arXiv:1109.5793v2 [gr-qc] 27 Mar 2012

APCTP Pre2011-007

Chern-Simons expectation values and quantum horizons from LQG and the Duflo map

Hanno Sahlmann^∗ Asia Pacific Center for Theoretical Physics, Pohang (Korea) and Physics Department, Pohang University for Science and Technology, Pohang (Korea)

Thomas Thiemann^† Institute for Theoretical Physics III, University of Erlangen-Nürnberg, Erlangen (Germany) (Dated: 1 Sep 2011)

We report on a new approach to the calculation of Chern-Simons theory expectation values, using the mathematical underpinnings of loop quantum gravity, as well as the Duflo map, a quantization map for functions on Lie algebras. These new developments can be used in the quantum theory for certain types of black hole horizons, and they may offer new insights for loop quantum gravity, Chern-Simons theory and the theory of quantum groups.

PACS numbers: 11.15.Yc, 04.60.Pp, 04.70.Dy, 02.10.Kn

INTRODUCTION

Loop quantum gravity (LQG) is based on a canonical formulation of gravity in terms of an SU(2) connection A and a densitized triad field E on a three dimensional spatial hypersurface S. Holonomies along paths e and fluxes through surfaces S in S,

h_e[A] ≡ P exp ∮ e A, E_{S,f} = ∫ S ∗E^I f_I (1)

have well-defined operator analogues in the quantum theory [1]. Here ∗E is the 2-form (∗E(p))_{ab} = ϵ_{abc}κ^{IJ} E^c_I (p)T_J dual to E, κ^{IJ} is the inverse of the Cartan-Killing metric, and T_I a basis of SU(2). It is apparent that the variables A, E are treated on a slightly unequal footing in the quantum theory, and using different functionals of E has been advocated in the literature, ex. [2, 3]. Here we consider a proposal in the same direction. We will show that W_S = P exp 8πic ◯ ∫∫ S ∗ ^E^I Ad_{hs} (T_I ) d^2s (2)

can be well defined in the quantum theory. Here, ^E is the LQG operator corresponding to E, c is a real constant, the holonomies h_s are along a path system from a chosen base-point on the boundary of S to the point s, and the integral is surface ordered as in the non-Abelian Stokes theorem [4]. Motivation for the path ordering is a product law for the joining of surfaces, and simple behavior under gauge transformations. The W_S are operator valued matrices with noncommuting entries. Intriguingly, despite their operator nature, they turn out to share many properties of SU(2) matrices, or rather those of some quantum deformation of SU(2), the precise nature of which is still to be determined. This emergence of quantum SU(2) in its kinematic setup is interesting for LQG in itself, but it also has interesting applications. On the one hand, we will sketch below that the simple condition

h_{∂S} Ψ = W_S Ψ (3)

for all surfaces S lying in a surface H, seems to reduce a state Ψ on H to a solution of quantum 3d Euclidean gravity. Since (3) is the quantum analogue of the horizon condition for type I isolated horizons [5], this shows a way to derive their quantum properties directly in LQG [6]. On the other hand, we show how the operators W_S can be used to calculate the Jones polynomial and its generalizations for certain simple links [7, 8].

A key ingredient in making (2) well defined is an ordering procedure for the noncommuting components ^E_I . As we will explain below, it uses a fundamental structure from the theory of Lie algebras, the Duflo map [9], and it is responsible for the occurrence of the quantum group structures. (The use of this map in LQG, albeit in a different context, was first suggested in [10], and it has also been applied recently in [11].) This means that there is a connection between Duflo map and quantum groups that may open an interesting new perspective on the latter.

NEW FLUX OPERATORS

Definition. The basic ingredient in the definition of the operators W_S are the flux operators [1] of LQG. In the literature, these are always associated to a surface, but it turns out that the integrand exists independently as an operator valued distribution ^E^a_I (s). It factors into two parts, ^E^a_I (s) = ^E^a(s) ^E_I (s), which act on a holonomy functional as follows:

^E^a(s)h_e[A] = e^a(s)h_e[A], e^a(s) = ∫ dt ė^a(t)δ^3(s, e(t)), where e(t) is the path along which h_e is taken. Moreover

^E_I (s)h_e[A] = h_{e2} [A]T_I h_{e1} [A], where it was assumed that s is the end point of e_1 and the beginning point of e_2 and e = e_2 ∘ e_1. If s does not lie on e, the result of the action is the zero vector. Consideration of more general cases shows that ^E_I (s) acts essentially like an invariant vector field X_I of SU(2). Now, using these operator valued distributions we can define the operator W_S as

W_S = I_2 + 8πic ∫ S Ad_{hs} (∗ ^E(s)) + (8πic)^2 ∫ S^2 K_{s,s}′ Ad_{hs} (∗ ^E(s)) Ad_{hs′} (∗ ^E(s^′)) + . . . Here, K is an integration kernel that takes care of the surface ordering. The holonomies h_s connect the point s on the surface with a base point on the boundary of S via a system of paths in the surface, as in the non-Abelian Stokes theorem [4]. There is some freedom in the choice of this path system, and the resulting operator will depend on it. There are situations, however, in which the dependence on the path system drops out, see below. It is important to note that ∗ ^E, when restricted to S, commutes with the holonomies along the path system as long as the surface has no self-intersections, due to the properties of ^E^a. We therefore restrict to that case in the following. Still, there are two problems with the above definition that have to be resolved. The first is that consecutive actions of ^E^a(p) give rise to delta distributions that are concentrated precisely at the boundary of integration enforced by surface ordering, and a prescription for the evaluation of these has to be adopted. A straightforward regularization of the delta distributions results in the prescription ∫ S^n K_{s1...sn} ∗ e(s_1) . . . ∗ e(s_n)f(s_1, . . . s_n) = 1 n! f(s, . . . s), where the edge e intersects S in the point s. The second problem with the above definition is that the operators ^E_I (p) at a fixed point p do not commute, whereas the components E_I of the classical field do. Therefore there is an ordering ambiguity inherent in the above definition. This ambiguity can be fixed using the Duflo map. This is a quantization map Υ from the free algebra of symbols {E_I }_I with the Poisson bracket {E_I , E_J } = f_{IJ}^K E_K , (f being the structure constants of a semisimple Lie-algebra g) into the universal enveloping algebra U(g), extending the map E_I → X_I on generators. The defining property of Υ is that it is an algebra isomorphism between the invariant subspaces under the action of the corresponding Lie group G. Υ is an improved version of symmetric quantization χ,

Υ = χ ∘ j^{12} (∂), (4)

where j^{12} (∂) is a differential operator that can be obtained by inserting derivatives ∂^I into the following function on g:

j^{12} (x) = det^{12} ( sinh^1_2 ad x 1 2 ad x ) = 1 + 1 48 ‖x‖^2 + . . . , (5)

with ‖x‖^2 = tr(ad^2_x) the square of the Cartan-Killing norm of G. From now on, we will understand the powers of ∗ ^E to be ordered using Υ. For the calculations below, we will only need the action of Υ on the generators of the invariant subalgebra. For G=SU(2) we find

Υ(‖E‖^2) = Δ_{SU(2)} + 1 8 1, (6)

where Δ_{SU(2)} is the Laplacian.

We finish the definition by considering the action of W_S on the empty state |0⟩. From the action of ^E^a it is immediate that W_S |0⟩ = I_{2×2}|0⟩. It turns out, however that it is also useful to consider a different regularization, namely W_S |0⟩ = Υ exp(8πciE)|0⟩ = c_0 I_{2×2}|0⟩ with c_0 a constant that is determined entirely by the shift in (6). We will call this the alternative regularization and compute c_0 below.

Properties. In the following all the surfaces S are oriented, simply connected, non-self-intersecting. They will also carry a path system that connects their base point to all the other points. First of all, let S_1 + S_2 be a surface that can be obtained as a disjoint union of two other surfaces, S_1 and S_2. Then, for specific choices of path systems on S_1, S_2, and S_1 + S_2, such that they all share the base point, one can see that

W_{S1 +S2} = W_{S1} W_{S2} . (7)

If we use the alternative regularization for the action on spin networks without intersection, the above holds only on states that have at least one intersection in both, S_1, S_2. Due to the fact that Υ commutes with the action of G one has

W^†_S = W_{−S} , (8)

where here and in the following † means taking both, transpose and operator adjoint for operator valued matrices. Finally, there is a unitary action U_g of gauge transformations on H, and the operators W_S transform covariantly, i.e.,

U_g W_S U^{−1}_g = g(b)W_S g(b)^{−1}, (9)

where b is the base point of S. We note that up to now, we have not made use of any specific properties of SU(2), and so everything remains valid for arbitrary semisimple gauge groups G. Let us now use G =SU(2), fix a surface S, and denote by | |_j ⟩ any spin network state that has a single positively oriented transverse intersection with S at an intersection point p. The spin on the edge intersecting S is taken to be j. Taking the trace and considering

FIG. 1. New spin networks produced in the action of the operators WS .

only single intersections drastically simplifies the action of W_S : The holonomies along the path system drop out completely, and due to tr ∘Υ = Υ ∘ tr one obtains

tr_j (W_S )| |_j′ ⟩ = Υ tr_j exp (8πicE(p))| |_j′ ⟩.

Then, using

tr_j exp a = sin((2j + 1)θ/2) sin(θ/2) θ^2 = − 1 2 ‖a‖^2 for an element a of su(2), and (6) together with the isomorphism property of the Duflo map, one finds

tr_j (W_S )| |_j′ ⟩ = sin [πc(2j + 1)(2j^′ + 1)] sin [πc(2j^′ + 1)]

| |_j′ ⟩ (10)

= tr_j (g_j′ )| |_j′ ⟩ (11)

with g_j′ = exp(2πc(2j^′ +1)T_3) for j^′ ≠ 0. For the alternative regularization, (11) stays valid for j^′ = 0. Otherwise one has tr_j (W_S )|0⟩ = 2|0⟩ and we redefine g_0 = 1. Either way, the last line shows that the eigenvalue can be written as the trace of an SU(2) group element. It follows that any function of tr_j (W_S ), when acting on a state |j^′⟩ will have the properties expected of traces of an SU(2) element. This observation seems to even extend to the case of multiple intersections. One can for example show that for two adjacent surfaces S_1, S_2, each punctured once by a spin network | |_j |_j′ ⟩

tr 1_2 (W_{S1} ) tr 1_2 (W_{S2} )| |_j |_j′ ⟩

= tr 1_2 (W_{S1+S2} ) tr 1_2 (W_{S1} W_{−S2} )| |_j |_j′ ⟩

(12)

which is analogous to the property (tr g)(tr g^′) = tr(gg^′) tr(g(g^′)^{−1}) for group elements g, g^′ of SU(2). Finally, states | |_j ⟩ are not eigenstates of the operator valued matrices W_S . Rather,

W_S | |_j ⟩ = c_1(j) I_{2×2}|j⟩ + c_2(j)| ⊣_j ⟩,

where c_1(j), c_2(j) are constants that are complicated to compute explicitly, and

| ⊣_j ⟩ = Ad_{hp} (T_I )κ^{IJ} ^E_J (p)| |_j ⟩

carries a new vertex at p and a link between p and the base point of the loop along the path system on S, see figure 1.

APPLICATIONS

Chern-Simons theory. Since the work of Witten [12] on Chern-Simons (CS) theory [13, 14], it is well known that path integral expectation values of holonomy traces in CS theory are related to link invariants. For G =SU(2) and traces in the defining representation one obtains the Kauffman bracket, with the conventional variable A replaced by q^{1/4}, q = exp(2πi/k). (In fact, with CFT methods on finds q = exp(2πi/(k + 2)) [12], but we do not see the shift of the level with our method.) We will now demonstrate that our new approach can reproduce some of these results. The key is that − 8πi k ϵ_{abc} δ δA_c e^{iSCS[A]} = F_{ab}e^{iSCS[A]} (13)

for SU(2) CS theory with level k, and same, up to a numerical factor, for other gauge groups. This has been exploited before [15–17], but we will make use of an exponentiated version. The non-Abelian version of Stokes’ theorem suggests that holonomy functionals can be replaced by the new flux operators under the path integral. To make this reasoning explicit, let S be a smooth, oriented, simply connected surface, ρ some representation of the structure group G, and L be some functional of G-connections. Then formally

⟨L tr_ρ(h_{∂S} )⟩ = ∫ A L[A] tr_ρ(h_{∂S} )[A]e^{iSCS[A]} dμ[A] = ∫ A L[A] tr_ρ(W_S )e^{iSCS[A]} dμ[A] = ∫ A (tr_ρ(W_{−S} )L)[A]e^{iSCS[A]} dμ[A]

= ⟨(tr_ρ(W_{−S} )L)⟩.

(14)

While the manipulations under the path integral are formal, taking the first and the last line gives an equality in which all objects are defined, at least as long as S has no self-intersections. Consider again G=SU(2) and choose c = 1/k in the definition of W_S . From the above, it follows, in particular, that the expectation value for unlinked traces of unknotted loops factorizes. The Kauffman bracket only factorizes if its value on the unknot is chosen appropriately. That means that to obtain the correct relationship with the Kauffman bracket, the expectation value of the trace for an unknotted loop must have a particular value. For SU(2), this is precisely the case for the alternative regularization, thus we choose it in the following. To go further, let H^+(j_1, j_2) = tr_{j1} (h_{α1} ) tr_{j2} (h_{α2} ) denote the right-handed Hopf link spin network, see figure 2. Applying (14) twice and using (11), one finds

⟨H^+(j_1, j_2)⟩_{CS} = tr_{j1} (g_{j2} ) tr_{j2} (g_0) = sin [_π k (2j_1 + 1)(2j_2 + 1) ] sin [_π k ] , (15)

FIG. 2. The Hopf link spin network H^+(j1, j2), and the surface S with ∂S = α1.

thus reproducing the known values for the Kauffman bracket and its generalization [18] for the framing induced by the choice of the surfaces (see figure 2). Note that these numbers are important in related contexts: they are equivalently given by the trace of the square of the R-matrix of U_q (su(2)) on j_1 ⊗ j_2 or, up to normalization, by the Verlinde coefficients [19] in the SU(2)_k WZW model of conformal field theory. Similar results can be obtained for other gauge groups, see for example [8] for results on SU(3) traces in the defining representation.

Black hole horizons. The quantization of an isolated horizon (IH) is a remarkable success of LQG [20–28]. However, it is only an effective description, in the sense that it uses a number of elements that are not intrinsic to the formalism of LQG. For example, the location of the horizon is fixed to be the boundary of the space-time, and the fields on the boundary, although related to those in the bulk, are quantized separately, using a symplectic structure that is derived from the one on the bulk fields in the classical theory [27, 29]. For spherically symmetric IH, the pullback to the IH, of the dynamical fields satisfy the horizon condition [27]

F_⇐(A) = − π(1 − β^2) a_H Σ_⇐(E). (16)

In the quantum theory, we thus call a surface H a type I quantum horizon, if (3) is valid for all surfaces S lying entirely within H. Here, the operators W_S are evaluated with c = −πβ(1 − β^2)ℓ^2_p/2a_H . Are there states that contain quantum horizons? Such states do not exist in the standard representation of LQG, but we argue that we can change the standard representation on H in such a way that (3) is satisfied. First, note that we can change the representation of the holonomies on H without changing the representations of most other operators [6]. Note now that a spin network |ψ⟩ determines puncture data

P = {(p_1, j_1, m_1), (p_2, j_2, m_2), . . . (p_N , j_N , m_N )},

where p_1 . . . p_N are points on H and j_1 . . . j_N and m_1 . . . m_N are labels of irreducible representations of SU(2), and magnetic quantum numbers in those representations. P defines a functional on functions of traces of loops that encircle at most one puncture: μ( ∏ i tr_{ki} (h_{αi} )) := ∏ i tr_{ki} (g_{ji} ). (17)

This functional is positive [6], moreover we have seen above that it is consistent with all the relations among these traces. Does μ extend to all holonomy functionals on H? We think so. First of all, while we have not calculated traces of W_S intersecting several loops, we have shown that the result must satisfy (12) which, together with (7) generates many, if not all, relations among such traces. As for gauge noninvariant functionals, we may decompose them into a gauge invariant part and a functional on a tree graph, on which we use the standard measure. Changes in this decomposition should not matter due to the fact that W_S = I_{2×2} for S not containing any punctures. The details are under investigation and will be reported elsewhere. We note that the resulting horizon theory seems to reproduce many of the results that have been obtained earlier [5, 30], up to the fact that our results point to the theory being ISU(2) instead of SU(2) CS theory, i.e., Euclidean 3d gravity [6], due to the fact that on H there remains one nontrivial holonomy and one flux operator per nontrivial cycle of H.

OUTLOOK

In this Letter we have sketched the definition of new surface operators W_S in the framework of LQG and their application to quantum CS theory and black hole horizons. There are a number of technical results that we would like to obtain, among them the extension of the action of W_S to intersections at non-trivial vertices, and their definition for self-intersecting surfaces. These will make the operators even more relevant for knot theory. In particular we hope to apply our methods to the calculation of Vassiliev invariants. As for applications to quantum IHs, a rigorous existence proof for the new representations is still outstanding, as well as a careful investigation of the physical consequences. We will furthermore consider the use of the operators W_S in the SU(2) case as improved momentum operators in LQG, as they seem to possess many properties of (quantum) SU(2) group elements. Their use would thus reduce the asymmetry between configuration and momentum variables present in the standard parametrization. Finally it appears that there is a deep relation between the Duflo map and quantum deformations of Lie groups and algebras, which should be studied further.

We thank Karim Noui and Lee Smolin for valuable conversations, and the organizers of the conference Loops 2011 in Madrid, where some of the ideas for this work originated. The research of HS was partially supported by the Spanish MICINN Project No. FIS2008-06078-C03- 03.

∗ sahlmann@apctp.org † thiemann@theorie3.physik.uni-erlangen.de [1] A. Ashtekar and J. Lewandowski, Class. Quant. Grav.

14, A55 (1997) [arXiv:gr-qc/9602046].

[2] T. Thiemann, Class. Quant. Grav. 18, 3293 (2001) [arXiv:hep-th/0005232].

[3] C. Fleischhack, Commun. Math. Phys. 285, 67 (2009) [arXiv:math-ph/0407006].

[4] I.Ya. Aref’eva, Theor. Math. Phys. 43 (1980) 353-356 [5] J. Engle, A. Perez and K. Noui, Phys. Rev. Lett. 105, 031302 (2010) [arXiv:0905.3168 [gr-qc]].

[6] H. Sahlmann, Phys. Rev. D 84, 044049 (2011) [arXiv:1104.4691 [gr-qc]].

[7] H. Sahlmann and T. Thiemann, J. Geom. Phys. 62, 204 (2012) [arXiv:1004.2834 [gr-qc]].

[8] H. Sahlmann and T. Thiemann, J. Geom. Phys. 61, 1104 (2011) [arXiv:1101.1690 [gr-qc]].

[9] M. Duflo, Ann. scient. Ecole Norm. Sup. 10, 265-88 (1977) [10] A. Alekseev, A. P. Polychronakos and M. Smedback, Phys. Lett. B 574, 296 (2003) [arXiv:hep-th/0004036].

[11] K. Noui, A. Perez and D. Pranzetti, JHEP 1110, 036 (2011) [arXiv:1105.0439 [gr-qc]].

[12] E. Witten, Commun. Math. Phys. 121, 351 (1989). [13] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett.

48, 975 (1982).

[14] S. Deser, R. Jackiw and S. Templeton, Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406 (1988)] [Annals Phys. 185, 406 (1988)] [Annals Phys. 281, 409 (2000)].

[15] L. Smolin, Mod. Phys. Lett. A 4 no. 12, 1091-1112 (1989) [16] L. H. Kauffman, Int. J. Mod. Phys. A 5 no. 7, 1363-1367 (1990) [17] R. Gambini and J. Pullin, Commun. Math. Phys. 185, 621 (1997) [arXiv:hep-th/9602165].

[18] S. P. Martin, Nucl. Phys. B 338, 244 (1990). [19] E. P. Verlinde, Nucl. Phys. B 300, 360 (1988). [20] L. Smolin, J. Math. Phys. 36, 6417 (1995) [arXiv:gr-qc/9505028].

[21] C. Rovelli, Phys. Rev. Lett. 77, 3288 (1996) [arXiv:gr-qc/9603063].

[22] A. Ashtekar, J. Baez, A. Corichi and K. Krasnov, Phys.

Rev. Lett. 80, 904 (1998) [arXiv:gr-qc/9710007]. [23] R. K. Kaul and P. Majumdar, Phys. Rev. Lett. 84, 5255 (2000) [arXiv:gr-qc/0002040].

[24] M. Domagala and J. Lewandowski, Class. Quant. Grav.

21, 5233 (2004) [arXiv:gr-qc/0407051].

[25] K. A. Meissner, Class. Quant. Grav. 21, 5245 (2004) [arXiv:gr-qc/0407052].

[26] A. Corichi, J. Diaz-Polo and E. Fernandez-Borja, Phys.

Rev. Lett. 98, 181301 (2007) [arXiv:gr-qc/0609122]. [27] J. Engle, K. Noui, A. Perez and D. Pranzetti, Phys. Rev.

D 82, 044050 (2010) [arXiv:1006.0634 [gr-qc]]. [28] I. Agullo, J. Fernando Barbero, E. F. Borja, J. Diaz-Polo and E. J. S. Villasenor, Phys. Rev. D 82, 084029 (2010) [arXiv:1101.3660 [gr-qc]].

[29] A. Ashtekar, J. C. Baez and K. Krasnov, Adv. Theor.

Math. Phys. 4, 1 (2000) [arXiv:gr-qc/0005126]. [30] J. Engle, K. Noui, A. Perez and D. Pranzetti, JHEP 1105, 016 (2011) [arXiv:1103.2723 [gr-qc]].