arXiv:1109.5137v2 [hep-th] 31 Oct 2012

UV/IR mixing as a twisted Poincaré anomaly.

A. Pinzul^∗

Universidade de Brasília Instituto de Física 70910-900, Brasília, DF, Brasil and International Center of Condensed Matter Physics C.P. 04667, Brasilia, DF, Brazil

Abstract

We analyze symmetries of the 1-loop effective action of ϕ^4 noncommutative field theory. It is shown, that despite the twisted Poincaré invariance of the classical noncommutative action, its 1-loop quantum counterpart lacks this invariance. Though Noether analysis of the model is somewhat obscure, it is still possible to interpret this symmetry breaking as a quantum anomaly due to inappropriate choice of the quantization method.

∗apinzul@unb.br

1 Introduction

Based on a quite general argument [1], it is believed that one or another form of a noncommutative (NC) space-time should emerge as a quasi-classical approximation to quantum gravity in a sense that quantum fields on such a space-time will probe the quantum gravity scale through noncommutativity. This observation, as well as the appearance of NC field theory in super strings [2], sparked considerable interest in noncommutative physics. Most of the efforts have been devoted to the analysis of theories on a NC space-time with constant noncommutativity, a so-called Moyal space. (Literature on the subject is vast, for a review see, e.g. [3]) This is the simplest possible type of noncommutativity, defined by the following commutation relation between the coordinates [x^μ, x^ν ] = iθ^{μν} . (1)

Here θ^{μν} gives the scale of quantum gravity, usually it is thought to be related to the Planck scale. It is clear that if θ^{μν} is some non-dynamical constant, which is the case in string theory, then (1) breaks Lorentz invariance.

The study of Lorentz-breaking theories has a long history by now [4]. Up to the first order in θ^{μν} , NC quantum field theory with constant noncommutativity is just a special case of the general situation (e.g., see discussion in [5]). The quantization of NC field theories (NCFT) had been performed within this framework, i.e quantization of a Lorentz violating theory. Perturbative analysis led to some noncommutative corrections but also, what is more important, to a quite universal property of NCFT – UV/IR mixing [6]. (Though, see some recent proposals on models without UV/IR mixing [7–9].) This property, which is due to the non-local nature of noncommutativity, put an end to hopes that noncommutativity (at least in the simple form of a constant θ^{μν} ) would serve as a UV regulator, which was the major motivation for one of the first works on a NC space-time [10].

After works [11, 12], another possibility to look at NCFT had become possible: instead of thinking in terms of broken Lorentz invariance, one could now think about NCFT as a theory with preserved, but twisted Lorentz symmetry.^1 On the classical level, this is just a point of view that does not add anything new to the picture. But the transition to quantization changes the situation drastically: one has to maintain this new twisted symmetry on quantum level. Essentially, there exist two approaches to quantization of NCFT with twisted Lorentz symmetry:

• The quantization should be done according to the usual rules. In other words, the usual Feynman rules, derived from the path integral with the standard quantum measure should be used to calculate quantum processes [13]. In this approach, all the technical results and conclusions about NCFT, including UV/IR mixing, remain untouched. [14–16]

• The quantization scheme should be drastically modified via deformation of canonical commutation relations (CCR) for creation/annihilation operators [17, 18] (see also [19–21]). Implementation of this approach has resulted in quite dramatic consequences: absence of UV/IR mixing in pure matter theories [22], non-trivial possibilities for gauge theories [23] and many others. [24–31]

Both approaches claim to preserve the twisted Lorentz symmetry on quantum level. The arguments from both sides are based on the analysis of Green’s functions, construction of the Hilbert space (carrying the correct representation of the twisted symmetry) as well as other considerations. Despite all the efforts, a consensus is still absent.

In this paper, we address the problem of quantization of theories with the twisted Lorentz symmetry from a different point of view. We choose one of the two quantization schemes, namely the standard one (with undeformed CCR), and analyze the symmetries of a quantum object – 1-loop effective action. This approach is, in some sense, close to the one used in analyzing quantum anomalies. The best case scenario would be to present an analog of a classically conserved Noether charge, corresponding to the twisted Lorentz symmetry, and analyze quantum corrections to the conservation law. Unfortunately, as we will see, Noether analysis

1Though we analyze the full Poincaré invariance, only the Lorentz part is non-trivially twisted, see Section 2.

is still quite obscure in this case and we will have to directly look for symmetries of the quantum action. The result of this analysis appears to be unambiguous: 1-loop effective action does not respect the twisted Lorentz invariance! Moreover, it is possible to show that this invariance is broken by exactly those diagrams that lead to the appearance of the UV/IR mixing – hence the title of the paper.

The plan of the paper is following. In Section 2, we analyze the difficulties of the Noether analysis in NCFT with the twisted symmetry. In Section 3, we give a sketchy review of the construction of the 1-loop effective action following [6]. Section 4 deals with the analysis of the symmetries of the 1-loop effective action. In Conclusion and discussion section, we discuss obtained result as well as indicate possible directions for the future development. In particular, we argue that the reason for the quantum anomaly is the intrinsic incompatibility of the chosen quantization scheme with the geometry of the noncommutative space-time. The majority of technical details about the Noether analysis is collected in Appendix. The whole analysis is done on the example of an interacting scalar field.

2 On twisted Noether charges

The Noether analysis of noncommutative theories is not an easy task. This is due to the fact, that instead of the usual Lie-type Lorentz symmetry, noncommutative theories respect its twisted version [11, 12]. There are at least two different approaches to the problem. In the first [32], the Moyal-type noncommutativity is dynamical. This leads to a new scalar degree of freedom and a natural restoration of the Lorentz invariance, which makes possible the usual analysis of conserved Noether currents. In the second [33], one uses noncommutative parameters in the twisted Poincaré transformations, which allows to preserve the usual Leibnitz rule; this, in turn, allows to extract Noether currents (though, explicitly it has been done only for the case of a free scalar field). Both, approaches, from our point of view, have some disadvantages. In the first one, we don’t deal with the actual (twisted) symmetry of a noncommutative theory. The price to pay is the presence of an extra field. In the second, along with a not very clear physical reason for noncommutative parameters, one ends up with the impossibility to realize pure boosts (though this may not be a disadvantage but a mere physical reality).

Here we will not perform a general analysis of the problem but rather consider a specific noncommutative model of an interacting scalar field on a Moyal space-time. The goal of this section is to demonstrate difficulties of the Noether analysis as well as to argue that having the twisted symmetry does not in general guarantee existence of the corresponding conserved charges. This should help to appreciate the fact that one does not need conserved charges to analyze symmetries at the quantum level, see Section 4. In passing, we will obtain a closed expression for the energy-momentum tensor, T_{μν} , which has correct transformation properties under the twisted symmetry.^2 The results of this section, especially on T_{μν} , will be analyzed and applied elsewhere.

Our approach is based on the direct analysis of the following model: S = ∫ d^4xL_∗ , where L_∗ = 1 2 ∂_μϕ ∗ ∂^μϕ + 1 2 m^2ϕ ∗ ϕ + λ 4! ϕ ∗ ϕ ∗ ϕ ∗ ϕ . (2) Here ∗ is the usual Moyal star-product: (f ∗ g)(x) := f(x)e^{i2 θμν} ← ∂_μ^→∂_ν g(x) . (3)

This action leads to the following equation of motion

− □ϕ + m^2ϕ + λ 3! ϕ ∗ ϕ ∗ ϕ = 0 . (4)

It is well known that the action (2) explicitly violates the Poincaré invariance. This is not unexpected, because (1) is clearly not Lorentz invariant (though translational invariance is not broken) in the case of

2The existence of a conserved T_{μν} is expected, because (1) is formally translation invariant. Below we discuss the question of uniqueness of the energy-momentum tensor.

nonzero and non-dynamical θ^{μν} , i.e. when θ^{μν} does not transform as a tensor. But now, the usual Lie-type symmetry is not natural anymore. This is due to the fact that the noncommutative product (3) does not agree with the usual co-product, which leads to the usual Lie-type transformations of composite fields: m_∗ ∘ Δ(h)(ϕ ⊗ ψ) ≠ h ▷ m_∗(ϕ ⊗ ψ) , (5) where m_∗(ϕ⊗ψ) = ϕ∗ψ is the noncommutative product (3), h is an arbitrary element of the symmetry algebra and Δ(h) = h⊗1+1⊗h is the standard (untwisted) co-product. This suggests that a new type of invariance, the twisted Poincaré symmetry, should be considered [12]. We will not go into a detailed discussion of the twisted invariance and provide here only the formulas we will need for the further consideration, namely the expressions for the twisted co-product, which cures the problem in (5) making it into an equality:

Δ_θ(P_μ) = 1 ⊗ P_μ + P_μ ⊗ 1 , Δ_θ(M_{μν} ) = 1 ⊗ M_{μν} + M_{μν} ⊗ 1 + S^{σγ}_{μν} (P_γ ⊗ P_σ ) , (6)

where S^{σγ}_{μν} = − 1 2 ( θ^σ_{[μ} δ^γ_{ν]} + θ^γ_{[μ}δ^σ_{ν]} ) and P_μ and M_{μν} are the standard Poincaré generators:

P_μ = i∂_μ and M_{μν} = ix_{[μ}∂_{ν]} . (7)

Let us denote the most general transformation by h:

h := ϵ^μP_μ + ω^{μν} M_{μν} . (8)

This will generate the usual variation of the space-time coordinates

δx^μ = −ih[x^μ] ≡ ϵ^μ + ω^{ρν} (x_ρδ^μ_ν − x_ν δ^μ_ρ ) . (9)

and, using the fact that ϕ(x) is a scalar field, i.e. ϕ^′(x^′) = ϕ(x), the variation of the field δϕ(x) = ih[ϕ(x)] ≡ −(∂_μϕ)δx^μ . (10) It is very important that in (10) there is no star-product between ∂_μϕ and δx^μ as it follows from the fact that, even in the twisted case, the Poincaré symmetry acts in the usual way on a single field (or a single-particle sector).

Now, using (6), we can define the action of the twisted Poincaré symmetry on a star-product of any two fields, ψ and χ (either a scalar filed ϕ or its derivatives) δ(ψ ∗ χ) = δ(ψ) ∗ χ + ψ ∗ δ(χ) + iω^{μν} S^{σγ}_{μν} (∂_σ ψ ∗ ∂_γ χ) . (11) In particular, in the case of a pure translation, we have the usual Leibnitz rule, while in general this rule gets deformed by the last term in (11). Actually, the deformed Leibnitz rule is all we need to calculate the action of the twisted Poincaré symmetry on any composite object defined on the NC space-time. In particular, this observation immediately leads to the conclusion that only composite objects, like the Lagrangian (2), that are made of covariant fields with star-products will transform covariantly, see more on this in Section 4.

Let us apply the formulae above to find a variation of the action (2) δS = ∫ d^4x(δ̄L_∗ + L_∗∂_μδx^μ) . (12)

Here δ̄L_∗ is a complete variation both due to the variation of a field (10) and coordinates (9) δ̄L_∗ = δL_∗ + (∂_μL_∗)δx^μ , (13) where now δL_∗ is the variation due to fields only. As in the commutative case, the variation of the measure (the second term in (12)) and the variation of the Lagrangian due to coordinates combine in a total derivative δS = ∫ d^4x (δL_∗ + ∂_μ(L_∗δx^μ)) . (14)

If we could, using the equation of motion (4), show that the first term in (14) also can be represented as a total derivative, we would immediately arrive at the noncommutative analog of Noether’s theorem. Before we proceed, two (trivial) comments are in order: 1) While in deriving the equation of motion (4) one is allowed (and has to) integrate by parts dropping surface terms, in obtaining Noether’s currents the only thing that is permitted is the use of the equations of motion. This is, of course, because in deriving conserved currents we use arbitrary integration region; 2) Because of this, one does not have a cyclic property under integral, which explicitly uses integration by parts, and, as a result, one has to carefully take care of the order of terms in products of fields while calculating the variation (12) (see Appendix).

To keep the presentation simple and not to distract from the main results, we put all the calculations of δL_∗ as well as all the notations in Appendix, the result being, see Eq.(43) δL_∗ = 1 2 ∂_μ ( δϕ ∗ ∂^μϕ + ∂^μϕ ∗ δϕ + i 2 ω^{αβ} S^{σγ}_{αβ} [∂_σ ∂^μϕ, ∂_γ ϕ]_∗ ) − − λ 4! ∂_μ ( sinh Δ Δ ([δϕ, ϕ]_∗, X^μ(ϕ ∗ ϕ)) − iω^{αβ} S^{σγ}_{αβ} cosh Δ − 1 Δ (∂_σ ϕ ∗ ϕ, X^μ(ϕ ∗ ∂_γ ϕ)) ) + +i λ 4! ω^{αβ}S^{σγ}_{αβ} (∂_σ ϕ ∗ ϕ)(ϕ ∗ ∂_γ ϕ) . (15) We see that while the first two lines in (15) are total derivatives, the third one is not. This kills the usual argument in the passage from the variation of an action to the corresponding conserved current. Of course, this does not mean that (at the classical level) the theory does not respect the twisted invariance: the total variation (12) is still perfectly zero. What this means, that now it is not clear whether we have a conserved quantity associated to this symmetry or not.

It is important to notice that the problem with the conserved current exists only for the Lorentz part of the twisted Poincaré symmetry: the problematic term in (15) is proportional to ω^{μν} – the Lorentz parameters. In the case of the pure translations, when ω^{μν} = 0, we do have a conserved current. It is nothing but a twisted generalization of the energy-momentum tensor, T^{μν} . Using (9), (10), (14) and (15), we obtain T^{μν} = − 1 2 ∂^μϕ ∗ ∂^ν ϕ − 1 2 ∂^ν ϕ ∗ ∂^μϕ − λ 2 sinh Δ Δ ([ϕ, ∂^ν ϕ]_∗, X^μ(ϕ ∗ ϕ)) + η^{μν} L_∗ . (16)

The fact that T^{μν} is obtained from the full twisted invariance guarantees that its conservation is frame independent. Indeed, though T^{μν} itself is not written just in terms of the star-product, its divergence, ∂_μT^{μν} , involves only the product (3). This means that the conservation law ∂_μT^{μν} = 0 is consistent with the twisted Poincaré symmetry, i.e. it is twisted covariant.

Even in the commutative case, T^{μν} is defined up to a divergence of an arbitrary antisymmetric tensor of the third order. In the case of noncommutativity this freedom is much larger. This is due to the existence of a new object, θ^{μν} , which can be used to contract indices coming from extra derivatives. Let us illustrate this on the example of a free scalar field where all the essential points are already present.

In this case, the action is given by (2) without the interaction term and can be written in two equivalent forms: S = ∫ d^4x 1 2 (∂_μϕ ∗ ∂^μϕ + m^2ϕ ∗ ϕ) ≡ ∫ d^4x 1 2 (∂_μϕ∂^μϕ + m^2ϕ^2) , (17)

where we used the possibility to remove one Moyal star by integration by parts. It is obvious that this action respects both, the twisted and the usual Poincaré symmetries. Then using the twisted symmetry of the first form, we have from (16) T^{μν}_θ = − 1 2 ∂^μϕ ∗ ∂^ν ϕ − 1 2 ∂^ν ϕ ∗ ∂^μϕ + 1 2 η^{μν} (∂_ρϕ ∗ ∂^ρϕ + m^2ϕ ∗ ϕ) . (18)

On the other hand, from the untwisted invariance of the second form of the action we have

T^{μν}_0 = −∂^μϕ∂^ν ϕ + 1 2 η^{μν} (∂_ρϕ∂^ρϕ + m^2ϕ^2) , (19)

i.e. the usual commutative energy-momentum tensor. It is easily checked that both tensors are conserved on the equation of motion:

∂_μT^{μν}_θ = ∂_μT^{μν}_0 = 0 . (20)

We can write T^{μν}_θ in terms of T^{μν}_0 plus higher order derivative terms:

T^{μν}_θ = T^{μν}_0 − i 2 ∂_ρ cosh Δ − 1 Δ { (∂^μϕ, X^ρ∂^ν ϕ) − η^{μν} [(∂_σ ϕ, X^ρ∂^σϕ) + m^2(ϕ, X^ρϕ)] } . (21)

The second term in (21) explicitly breaks the usual Poincaré invariance, while being separately conserved.^3 So, even in the free case, the choice between T^{μν}_θ and T^{μν}_0 should be dictated by the underlying symmetry of the space-time. We are planning to pursue this line elsewhere.

3 1-loop effective action

To quantize our model (2), we have to choose between the possibilities discussed in Introduction. To answer the main question of this paper: whether the usual quantization scheme respects the twisted invariance, we will use the standard quantization based on the standard, i.e. undeformed, CCR (see the discussion in the concluding section), which leads to the usual Feynman rules. In other words, we will think of our noncommutative model as a special type of non-local theory, defined on (commutative) Minkowski space. Specifically, we are interested in 1-loop quadratic effective action, S^{(2)}. This calculation was done in [6]. Here we just repeat main steps leading to the result.

As it was demonstrated in [6], in spite of the same quantization procedure, there is one major difference between commutative and noncommutative models: planar and non-planar diagrams contribute differently. This is due to the fact that while vertices in planar diagrams look the same as in the commutative case and, as a result, the contribution is exactly the same as in the commutative case (modulo some overall phase factor depending on the external momenta), in the non-planar case vertices are really non-local, see below, leading to the drastic deviation from the commutative result. In our case, the relevant diagrams are shown on Fig.1.

As we said, the contribution of the planar diagram to the 1PI two-point function is exactly as in the commutative case: Γ^{(2)}_{1P Iplanar} = λ 3(2π)^4 ∫ d^4k k^2 + m^2

. (22)

On the other hand, a vertex of the non-planar diagram will contain a non-local factor e^{ik×p}, where k × p := k_μθ^{μν} p_ν , leading to the following contribution (the relative factor of 2 between the two expressions is due to the fact that there are twice as many planar diagrams): Γ^{(2)}_{1P Inon−planar} = λ 6(2π)^4 ∫ d^4k k^2 + m^2 e^{ik×p} . (23) 3It is also important to note, that in the case of the pure space-space noncommutativity, i.e. when θ^{0i} = 0, the second term in (21) does not introduce higher order time derivatives.

Figure 1: The diagrams that contribute to Γ^{(2)}_{1P Iplanar} and Γ^{(2)}_{1P Inon−planar}.

Introducing UV cutoff Λ, integrals (22),(23) can be easily calculated by the standard methods leading to the result Γ^{(2)}_{1P Iplanar} = λ 48π^2 ( Λ^2 − m^2 ln ( Λ^2 m^2 ) + O(1) ) , (24) Γ^{(2)}_{1P Inon−planar} = λ 96π^2 ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 ) + O(1) ) . (25)

Here Λ_{nc} is the crucial modification of the cutoff due to noncommutativity:

Λ_{nc} = Λ √ 1 + Λ^2p^2_{nc}

, (26)

where p^μ_{nc} := p_ν θ^{νμ}. Aside from this modification, both contributions look exactly the same (modulo the aforementioned factor 2). But while Γ^{(2)}_{1P Iplanar} leads to the usual mass renormalization, Γ^{(2)}_{1P Inon−planar} results in the famous UV/IR mixing. This can be seen from the behavior of Λ_{nc}: considering first p_{nc} → 0, i.e. IR limit, we recover the usual UV divergence, Λ_{nc} → Λ; if we instead first take UV limit, i.e. Λ → ∞, then Λ_{nc} →^1√_{p2nc} , which produces divergences in IR regime p_{nc} → 0.

Now we will write down the main object of our interest – the quadratic part of the 1-loop effective action, which is trivially obtained from (24) and (25)

S^{(2)} = 1 2 ∫ d^4p ϕ(p)ϕ(−p) ( p^2 + m^2 + λ 48π^2 ( Λ^2 − m^2 ln ( Λ^2 m^2 )) + λ 96π^2 ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 ))) . (27)

As we said, Γ^{(2)}_{1P Iplanar} just renormalizes the mass, m^2_{ren} = m^2+^λ_{48π2} ( Λ^2 − m^2 ln

(_{Λ2}

m^2 )) , while Γ^{(2)}_{1P Inon−planar} leads to a non-trivial momentum dependent contribution, which cannot be absorbed into a redefinition of parameters of the model. In the next section, we will analyze this term from the point of view of the twisted symmetry.

4 Symmetry of the 1-loop effective action

Due to the modified cut-off (26), the quadratic part of the one-loop effective action (27) is a highly non-local object. To establish its transformation properties under the twisted Poincaré symmetry (6), we first notice that the transformation law can be established for any bi-linear expression of the form D(∂_x, ∂_y)ϕ(x)ψ(y)|_{x=y} , (28) where D(∂_x, ∂_y) is some pseudo-bidifferential operator. As we have already commented after Eq.(11), the whole effect of the twisting for the composite fields is captured by the deformed Leibnitz rule (11). In other words, the transformation of (28) under the general element h (8) is given by D(∂_x, ∂_y)ϕ(x)ψ(y)|_{x=y}^h−−→ D(∂_x, ∂_y) (Δ_θ(h)ϕ(x) ⊗ ψ(y)) |_{x=y} = = D(∂_x, ∂_y) [ δϕ(x)ψ(y) + ϕ(x)δψ(y) + iω^{μν} S^{σγ}_{μν} (∂_σ ϕ(x)∂_γ ψ(y)) ] x=y . (29)

In particular, if we take D(∂_x, ∂_y) = e^{i2 θμν ∂x ∂y} , we will obtain the correct transformation of (ϕ ∗ ψ)(x) given by (11). From this it should be clear that only for this form of D(∂_x, ∂_y) we will have covariant objects, e.g. (ϕ ∗ ψ)(x) will be a scalar. (See the comment after (11).) On the other hand, taking D = 1 ⊗ 1, we immediately see that (ϕψ)(x) ≡ ϕ(x)ψ(x) is not a scalar under the twisted action (though, it is, of course, a scalar for the usual, untwisted, action).

Now, using (29), we can establish the transformation properties of the effective action (27). It is pretty clear from the expressions for Λ_{nc} and S^{(2)}, Eqs. (26) and (27), that the non-locality of S^{(2)} cannot be written in terms of a star-product, i.e. in terms of a local product on NC space.^4 Here, by the locality on NC space we mean that everything can be written in terms of the ∗-product and without extra infinite number of derivatives that cannot be cast into this form. So, we do not expect any nice transformation properties of (27). Indeed, this can be shown by the explicit calculation using (29).

Let us start by noticing that applying (29) to ϕ(p)ϕ(−p) trivially produces δ_ω(ϕ(p)ϕ(−p)) = δ_ωϕ(p)ϕ(−p) + ϕ(p)δ_ωϕ(−p) , (30) i.e. the usual commutative result. Here δ_ω is a transformation with the Lorentz parameters ω^{μν} defined as in (8), δ_ω := ω^{μν} M_{μν} (M_{μν} is the usual Lorentz generator in momentum representation), and we used antisymmetry of S^{ρσ}_{μν} defined in (6).^5 Then we immediately arrive at the conclusion that the first three terms

of (27), ϕ(p)ϕ(−p) ( p^2 + m^2 +^λ_{48π2} ( Λ^2 − m^2 ln

(_{Λ2}

m^2 ))) , transform as a scalar, i.e. this part of the effective action is twist invariant. This is, of course, somewhat trivial result and follows from the observation that the usual quadratic action respects both twisted and usual symmetries, see the related discussion at the end of Section 2. Let us now analyze the last term in (27), which comes from the non-planar diagrams. What we are going to show is that this term is not twist invariant, i.e. it does not transform under the twisted action of the Lorentz symmetry (29) as a scalar. This can be seen by comparing two transformations, the first due to (29) and the second assuming that this term is a scalar: δ_ω ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 )) (ϕ(p)ϕ(−p))^( 29) = ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 )) (δ_ω ϕ(p)ϕ(−p) + ϕ(p)δ_ω ϕ(−p)) , (31)

δ_ω ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 )) (ϕ(p)ϕ(−p))^{scalar}= ( Λ^2_{nc} − m^2 ln ( Λ^2_{nc} m^2 )) (δ_ωϕ(p)ϕ(−p) + ϕ(p)δ_ω ϕ(−p)) + +4ω^{μν} p_μθ_{νσ} p^σ_{nc}Λ^4_{nc} ( 1 − m^2 Λ^2_{nc} ) ϕ(p)ϕ(−p) . (32) Comparing (31) and (32), we find that the difference is not zero leading to the anomaly of the quantum action with respect to the twisted Poincaré symmetry, namely its Lorentz part

δ_ωS^{(2)} = λ 48π^2 ∫ d^4p ω^{μν} p_μθ_{νσ} p^σ_{nc}Λ^4_{nc} ( 1 − m^2 Λ^2_{nc} ) ϕ(p)ϕ(−p) . (33) 4The expression (27) can be treated either as non-locality on the commutative space-time or, again, as non-locality but now on the noncommutative space-time. In both cases, the underlying symmetry is not respected. More on this in the conclusion.

5There should not be any illusion that due to (30) the twisted action in momentum space is trivial: ϕ(p)ϕ(−p) does not contain the whole information about star-product – for this we need the product of the fields at different momenta times the phase factor, which vanishes when these momenta are equal. Eq.(30) rather corresponds to the well-known fact that we can integrate out one star.

The straightforward inspection of (33) shows that this is not zero (or total derivative). Also it is clear, that this result is entirely due to the non-planar diagrams, which are also the source of the UV/IR mixing. Hence, one can say that the UV/IR mixing is the quantum anomaly of the twisted Poincaré symmetry.

As we saw in Section 2, it is a quite non-trivial task to associate a conserved quantity to the twisted symmetry (there remains a question whether this quantity even exists). If this conserved current does exist, then (33) would naturally lead to anomaly in the corresponding conservation law. On the other hand, the existence of a quantum anomaly is not related to the existence of the classically conserved current. The best way to see this is to use Fujikawa’s approach to anomalies [34, 35]. In this method, one looks at the symmetry of a genuinely quantum object – the partition function Z = 1 N ∫ Dϕ e^{iS[ϕ]} . (34) This object consists of two fundamentally different parts: a classical action S[ϕ] and a quantum measure Dϕ. S[ϕ] is invariant under some symmetry by the very fact of the existence of this symmetry at the classical level. In the case of the usual symmetry this, of course, leads, by Noether’s procedure, to a conserved current. But note, that the existence of this current is not a requirement but, rather, a consequence of the symmetry. To check whether a quantum theory is anomalous or not, it is enough to have some, e.g. twisted, symmetry of the classical action S[ϕ]. This is because the possible anomaly comes from the quantum measure Dϕ in the form of the possibly non-trivial Jocobian (see, e.g. [36] for the details). In other words, the origin of quantum anomaly is non-invariance of the measure in the path integral. Then we can see that the existence of the non-trivial anomaly (33) in the case of a scalar field on a non-commutative space-time tells us that the corresponding quantum measure does not respect the classical symmetry, which, in our case, is the twisted Poincaré symmetry. But what is the path integral measure in our case? It is exactly the choice of the quantization scheme or the canonical commutation relations. As we stressed at the beginning of Section 3, to obtain the 1-loop effective action (27) we used the usual Feynman rules based on the usual “commutative” CCR. All the differences in the form of the non-trivial non-planar diagrams came from the noncommutative classical action. This implies that our perturbation theory is the expansion of the path integral with the standard “commutative” quantum measure (and the noncommutative action). Then our result on anomaly is a clear signal that this measure is not an appropriate choice if we want to preserve the twisted symmetry at the quantum level. This, in turn, implies that the standard quantization method is inconsistent with the twisted symmetry.^6

5 Conclusion and discission

The main objective of this paper is to analyze the survival of the classical symmetry after quantization. While in the commutative case the answer to the question whether the quantum theory is anomalous or not depends only on the underlying classical symmetry and the field content (and, possibly, the geometry of space-time, e.g. the number of dimensions), in the case of the noncommutative theory we have another source of ambiguity – the choice of the quantization method. In this paper, we have argued that, in general, the standard “commutative” quantization applied to a non-commutative field theory does not preserve the classical twisted Poincaré invariance. At least for the case of the interacting scalar field on NC space, this has been demonstrated by the direct inspection of the symmetry properties of a quantum object – the 1-loop effective action. Here we discuss this result from the point of view of the approach used in [18, 22].

In [18, 22], the analysis of the quantization of noncommutative theories with the twisted symmetry on classical level was performed along the lines of canonical quantization. It was shown that to realize the correct representation of the twisted symmetry on the quantum Hilbert space, i.e. on the Fock space, one has to (un)twist quantum field in quite a unique way. This, in turn, immediately leads to the twisted canonical commutation relations (for the details see [24]):

a_{k2} a^†_{k1} = e^{iθμν kμ1 kν2} a^†_{k1} a_{k2} + 2k^0_1 δ^{(3)}(k_1 − k_2) , (35)

6The somewhat analogous result was obtained in the non-relativistic case and rotational symmetry [37].

where a_k and a^†_k are the usual creation and annihilation operators of a scalar field.^7 If we look at this CCR from the path integral point of view, we are forced to conclude that the path integral measure has to be modified in order to produce such commutation relations. This follows from the trivial observation that (35) is the quantum commutation relation and all the quantum information is stored in the path integral measure. So, this is in perfect agreement with the conclusion of the present paper.

Let us now discuss from this point of view our observation that the famous UV/IR mixing could be treated as quantum anomaly of the twisted symmetry. In [17, 22], it was shown that the UV/IR mixing is absent if one uses (35) to quantize a noncommutative field theory.^8 This strongly supports our interpretation of the UV/IR mixing as the quantum anomaly: as we have just discussed, the quantization scheme used in [17,22] preserves the twisted symmetry at the quantum level and as a consequence the UV/IR mixing (= quantum anomaly) is absent in this approach.

The discussion above shows that the main result of the present paper should not come as a big surprise. It is still quite important, because it allows us to unambiguously and conclusively prove the incompatibility of the usual quantization method and the twisted Poincaré invariance. The fundamental reason for this is, from our point view, the incompatibility of this quantization with the geometry of the space-time. By this we mean the following. Choosing to quantize our noncommutative field theory by the “commutative” prescription, i.e. using the same quantum measure in the path integral, we automatically choose the commutative space-time with its untwisted Poincaré symmetry as our geometry and treat noncommutativity just as a special form of non-locality. Then we should not be surprised that the resulting quantum theory is neither Poincaré invariant (this invariance is broken by the non-locality) nor twisted Poincaré invariant (this is not the symmetry of the commutative space-time). If we insist that our space-time is genuinely noncommutative, in particular that its symmetry is the twisted Poincaré invariance, we have to look for a new quantization scheme consistent with this geometry, the approach of [18, 22] being one possible candidate. It is instructive to stress that in this case a typical noncommutative Lagrangian, as in (2), is local from the point of view of this geometry, i.e. depends only on the finite number of derivatives (the ∗-product (3) is non-local only from the point of view of the commutative space-time).

There are still many things to do to have a complete picture. We will discuss just two the most obvious. We have shown that the commutative measure does not seem to be the appropriate choice to quantize theories with the twisted symmetry. So, what is the correct measure? The partial answer is already contained in [18, 22] and the related papers, see also [19, 20]. Using the approach of the deformed CCR’s, one can, in principle, calculate all the n-point functions, which is equivalent to perturbative definition of the quantum measure. Still, it is quite desirable to construct this measure explicitly and verify following Fujikawa that the twisted anomaly is absent.

The second pressing issue to address is the existence of the twisted Noether charges. We touched this in Section 2 with a mostly negative result – the problem resists the brutal force approach. Still we managed to clarify the importance of the choice of underlying symmetry, which was demonstrated by the construction of the energy-momentum tensor. The existence of two non-equivalent energy-momentum tensors even in the free case could have some far reaching consequences. This line is the subject of our current research.

Acknowledgement

The author acknowledges partial support of CNPq under grant no.308911/2009-1.

7It is worth noting, that this is in complete agreement with the more formal approach within a framework of Braided QFT [19, 20] (see, e.g., Eq.(102) in [20]).

8The price to pay is quite high: all the traces of noncommutativity are erased from the scattering processes in any pure matter theory. To bring back the potentially observable effects, one has either to consider a non-trivial coupling of non-commutative matter to gauge fields [23, 25, 26] or to use more involved physical setups, e.g. [27] discusses the modification of the cosmic microwave background in this approach.

Appendix

Here we provide the details of the derivation of the result (15). We will separately analyze each of the three terms in (2). Before we proceed, we introduce some notation and derive some properties of the star-product (3).

Let us introduce a differential operator, Δ (not to be confused with the co-product (6), which we will not use explicitly), acting on a tensor product of fields:

Δ(ψ ⊗ χ) := i 2 θ^{μν} (∂_μψ ⊗ ∂_ν χ) . (36)

Using this operator, we can write the star-product (3) as follows

ψ ∗ χ = m ∘ e^Δ(ψ ⊗ χ) , where m ∘ (ψ ⊗ χ)(x) = ψ(x)χ(x) . (37)

Because we will need this type of expressions very often, we will use a short-hand notation for it:

m ∘ F (Δ)(ψ ⊗ χ) := F (Δ)(ψ, χ) , where F (Δ) is any (nice) function of Δ . (38)

Now several important properties can be easily proven [32]. Everywhere below, X^μ := iθ^{μν} ∂_ν i) ψ ∗ χ = ψχ + Δ e^Δ − 1 Δ (ψ, χ) = ψχ + 1 2 ∂_μ e^Δ − 1 Δ (ψ, X^μχ) ii) {ψ, χ}_∗ := ψ ∗ χ + χ ∗ ψ = 2ψχ + 2Δ cosh Δ − 1 Δ (ψ, χ) = 2ψχ + ∂_μ cosh Δ − 1 Δ (ψ, X^μχ) iii) [ψ, χ]_∗ := ψ ∗ χ − χ ∗ ψ = 2Δ sinh Δ Δ (ψ, χ) = ∂_μ sinh Δ Δ (ψ, X^μχ) It is important, that the formal division by Δ is well defined in i)-iii) because all the relevant functions are not singular. Now we are ready to calculate δL_∗.

I. Kinetic term, ∂_μϕ ∗ ∂^μϕ. δ(∂_μϕ ∗ ∂^μϕ) = δ(∂_μϕ) ∗ ∂^μϕ + ∂_μϕ ∗ δ(∂^μϕ) + iω^{αβ} S^{σγ}_{αβ} (∂_σ ∂_μϕ ∗ ∂_γ ∂^μϕ) = ∂_μ ( δϕ ∗ ∂^μϕ + ∂^μϕ ∗ δϕ + i 2 ω^{αβ}S^{σγ}_{αβ} [∂_σ ∂^μϕ, ∂_γ ϕ]_∗ ) − δϕ ∗ □ϕ − □ϕ ∗ δϕ − i 2 ω^{αβ}S^{σγ}_{αβ} [∂_σ □ϕ, ∂_γ ϕ]_∗ (39) II. Mass term, ϕ ∗ ϕ. δ(ϕ ∗ ϕ) = δϕ ∗ ϕ + ϕ ∗ δϕ + i 2 ω^{αβ} S^{σγ}_{αβ} [∂_σϕ, ∂_γ ϕ]_∗ (40)

III. Interaction term, ϕ ∗ ϕ ∗ ϕ ∗ ϕ.

This term is the most non-trivial one. Here the effects of noncommutativity are the most important. δ(ϕ ∗ ϕ ∗ ϕ ∗ ϕ) = δϕ ∗ ϕ ∗ ϕ ∗ ϕ + ϕ ∗ δϕ ∗ ϕ ∗ ϕ + ϕ ∗ ϕ ∗ δϕ ∗ ϕ + ϕ ∗ ϕ ∗ ϕ ∗ δϕ + +iω^{αβ}S^{σγ}_{αβ} (∂_σ ϕ ∗ ∂_γ ϕ ∗ ϕ ∗ ϕ + ∂_σ ϕ ∗ ϕ ∗ ∂_γ ϕ ∗ ϕ + ∂_σ ϕ ∗ ϕ ∗ ϕ ∗ ∂_γ ϕ + +ϕ ∗ ∂_σϕ ∗ ∂_γ ϕ ∗ ϕ + ϕ ∗ ∂_σϕ ∗ ϕ ∗ ∂_γ ϕ + ϕ ∗ ϕ ∗ ∂_σϕ ∗ ∂_γ ϕ) . (41) Now we will combine I-III and use the equation of motion (4) to obtain δL_∗. δL_∗ = δ ( 1 2 ∂_μϕ ∗ ∂^μϕ + 1 2 m^2ϕ ∗ ϕ + λ 4! ϕ ∗ ϕ ∗ ϕ ∗ ϕ ) = 1 2 ∂_μ ( δϕ ∗ ∂^μϕ + ∂^μϕ ∗ δϕ + i 2 ω^{αβ}S^{σγ}_{αβ} [∂_σ ∂^μϕ, ∂_γ ϕ]_∗ ) − − λ 4! ([[δϕ, ϕ]_∗, ϕ ∗ ϕ]_∗) + i λ 4! ω^{αβ} S^{σγ}_{αβ} {∂_σϕ ∗ ϕ, ϕ ∗ ∂_γ ϕ}_∗ . (42)

The first term in (42) is explicitly a total derivative. Using ii) and iii) properties of the star-product we can show that almost all of the remaining terms are also total derivatives: δL_∗ = 1 2 ∂_μ ( δϕ ∗ ∂^μϕ + ∂^μϕ ∗ δϕ + i 2 ω^{αβ} S^{σγ}_{αβ} [∂_σ ∂^μϕ, ∂_γ ϕ]_∗ ) − − λ 4! ∂_μ ( sinh Δ Δ ([δϕ, ϕ]_∗, X^μ(ϕ ∗ ϕ)) − iω^{αβ} S^{σγ}_{αβ} cosh Δ − 1 Δ (∂_σ ϕ ∗ ϕ, X^μ(ϕ ∗ ∂_γ ϕ)) ) + +i λ 4! ω^{αβ}S^{σγ}_{αβ} (∂_σ ϕ ∗ ϕ)(ϕ ∗ ∂_γ ϕ) . (43) The last term cannot be brought to a total derivative form. Exactly this term is responsible for the failure of the naive Noether analysis, see the discussion in Section 2.

References

[1] S. Doplicher, K. Fredenhagen, J. E. Roberts, Commun. Math. Phys. 172, 187-220 (1995).

[hep-th/0303037].

[2] N. Seiberg, E. Witten, JHEP 9909, 032 (1999). [hep-th/9908142]. [3] M. R. Douglas, N. A. Nekrasov, Rev. Mod. Phys. 73, 977-1029 (2001). [hep-th/0106048]. [4] D. Colladay, V. A. Kostelecky, Phys. Rev. D58, 116002 (1998). [hep-ph/9809521]. [5] N. Chatillon, A. Pinzul, Nucl. Phys. B764, 95-108 (2007). [hep-ph/0607243]. [6] S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002, 020 (2000) [arXiv:hep-th/9912072]. [7] H. Grosse, R. Wulkenhaar, JHEP 0312, 019 (2003). [hep-th/0307017]. [8] H. Grosse, R. Wulkenhaar, Commun. Math. Phys. 256, 305-374 (2005). [hep-th/0401128]. [9] R. Gurau, J. Magnen, V. Rivasseau, A. Tanasa, Commun. Math. Phys. 287, 275-290 (2009).

[arXiv:0802.0791 [math-ph]].

[10] H. S. Snyder, “Quantized space-time,” Phys. Rev. 71, 38 (1947). [11] J. Wess, arXiv:hep-th/0408080.

[12] M. Chaichian, P. P. Kulish, K. Nishijima and A. Tureanu, Phys. Lett. B 604, 98 (2004) [arXiv:hep-th/0408069].

[13] M. Chaichian, K. Nishijima, T. Salminen, A. Tureanu, JHEP 0806, 078 (2008). [arXiv:0805.3500 [hepth]].

[14] M. Chaichian, A. Demichev, P. Presnajder, Nucl. Phys. B567, 360-390 (2000). [hep-th/9812180]. [15] A. Tureanu, Phys. Lett. B638, 296-301 (2006). [hep-th/0603219]. [16] J. Zahn, Phys. Rev. D73, 105005 (2006). [hep-th/0603231]. [17] A. Pinzul, Int. J. Mod. Phys. A20, 6268-6277 (2005).

[18] A. P. Balachandran, G. Mangano, A. Pinzul, S. Vaidya, Int. J. Mod. Phys. A21, 3111-3126 (2006).

[hep-th/0508002].

[19] R. Oeckl, Nucl. Phys. B581, 559-574 (2000). [hep-th/0003018].

[20] Y. Sasai, N. Sasakura, Prog. Theor. Phys. 118, 785-814 (2007). [arXiv:0704.0822 [hep-th]]. [21] J. Lukierski, M. Woronowicz, “Braided Tensor Products and the Covariance of Quantum Noncommutative Free Fields,” [arXiv:1105.3612 [hep-th]].

[22] A. P. Balachandran, A. Pinzul, B. A. Qureshi, Phys. Lett. B634, 434-436 (2006). [hep-th/0508151]. [23] A. P. Balachandran, A. Pinzul, B. A. Qureshi, S. Vaidya, Phys. Rev. D76, 105025 (2007).

[arXiv:0708.0069 [hep-th]].

[24] A. P. Balachandran, A. Pinzul, B. A. Qureshi, Phys. Rev. D77, 025021 (2008). [arXiv:0708.1779 [hepth]].

[25] A. P. Balachandran, A. Pinzul, B. A. Qureshi, S. Vaidya, Int. J. Mod. Phys. A24, 4789-4804 (2009).

[hep-th/0608138].

[26] A. P. Balachandran, A. Pinzul, A. R. Queiroz, Phys. Lett. B668, 241-245 (2008). [arXiv:0804.3588 [hep-th]].

[27] E. Akofor, A. P. Balachandran, S. G. Jo, A. Joseph, B. A. Qureshi, JHEP 0805, 092 (2008).

[arXiv:0710.5897 [astro-ph]].

[28] E. Akofor, A. P. Balachandran, A. Joseph, Int. J. Mod. Phys. A23, 1637-1677 (2008). [arXiv:0803.4351 [hep-th]].

[29] A. P. Balachandran, A. Joseph, P. Padmanabhan, Found. Phys. 40, 692-702 (2010). [arXiv:0905.0876 [hep-th]].

[30] A. P. Balachandran, P. Padmanabhan, A. R. de Queiroz, Phys. Rev. D84, 065020 (2011).

[arXiv:1104.1629 [hep-th]].

[31] M. Leineker, A. R. Queiroz, A. E. Santana, C. d. A. Siqueira, Int. J. Mod. Phys. A26, 2569-2589 (2011).

[arXiv:1008.1242 [hep-th]].

[32] P. Aschieri, L. Castellani and M. Dimitrijevic, Lett. Math. Phys. 85, 39 (2008) [arXiv:0803.4325 [hepth]].

[33] G. Amelino-Camelia, F. Briscese, G. Gubitosi, A. Marciano, P. Martinetti and F. Mercati, Phys. Rev.

D 78, 025005 (2008) [arXiv:0709.4600 [hep-th]]. [34] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979). [35] K. Fujikawa, Phys. Rev. D21, 2848 (1980).

[36] K. Fujikawa, H. Suzuki, Path integrals and quantum anomalies, Oxford, UK: Clarendon (2004) 284 p. [37] D. Sinha, B. Chakraborty, F. G. Scholtz, “Non-commutative Quantum Mechanics in Three Dimensions and Rotational Symmetry,” [arXiv:1108.2569 [hep-th]].