arXiv:1109.5272v4 [math-ph] 1 Jul 2012

Nature of the Gravitational Field and its Legitimate Energy-Momentum Tensor^∗

Waldyr A. Rodrigues Jr.

Institute of Mathematics, Statistics and Scientific Computation IMECC-UNICAMP 13083-859 Campinas, SP, Brazil e-mail: walrod@ime.unicamp.br or walrod@mpc.com.br Keywords: Lorentzian geometry, teleparallel geometry, gravitational field

July 3, 2012

Abstract

In this paper we show how a gravitational field generated by a given energy-momentum distribution (for all realistic cases) can be represented by distinct geometrical structures (Lorentzian, teleparallel and non null nonmetricity spacetimes) or that we even can dispense all those geometrical structures and simply represent the gravitational field as a field, in the Faraday’s sense, living in Minkowski spacetime. The explicit Lagrangian density for this theory is given and the field equations (which are a set of four Maxwell’s like equations) are shown to be equivalent to Einstein’s equations. We also analyze if the teleparallel formulation can give a mathematical meaning to “Einstein’s most happy thought”, i.e. the equivalence principle. Moreover we discuss the Hamiltonian formalism for for our theory and its relation to one of the possible concepts for energy of the gravitational field which emerges from it and the concept of ADM energy. One of the main results of the paper is the identification in our theory of a legitimate energy-momentum tensor for the gravitational field expressible through a really nice formula.

1 Introduction

As well known in General Relativity (GR), a classical field theory of gravitation, each gravitational field generated by a given energy-momentum tensor is represented by a Lorentzian spacetime, which is a structure ⟨M, D, g, τ_g , ↑⟩ where

∗This article is based on a talk given by the author at the 9^{th} International Conference on Cliffor Algebras and their Applications (ICCA9) Weimar, 15-20 July 2011. This version corrects some misprints appearing in the published version in Rep. Math. Phys. 69, 265-279 (2012).

M is a non compact (locally compact) 4-dimensional Hausdorff manifold, g is a Lorentzian metric on M and D is its Levi-Civita connection. Moreover M is supposed to be oriented by the volume form τ_g and the symbol ↑ means that the spacetime is time orientable^1. From the geometrical objects in the structure ⟨M, D, g, τ_g, ↑⟩ we can calculate the Riemann curvature tensor R of D and a nontrivial GR model is one in which R ≠ 0. In that way textbooks often say that in GR spacetime is curved. Unfortunately many people mislead the curvature of a connection D on M with the fact that M can eventually be a bent surface in an (pseudo)Euclidean space with a sufficient number of dimensions^2. This confusion leads to all sort of wishful thinking because many forget that GR does not fix the topology of M that often must be put “by hand” when solving a problem, and thus think that they can bend spacetime if they have an appropriate kind of some exotic matter. Worse, the insistence in supposing that the gravitational field is geometry lead the majority of physicists to relegate the search for the real physical nature of the gravitational field as not important at all (see a nice discussion of this issue in [10]). What most textbooks with a few exceptions (see, e.g., the excellent book by Sachs and Wu [19]) forget to say and give a proof to their readers is that in the standard formulation of GR there are no genuine conservation laws of energy-momentum and angular momentum unless spacetime has some additional structure which is not present in a general Lorentzian spacetime [13]. Some textbooks e.g., [12] even claim that energy-momentum conservation for matter plus the gravitational fields is forbidden due the equivalence principle^3 because the energy-momentum of the gravitational field must be non localizable. Only a few people tried to develop consistent theories where the gravitational field (at least from the classical point of view) is simple another field, which like the electromagnetic field lives in Minkowski spacetime (see a list of references in [8]). A field of that nature will be called, in what follows, a field in Faraday’s sense.

Here we want to recall that: (i) the representation of gravitational fields by Lorentzian spacetimes is not a necessary one, for indeed, there are some geometrical structures different from ⟨M, D, g, τ_g, ↑⟩ that can equivalently represent such a field; (ii) The gravitational field can also be nicely represented as a field living in a fixed background spacetime. The preferred one which seems to describe all realistic situations is, of course, Minkowski spacetime^4

1For details, please consult, e.g., [16, 19].

2Any manifold M, dim M = n according to the Whitney theorem can be realized as a submanifold of R^m , with m = 2n. However, if M carries additional structure the number m in general must be greater than 2n. Indeed, it has been shown by Eddington [6] that if dim M = 4 and if M carries a Lorentzian metric g, which moreover satisfies Einstein’s equations, then M can be locally embedded in a (pseudo)euclidean space R^{1,9} . Also, isometric embedding of a general Lorentzian spacetime would require a lot of extra dimensions [4]. Indeed, a compact Lorentzian manifold can be embedded isometrically in R^{2,46} and a non-compact one can be embedded isometrically in R^{2,87} !

3We will not discuss here that most presentations of the equivalence principle are devoid from mathematical and physical sense. See, e.g., [21, 17].

4Of course, the true background spacetime may be eventually a more complicated one, since that manifold must represent the global topological structure of the universe, something that is not known at the time of this writing [26]. We do not study this possibility in this

⟨M ≃ R^4 , D̊, η, τ_η , ↑⟩. Concerning the possible alternative geometrical models, the particular case where the connection is teleparallel (i.e., it is metric compatible, has null Riemann curvature tensor and non null torsion tensor) will be briefly addressed below (for other possibilities see [14]). What we will show, is that starting with a thoughtful representation of the gravitational field in terms of gravitational potentials g^a ∈ sec

⋀_1 T^∗M → sec Cℓ(M, g), a = 0, 1, 2, 3 and postulating a convenient Lagrangian density for the gravitational potentials which does not use any connection there is a posteriori different ways of geometrically representing the gravitational field, such that the field equations in each representation result equivalent in a precise mathematical sense to Einstein’s field equations. Explicitly we mean by this statement the following: any realistic model of a gravitational field in GR where that field is represented by a Lorentzian spacetime (with non null Riemann curvature tensor and null torsion tensor which is also parallelizable, i.e. admits four global linearly independent vector fields) is equivalent to a teleparallel spacetime (i.e., a spacetime structure equipped with a metrical compatible teleparallel connection, which has null Riemann curvature tensor and non null torsion tensor)^5. The teleparallel possibility follows almost directly from the results in Section 2 and a recent claim that it can give a mathematical representation to “Einstein most happy though” is discussed in Section 3.

With our teleparallel equivalent version of GR and equipped with the powerful Clifford bundle formalism [8, 16] we are able to identify in Section 4 a legitimate energy momentum tensor for the gravitational field expressible in a very short and elegant formula.

Besides this main result we think that another important feature of this paper is that our representation of the gravitational field by the global 1-form fields potentials {g^a} living on a manifold M and coupled among themselves and with the matter fields in a specific way (see below) shows that we can dispense with the concept of a connection and a corresponding geometrical description for that field. The simplest case is when M is part of Minkowski spacetime structure, in which case the gravitational field is (like the electromagnetic field) a field in Faraday’s sense^6. In section 5 we present the Hamiltonian formalism for our theory and discuss the relation of one possible energy concept^7 naturally appearing in it and its relation to the concept of ADM energy. In Section 6 we present the conclusions.

paper._5

There are hundreds of papers (as e.g., [5]) on the subject, but none (to the best of our knowledge) as the one presented here.

6In [18] we even show that when a Lorentzian spacetime structure ⟨M, D, g, τ_g , ↑⟩ representing a gravitational field in GR possess a Killing vector field A, then there are Maxwell like equations with well determined source term satisfied for F = dA, A = g(A, ) equivalent to Einstein equation and more, there is a Navier-Stokes equation equivalent to the Maxwell (like) equations and Einstein equation.

7This other possibility does not define in general a legitimate energy-momentum tensor for the gravitational field in GR, but defined in our theory in which the gravitational field is interpreted as a field in the sense of Faraday living in Minkowski spacetime.

2 Representation of the Gravitational Field

Suppose that a 4-dimensional M manifold is parallelizable, thus admitting a set of four global linearly independent vector e_a ∈ sec T M, a = 0, 1, 2, 3 fields^8 such {e_a} is a basis for T M and let {g^a}, g^a ∈ sec T^∗M be the corresponding dual basis (g^a(e_b) = δ^a_b). Suppose also that not all the g^a are closed, i.e., dg^a ≠ 0, for a least some a = 0, 1, 2, 3. This will be necessary for the possible interpretations we have in mind for our theory. The 4-form field g^0 ∧ g^1 ∧ g^2 ∧ g^3 defines a (positive) orientation for M.

Now, the {g^a} can be used to define a Lorentzian metric field in M by defining g ∈ sec T^0_2 M by g := η_{ab}g^a ⊗ g^b, with the matrix with entries η_{ab} being the diagonal matrix (1, −1, −1, −1). Then, according to g the {e_a} are orthonormal, i.e., e_a ·_g e_b := g(e_a, e_b) = η_{ab}.

Since the e_0 is a global time like vector field it follows that it defines a time orientation in M which we denote by ↑. It follows that that the 4-tuple ⟨M, g, τ_g, ↑⟩ is part of a structure defining a Lorentzian spacetime and can eventually serve as a substructure to model a gravitational field in GR.

For future use we also introduce g ∈ sec T^2_0 M by g := η^{ab}e_a ⊗ e_b, and we write g^a ·_g g^b := g(g^a, g^b) = η^{ab}.

Due to the hypothesis that dg^a ≠ 0 the commutator of vector fields e_a, a = 0, 1, 2, 3 will in general satisfy [e_a, e_b] = c^k_{ab}e_k,where the c^k_{ab}, the structure coefficients of the basis {e_a}, and we. easily show that dg^a = −^1_2 c^a_{kl}g^k ∧ g^l.

Next, we introduce two different metric compatible connections on M, namely D (the Levi-Civita connection of g) and a teleparallel connection ∇. Metric compatibility means that for both connections it is Dg = 0, ∇g = 0 Now, we put De_a e_b = ω^c_{ab}e_c, De_a g^b = −ω^b_{ac}g^c,

∇e_a e_b = 0, ∇e_a g^b = 0. (1)

The objects ω^c_{ab} are called the connection coefficients of the connection D in the {e_a} basis and the objects ω^a_b ∈ sec T^∗M defined by ω^a_b := ω^a_{kb}g^k are called the connection 1-forms in the {e_a} basis. The connection coefficients ϖ^b_{ac} of ∇ and the connection 1-forms of ∇ in the basis {e_a} are null according to the second line of Eq.(1) and thus the basis {e_a} is called teleparallel and the connection ∇ defines an absolute parallelism on M. Of course, as it is well known the Riemann curvature tensor of the Levi-Civita connection D of g, is in general non null in all points of M, but the torsion tensor of D is zero in all points of M. On the other hand the Riemann curvature tensor of ∇ is null in all points of M, whereas the torsion tensor of ∇ is non null in all points of M.

We recall also that for a general connection, say D on M (not necessarily metric compatible) the torsionand curvature operations and the torsion and

8We recall that sec T M means section of the tangent bundle and sec T^∗M means section of the cotangent bundle. Also sec T^r_s M means the bundle of tensors of type (r, s) and sec ⋀_r T^∗M a section of the bundle of r-forms fields.

curvaturetensors of a given general connection, say D, are respectively the mappings: ρ : sec T M ⊗ T M ⊗ T M −→ sec T M, ρ(u, v, w) = D_uD_vw − D_vD_uw − D_{[u,v}]w, τ : sec T M ⊗ T M −→ sec T M, τ(u, v) = D_uv − D_vu − [u, v]. (2)

It is usual to write [3] ρ(u, v, w) = ρ(u, v)w and Θ(α, u, v) = α (τ(u, v)) and R(w, α, u, v) = α(ρ(u, v)w), for every u, v, w ∈ sec T M and α ∈ sec

⋀_1 T^∗M. In particular we write T^a_{bc} := Θ(g^a, e_b,e_c) and R^b_{a cd} := R(e_a, g^b, e_c, e_d), and define the Ricci tensor by Ricci := R_{ac}g^a ⊗ g^c with R_{ac} := R^b_{a cb} = R_{ca}.

From now on we imagine ⋀ T^∗M =

⨁_4 r=0 ⋀_r T^∗M → Cℓ(M, g), where Cℓ(M, g) is the Clifford bundle of non homogeneous. differential forms and use the conventions about the scalar product, left and right contractions,the Hodge star operator and the Hodge codifferential. operator in Cℓ(M, g) as defined in [16, 8].

Given that we introduced two different connections D and ∇ defined in the manifold M we can write two different pairs of Cartan’s structure equations. Those pairs describe respectively the geometry of the structures ⟨M, D, g, τ_g, ↑⟩ and ⟨M, ∇, g, τ_g, ↑⟩ which will be called respectively a Lorentzian spacetime and a teleparallel spacetime. In the case ⟨M, D, g, τ_g, ↑⟩ we write

Θ^a := dg^a + ω^a_b ∧ g^b = 0, R^a_b := dω^a_b + ω^a_c ∧ ω^c_b,

where the Θ^a ∈ sec

⋀_2 T^∗M → sec Cℓ(M, g), a = 0, 1, 2, 3 and the R^a_b ∈ sec ⋀_2

T^∗M → sec Cℓ(M, g), a, b = 0, 1, 2, 3 are respectively the torsion and the curvature 2-forms of D with

Θ^a = 1 2 T^a_{bc}g^b ∧ g^c, R^a_b = 1 2 R^a_{b cd}g^c ∧ g^d. (3)

In the case of ⟨M, ∇, g, τ_g , ↑⟩ since ϖ^a_b = 0 we have

F^a := dg^a + ϖ^a_b ∧ g^b = dg^a,^ϖR^a_b := dϖ^a_b + ϖ^a_c ∧ ϖ^c_b = 0, (4)

where the F^a ∈ sec

⋀_2 T^∗M, a = 0, 1, 2, 3 and the^ϖR^a_b ∈ sec

⋀_2 T^∗M, a, b = 0, 1, 2, 3 are respectively the torsion and the curvature 2-forms of ∇ given by formulas analogous to the ones in Eq.(3).

We next postulate that the {g^a} are the basic variables representing the gravitation field, and moreover postulate that the {g^a} interacts with the matter fields through the following Lagrangian density^9

L = L_g + L_m, (5)

9We observe that the first term in Eq.(6) can be proved (see, e.g. [16]) to be equivalent just to the Lagrangian density used by Einstein in [7].

where L_m is the matter Lagrangian density and^{10}

L_g = − 1 2 dg^a ∧ ⋆_gdg_a + 1 2 δ_gg^a ∧ ⋆_gδ_gg_a + 1 4 (dg^a ∧ g_a) ∧ ⋆_g ( dg^b ∧ g_b ) , (6)

The form of this Lagrangian is notable, the first term is Yang-Mills like, the second one is a kind of gauge fixing term and the third term is an autointeraction term describing the interaction of the ”vorticities” of the potentials (or if you prefer, the interaction between Chern-Simons terms dg^a ∧ g_a). Before proceeding we observe that this Lagrangian is not invariant under arbitrary point dependent Lorentz rotations of the basic cotetrad fields. In fact, if g^a → g^{′a} = Λ^a_bg^b = Rg^aR̃ (where for each x ∈ M, Λ^a_b(x) ∈ L^↑_+,the homogeneous and orthochronous Lorentz group and R(x) ∈ Spin_{1,3} ⊂ R_{1,3} ) we get that

L^′_g = − 1 2 dg^{′a} ∧ ⋆_gdg^′_a + 1 2 δ_gg^{′a} ∧ ⋆_gδ_gg^′_a + 1 4 (dg^{′a} ∧ g^′_a) ∧ ⋆_g ( dg^{′b} ∧ g^′_b ) , (7)

differs from L_g by an exact differential. So, the field equations derived by the variational principle results invariant under a change of gauge [16] and we can always choose a gauge such that δ_gg_a = 0.

Now, to derive the field equations directly from Eq.(6) using constrained variations of the g^a (i.e., variations induced by point dependent Lorentz rotations) that do not change the metric field g is a good exercise in the Clifford calculus, whose details the interested reader may find^{11} in Appendix E of [8]. The result is:

d ⋆_g S_d + ⋆_g t_d = − ⋆_g T_d, (8)

where

⋆_gt_d := ∂L_g ∂g^d = 1 2 [(g_d⌟_gdg^a) ∧ ⋆_gdg_a − dg^a ∧ (g_d⌟_g ⋆_g dg_a)] + 1 2 d(g_d⌟_g ⋆_g g^a) ∧ ⋆_gd ⋆_g g_a + 1 2 (g_d⌟_g ⋆_g g^a) ∧ ⋆_gd ⋆_g g_a + 1 2 dg_d ∧ ⋆_g (dg^a ∧ g_a) − 1 4 dg^a ∧ g_a ∧ [ g_d⌟_g ⋆_g (dg^c ∧ g_c) ] − 1 4 [ g_d⌟_g (dg^c ∧ g_c) ] ∧ ⋆_g (dg^a ∧ g_a) , (9)

⋆_g S_d := ∂L_g ∂dg^d = − ⋆_g dg_d − (g_d⌟_g ⋆_g g^a) ∧ ⋆_gd ⋆_g g_a + 1 2 g_d ∧ ⋆_g (dg^a ∧ g_a) . (10)

and the^{12} ⋆_g T_d := ∂L_m ∂g^d

= − ⋆_g T_d (11)

10A Lagrangian density equivalent to L_g appearead in [23].

11See errata for reference [8] at http://www.ime.unicamp.br/~walrod/plasticwr2012 12We suppose that L_m does not depend explicitly on the dg^a.

are the energy-momentum 3-forms of the matter fields^{13}.

Recalling that from Eq.(4) it is F^a := dg^a, it is, of course, dF^a = 0 and the field equations (Eq.(8)) can be written as

d ⋆_g F_d = − ⋆_g T_d − ⋆_gt_d − ⋆_gh_d, (12)

where h_d = d [ (g_d⌟_g ⋆_g g^a) ∧ ⋆_gd ⋆_g g_a − 1 2 g_d ∧ ⋆_g (F^a ∧ g_a) ] . (13)

Recalling the definition of the Hodge coderivative operator acting on sections of ⋀_r T^∗M we can write Eq.(12) as

δ_gF^d = −(T^d + t^d), (14)

with the t^d ∈ sec

⋀_1

T^∗M given by

t^d := t^d + h^d, (15)

which are legitimate energy-momentum^{14} 1-form fields for the gravitational field. Note that the total energy-momentum tensor of matter plus the gravitational field is trivially conserved in our theory, i.e.,

δ_g(T^d + t^d) = 0. (16)

Remark 1 Recalling Eq.(9) and Eq.(13) the formula for the t^d in Eq.(15) cannot be, of course, the nice and short formula we promised to present in the introduction. However, it is equivalent to the nice formula as shown in Section 4. Recall the similarity of the equations satisfied by the gravitational field to Maxwell equations. Indeed, in electromagnetic theory on a Lorentzian spacetime we have only one potential A ∈ sec

⋀_1 T^∗M → sec Cℓ(M, g) and the field equations are dF = 0, δ_gF = −J, (17) where F ∈ sec

⋀_2 T^∗M → sec Cℓ(M, g) is the electromagnetic field and J ∈ sec ⋀_1

T^∗M → sec Cℓ(M, g) is the electric current. As well known the two equations in Eq.(17) can be written (if you do not mind in introducing the connection D in the game) as a single equation using the Clifford bundle formalism [16], namely ∂F = J. (18) 13In reality, due the conventions used in this paper the true energy-momentum 3-forms are ⋆_gT_d = − ⋆_g T_d.

14This will become evident in Section 4 were derive the nice formula for the t^d.

where we can write ∂ = d − δ_g = g^aD_{ea} , where ∂ is the Dirac operator (acting

on sections of Cℓ(M, g)).

Now, if you feel uncomfortable in needing four distinct potentials g^a for describing the gravitational field you can put them together defining a vector valued differential form

g = g^a ⊗ e_a ∈ sec

⋀_1 T^∗M ⊗ ⋀ T M → sec Cℓ(M, g) ⊗ ⋀ T M (19)

and in this case the gravitational field equations are

dF = 0, δ_gF = −(T + t), (20)

where F = F^a ⊗ e_a, T = T^a ⊗ e_a, t = t^a ⊗ e_a. Again, if you do not mind in introducing the connection D in the game) by considering the bundle Cℓ(M, g)⊗ T M we can write the two equations in Eq.(??) as a single equation, i.e.,

∂F = T + t (21)

At this point you may be asking: which is the relation of the theory just presented with Einstein’s GR theory? The answer is that recalling that the connection 1-forms ω^{cd} of D are given by

ω^{cd} = 1 2 [ g^d⌟_gdg^c − g^c⌟_gdg^d + g^c⌟_g(g^d⌟_gdg_a)g^a ] (22)

one can show (see [16] for details) that the Lagrangian density L_g becomes

L_g = L_{EH} + d(g^a ∧ ⋆_gdg_a), (23)

where L_{EH} = 1 2 R_{cd} ∧ ⋆_g(g^c ∧ g^d) (24)

(with R_{cd} given by Eq.(3)) is the Einstein-Hilbert Lagrangian density. This permits (with some algebra) to show that Eqs.(8) are indeed equivalent to the usual Einstein equations.

Before ending this section we recall that from Eq.(8) we can also define for our theory a meaningful energy-momentum for the gravitational plus matter fields Indeed, using Stokes theorem for a ‘certain 3-dimensional volume’, say a ball B we immediately get

P^a := ∫ B ⋆_g (T^a + t^a) = − ∫ ∂B ⋆_g S^a. (25)

3 A Comment on Einstein Most Happy Though

The exercises presented above indicate that a particular geometrical interpretation for the gravitational field is no more than an option among many ones.

Indeed, it is not necessary to introduce any connection D or ∇ on M to have a perfectly well defined theory of the gravitational field whose field equations are (in a precise mathematical sense) equivalent to the Einstein field equations. Note that we have not given until now details on the global topology of the world manifold M, except that since we admitted that M carries four global (not all closed) 1-form fields g^a which defines the object g, it follows that ⟨M, D, g, τ_g, ↑⟩ is a spin manifold [9, 16], i.e., it admits spinor fields. This, of course, is necessary if the theory is to be useful in the real world since fundamental matter fields are spinor fields. The most simple spin manifold is clearly Minkowski spacetime which is represented by a structure ⟨M = R^4 , D̊, η, τ_η , ↑⟩ where D̊ is the Levi-Civita connection of the Minkowski metric η. In that case it is possible to interpret the gravitational field as a (1, 1)-extensor field h which is a field in the Faraday sense living in ⟨M, D̊, η, τ_η , ↑⟩. The field h is a kind of square of g which has been called in [8] the plastic distortion field of the Lorentz vacuum. In that theory the potentials g^a = h(γ^a) where γ^a = δ^a_μdx^μ, with {x^μ} global naturally adapted coordinates (in Einstein-Lorentz-Poincaré gauge) to the inertial reference frame I = ∂/∂x^0 according to the structure ⟨⟨M = R^4 , D̊, η, τ_η, ↑⟩, i.e. D̊I = 0. In [8] we give the dynamics and coupling of h to the matter fields.

At last we want to comment that, as well known, in Einstein’s GR one can easily distinguish in any real physical laboratory, i.e., not one modelled by a time like worldline (despite some claims on the contrary) [15] a true gravitational field from an acceleration field of a given reference frame in Minkowski spacetime. This is because in GR the mark of a real gravitational field is the non null Riemann curvature tensor of D, and the Riemann curvature tensor of the Levi-Civita connection of D̊ (present in the definition of Minkowski spacetime) is null. However if we interpret a gravitational field as the torsion 2-forms on the structure (M, ∇, g, τ_g, ↑) viewed as a deformation of Minkowski spacetime then one can also interpret an acceleration field of an accelerated reference frame in Minkowski spacetime as generating an effective teleparallel spacetime (M,^e∇, η, τ_η , ↑). This can be done as follows. Let Z ∈ sec T U, U ⊂ M with η(Z, Z) = 1 an accelerated reference frame on Minkowski spacetime. This means (see, e.g., [16] for details) that a = D̊_Z Z ≠ 0. Put e_0 = Z and define an accelerated reference frame as non trivial if ϑ^0 = η(e_0, ) is not an exact differential. Next recall that in U ⊂ M there always exist [3] three other η-orthonormal vector fields e_i, i = 1, 2, 3 such that {e_a} is an η-orthonormal basis for T U, i.e., η = η^a_bϑ^a ⊗ ϑ^b, where {ϑ^a} is the dual basis^{15} of {e_a}. We then have, D̊_{ea} e_b = ω̊c_{ab}e_c, D̊_{ea} ϑb = −ω̊b_{ac}ϑc.

What remains in order to be possible to interpret an acceleration field as a kind of ‘gravitational field’ is to introduce on M a η-metric compatible connection^e∇ such that the {e_a} is teleparallel according to it, i.e.,^e∇_{ea} e_b = 0,^e∇_{ea} ϑ^b =

0. Indeed, with this connection the structure ⟨M ≃ R^4 ,^e∇, η, τ_η , ↑⟩ has null Riemann curvature tensor but a non null torsion tensor, whose components are related with the components of the acceleration a and with the other coefficients

15In general we will also have that dϑ^i ≠ 0, i = 1, 2, 3.

ω̊^c_{ab} of the connection D̊, which describe the motion on Minkowski spacetime of a grid represented by the orthonormal frame {e_a}. Schücking [20] thinks that such a description of the gravitational field makes Einstein most happy though, i.e., the equivalence principle (understood as equivalence between acceleration and gravitational field) a legitimate mathematical idea. However, a true gravitational field must satisfy (at least with good approximation) Eq.(12), whereas there is no single reason for an acceleration field to satisfy that equation.

4 The Nice Formula for the Legitimate Energy- Momentum Tensor of the Gravitational Field

Taking into account that F^d = dg^d = ∂∧g^d we return to Eq.(14) and write it as ∂^2g^d = T^d + t^d, (26)

with t^d = t^d − dδg^d. Next we recall that in the Clifford bundle formalism the operator ∂^2 (the Hodge D’Alembertian) has two non equivalent decompositions, namely, for each M ∈ sec ⋀ T^∗M → sec Cℓ(M, g) we have

∂^2M = −(dδ_g + δ_gd)M = ∂ ∧ ∂M + ∂ · ∂M (27) where ∂ ∧ ∂ is an extensorial operator called the Ricci operator and ∂ · ∂ is the covariant D’Alembertian operator. We have

∂ ∧ ∂g^d = R^d, (28)

where the R^d = R^d_a g^d ∈ sec

⋀_1

T^∗M → sec Cℓ(M, g) (with R^d_a the components of the Ricci tensor) are called the Ricci 1-form fields. Then we can write Eq.(26) as ∂ ∧ ∂g^d + ∂ · ∂g^d = T^d + t^d, (29) or R^d + ∂ · ∂g^d = T^d + t^d. (30)

Now, we recall that Einstein equation in components form is

R^a_d − 1 2 δ^a_dR = −T^a_d = T^a_d (31)

from where it follows immediately that

R^d − 1 2 Rg^d = T^d. (32)

Then R^d + ∂ · ∂g^d = T^d + 1 2 Rg^d + ∂ · ∂g^d, (33) and comparing Eq.(29) with Eq.(33) we get

t^d = 1 2 Rg^d + ∂ · ∂g^d, (34) and t^d = 1 2 Rg^d + ∂ · ∂g^d + dδg^d (35)

the nice formula promised and that clearly demonstrates that the objects t_{da} = η_{ac}η_{dl}t^c⌟_gg^l are components of a legitimate gravitational energy-momentum tensor tensor field t = t_{da}g^d ⊗ g^a ∈ sec T^2_0 M. We observe moreover that

t^{da} − t^{ad} = 2∂ · ∂g^d⌟_gg^a, (36)

i.e., the energy-momentum tensor of the gravitational field in not symmetric. As shown in [8] this is important in order to have a total angular momentum conservation law for the system consisting of the gravitational plus the matter fields. At least observe that t^d = t^d when the potentials are choosen in the Lorenz gauge.

5 Hamilton Formalism

If we define as usual the canonical momenta associated to the potentials {g^a} by p_a = ∂L_g/∂dg^a = ⋆_gS_a and suppose that this equation can be solved for the dg^a as function of the p_a we can introduce a Legendre transformation with respect to the fields dg^a by

L : (g^α, p_α) → L(g^α, p_α) = dg^α ∧ p_α − L_g (g^α, dg^α(p_α)) (37) We write in what follows L_g (g^α, p_α) := L_g(g^α, dg^α(p_α)) and observe that defining^{16}

δL_g (g^α, p_α) δg^α := −dp_α − ∂L ∂g^α , ....

δL_g (g^α, p_α) δp_α := dg^α − ∂L ∂p_α we can obtain (see details in [8]) δg^α ∧ δL_g (g^α, dg^α) δg^α = δg^α ∧ ( δL_g (g^α, p_α) δg^α ) + ( δL_g (g^α, p_α) δp_α ) ∧ δp_α. (38)

To define the Hamiltonian form, we need something to act the role of time for our manifold, and we choose this ‘time’ to be given by the flow of an arbitrary timelike vector field Z ∈ sec T M such that g(Z, Z) = 1. Moreover, we define

16We use only constrained variations of the g^a, which as already recalled in Section 2 do not change the metric field g.

Z = g(Z, ) ∈ sec

⋀_1

T^∗M → Cℓ(g, M). With this choice, the variation δ is generated by the Lie derivative £_Z. Using Cartan’s ‘magical formula’, we have

δL_g = £_ZL_g = d(Z⌟L_g) + Z⌟dL_g = d(Z⌟L_g). (39)

and after some algebra we get

d(Z⌟L_g ) = d(£_Zg^α ∧ p_α) + £_Zg^α ∧ δL_g δg^α + £_Zp_α ∧ ( δL δp_α ) (40)

and also d(£_Zg^α ∧ p_α − Z⌟L_g) = £_Zg^α ∧ δL_g δg^α . (41)

Now, we define the Hamiltonian 3-form by

H(g^α, p_α) := £_Zg^α ∧ p_α − Z⌟L_g. (42)

We immediately have taking into account Eq.(41) that, when the field equations for the free gravitational field are satisfied (i.e., when the Euler-Lagrange functional is null, δL_g /δg^α = 0) that

dH = 0. (43)

Thus H is a conserved Noether current. We next write

H = Z^αH_α + dB (44)

We can show (details in [8]) that H_α = −δL_g /δg^α and B = Z^ap_a and now we investigate the meaning of the boundary term^{17} B. Consider an arbitrary spacelike hypersuface σ. Then, we define H = ∫ σ (Z^αH_α + dB) = ∫ σ Z^αH_α + ∫ ∂σ B. If we recall that H_α = −δL_g /δg^α we see that the first term in the above equation is null when the field equations (for the free gravitational field) are satisfied and we are thus left with E = ∫ ∂σ B, (45)

which is called the quasi local energy [22].

Now, if {e_α} is the dual basis of {g^α} we have g^0(e_i) = 0, i =1, 2, 3 and if we take Z = e_0 orthogonal to the hypersurface σ, such that for each p ∈ σ, T σ_p is generated by {e_i} and we get recalling that p_α = ⋆_g S_α that

E = ∫ ∂σ ⋆_g S_0, (46)

17More details on possible choices of the boundary term for different physical situations may be found in [11].

which we recognize as being the same conserved quantity as the one defined by Eq.(25).

The relation of the energy defined by Eq.(46) with the energy concept defined in ADM formalism [1] can be seen as follows [25]. Instead of choosing an arbitrary unit timelike vector field Z, start with a global timelike vector field n ∈ sec T M such that n = g(n, ) = N^2dt ∈ sec

⋀_1 T^∗M → Cℓ(M, g), with N : R ⊃ I → R, a positive function called the lapse function of M. Then n ∧ dn = 0 and according to Frobenius theorem, n induces a foliation of M, i.e., topologically it is M = I×σ_t, where σ_t is a spacelike hypersurface with normal given by n. Now, we can decompose any A ∈ sec ⋀_p T^∗M → Cℓ(M, g) into a tangent component A to σ_t and an orthogonal component^⊥A to σ_t by

A = A +^⊥A, (47)

where A := n⌟(dt ∧ A),^⊥A = dt ∧ A_⊥,.. A_⊥ : = n⌟A. (48)

Introduce also the parallel component d of the differential operator d by: dA := n⌟(dt ∧ dA) (49) from where it follows (taking into account Cartan’s magical formula) that

dA = dt ∧ (£_nA − dA_⊥) + dA. (50)

Call m := −g + n ⊗ n = g^i ⊗ g_i,

(where n = n/N) the first fundamental form on σ_t and next introduce the Hodge dual operator associated to m, acting on the (horizontal forms) forms A by ⋆_m A := ⋆_g ( n N ∧ A). (51)

At this point, we come back to the Lagrangian density Eq.(42) and, proceeding like above, but now leaving δn^α to be non null, we eventually arrive at the following Hamiltonian density

H(g^i, p_i) = £_ng^i ∧ ⋆_mp_i − K_g , (52)

where g^i − g^i = dt ∧ (n⌟g^i) = n^idt, (53)

and where K_g depends on (n, dn, g^i, dg^i, £_ng^i). We can show (after some tedious but straightforward algebra that H(g^i, p_i) can be put into the form

H = n^iH_i + dB^′, (54)

with as before H_i = −δL_g /δg^i = −δK_g /δn^i and

B^′ = −Ng_i ∧ ⋆_mdg^i (55)

Then, on shell, i.e., when the field equations are satisfied we get

E^′= − ∫ ∂σ_t Ng_i ∧ ⋆_mdg^i (56)

which is exactly the ADM energy, as can be seen if we take into account that taking ∂σ_t as a twosphere at infinity, we have (using coordinates in the ELP gauge) g_i = h_{ij} dx^j and h_{ij} , N → 1. Then

g_i ∧ ⋆_mdg^i = h^{ij} ( ∂h_{ij} ∂x^k − ∂h_{ik} ∂x^j ) ⋆_m g^k (57)

and under the above conditions we have the ADM formula

E^′ = ∫ ∂σ_t ( ∂h_{ik} ∂x^i − ∂h_{ik} ∂x^k ) ⋆_m g^k. (58)

which, as is well known , is positive definite^{18}. If we choose n = g^0 it may happen that g^0 ∧ dg^0 ≠ 0 and thus it does not determine a spacelike hypersurface σ_t. However all algebraic calculations above up to Eq.(55) are valid (and of course, g^k = g^k). So, if we take a spacelike hypersurface σ such that at spatial infinity the e_i (g^k(e_i) = δ^k_i ) are tangent to σ, and e_0 → ∂/∂t is orthogonal toσ, then we have E = E^′ since in this case −Ng_i ∧ ⋆_mdg^i → −g_i ∧ ⋆_m(g^0 ∧ ⋆_mdg^i) which as can be easily verified (see Eq.(10)) is the asymptotic value of ⋆_g S^0 (taking into

account that at spatial infinity dg^0 → 0)

6 Conclusions

In this paper we recalled that a gravitational field generated by a given energymomentum distribution can be represented by distinct geometrical structures and if we prefer, we can even dispense all those geometrical structures and simply represent the gravitational field as a field in the Faraday’s sense living in Minkowski spacetime. The explicit Lagrangian density for this theory has been given in a Maxwell like form and shown to be equivalent to Einstein’s equations in a precise mathematical sense. We identify a legitimate energymomentum tensor for the gravitational field which can be expressed through a really nice formula, namely Eq.(34). We hope that our study clarifies the real difference between mathematical models and physical reality and leads people to think about the real physical nature of the gravitational field (and also of the electromagnetic field^{19}). We discuss also an Hamiltonian formalism for our theory and the concept of energy defined by Eq.(25) and the one given by the ADM formalism, which are shown to coincide

18See a nice proof in [25].

19As suggested, e.g., by the works of Laughlin [10] and Volikov [24]. Of course,, it may be necessary to explore also other ideas, like e.g., existence of branes in string theory. But this is a subject for another publication.

References

[1] Arnowitt, B., Deser, S., and Misner, C. W., The Dynamics of General Relativity, in

Witten, L. (ed.), Gravitation, an Introduction to Current Research, pp. 227-265, J. Willey &Sons, New York, 1962. [http://arXiv.org/abs/gr-qc/0405109v1]

[2] Bohzkov, Y., and Rodrigues, W. A. Jr., Mass and Energy in General Relativity, Gen.

Rel. and Grav. 27, 813- 819 (1995).

[3] Choquet-Bruhat, Y., DeWitt-Morette, C. and Dillard-Bleick, M., Analysis, Manifolds

and Physics (revised edition), North Holland Publ. Co., Amsterdam, 1982.

[4] Clarke, C. J. S., On the Global Isometric Embedding of Pseudo-Riemannian Manifolds,

Proc. Roy. Soc. A 314, 417-428 (1970).

[5] de Andrade, V. C., Arcos, H. I., and Pereira, J. G., Torsion as an Alternative to Curva-

ture in the Description of Gravitation, PoS WC, 028 922040, [arXiv:gr-qc/0412034]

[6] Eddington, A. S., The Mathematical Theory of Relativity (3rd edn), Chelsea, New York,

1975.

[7] Einstein, A., Unified Field Theory Based on Riemannian Metrics and Distant Paral-

lelism, Math. Ann. 102, 685-697 (1930).

[8] Fernández, V. V., and Rodrigues, W. A. Jr., Gravitation as a Plastic Distortion of

the Lorentz Vacuum, Fundamental Theories of Physics 168, Springer, Heidelberg, 2010. errata for the book at: http://www.ime.unicamp.br/~walrod/errataplastic.pdf

[9] Geroch, R. Spinor Structure of Space-Times in General Relativity I, J. Math. Phys. 9,

1739-1744 (1968).

[10] Laughlin, R. B., A Different Universe: Reinventing Physics from the Bottom Down,

Basic Books, New York, 2005.

[11] Meng, F.-F., Quasilocal Center-of-Mass Moment in Gen-

eral Relativity, MSc. thesis, National Central University, Chungli,2001.[http://thesis.lib.ncu.edu.tw/ETD-db/ETD-search/view etd?URN=89222030]

[12] Misner, C. M., Thorne, K. S. and Wheeler,J. A., Gravitation, W. H. Freeman and Co.

San Francisco, 1973.

[13] Notte-Cuello, E. A. and Rodrigues, W. A. Jr., Freud’s Identity of Differential Geometry,

the Einstein-Hilbert Equations and the Vexatious Problem of the Energy-Momentum Conservation in GR, Adv. Appl. Clifford Algebras 19, 113-145 (2009).

[14] Notte-Cuello, E. A., da Rocha, R., and Rodrigues, W. A. Jr., Some Thoughts on Ge-

ometries and on the Nature of the Gravitational Field, J. Phys. Math. 2, 20-40 (2010).

[15] Ohanian, H. C. and Ruffini, R., Gravitation and Spacetime (second edition), W. W.

Norton & Co., New York, 1994.n 54, 125–201 (1901).

[16] Rodrigues, W. A. Jr.,and Capelas de Oliveira, E., The Many Faces of

Maxwell, Dirac and Einstein Equations. A Clifford Bundle Approach. Lecture Notes in Physics 722, Springer, Heidelberg, 2007. errata for the book at: http://www.ime.unicamp.br/~walrod/errata14062011.pdf

[17] Rodrigues, W. A. Jr., and Sharif, M., Equivalence Principle and the Principle of Local

Lorentz Invariance, Found. Phys. 31, 1785-1806 (2001), corrigenda: Found. Phys 32, 811-812. (2002).

[18] Rodrigues, F. G., da Rocha, R., and Rodrigues, W. A. Jr., Maxwell and Navier-

Stokes Equations Equivalent to Einstein Equation. [arXiv:1109.5274v1 [math-ph]]

[19] Sachs, R. K., and Wu, H., General Relativity for Mathematicians, Springer-Verlag, New

York 1977.

[20] Schücking, E. L., Einstein’s Apple and Relativity’s Gravitational Field, [arXiv:0903.3768] [21] Synge, J. L., Relativity: The General Theory, North Holland, Amsterdam, 1960. [22] Szabados, L. B., Quasi-Local Energy-Momentum and Angular Momentum in GR: A

Review Article, Living Reviews in Relativity, [http://www.livingreviews.org/lrr-2004-4]

[23] Thirring, W. and Wallner, R., The Use of Exterior Forms in Einstein’s Gravitational

Theory, Brazilian J. Phys. 8, 686-723 (1978).

[24] Volovik, G. E., The Universe in a Helium Droplet, Clarendon Press, Oxford (2003). [25] Wallner, R. P., Asthekar’s Variables Reexamined, Phys. Rev. D. 46, 4263-4285 (1992). [26] Weeks, J. R., The Shape of Space (second edition), Marcel Decker Inc., New York, 2002.