

this gives us the dispersion relation E|p⟩ = ( p2 2m + k^2 2m ) |p⟩. (7)

The rest energy k^2/2m takes the familiar form m_0c̄^2 if c̄ is defined as

c̄ = k √ 2mm_0 , (8)

where m_0 is the rest mass. Both m_0 and c̄ are constants with respect to the Galilean transformations.

A. Spin operator

The axial vector W_{5μ} obeys the following relations P^μW_{5μ} = 0, (9)

[P^σ , W_{5μ}]_− = 0, (10)

[W_{5μ}, W_{5ν} ]_− = iϵ_{5μνλρ}W_5^λP^ρ. (11) Since W_{55} = 0, W_{5μ} has four non-vanishing components W_{5μ} = (W_{5a}, W_{54}, 0), where W_{5a} = P_5J_a − ϵ_{abc}K_bP_c, (12) W_{54} = P_aJ_a. (13) As a consequence of Bargmann’s superselection rule, the Hilbert space is decomposed into a direct sum of subspaces representing different inertial mass sectors including a zero-mass one. Let us consider a non-zero inertial mass subspace. In such subspace the operator P_5 is either positive or negative definite and therefore P^{−1}_5 is well defined. As in Lorentz covariant theories [20],[25] we define the spin operator components S^a as linear combinations of the components of W_{5μ}, S^a = A[W_5^a − BW_{54}P^a], (14) where the coefficients A and B depend only on the fivemomentum P_μ. We find A and B from the requirement that the usual commutation relations for the spin operator hold:

[S^a, S^b]_− = iϵ^{abc}S^c. (15) Substituting (14) into (15), this gives us a system of two equations, A^2(P_5 − BP^2) = A, A^2BP_5 = −AB. For nonzero B, the system is solved by

A = −P^{−1}_5 , B =

2P_5 P^2

, (16) while for B = 0 we get A = P^{−1}_5 . (17) The first solution is singular in the rest frame limit |P| → 0, so it is excluded. The second one brings the spin operator in the form S^a = P^{−1}_5 W_5^a. (18) In terms of the Galilei group generators, the spin operator is written as S = J − P^{−1}_5 [K × P]. (19) From the relations (10)-(11), we obtain [S^a, P^μ]_− = 0, [J^a, S^b]_− = iϵ^{abc}S^c, i.e. S^a behaves like a 3-dimensional vector under rotations, being invariant under translations.

In contrast with the spin operator in Lorentz covariant theories, which transforms in a noncovariant way under Lorentz boosts, the spin operator given by Eq.(19) is invariant under Galilean boosts as well, [K^a, S^b]_− = 0.

An alternative way of introducing the Lorentz covariant spin operator is by performing a transformation to the rest frame and identifying the spin components as spatial part of the axial vector W_{5μ}. Along the same lines, we perform the transformation W^′_{5μ} = G_μ^λW_{5λ}, (20) P^′_μ = G_μ^λP_λ, (21) where G_μ^λ is a Galilean boost matrix chosen in such a way that P^′_a = 0.

For G_μ^λ, we obtain

G_a^b = δ_a^b, G_a^5 = −G_4^a = − P_a P_5 , G_4^5 =

P^2 2P^2_5

, G_4^4 = G_5^5 = 1, (22) G_5^4 = 0, G_a^4 = G_5^a = 0.

Using (22) in equation (21), this yields P^′_4 = P^{(0)}_4 , demonstrating that (22) is a transformation to the rest frame.

From equation (20), we also have W^′_{54} = 0, W^′_{5a} = W_{5a}, i.e W_{5a} is invariant under Galilean boosts. The operator

W^′_{5μ} = (W_{5a}, 0, 0),

has only three nonvanishing components, and we use them to introduce the spin operator given again by Eq.(18).

The invariant I_3 becomes

I_3 = P^{−2}_5 S_aS^a,

so that P^2_5 I_3 is related to the magnitude of spin.

Multiplying both sides of Eq.(19) by P, we get the relation PS = PJ which holds in the zero inertial mass subspace as well. It shows that the component of the angular momentum J along the direction of the linear momentum P, i.e helicity, can be defined in all subspaces.

B. Galilean Dirac Lagrangian

The five-dimensional Dirac field model is given by the Lagrangian density:

L_0(x) = Ψ(x)(iγ^μ∂_μ − k)Ψ(x), (23)

where k is given by Eq.(6), and Ψ(x) is a free Dirac field defined on the five-dimensional manifold G_{(4+1)} with the Galilean metric in Eq.(2). The Dirac matrices γ^μ in the extended space-time are four-dimensional and obey the usual anti-commutation relations: {γ^μ, γ^ν } = 2g^{μν} . We use the following representation, which is convenient for a particle-antiparticle interpretation [26]:

γ^a = ( 0 iσ^a iσ^a 0 ) , γ^4 = 1 √ 2 ( 1 1 −1 −1 ) ,

γ^5 = 1 √ 2 ( 1 −1 1 −1 ) , where σ^1,σ^2, and σ^3 are the usual Pauli matrices. The adjoint field is defined as

Ψ(x) = Ψ^†(x) γ^0,

where

γ^0 = 1 √ 2 ( γ^4 + γ^5 ) = ( 1 0 0 −1 ) . The Euler-Lagrange equations of motion for Ψ(x) and its adjoint Ψ(x), respectively, are

(iγ^μ∂_μ − k) Ψ(x) = 0, Ψ(x)(iγ^{μ ←}∂_μ +k) = 0, (24)

where ζ^←∂ χ = (∂ζ)χ. The action corresponding to the Lagrangian density in Eq.(23) is assumed to be invariant with respect to the inhomogeneous Galilean transformations of coordinates.

A transition from one reference frame x to another x^′ through a Galilean transformation corresponds to a homogeneous linear transformation of the Dirac field,

Ψ(x) → Ψ^′(x^′) = ΛΨ(x), (25)

where Λ is determined by the parameters of the Galilean transformation.

In the manner of Lorentz covariant theories, Λ = 1 for space-time translations and for translations in the x^5- direction. For spatial rotations, we have

Λ = exp { 1 2 γ^aγ^bϵ^{abc}ϕ^c } , (26)

where (ϕ^1, ϕ^2, ϕ^3) are angles of rotation.

Now we compute Λ for Galilean boosts; that is, R = I in Eq.(1). From Eq.(1), we find the Galilean boost transformations for the derivatives:

∂^′_a = ∂_a − β_a∂_5,

∂^′_4 = ∂_4 − β_a∂_a + 1 2 |β|^2∂_5, (27)

∂^′_5 = ∂_5,

where (∂_a, ∂_4, ∂_5) and (∂^′_a, ∂^′_4, ∂^′_5) are the derivatives with respect to the original and the new coordinates, respectively.

According to Galilean covariance, the Dirac equation must retain its form in terms of the transformed coordinates and fields; that is,

(iγ^μ∂^′_μ − k)Ψ^′(x^′) = 0. (28)

By multiplying Eq. (28) on the left by Λ^{−1}, and by using Eqs. (25) and (28), we obtain the following relations:

Λ^{−1}γ^aΛ = γ^a − β^aγ^4, Λ^{−1}γ^4Λ = γ^4,

Λ^{−1}γ^5Λ = γ^5 + β^aγ^a + 1 2 |β|^2γ^4. From these relations we find the transformation matrix for Galilean boosts in the form

Λ = exp { 1 2 γ^4γ^aβ_a } = 1 + 1 2 γ^4γ^aβ_a, (29)

where we have used (γ^4)^2 = 0.

C. Non-Galilean boosts

The Lagrangian density given by Eq.(23) preserves its form under the replacement

x^4 ↔ x^5, γ^4 ↔ γ^5. (30)

This symmetry reflects itself in the invariance of the action with respect to non-Galilean transformations of the form

x^′ = x − τ x^5,

x^{′4} = x^4 − (x · τ ) + 1 2 |τ |^2x^5, (31)

x^{′5} = x^5,

the transformation matrix for the Dirac field becoming

Λ = 1 + 1 2 γ^5γ^aτ_a. (32)

In accordance with (30), the transformation (31) can be obtained from the Galilean one by applying x^4 ↔ x^5, and the transformation matrix given by Eq.(32) results from Eq.(29) by replacing γ^4 with γ^5. The parameters τ_a play the same role as the parameters β_a in the Galilean boosts,

τ^a = dx^a dx^5 = c̄ dx^a ds , where the ”velocity” dx^a/ds determines the rate of change of x^a in the fifth coordinate s.

Although I_1 is invariant with respect to the transformation (31) as well, the invariance of I_2 and I_3 is violated. In particular, the energy of the system in two reference frames connected by (31) is the same, E^′ = E, while the inertial mass transforms as follows m → m^′ = m − (τ p) c̄ + 1 2 |τ |^2 E c̄^2

. (33)

Assuming that c̄ is the same in all reference frames, either Galilean or non-Galilean, we conclude from Eq.(8) that m^′ m = m_0 m^′_0

, (34)

i.e. the inertial and rest masses are transformed in such way that the product mm_0 remains unchanged. This gives us the following expression for the transformed rest mass m^′_0 in terms of the original m and m_0:

m^′_0 = m_0 ( 1− (τ p) k √ 2m_0 m + 1 2 |τ |^2 ( 1+ p^2 k^2 )m_0 m )_{−1} . (35)

The transformation (31) can be referred to as a boost in the x-direction with velocity dx/ds or a non-Galilean boost. A general form of non-Galilean transformations includes rotations in the way similar to Eq.(1).

D. Conserved currents and generators

As a consequence of the invariance of the action with respect to translations, our model has five conserved currents grouped together as an energy-momentum-mass tensor T^{μν} :

∂_μT^{μν} = 0, (36)

where

T^{μν} = Ψ(x)iγ^μ∂^ν Ψ(x) − L_0g^{μν} .

By integrating Eq.(36) over a volume limited in x^4- direction by two four-dimensional hyper-surfaces, x^4 = constant, and of infinite extent in other directions, and by assuming that the fields vanish at the infinite boundaries, we obtain the time-independent five-momentum of the Galilean Dirac field:

P_μ = ∫ d^3xdx^5 √ 2 T_{5μ}.

This gives the explicit expressions for generators P_4 and P_5:

P_4 = ∫ d^3xdx^5 √ 2 ( −Ψ(x)(iγ^a∂_a − k)Ψ(x)

−Ψ(x)iγ^5∂_5Ψ(x) ) (37) and P_5 = ∫ d^3xdx^5 √ 2 Ψ(x)iγ^4∂_5Ψ(x). (38)

While the first term in the right-hand side of Eq.(37) represents the kinetic and mass term contributions to the total energy, which have the same form as in 4-dimensional relativistic theories, the x^5 dependence introduces a new type of interaction and therefore a new type of energy contribution.

We rescale the generators P_4 and P_5 and define the Hamiltonian H and the total mass M of the system as follows

c̄P_4 = H, 1 c̄ P_5 = M, (39)

As in the case of Lorentz covariant theories, we can introduce the Belinfante tensor

Θ^{μν} = T^{μν} − 1 2 ∂_ρ[Ψ(x)F^{ρμν} Ψ(x)], (40)

where F^{ρμν} ≡ γ^ρF^{μν} − γ^μF^{ρν} − γ^ν F^{ρμ} and F^{μν} = − i 4 [γ^μ, γ^ν ]_−,

which satisfies the same conservation law as T^{μν} ,

∂_μΘ^{μν} = 0, (41) and provides us with the same expression for the timeindependent five-momentum:

P^Θ_μ ≡ ∫ d^3xdx^5 √ 2Θ_{5μ} = P_μ. (42)

This means that Θ^{μν} can also be regarded as the energymomentum-mass tensor. The explicit expression for Θ^{μν} is Θ^{μν} = 1 2 Ψ(x)i(γ^{μ ↔}∂^ν +γ^{ν ↔}∂^μ)Ψ(x) − L_0g^{μν} , (43)

where a^↔∂b≡^1_2 [a∂b − (∂a)b], Θ^{μν} being symmetric, Θ^{μν} = Θ^{νμ}.

The invariance of the action with respect to spatial rotations and boosts, gives us another set of conserved currents:

∂_μM^{μ,ρσ} = 0, (44)

where

M^{μ,ρσ} ≡ x^ρΘ^{μσ} − x^σ Θ^{μρ}. (45)

The conservation of M^{μ,ρσ} is provided by the symmetry of Θ^{μν} . Integrating Eq.(45) in the same way as in the case of translations, we obtain the time-independent tensor

M^{ρσ} = ∫ d^3xdx^5 √ 2 M^{4,ρσ}. (46)

For spatial components of indices ρ and σ, M^{ab} is the angular momentum tensor related to rotations in the x^ax^b-planes. As in Lorentz covariant models, M^{ab} consists of two parts

M^{ab} = M^{ab}_0 + S^{ab},

where

M^{ab}_0 ≡ ∫ d^3xdx^5 √ 2 (x^aT^{4b} − x^bT^{4a})

is the orbital part of M^{ab} , while S^{ab} ≡ ∫ d^3xdx^5 √ 2Ψ̄(x)γ^4F^{ba}Ψ(x)

is its spin part.

The tensor M^{ab} has three independent components, that can be represented by the vector J^a in (3),

J^a ≡ J^a_0 + S^a,

where J^a_0 = (1/2)ϵ^{abc}M^{bc}_0 . The spin part of this vector is S = 1 √ 2 ∫ d^3xdx^5 Ψ̄(x)γ^4ΣΨ(x),

which is often called the Dirac spin operator, where

Σ^a = ( σ^a 0 0 σ^a ) = i 2 γ^a(γ^4γ^5 − γ^5γ^4).

The Galilean covariant and Dirac spin operators are related as

S = S − P^{−1}_5 [K × P] + J_0. (47)

Like S, the Dirac spin operator S is invariant under Galilean boosts. In particular, under the transformation (22) Σ^a transforms as follows

Σ^a → Λ^{−1}Σ^aΛ = Σ^a + iγ^4ϵ^{abc}γ^b P^c 2P_5 , where Λ is given by Eq.(29) with v_a = P_a/P_5, while S does not change. In the rest frame, the last two terms in the right-hand side of Eq.(47) vanish, so the operators S and S coincide. However, there is an important difference between the two spin operators. The Dirac spin is not in general conserved in time. This is specific for Galilean covariant theories in (4 + 1) dimensions.

When we set ρ = a and σ = 4 or vice versa, Eq.(46) gives us the Galilean boost generator

K^a = M^{a4} = x^4P_a − ∫ d^3xdx^5 √ 2x_aT_{55}. (48)

The spin part of M^{a4} is

S^{a4} = 1 √ 2 ∫ d^3xdx^5 Ψ̄(x)F^{a44}Ψ(x).

Since F^{a44} = 0, it vanishes and does not contribute to Eq.(48).

E. Nonconservation of Dirac spin

The remaining nonzero components of the tensor (46) are M^{45} and M^{a5}. The conservation of

M^{45} = x^4P_4 − ∫ d^3xdx^5 √ 2 x^5Θ_{55} (49)

is another form of Eq.(42) for μ = 4. Using Eq.(41), we can rewrite P_4 as

P_4 = d dx^4 ∫ d^3xdx^5 √ 2 x^5Θ_{55}.

Integrating this expression over x^4, this gives us the timeindependent quantity represented by Eq.(49).

The component K̃^a ≡ M^{a5} is a generator of non- Galilean boosts. In contrast with the Galilean boost generator, it has a non-vanishing spin part

S̃^a ≡ S^{a5} = 1√ 2 ∫ d^3xdx^5Ψ̄(x)γ^4Σ̃^aΨ(x), (50)

where Σ̃^a ≡ −Σ^aγ^5.

The nonzero commutation relations including K̃^a are

[J^a, K̃^b]_− = iϵ^{abc}K̃^c, [P^a, K̃^b]_− = ig^{ab}P_4, [K̃^a, P_5]_− = iP^a

(compare to the corresponding commutators in (3)). In addition, we get [K^a, K̃^b]_− = −iϵ^{abc}J^c − ig^{ab}Q̃, i.e. the galilean and non-Galilean boosts generators do not commute, Q̃ ≡ M^{45} playing the role of central charge. The nonzero commutation relations for Q̃ are

[Q̃, K^a]_− = iK^a, [Q̃, K̃^a]_− = −iK̃^a

[Q̃, P_5]_− = iP_5 [Q̃, P_4]_− = −iP_4.

The nonconservation in time of the Dirac spin is represented as d dx^4 S = 1 √ 2 ∫ d^3xdx^5Ψ̄ ( γ^4[Σ̃×∇]−[Σ̃×∇]γ^4 ) Ψ, (51)

being related to the spin part of the non-Galilean boost generator.

The x^4 ↔ x^5 symmetry and the role of x^5 coordinate become more obvious if we represent the four-component spinor Ψ(x) as a set of two two-component spinors Ψ_1(x) and Ψ_2(x) as follows

Ψ(x) = ( Ψ_1(x) Ψ_2(x) ) . For the linear combinations of these spinors

Ξ(x) = ( Ξ_1(x) Ξ_2(x) )

≡ ( Ψ_1(x) + Ψ_2(x) Ψ_1(x) − Ψ_2(x) ) , (52)

the Dirac equation given in Eq.(24) reduces to the system of two equations

∂_4Ξ_1 = ip_−Ξ_2, ∂_5Ξ_2 = −ip_+Ξ_1, (53)

where p_± ≡ 1 √ 2 (σ^a∂_a ± k). We see that the second component Ξ_2 is not dynamically independent. Its time evolution is completely determined by Ξ_1, while the x^5-dependence of the first component Ξ_1 is governed by Ξ_2. Acting at both sides of these equations by ∂_5 and ∂_4, respectively, this gives us

∂_4∂_5Ξ_1 = p_−p_+Ξ_1, ∂_4∂_5Ξ_2 = p_−p_+Ξ_2,

i.e. the second order form of these equations is the same.

The generators of the Galilei Lie algebra can be expressed in terms of Ξ_1 only. For instance, the generators of translations and the spin operator take the form

P_μ = ∫ d^3xdx^5Ξ^†_1i∂_μΞ_1 and S^a = 1 2 ∫ d^3xdx^5Ξ^†_1σ^aΞ_1.

However, Ξ_2 contributes to the spin part of the non- Galilean boost generator:

S̃^a = − 1√ 2 ∫ d^3xdx^5Ξ^†_1σ^aΞ_2 = 1 √ 2 ∫ d^3xdx^5Ξ^†_1σ^ap_+i∂^{−1}_5 Ξ_1

making its density nonlocal in x^5.

Equation (51) becomes d dx^4 S^a = 1 √ 2 ∫ d^3xdx^5∂_5 ( ∂^{−1}_5 Ξ^†_1σ^ap_−p_+∂^{−1}_5 Ξ_1 ) . Due to the nonlocality in x^5,^d_{dx4} S^a does not vanish unless the x^5 coordinate is compactified and/or boundary conditions on ∂^{−1}_5 Ξ_1 are imposed.

III. REDUCTION TO (3 + 1) DIMENSIONS

The reduction to (3 + 1) dimensions is performed by factoring the x^5 coordinate out of the original field Ψ(x) as [6]

Ψ(x) = e^{−imc̄x5} ψ_+(x, t). (54)

The field ψ_+(x, t) is a nonrelativistic Fermi field which represents particles with positive inertial mass m in (3 + 1) dimensions. The integral over x^5, for instance in Eqs.(37) and (38), is then interpreted as ∫ dx^5 → lim_{l→∞}(1/l) ∫_{l/2} −l/2 dx 5, where l is an arbitrary length, i.e.

the x^5 coordinate is first compactified and factorized and then integrated out.

In two reference frames connected by the reduced Galilean transformation (x, x^4) → (x^′, x^{′4}), the fields ψ^′_+(x^′, t^′) and ψ_+(x, t) are related as

ψ^′_+(x^′, t^′) = e^{−iΔ(x,t)}Λψ_+(x, t), (55)

where, in addition to the transformation matrix Λ discussed above, we have a space-time-dependent phase factor with Δ(x, t) ≡ mc̄ [ (Rx) · β − 1 2 |β|^2x^4 ] . (56)

This phase factor is caused by the nontrivial cohomology of the Galilei group [16],[27].

The ansatz (54) breaks the invariance of the original theory with respect to non-Galilean boosts. Assuming for a moment that the field Ψ(x) in (54) transforms under non-Galilean boosts in accordance with that invariance, i.e. like in Eq.(25) with Λ given by Eq.(32), this yields

ψ^′_+(x^′, t^′) = e^{i(m′−m)c̄x5} Λψ_+(x, t) or ∂_5ψ^′_+(x^′, t^′) = i(m^′ − m)c̄ψ^′_+(x^′, t^′),

where (x^′, t^′) and (x, t) are related by the transformation (31), while m^′ ≠ m according to Eq.(33). Therefore, even if we start with a Galilean reference frame in which ψ_+(x, t) is x^5 independent, non-Galilean boosts bring us to a non-Galilean one where the factorization (54) does not hold.

The ansatz (54) is not invariant under translations in the x^5-direction as well. However, the factor exp{−imc̄d}, which appears in Eq.(54) after the translation x^5 → x^5 + d, can be removed by performing global phase transformation:

ψ_+(x, t) → e^{imc̄d}ψ_+(x, t).

With the factorization given by Eq.(54), the total mass of the system is M = mN_+. The symbol N_+,

N_+ ≡ ∫ d^3xN_+(x, t) = ∫ d^3x √ 2ψ̄_+(x, t)γ^4ψ_+(x, t) (57)

is the number of particles. We assume that the particles have the electric charge +1, so that N_+ stands for both the total number of particles and the total electric charge.

By substituting this factorization into the action, we rewrite the Lagrangian density of Eq.(23) as

L_0(x) → L_{0,+}(x, t)

= ψ_+(x, t)(iγ^{μ̄ ↔}∂_{μ̄} −kI_+)ψ_+(x, t), (58)

where μ̄ runs from 1 to 4, and the matrix I_+ is defined by I_± = I ∓ mc̄ k γ^5,

I being the identity matrix. Below we will also use the matrix I_− that differs from I_+ in the sign of m. Eq.(58) is the effective Lagrangian density in (3 + 1) dimensions. The corresponding action is invariant under global phase transformations of the field ψ_+(x, t) and under reduced Galilean transformations of coordinates (x, x^4) → (x^′, x^{′4}).

A. Non-relativistic Fermi field in (3 + 1) dimensions

The Euler-Lagrange equation of motion for the field ψ_+(x, t) is ( iγ^{μ̄}∂_{μ̄} − kI_+ ) ψ_+(x, t) = 0. (59)

Representing the field ψ_+(x, t) as

ψ_+(x, t) = ( ψ_{1,+}(x, t) ψ_{2,+}(x, t) ) , and introducing the independent and dependent fields, η_{1,+}(x, t) and η_{2,+}(x, t), respectively, in the same way as above for the Dirac field in (4 + 1) dimensions,

η_+(x, t) = ( η_{1,+}(x, t) η_{2,+}(x, t) )

≡ ( ψ_{1,+}(x, t) + ψ_{2,+}(x, t) ψ_{1,+}(x, t) − ψ_{2,+}(x, t) ) , (60)

we bring the system given by Eq.(59) to the following form

i∂_4η_{1,+} + p_−η_{2,+} = 0, p_+η_{1,+} − mc̄η_{2,+} = 0, (61)

where p_± ≡ 1 √ 2 (σ^a∂_a ± k), i.e the independent field η_{1,+}(x, t) obeys a Schrödinger type equation. For k = 0, the rest mass is equal to zero, and this system coincides with the Lévy-Leblond equations [12]. In what follows, we will assume that m = m_0.

Another way of separating the independent and the dependent fields is by introducing the four-component spinors

ϕ_+ = 1 √ 2 I_−γ^4ψ_+ (62) and χ_+ = 1 2 I_−γ^4γ^5ψ_+ (63)

for the independent and dependent fields, respectively. The inverse transformation is

ψ_+ = 1 4 γ^5γ^4I_−ϕ_+ + 1 2 √ 2 γ^4I_−χ_+. (64)

The equations of motion become

i∂_4ϕ_+ = − 1 2 √ 2 ( iγ^aΓ∂_a − k(γ^0 + I) ) χ_+, k 2 Γχ_+ = ( iγ^a∂_a + k 2 Γ ) ϕ_+, (65)

where Γ ≡ 1 √ 2 (γ^4 − γ^5) + 2iF^{45},

Γ^2 = 0.

The equations (65) reproduce Eq.(61) if we take ϕ_+ and χ_+ in the form

ϕ_+ = ( η_{1,+} 0 ) , χ_+ = ( η_{2,+} 0 ) . With the transformation, Eq.(60), and eliminating η_{2,+} in favor of η_{1,+}, this gives us the Lagrangian density in the form

L_{0,+}(x, t) = η^†_{1,+}(x, t) ( i √ 2 ∂_4 + p_+p_− k ) η_{1,+}(x, t)

reflecting once more the Schrödinger nature of the independent field.

B. Quantization

As in Lorentz covariant models, the general solution to Eq.(59) may be expanded in terms of the plane wave solutions as in Ref. [26]:

ψ_+(x, t) = 1 (2π)^{3/2} ∑ r ∫ d^3p a^{(r)}(p)u^{(r)}(p)e^{−ipμ̄xμ̄} ,

where r = 1, 2, the scalar product p_{μ̄}x^{μ̄} is

p_{μ̄}x^{μ̄} = −px + E c̄ x^4,

with E given by Eq.(7), and a^{(r)}(p) and a^{†(r)}(p) are annihilation and creation operators of positive mass particles.

The positive-energy spinors u^{(r)}(p) = u^{(r)}(p, E, m) obey the equations

(γ^{μ̄}p_{μ̄} − kI_+)u^{(r)}(p) = 0

and the orthonormality conditions

ū^{(r)}(p)u^{(s)}(p) = δ_{rs}, (66)

which are solved by

u^{(r)}(p) = d_u(γ^{μ̄}p_{μ̄} + kI_−)u^{(r)}(0),

where

d_u = 1 2k ( 4mc̄^2 E + 3mc̄^2 )_{1/2} . The rest frame spinors u^{(r)}(0) = u^{(r)}(p = 0) are taken in the form

u^{(r)}(0) = ( ξ^{(r)}(0) 0 ) , (67)

with

ξ^{(1)}(0) = ( 1 0 ) , ξ^{(2)}(0) = ( 0 1 ) .

By using Eqs.(66)-(67), we find ∑ r u^{(r)}(p)ū^{(r)}(p) = 1 2k (γ^{μ̄}p_{μ̄} + kI_−).

Quantizing the field ψ_+(x, t) by assuming that the annihilation and creation operators obey the anticommutation relations: { a^{(r)}(p), a^{†(s)}(q) } = δ_{rs}δ(p − q), we obtain at equal times x^4 = y^4 = t the following anticommutator { ψ_+(x, t), ψ_+(y, t) } = D_+(x−y)− 1 2k^2 √ 2 γ^4∇^2δ(x−y),

where

D_+(x − y) ≡ 1 2 (γ^0 + I)δ(x − y) + 1 2k iγ^a∂_aδ(x − y).

The appearance of terms that do not vanish unless k → ∞ is the contribution of the dependent field to the anticommutator. For the independent field we have { η_{1,+}(x, t), η^†_{1,+}(y, t) } = δ(x − y),

which is the standard equal-time anticommutation relation for Fermi fields.

C. One-particle states

The plane wave solution expansion for the independent field η_{1,+}(x, t) is

η_{1,+}(x, t) = 1 (2π)^{3/2} ∑ r ∫ d^3p a^{(r)}(p)u^{(r)}_+ (p)e^{−ipμ̄ xμ̄} ,

where

u^{(r)}_+ (p) = u^{(r)}_1 (p) + u^{(r)}_2 (p) = d_u(iσ^ap_a + 2k)ξ^{(r)}(0) and u^{(r)}_+ (0) = ξ^{(r)}(0).

The spinors u^{(r)}_+ (p) obey the same orthonormality conditions as u^{(r)}(p) in Eq.(66).

Using the ansatz (54) in the expressions for generators constructed in the previous section in the same way as in the expression for the total mass, this gives us the corresponding generators in (3 + 1) dimensions. In terms of the annihilation and creation operators, the generators P^a and H, for instance, become

P^a_+ = ∑ r ∫ d^3p p^aa^{†(r)}(p)a^{(r)}(p) and H_+ = ∑ r ∫ d^3p E_pa^{†(r)}(p)a^{(r)}(p)

with

E_p = p^2 2m . The orbital angular momentum and Dirac spin are now separately conserved. For the corresponding operators, we get

J^a_{0,+} = ∑ r,s ∫ d^3p a^{†(r)}(p) [ − iδ_{rs}ϵ^{abc}p_b ∂ ∂p_c − S^a_{2,+}(r, s; p) ] a^{(s)}(p) and S^a_+ = ∑ r,s ∫ d^3p a^{†(r)}(p) [ S^a_{1,+}(r, s)+S^a_{2,+}(r, s; p) ] a^{(s)}(p),

respectively, where S^a_{1,+}(r, s) ≡ 1 2 ξ^{†(r)}(0)σ^aξ^{(s)}(0), (68)

S^a_{2,+}(r, s; p) ≡ d^2_uξ^{†(r)}(0){(p_ap_bσ^b − p^2σ^a) + kϵ^{abc}(p_cσ^b − p_bσ^c)}ξ^{(s)}(0). (69)

The numbers S^a_{1,+}(r, s) can be represented as entries of the following (2 × 2)-matrices in the (r, s)-space:

S^1_{1,+} = 1 2 ( 0 1 1 0 ) , S^2_{1,+} = 1 2 ( 0 −i i 0 ) ,

S^3_{1,+} = 1 2 ( 1 0 0 −1 ) , while S^a_{2,+}(r, s; p) satisfies

p_aS^a_{2,+}(r, s; p) = 0.

The S^a_{2,+}(r, s; p) contributions to the orbital angular momentum and Dirac spin operators are opposite in sign, so that these contributions cancel each other in the expression for the total angular momentum.

For bilinear combinations of S^a_{1,+}(r, s) and S^a_{2,+}(r, s; p), we get the conditions ∑ q S^a_{1,+}(q, r)S^a_{1,+}(s, q) = 3 4 δ_{rs}, (70) ∑ q S^a_{2,+}(q, r; p)S^a_{2,+}(s, q; p) = 2d^2_up^2δ_{rs}, (71) and ∑ q (S^a_{1,+}(q, r)S^a_{2,+}(s, q; p) + S^a_{2,+}(q, r; p)S^a_{1,+}(s, q))

= −2d^2_up^2δ_{rs}. (72)

Let us now introduce one-particle states as

|r; p; +⟩ ≡ a^{†(r)}(p)|0; +⟩, (73)

where |0; +⟩ is the vacuum state that contains no particles,

a^{(r)}(p)|0; +⟩ = 0 for all r and p,

and belongs to the zero inertial mass subspace. Since

M|r; p; +⟩ = m|r; p; +⟩, P^a_+|r; p; +⟩ = p^a|r; p; +⟩, H|r; p; +⟩ = E_p|r; p; +⟩, the states |r; p; +⟩ are characterized by the mass m, the momentum p and the energy E_p.

On one-particle states, the Galilean covariant spin operator

S^a_+ = S^a_+ − 1 mc ε^{abc}K^b_+P^c_+ + J^a_{0,+},

where K^a_+ is the Galilean boost generator in (3 + 1) dimensions, reduces to the Dirac one,

S^a_+|r; p; +⟩ = S^a_+|r; p; +⟩,

so that we can use any of them. With the conditions given by Eqs.(70)-(72), we get

(S^a_+)^2|r; p; +⟩ = 3 4 |r; p; +⟩ indicating that |r; p; +⟩ are spin-1/2 states.

For a given momentum p, there are two different states (r = 1, 2), corresponding to two possible values of the third component of spin. The action of S^3_+ on the states |r; p; +⟩ is as follows

S^3_+|1; p; +⟩ = (1 2 − f_1 ) |1; p; +⟩ + f_2|2; p; +⟩,

S^3_+|2; p; +⟩ = − (1 2 − f_1 ) |2; p; +⟩ + f^⋆_2 |1; p; +⟩,

where

f_1 = p^2_1 + p^2 p^2 + 4k^2 , f_2 =

(p_1 + ip_2)(p_3 − i2k) p^2 + 4k^2 and f_2f^⋆_2 = f_1(1 − f_1).

For p_1 = p_2 = 0, we have p = (0, 0, p_3), f_1 = f_2 = 0, and S^3_+|1; p_3; +⟩ = 1 2 |1; p_3; +⟩,

S^3_+|2; p_3; +⟩ = − 1 2 |2; p_3; +⟩,

so that the states |1; p_3; +⟩ and |2; p_3; +⟩ correspond to the values of 1/2 and (−1/2) of the third component of spin, respectively.

For p_1 ≠ 0, p_2 ≠ 0, |1; p; +⟩ and |2; p; +⟩ are not eigenstates of S^3_+. However, we can introduce their linear combinations |↑; p; +⟩ ≡ 1 − f_1 f_2

|1; p; +⟩ + |2; p; +⟩,

|↓; p; +⟩ ≡ |1; p; +⟩ −

1 − f_1

f^⋆_2

|2; p; +⟩

which correspond to the same values of the third component of spin:

S^3_+|↑; p; +⟩ = 1 2 |↑; p; +⟩, S^3_+|↓; p; +⟩ = − 1 2 |↓; p; +⟩. This is in agreement with the fact that for nonrelativistic particles the third component of spin can be used to enumerate the spin states for any value of momentum [28].

According to Eqs.(55) and (56), in two Galilean reference frames connected by a pure Galilean boost the components of the momentum of a particle are related as follows

p → p^′ = p − mc̄β.

Choosing β as β = ( p_1 mc̄ , p_2 mc̄ , 0 ) , we can always make a transition from a reference frame with p_1 ≠ 0, p_2 ≠ 0 to another one in which these two components of the momentum are zero and the enumeration of spin states is straightforward. This represents another way of identifying spin states for nonzero values of p_1 and p_2.

D. Particle-antiparticle system

We can study the system of n particles of different mass as well. In this case, the theory includes n sectors corresponding to masses m_1, m_2, .., m_n. The masses can be either positive (particles) or negative (antiparticles).

Let us consider a particle-antiparticle system with masses m and −m, respectively. In addition to the field ψ_+(x, t) we get the field ψ_−(x, t) representing antiparticles. The Lagrangian density of the system becomes

L_0(x, t) = ∑ i=(+,−) L_{0,i}(x, t) = ∑ i=(+,−) ψ_i(x, t)(iγ^{μ̄ ↔}∂_{μ̄} −kI_i)ψ_i(x, t).(74)

The mass superselection rule forbids the superposition of states of different mass in (3 + 1) dimensions. However, we can use a linear combination of ψ_+(x, t) and ψ_−(x, t) in transition from (4+1) dimensions to (3+1) dimensions [26].

As in the case with a single mass sector, we can start with the five-dimensional Dirac field model given by Eq.(23) and then perform the reduction to (3 + 1) dimensions by applying the factorization

Ψ(x) = e^{−imc̄x5} ψ_+(x, t) + e^{imc̄x5} ψ_−(x, t). (75)

By substituting this factorization into the corresponding action, we find that the particle and antiparticle fields contribute separately. The mixed terms contain the oscillating factors e^{±2imc̄x5} so that their contribution to the action vanishes and the effective Lagrangian density in (3 + 1) dimensions takes the form given in Eq.(74).

The conserved currents and generators, including the Dirac spin operator, contain two parts, one for positive mass sector and the other for negative one. For instance, P = P_+ + P_−, K = K_+ + K_− and etc. The total mass of the system becomes

M = m(N_+ − N_−),

where N_− stands for the total number of antiparticles being given by Eq.(57) with ψ_+(x, t) replaced by ψ_−(x, t).

The exception is the Galilean covariant spin operator. The operators S_+ and S_− are not additive [25], and in the case of nonzero total mass the total spin operator S is given by S = P_{5,+} P_5

S_+ + P_{5,−} P_5

S_− + J_{0,rel},

where

P_5 = P_{5,+} + P_{5,−}, P_{5,±} = ±mc̄N_±, and J_{0,rel} ≡ 1 P_5 ( [K_− × P_+] + [K_+ × P_−] )

− (P_{5,−} P_5

J_{0,+} + P_{5,+} P_5 J_{0,−} )

can be interpreted as an orbital angular momentum related to the relative motion of particles and antiparticles. The states that only contain particle and antiparticle pairs belong to the zero inertial mass subspace. For those states the Galilean covariant spin operator can not be defined.

The field ψ_−(x, t) obeys the equation ( iγ^{μ̄}∂_{μ̄} − kI_− ) ψ_−(x, t) = 0

and can be quantized in the same way as the field ψ_+(x, t). Let b^{(r)}(p) and b^{†(r)}(p) be annihilation and creation operators of antiparticles and |0; −⟩ be the vacuum state for negative mass sector:

b^{(r)}(p)|0; −⟩ = 0 for all r and p.

One-antiparticle states are defined as

|r; p; −⟩ ≡ b^{†(r)}(p)|0; −⟩ (76)

being characterized by the mass (−m), the momentum p, the energy (−E_p) and the spin polarization r. The total vacuum state that contains neither particles nor antiparticles is |0⟩ = |0; +⟩ ⊗ |0; −⟩. We can connect one-particle and one-antiparticle states by making use of the transition operators T_{−+}(r, s) ≡ ∫ d^3p b^{†(r)}(p)a^{(s)}(p) and T_{+−}(r, s) ≡ ∫ d^3p a^{†(r)}(p)b^{(s)}(p)

with T^†_{+−}(r, s) = T_{−+}(s, r). The operator T_{−+}(r, s) transforms an one-particle state with the spin polarization s to an one-antiparticle state with the spin polarization r, while T_{+−}(r, s) performs an inverse transformation: T_{−+}(r, s)|s; p; +⟩ ⊗ |0; −⟩ = |0; +⟩ ⊗ |r; p; −⟩, T_{+−}(s, r)|0; +⟩ ⊗ |r; p; −⟩ = |s; p; +⟩ ⊗ |0; −⟩. In the transition performed by T_{−+}(r, s) the mass of state decreases by 2m, and in the transition performed by T_{+−}(r, s) it increases by 2m. This is reflected in the following commutation relations [T_{+−}(r, s), M]_− = −2mT_{+−}(r, s), [T_{−+}(r, s), M]_− = 2mT_{−+}(r, s). On one-particle (-antiparticle) states, J^a_{0,rel}|s; p; +⟩ ⊗ |0; −⟩ = J^a_{0,rel}|0; +⟩ ⊗ |r; p; −⟩ = 0 and S^a|s; p; +⟩ ⊗ |0; −⟩ = S^a_+|s; p; +⟩ ⊗ |0; −⟩, S^a|0; +⟩ ⊗ |r; p; −⟩ = S^a_−|0; +⟩ ⊗ |r; p; −⟩, so that the operators T_{+−}(r, s) and T_{−+}(r, s) commute with (S^a)^2,

[T_{+−}(r, s), (S^a)^2]_− |0; +⟩ ⊗ |r; p; −⟩ = 0,

[T_{−+}(r, s), (S^a)^2]_− |s; p; +⟩ ⊗ |0; −⟩ = 0,

indicating that the magnitude of spin does not change in these transitions.

The transition operators can be used to connect many-particle states, too. Since the mass gap between the positive and negative mass sectors is 2m, the mass difference between such manyparticle states should be an integer multiple of 2m. By applying a^{†(r)}(p_1)a^{†(s)}(p_2)...a^{†(t)}(p_{N+} ) and b^{†(r̄)}(q_1)b^{†(s̄)}(q_2)...b^{†(t̄)}(q_{N−} ), for instance, on the total vacuum state, we create a many-particle state with N_+- particles and N_−-antiparticles. The operator T_{−+}(r, s) transforms this state to a state with (N_+ − 1)-particles and (N_− + 1)-antiparticles, and the operator T_{+−}(r, s) transforms it to a state with (N_+ + 1)-particles and (N_− − 1)-antiparticles. In transitions between manyparticle states, the magnitude of spin is not in general conserved.

IV. DISCUSSION

1. In (4 + 1) dimensions, the characteristics of spin of the Galilean covariant Dirac field are shown to be similar to those of the Lorentz covariant one in (3 + 1) dimensions. The Galilean covariant and Dirac spin operators are introduced in the same way as in the relativistic case, the Galilean covariant spin operator being invariant under time translations. The Dirac spin is not conserved in time, and this is related to an extra symmetry with respect to non-Galilean transformations. These transformations include boosts that connect a Galilean reference frame to non-Galilean ones in which the system has the same energy but different values of the inertial and rest masses. It is shown that the non-Galilean boost generator has a nonvanishing spin part and its spin density is responsible for the nonconservation of Dirac spin.

Reduction to (3 + 1) dimensions eliminates the extra symmetry and makes boosts to non-Galilean reference frames impossible. The Dirac spin of the resulting nonrelativistic Fermi field is conserved. On one-particle states the Galilean covariant and Dirac spin operators coincide and can be equally used in the construction of spin states.

2. The inertial mass of a nonrelativistic particle is an invariant quantity, while its rest mass can be in principle changed. Two regimes are possible: (i) the inertial and rest masses are equal; in this case the Galilean theory can be obtained as a limit of a Lorentz covariant one, and the parameter c̄ can be identified with the speed of light c; (ii) the rest mass differs from the inertial one, then there is no direct relation between the Galilean and Lorentz covariant theories, and the parameter c̄ differs from c. Whether transitions between these two regimes are allowed or not depends on a choice of interactions. If we could design interactions that change the rest mass, this would allow the system to undergo such transitions. If in these transitions the rest energy is conserved, then mc^2 = m_0c̄^2, and this gives us the following relation between the parameters c̄ and c: c̄ = c ( 1 + Δm m )−1/2 , where Δm = m_0 − m is the difference between the rest and inertial masses.

Acknowledgments

The author thanks F. Khanna and M. de Montigny for discussions.

[1] See, for instance, P.M. Chaikin, T.C. Lubensky, Principles of Condensed Matter, Cambridge Univ. Press (1995); J.F. Annett, Superconductivity, Superfluids, and Condensates, Oxford Univ. Press (2004); L.P. Pitaevskii, S. Stringari, Bose-Einstein Condensation, Clarendon Press (2003).

[2] F.D.M. Haldane, Phys. Rev. Lett. 47, 1840 (1981). [3] I.G. Bostrem, J.-I. Kishine, and A.S. Ovchinnikov, Phys.

Rev. B78, 064425 (2008).

[4] A. Imambekov, L.I. Glazman, Phys. Rev. Lett. 102, 126405 (2009); T.L. Schmidt, A. Imambekov, L.I. Glazman, Phys. Rev. B82, 245104 (2010); Phys. Rev. Lett. 104, 116403 (2010); A. Shashi, L.I. Glazman, J.-S. Caux, A. Imambekov, Phys. Rev. B84, 045408 (2011).

[5] M. Greiter, F. Wilczek, E. Witten, Mod. Phys. Lett. B3, 903 (1989); D.T. Son, Phys. Rev. Lett. 94, 175301 (2005); D.T. Son, M. Wingate, Ann. Phys. (N.Y.) 321, 197 (2006); A.S. Peletminskii, J. Phys. A42, 045501 (2009).

[6] M. de Montigny, F.C. Khanna, A.E. Santana, E.S. Santos, J.D.M. Vianna, Ann. Phys. (N.Y.) 277, 144 (1999); J. Phys. A33, L273 (2000); M. de Montigny, F.C. Khanna, A.E. Santana, E.S. Santos, J. Phys. A34, 8901 (2001); M. de Montigny, F.C. Khanna, A.E. Santana, Int. J. Theor. Phys. 42, 649 (2003); J. Phys. A36, 2009 (2003); L. Abreu, M. de Montigny, F.C. Khanna, A.E. Santana, Ann. Phys. (N.Y.) 308, 244 (2003); E.S. Santos, M. de Montigny, F.C. Khanna, A.E. Santana, J. Phys. A37, 9771 (2004); E.S. Santos, M. de Montigny, F.C. Khanna, Ann. Phys. (N.Y.) 320, 21 (2005).

[7] Y. Takahashi, Fortschr. Phys. 36, 63 (1988); 36 83 (1988).

[8] M. Omote, S. Kamefuchi, Y. Takahashi, Y. Ohnuki, Fortschr. Phys. 37, 933 (1989).

[9] G. Pinski, J. Math. Phys. 9, 1927 (1968); D.E. Soper, Classical Field Theory, Wiley and Sons, New York (1976); C. Duval, G. Burdet, H.P. Künzle, M. Perrin, Phys. Rev. D31, 1841 (1985); C. Duval, Lecture Notes in Mathematics 1251, 205 (1987); C. Duval, G.W. Gibbons, P. Horváthy, Phys. Rev. D43, 3907 (1991); H.P. Künzle, C. Duval, in Semantical Aspects of Spacetime Theories, U. Majer, H.J. Schmidt (Eds.), BI- Wissenschaftsverlag, Mannheim, p. 133 (1994); C. Duval, P. Horváthy, L. Palla, Ann. Phys. (N.Y.) 249, 265 (1996).

[10] R. Jackiw, Lectures on Fluid Dynamics - a Particle Theorist’s View of Supersymmetric, Non-abelian, Noncommutative Fluid Mechanics and D-branes, Springer, Berlin (2002); D. Bazeia, R. Jackiw, Ann. Phys. (N.Y.) 270, 246 (1998); R. Jackiw, A.P. Polychronakos, Comm. Math. Phys. 207, 107 (1999); Proc. Steklov Inst. Math. 226, 193 (1999).

[11] M. Hassaïne, P.A. Horváthy, Ann. Phys. (N.Y.) 282, 218 (2000); Lett. Math. Phys. 57, 33 (2001); Phys. Lett. A279, 215 (2001).

[12] J.-M. Lévy-Leblond, Commun. Math. Phys. 6, 286 (1967).

[13] E. Inönü, E.P. Wigner, Nuovo Cim. 9 705 (1952). [14] A.S. Wightman, Rev. Mod. Phys. 34, 845 (1962). [15] H. Hamermesh, Ann. Phys. (N.Y.) 9, 518 (1960). [16] J.-M. Lévy-Leblond, J. Math. Phys. 4, 776 (1963). [17] J.-M. Lévy-Leblond, Commun. Math. Phys. 4, 157 (1967).

[18] M. Pauri, G.M. Prosperi, J. Math. Phys. 9, 1146 (1968);

C.R. Hagen, Phys. Rev. D5, 377 (1972).

[19] A.M.L. Messiah, O.W. Greenberg, Phys. Rev. 136, B248 (1964); M. Peshkin, Phys. Rev. A67,042102 (2003); A68, 046102 (2003); R.E. Allen, A.R. Mondragon, Phys. Rev. A68, 046101 (2003); A. Shaji, E.C.G. Sudarshan, quant-ph/0306033; C.R. Hagen, Phys. Rev. A70, 012101 (2004).

[20] N.N. Bogoliubov, A.A. Logunov, and I.T. Todorov, Introduction to Axiomatic Quantum Field Theory Benjamin, NY (1975).

[21] D.R. Terno, Phys. Rev. A67, 014102 (2003) and references therein.

[22] A. Horzela, E. Kapuścik, Electromagnetic Phenomena 3, 63 (2003).

[23] V. Bargmann, Ann. Math. 59, 1 (1954).

[24] R. Jackiw, V.P. Nair, Phys. Lett. B480, 237 (2000);

C. Duval, P.A. Horváthy, Phys. Lett. B547, 306 (2002); Erratum-ibid. B588, 228 (2004).

[25] F. Gürsey, Group combining internal symmetries and spin, in High Energy Physics (Eds. C. DeWitt, M. Jacob), Gordon and Breach, 1965.

[26] M. de Montigny, F.C. Khanna, F.M. Saradzhev, Ann.

Phys. (N.Y.) 323, 1191 (2008).

[27] J. A. de Azcarraga, J. M. Izquierdo, Lie Groups, Lie Algebras, Cohomology and Some Applications in Physics, Cambridge Univ. Press (1995).

[28] V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii, Quantum Electrodynamics, Pergamon (1982).