arXiv:1109.6117v1 [math.QA] 28 Sep 2011

FROM KOSZUL DUALITY TO POINCARÉ DUALITY

Michel DUBOIS-VIOLETTE^1

Dédié à Raymond Stora

Abstract

We discuss the notion of Poincaré duality for graded algebras and its connections with the Koszul duality for quadratic Koszul algebras. The relevance of the Poincaré duality is pointed out for the existence of twisted potentials associated to Koszul algebras as well as for the extraction of a good generalization of Lie algebras among the quadratic-linear algebras.

LPT-ORSAY 11-78

1Laboratoire de Physique Théorique, CNRS UMR 8627 Université Paris Sud 11, Bâtiment 210 F-91 405 Orsay Cedex Michel.Dubois-Violette@u-psud.fr

Introduction

Koszul complexes and Koszul resolutions play a major role at several places in theoretical physics. In many cases, this is connected with the BRST methods introduced in [2], [3], [4], [5], [34]. For instance they enter in the classical BRST approach to constrained systems, in particular to gauge theory, and they are involved in the renormalization process of quantum field theory, see e.g. [26], [15], [20], [24], [33].

Our aim here is to describe elements of the formulation of the Koszul duality and of the Poincaré duality for quadratic algebras and for non homogeneous quadratic algebras and to draw some important consequence of the Poincaré duality property for Koszul algebras.

Throughout this paper K denotes a (commutative) field and all vector spaces, algebras, etc. are over K . We use everywhere the Einstein summation convention over the repeated up-down indices.

1 Graded algebras and Poincaré duality

1.1 Graded algebras

The class of graded algebras involved here is the class of connected graded algebras A of the form A = T (E)/I where E is a finite-dimensional vector space and where I is a finitely generated graded ideal of the tensor algebra T (E) such that I = ⊕_{n≥2}I_n ⊂ ⊕_{n≥2}E^{⊗n} . This class together with the homomorphisms of graded-algebras (of degree 0) as morphisms define the category GrAlg.

For such an algebra A = T (E)/I ∈ GrAlg choosing a basis (x^λ)_{λ∈{1,...,d}} of E and a system of homogeneous independent generators (f_α)_{α∈{1,...,r}} of I with (f_α) ∈ E^{⊗Nα} and N_α ≥ 2 for α ∈ {1, . . . , r}, one can also write A = K ⟨x^1 , . . . , x^d⟩/[f_1, . . . , f_r] where [f_1, . . . , f_r] is the ideal I generated by the f_α. Define M_{αλ} ∈ E^{⊗Nα−1} by setting f_α = M_{αλ} ⊗ x^λ ∈ E^{⊗Nα} . Then the presentation of A by generators and relations is equivalent to the exactness of the sequence of left A-modules

A^{r M}→ A^{d x}→ A^ε→ K → 0 (1.1)

where M means right multiplication by the matrix (M_{αλ}) ∈ M_{d,r}(A), x means right multiplication by the column (x^λ) and where ε is the projection onto A_0 = K , [1]. In more intrinsic notations the exact sequence (1.1) reads A ⊗ R → A ⊗ E^m→ A^ε→ K → 0 (1.2) where R is the graded subspace of T (E) spanned by the f_α (α ∈ {1, . . . , r}), m is the product in A (remind that E = A_1) and where the first arrow is as in (1.1).

When R is homogeneous of degree N (N ≥ 2), i.e. R ⊂ E^{⊗N} , then A is said to be a N-homogeneous algebra: for N = 2 one speaks of a quadratic algebra, for N = 3 one speaks of a cubic algebra, etc.

1.2 Global dimension

The exact sequence (1.2) of presentation of A can be extended as a minimal projective resolution of the trivial left module K , i.e. as an exact sequence of left modules · · · → M_n → · · · → M_2 → M_1 → M_0 → K → 0 where the M_n are projective i.e. in this graded case free left-modules [13], which is minimal ; one has M_0 = A, M_1 = A ⊗ E, M_2 = A ⊗ R and more generally here M_n = A ⊗ E_n where the E_n are finite-dimensional vector spaces. If such a minimal resolution has finite length D < ∞, i.e. reads 0 → A ⊗ E_D → · · · → A ⊗ E → A → K → 0 (1.3) with E_D ≠ 0, then D is an invariant called the left projective dimension of K and it turns out that D which coincide with the right projective dimension of K is also the sup of the lengths of the minimal projective resolutions of the left and of the right A-modules [13] which is called the global dimension of A. Furthermore it was recently shown [8] that this global dimension D also coincides with the Hochschild dimension in homology as well as in cohomology. Thus for an algebra A ∈ GrAlg, there is a unique notion of dimension from a homological point of view which is its global dimension gℓdim(A) = D whenever it is finite.

1.3 Poincaré duality versus Gorenstein property

Let A ∈ GrAlg be of finite global dimension D. Then one has a minimal free resolution 0 → M_D → · · · → M_0 → K → 0 with M_n = A ⊗ E_n, dim(E_n) < ∞ and E_2 ≃ R, E_1 ≃ E and E_0 ≃ K . By applying the functor Hom_A(•, A) to the chain complex of free left A-module

0 → M_D → · · · → M_0 → 0 (1.4)

one obtains the cochain complex

0 → M^′_0 → · · · → M^′_D → 0 (1.5) of free right A-modules with M^′_n ≃ E^∗_n ⊗ A where for any vector space F , one denotes by F^∗ its dual vector space.

The algebra A ∈ GrAlg is said to be Gorenstein whenever one has { H^n(M^′) = 0, for n ≠ D H^D(M^′) = K

which reads Ext^n_A(K , A) = δ^{nD}K by definition (δ^{nD} = 0 for n ≠ D and δ^{DD} = 1). This means that one has E^∗_{D−n} ≃ E_n which is our version of the Poincaré duality.

Notice that one has Ext^n_A(K , K ) ≃ E^∗_n which follows easily from the definitions.

2 Quadratic algebras

2.1 Koszul duality and the Koszul complex

A (homogeneous) quadratic algebra A is a graded algebra of the form A = A(E, R) = T (E)/[R] where E is a finite-dimensional vector space and where R ⊂ E ⊗ E is a linear subspace of E ⊗ E ([R] denotes as before the ideal of T (E) generated by R), see for instances [25], [27].

Given a quadratic algebra A = A(E, R), one defines another quadratic algebra A^! called the Koszul dual algebra of A by setting A^! = A(E^∗, R^⊥) with R^⊥ defined by R^⊥ = {ω ∈ E^∗ ⊗ E^∗|ω(r) = 0, ∀r ∈ R} where we have made the identification E^∗ ⊗ E^∗ = (E ⊗ E)^∗ which is allowed since one has dim(E) < ∞.

One has A^! = ⊗_{n≥0}A^!_n and the subspace A^!_n of elements of degree n of A^! is given by A^!_n = E^{∗⊗n} / ∑ k E^{∗⊗k} ⊗ R^⊥ ⊗ E^{∗⊗n−k−2} which is equivalent for its dual to A^{!∗}_n = ∩_{0≤k≤n−2}E^{⊗k} ⊗ R ⊗ E^{⊗n−k−2} (2.1) for any n ∈ N. The Koszul complex of A is then defined to be the chain complex K(A) of free left A-module given by · · ·^d→ A ⊗ A^{!∗}_{n+1}^d→ A ⊗ A^{!∗}_n^d→ · · · (2.2) where d is induced by the left A-module homomorphisms d : A ⊗ E^{⊗n+1} → A ⊗ E^{⊗n} given by setting d(a ⊗ (e_0 ⊗ e_1 ⊗ · · · ⊗ e_n)) = ae_0 ⊗ (e_1 ⊗ · · · ⊗ e_n) for n ∈ N and d(a) = 0 for a ∈ A.

2.2 Koszul quadratic algebras

A quadratic algebra A is said to be Koszul whenever its Koszul complex K(A) is acyclic in positive degrees i.e. iff one has H_n(K(A)) = 0 for n ≥ 1. If A is Koszul, one has then H_0(K(A)) = K so that the Koszul complex gives a free resolution K(A) → K → 0 of the trivial left module K which is in fact a minimal projective resolution of K , [29]. Thus, if A is Koszul of finite global dimension D, one has K_n(A) = 0 for n > D and K_D(A) ≠ 0.

Let A be a quadratic algebra and let us apply the functor Hom_A(•, A) to the Koszul complex which is a chain complex of left A-modules. One then obtains the cochain complex L(A) of right A-modules given by

· · ·^δ→ A^!_n ⊗ A^δ→ A^!_{n+1} ⊗ A^δ→ · · · (2.3)

where δ is the left multiplication by x^∗_λ ⊗ x^λ for (x^λ) a basis of E = A_1 with dual basis (x^∗_λ) of E^∗ = A^!_1.

Assume now that A is a Koszul algebra of finite global dimension D. Then it follows from above that A is Gorenstein if and only if one has H^n(L(A)) = δ^{nD}K for the cohomology of L(A). Thus for Koszul algebras of finite global dimension, the Poincaré duality property is controlled by the cohomology of L(A).

2.3 Twisted potentials for Koszul-Gorenstein algebras

Let V be a vector space and let n ≥ 1 be a positive integer, then a (n + 1)-linear form w on V is said to be preregular [16], [17] iff it satisfies the following conditions (i) and (ii).

(i) If X ∈ V is such that w(X, X_1, . . . , X_n) = 0 for any X_1, . . . , X_n ∈ V , then X = 0.

(ii) There is an element Q_w ∈ GL(V ) such that one has w(X_0, . . . , X_{n−1}, X_n) = w(Q_wX_n, X_0, . . . , X_{n−1}) for any X_0, . . . , X_n ∈ V .

It follows from (i) that Q_w as in (ii) is unique. Property (i) will be refered to as 1-site nondegeneracy while (ii) will be refered to as twisted cyclicity.

Let E be a finite-dimensional vector space, then an element w of E^{⊗D} is the same thing as a D-linear form on the dual E^∗ of E. To make contact with the terminology of [22]we will say that w is a twisted potential of degree D on E if the corresponding D-linear form on E^∗ is preregular.

Let w ∈ E^{⊗D} be a twisted potential and let w_{λ1...λD} be its components in the basis (x^λ)_{λ∈{1,...,d}} of E, i.e. one has w = w_{λ1...λD} x^{λ1} ⊗ · · · ⊗ x^{λD} . Let R_w ⊂ E ⊗ E be the subspace of E ⊗ E spanned by the w_{λ1...λD−2μν} x^μ ⊗ x^ν for λ_1, . . . , λ_{D−2} ∈ {1, . . . , d}. In this way one can associate to w the quadratic algebra A(w, 2) = A(E, R_w). The content of the main result of [16] or of [17] (Theorem 4.3 of [16] or Theorem 11 of [17]) applied to quadratic algebras (case N = 2) is the following

Theorem 1. Let A be a quadratic Koszul algebra of finite global dimension D which is Gorenstein. Then A = A(w, 2) for some twisted potential w of degree D.

In the case where Q_w = (−1)^{D+1}, A is a quadratic Calabi-Yau algebra.

This result is as mentioned the particular case for N = 2 of a general result for N-homogeneous algebras (i.e. relations of degree N), see in [16], [17]. The case N = 3 (cubic algebras) contains the important example of the Yang-Mills algebra [14] which is a graded Calabi-Yau algebra in the sense of [22].

As pointed out in [17], 1l⊗ w (1l ∈ A) has the interpretation of a (twisted) noncommutative volume form, see Theorem 10 of [17].

Thus the Poincaré duality corresponding to the Gorenstein property implies for the Koszul algebras that they are derived from twisted potentials. Let us now give some examples

2.4 Examples

1. The symmetric algebra A = SE. One has A = SE = A(E, R) with R = ∧^2E ⊂ E ⊗ E, therefore A^! = ∧E^∗ is the exterior algebra of E^∗. It follows that the Koszul complex is SE ⊗ ∧^•E with the Koszul differential d : SE ⊗ ∧^{n+1}E → SE ⊗ ∧^nE. But SE ⊗ ∧^•E is also the algebra of polynomial differential forms and, if δ denotes the exterior differential, the derivation dδ + δd of degree 0 coincides with the total degree i.e. (dδ + δd)x = (r + s)x for x ∈ S^rE ⊗ ∧^sE. Thus δ is a homotopy for d and d is a homotopy for δ whenever r + s ≠ 0. This implies that SE is Koszul of global dimension D = dim(E) and this also implies the formal Poincaré lemma.

The algebra A = SE has also the Gorenstein property which here reduces to the usual Poincaré duality property. The corresponding (twisted) potential reads w = ε_{λ1...λD} x^{λ1} ⊗ · · · ⊗ x^{λD} where D = dim(E) and where ε_{λ1...λD} is completely antisymmetric with ε_{1...D} = 1. It is clear that v = 1l ⊗ w is a volume form in the classical sense.

2. The tensor algebra A = T (E). One has A = T (E) = A(E, 0) so that A^! = K 1l ⊕ E = A(E, E ⊗ E) with trivial product between the elements of E. The Koszul complex is 0 → T (E) ⊗ E^m→ T (E) → 0 and it is obvious that m is injective so T (E) is Koszul of global dimension D = 1 but it is clearly not Gorenstein, i.e. one has not the Poincaré duality here.

3. Koszul duals of Koszul algebras. It is not hard to show that if A is a quadratic algebra, then A is Koszul if and only if A^! is Koszul. Thus for instance ∧E and K 1l ⊕ E are Koszul; however they are not Gorenstein, (they are not of finite global dimension). It is worth noticing here that this property is specific for quadratic algebras. Indeed there is a notion of Koszulity for N-homogeneous algebras which was introduced in [7] and a generalization of the Koszul duality for these algebras defined in [9] but the Koszulity is not stable by Koszul duality for N ≥ 3.

4. A deformed symmetric algebra. Let A be the algebra generated by the 3 elements ∇_0, ∇_1, ∇_2 with the relations μ^2∇_2∇_0 − ∇_0∇_2 = 0 μ^4∇_1∇_0 − ∇_0∇_1 = 0 μ^4∇_2∇_1 − ∇_1∇_2 = 0

(2.4)

Where μ ∈ K with μ ≠ 0. This is a quadratic algebra with Koszul dual A^! which is generated by the 3 elements ω_0, ω_1, ω_2 with the relations ω^2_0 = 0, ω^2_1 = 0, ω^2 = 0 ω_2ω_0 + μ^2ω_0ω_2 = 0 ω_1ω_0 + μ^4ω_0ω_1 = 0 ω_2ω_1 + μ^4ω_1ω_2 = 0

(2.5)

It can be shown that A is Koszul of global dimension 3 and is Gorenstein[23],[35], [18]. The corresponding (twisted) potential reads w = μ^2(∇_1 ⊗ ∇_2 ⊗ ∇_0 + ∇_2 ⊗ ∇_0 ⊗ ∇_1 + μ^{−6}∇_0 ⊗ ∇_1 ⊗ ∇_2) − (∇_0 ⊗ ∇_2 ⊗ ∇_1 + ∇_1 ⊗ ∇_0 ⊗ ∇_2 + μ^6∇_2 ⊗ ∇_1 ⊗ ∇_0) while Q_w ∈ GL(3, K ) is given by the diagonal matrix with

(Q_w)^0 = μ^{−6}, (Q_w)^1 = 1, (Q_w)^2 = μ^6

in the basis (∇_0, ∇_1, ∇_2).

3 Nonhomogeneous quadratic algebras

3.1 Poincaré-Birkhoff-Witt (PBW) property

A nonhomogeneous quadratic algebra [28], [12], [21]is an algebra A of the form A = A(E, P ) = T (E)/[P ] where E is a finite dimensional vector space and where P ⊂ F^2(T (E)) is a linear subspace of F^2(T (E)) = ⊕^2_{m=0}E^{⊗m} . Here and in the following the tensor algebra T (E) is endowed with its natural filtration F^n(T (E)) = ⊕_{m≤n}E^{⊗m} associated to its graduation. The filtration of T (E) induces a filtration F^n(A) of A and the graded algebra

gr(A) = ⊕_nF^n(A)/F^{n−1}(A)

is the associated graded algebra to the filtered algebra A. Let R ⊂ E ⊗ E be the image of P by the canonical projection of F^2(T (E)) onto E ⊗ E. Then A = A(E, R) = T (E)/[R] is a (homogeneous) quadratic algebra which will be called the quadratic part of A. There is a canonical homomorphism can : A → gr(A) of graded algebra which is surjective. The algebra is said to have the Poincaré- Birkhoff-Witt (PBW) property if this canoncal homomorphism is injective, i.e. whenever can is an isomorphism. One has the following theorem [12].

Theorem 2. Let A and A be as above. If A has the PBW property then the following condition (i) and (ii) are satisfied : (i) P ∩ F^1(T (E)) = 0 (ii) (P E + EP ) ∩ F^2(T (E)) ⊂ P .

If A is Koszul then, conversely, conditions (i) and (ii) imply that A has the PBW property.

Condition (i) means that one has linear mappings φ : R → E and φ_0 : R → K such that P = {r − φ(r) − φ_0(r)1l | r ∈ R} i.e. P is obtained by adding second members of lower degrees to the quadratic relations R. Concerning condition (ii) one has the following.

Proposition 3. Assume that Condition (i) of the last theorem is satisfied. Then, Condition (ii) above is equivalent to the following conditions (a), (b) and (c): (a) (φ ⊗ I − I ⊗ φ)(R ⊗ E ∩ E ⊗ R) ⊂ R (b) (φ ∘ (φ ⊗ I − I ⊗ φ) + (φ_0 ⊗ I − I ⊗ φ_0))(R ⊗ E ∩ E ⊗ R) = 0 (c) φ_0 ∘ (φ ⊗ I − I ⊗ φ)(R ⊗ E ∩ E ⊗ R) = 0 where I denotes the identity mapping of E onto itself.

A nonhomogeneous quadratic algebra A with quadratic part A is said to be Koszul if A has the PBW property and A is Koszul.

3.2 Nonhomogeneous Koszul duality

Let A = A(E, P ) be a nonhomogeneous quadratic algebra with quadratic part A = A(E, R), assume that Condition (i) of Theorem 2 is satisfied and let φ : R → E and φ_0 : R → K be as in 3.1. Consider the transposed φ^t : E^∗ → R^∗ and φ^t_0 : K → R^∗ of φ and φ_0 and notice that one has by definition of A^! that A^!_1 = E^∗, A^!_2 = R^∗ and A^!_3 = (R ⊗ E ∩ E ⊗ R)^∗, (see in 2.1 formula (2.1)), so one can write (the minus sign is put here to match the usual conventions)

− φ^t : A^!_1 → A^!_2, −φ^t_0(1) = F ∈ A^!_2 (3.1)

and one has the following result [28].

Theorem 4. Conditions (a), (b) and (c) of Proposition 3 are equivalent to the following conditions (a^′), (b^′) and (c^′) : (a^′) −φ^t extends as an antiderivation δ of A^! (b^′) δ^2(x) = [F, x], ∀x ∈ A^! (c^′) δ(F ) = 0.

A graded algebra equipped with an antiderivation δ of degree 1 and an element F of degree 2 satisfying the conditions (b^′) and (c^′) above is refered to as a curved graded differential algebra [28].

Thus Theorem 4 combined with Theorem 2 and Proposition 3 means that the correspondance A → (A^!, δ, F ) define a contravariant functor from the category of nonhomogeneous quadratic algebras satisfying the conditions (i) and (ii) of Theorem 2 to the category of curved differential quadratic algebras (with the obvious appropriate notions of morphism). One can summarize the Koszul duality of [28] for non homogeneous quadratic algebras by the following.

Theorem 5. The above correspondence defines an anti-isomorphism between the category of nonhomogeneous quadratic algebras satisfying Conditions (i) and (ii) of Theorem 2 and the category of curved differential quadratic algebras which induces an anti-isomorphism between the category of nonhomogeneous quadratic Koszul algebras and the category of curved differential quadratic Koszul algebras.

There are two important classes of nonhomogeneous quadratic algebras A satisfying the conditions (i) and (ii) of Theorem 2. The first one corresponds to the case φ_0 = 0 which is equivalent to F = 0 while the second one corresponds to φ = 0 which is equivalent to δ = 0. An algebra A of the first class is called a quadratic-linear algebra [27] and corresponds to a differential quadratic algebra (A^!, δ) while an algebra A of the second class corresponds to a quadratic algebra A^! equipped with a central element F of degree 2.

3.3 Examples

1. Universal enveloping algebras of Lie algebras. Let g be a finite-dimen-sional Lie algebras then its universal enveloping algebra A = U(g) is Koszul quadratic-linear. Indeed one has A = Sg which is a Koszul quadratic algebra while the PBW property is here the classical PBW property of U(g). The corresponding differential quadratic algebra (A^!, δ) is (∧g^∗, δ), i.e. the exterior algebra of the dual vector space g^∗ of g endowed with the Koszul differential δ. Notice that this latter differential algebra is the basic building block to construct the Chevalley- Eilenberg cochain complexes. Notice also that A = Sg is not only Koszul but is also Gorenstein (Poincaré duality property).

2. Adjoining a unit element to an associative algebra. Let A be a finitedimensional associative algebra and let A = Ã = T (A)/ [{x ⊗ y − xy, y ∈ A}] be the algebra obtained by adjoining a unit 1l to A (Ã = K 1l ⊕ A, etc.). This is again a Koszul quadratic-linear algebra. Indeed the PBW property is here equivalent to the associativity of A while the quadratic part is A = T (A^∗)^! which is again K 1l ⊕ A as vector space but with a vanishing product between the elements of A and is a Koszul quadratic algebra. The corresponding differential quadratic algebra (A^!, δ) is (T (A^∗), δ) where δ is the antiderivation extension of minus the transposed m^t : A^∗ → A^∗ ⊗ A^∗ of the product m of A. Again (T_+(A^∗), δ) is the basic building block to construct the Hochschild cochain complexes. Notice however that A = T (A^∗)^! is not Gorenstein (no Poincaré duality).

3. A deformed universal enveloping algebra. Let A be the algebra generated by the 3 elements ∇_0, ∇_1, ∇_2 with relations μ^2∇_2∇_0 − ∇_0∇_2 = μ∇_1 μ^4∇_1∇_0 − ∇_0∇_1 = μ^2(1 + μ^2)∇_0 μ^4∇_2∇_1 − ∇_1∇_2 = μ^2(1 + μ^2)∇_2

(3.2)

This is again a Koszul quadratic-linear algebra with homogeneous part A given by the example 4 of 2.4 which is Koszul-Gorenstein. The corresponding differential quadratic algebra (A^!, δ) is the algebra A^! of Example 4 of 2.4 with quadratic relations (2.5) endowed with the differential δ given by δω_0 + μ^2(1 + μ^2)ω_0ω_1 = 0 δω_1 + μω_0ω_2 = 0 δω_2 + μ^2(1 + μ^2)ω_1ω_2 = 0

(3.3)

which corresponds to the left covariant differential calculus on the twisted SU(2) group of [37].

4. Canonical commutation relations algebra. Let E = K^{2n} with basis (q^λ, p_μ), λ, μ ∈ {1, . . . , n} and let iℏ ∈ K with iℏ ≠ 0. Consider the nonhomogeneous quadratic algebra A generated by the q^λ, p_μ with relations

q^λq^μ − q^μq^λ = 0, p_λp_μ − p_μp_λ = 0, q^λp_μ − p_μq^λ = iℏδ^λ_μ 1l

for λ, μ ∈ {1, . . . , n}. The quadratic part of A is the symmetric algebra A = SE which is Koszul, the property (i) of Theorem 2 is obvious and one has φ = 0 and φ_0 is such that its transposed φ^t_0 is given by

−φ^t_0(1) = F = −(iℏ)^{−1}q^∗_λ ∧ p^{λ∗}

which is central in A^! = ∧(E^∗) where (q^∗_λ, p^{μ∗}) is the dual basis of (q^λ, p_μ). This implies that A has the PBW property and therefore is Koszul.

5. Clifford algebra (C.A.R. algebra). Let E = K^n with canonical basis (γ_λ), λ ∈ {1, . . . , n} and consider the nonhomogeneous quadratic algebra A = C(n) generated by the elements γ_λ, λ ∈ {1, . . . , n} with relations γ_μγ_ν + γ_ν γ_μ = 2δ_{μν} 1l for μ, ν ∈ {1, . . . , n}. The quadratic part of A is then the exterior algebra A = ∧E which is Koszul, the property (i) of Theorem 2 is obvious and one has again φ = 0 and φ^t_0 is given by

−φ^t_0(1) = F = − 1 2 ∑ γ^{λ∗} ∨ γ^{λ∗} which is a central element of A^! = SE^∗ (which is commutative). It again follows that A is Koszul (i.e. PBW + A Koszul).

6. Remarks on the generic case. Let A be a (homogeneous) quadratic algebra which is Koszul. In general (for generic A) any nonhomogeneous quadratic algebra A which has A as quadratic part and has the PBW property is such that one has both φ ≠ 0 and φ_0 ≠ 0 or is trivial in the sense that it coincides with A, i.e. φ = 0 and φ_0 = 0. This is the case for instance when A is the 4-dimensional Sklyanin algebra [30], [32] for generic values of its parameters [6].

Thus, Examples 1, 2, 3, 4, 5 above are rather particular from this point of view. However the next section will be devoted to a generalization of Lie algebra which has been introduced in [19] and which involves quadratic-linear algebras, i.e. for which φ_0 = 0.

4 Lie prealgebras

4.1 Prealgebras

By a (finite-dimensional) prealgebra we here mean a triple (E, R, φ) where E is a finite-dimensional vector space, R ⊂ E ⊗ E is a linear subspace of E ⊗ E and φ : R → E is a linear mapping of R into E. Given a supplementary R^′ to R in E ⊗ E, R ⊕ R^′ = E ⊗ E, the corresponding projector P of E ⊗ E onto R allows to define a bilinear product φ ∘ P : E ⊗ E → E, i.e. a structure of algebra on E. The point is that there is generally no natural supplementary of R. Exception are R = E ⊗ E of course and R = ∧^2E ⊂ E ⊗ E for which there is the canonical GL(E)-invariant supplementary R^′ = S^2E ⊂ E ⊗ E which leads to an antisymmetric product on E, (e.g. case of the Lie algebras).

Given a prealgebra (E, R, φ), there are two natural associated algebras :

1. The nonhomogeneous quadratic algebra A_E = T (E)/[{r − φ(r) | r ∈ R}] which will be called its enveloping algebra.

2. The quadratic part A_E of A_E A_E = T (E)/[R], where the prealgebra (E, R, φ) is also simply denoted by E when no confusion arises.

The enveloping algebra A_E is a filtered algebras as explained before but it is also an augmented algebra with augmentation

ε : A_E → K induced by the canonical projection of T (E) onto T^0(E) = K . One has the surjective homomorphism

can : A_E → gr(A_E )

of graded algebras.

In the following we shall be mainly interested on prealgebras such that their enveloping algebras are quadratic-linear, i.e. satisfy Condition (ii) of Theorem 2, (Condition (i) being satisfied by construction). If (E, R, φ) is such a prealgebra, to A_E corresponds the differential quadratic algebra (A^!_E, δ) (as in Section 3) where δ is the antiderivation extension of minus the transposed φ^t of φ.

Notice that if A_E has the PBW property one has

E = F^1(A_E ) ∩ Ker(ε)

so that the canonical mapping of the prealgebra E into its enveloping algebra A_E is then an injection.

4.2 Lie prealgebras

A prealgebra (E, R, φ) will be called a Lie prealgebra [19] if the following conditions (1) and (2) are satisfied :

(1) The quadratic algebra A_E = A(E, R) is Koszul of finite global dimension and is Gorenstein (Poincaré duality).

(2) The enveloping algebra A_E has the PBW property.

If E = (E, R, φ) is a Lie prealgebra then A_E is a Koszul quadratic linear algebra, so to (E, R, φ) one can associate the differential quadratic algebra (A^!_E, δ) and one has the following theorem [19]:

Theorem 6. The correspondence (E, R, φ) → (A^!_E, δ) defines an anti-isomorphism between the category of Lie prealgebra and the category of differential quadratic Koszul Frobenius algebras.

This is a direct consequence of Theorem 5 and of the Koszul Gorenstein property of A_E by using [31].

Let us remind that a Frobenius algebra is a finite-dimensional algebra A such that as left A-modules A and its vector space dual A^∗ are isomorphic (the left A-module structure of A^∗ being induced by the right A-module structure of A). Concerning the graded connected case one has the following classical useful result.

Proposition 7. Let A = ⊕_{m≥0}A_m be a finite-dimensional graded connected algebra with A_D ≠ 0 and A_n = 0 for n > D. Then the following conditions (i) and (ii) are equivalent : (i) A is Frobenius, (ii) dim(A_D) = 1 and (x, y) → (xy)_D is nondegenerate, where (z)_D denotes the component on A_D of z ∈ A.

4.3 Examples and counterexamples

1. Lie algebras. It is clear that a Lie algebra g is canonically a Lie prealgebra (g, R, φ) with R = ∧^2g ⊂ g ⊗ g, φ = [•, •], A_g = U(g) and A_g = Sg,(see Example 1 in 3.3).

2. Associative algebras are not Lie prealgebras. An associative algebra A is clearly a prealgebra (A, A ⊗ A, m) with enveloping algebra A_A = Ã as in Example 2 of 3.3 but A_A = T (A^∗)^! = K 1l ⊕ A is not Gorenstein although it is Koszul as well as A_A = Ã, (see the discussion of Example 2 in 3.3). The missing item is here the Poincaré duality.

3. A deformed version of Lie algebras. The algebra A of Example 3 of 3.3 is the enveloping algebra of a Lie prealgebra (E, R, φ) with E = K^3 , R ⊂ E ⊗ E generated by r_1 = μ^2∇_2 ⊗ ∇_0 − ∇_0 ⊗ ∇_2 r_0 = μ^4∇_1 ⊗ ∇_0 − ∇_0 ⊗ ∇_1 r_2 = μ^4∇_2 ⊗ ∇_1 − ∇_1 ⊗ ∇_2 and φ given by

φ(r_1) = μ∇_1, φ(r_0) = μ^2(1 + μ^2)∇_0, φ(r_2) = μ^2(1 + μ^2)∇_2

where (∇_0, ∇_1, ∇_2) is the canonical basis of E.

4. Differential calculi on quantum groups. More generally most differential calculi on the quantum groups can be obtained via the duality of Theorem 6 from Lie prealgebras. In fact the Frobenius property is generally straightforward to verify, what is less obvious to prove is the Koszul property.

4.4 Generalization of Chevalley-Eilenberg complexes

Throughout this subsection, E = (E, R, φ) is a fixed Lie prealgebra, its enveloping algebra is simply denoted by A with quadratic part denoted by A and the associated differential quadratic Koszul Frobenius algebra is (A^!, δ).

A left representation of the Lie prealgebra E = (E, R, φ) is a left Amodule. Let V be a left representation of E = (E, R, φ), let (x^λ) be a basis of E with dual basis (ω_λ) of E^∗ = A^!_1. One has

x^μx^ν Φ ⊗ ω_μω_ν + x^λΦ ⊗ δω_λ = 0

for any Φ ∈ V . This implies that one defines a differential of degree 1 on V ⊗ A^! by setting

δ_V (Φ ⊗ α) = x^λΦ ⊗ ω_λα + Φ ⊗ δα

so (V ⊗ A^!, δ_V ) is a cochain complex. These cochain complexes generalize the Chevalley-Eilenberg cochain complexes. Given a right representation of E, that is a right A-module W , one defines similarily the chain complex (W ⊗ A^{!∗}, δ_W ), remembering that A^{!∗} is a graded coalgebra.

One has the isomorphisms { H^•(V ⊗ A^!) ≃ Ext^•_A(K , V ) H_•(W ⊗ A^{!∗}) ≃ Tor^A_• (W, K ) which implies that one has the same relation with the Hochschild cohomology and the Hochschild homology of A as the relation of the (co-)homology of a Lie algebra with the Hochschild (co-)homology of its universal enveloping algebra.

5 Conclusion

As pointed out before many results of this article, in particular all the results of Section 2 generalize to the case of relations of degree N ≥ 2 (instead of 2) [17]. Furthermore the results of [17] have been generalized in [11] to the quiver case. In fact the analysis of [10] suggests that one can generalize most points by replacing the ground field K by a von Neumann regular ring R and replacing the tensor algebras of vector spaces by tensor algebra over R of R-bimodules. The case of quiver being R = K^{vertex} .

A ring R is said to be von Neumann regular whenever for any a ∈ R there is an x ∈ R such that axa = a. Semisimple rings are von Neumann regular. An infinite product of fields and the endomorphism ring End(E) of an infinite-dimensional vector space E are examples of von Neumann regular rings which are not semisimple rings [36], [10].

Concerning the nonhomogeneous case, it is worth noticing here that for nonhomogeneous relations of degree N ≥ 3 one has no satisfying generalization of the Koszul duality of Positselski for the moment.

References

[1] M. Artin and W.F. Schelter. Graded algebras of global dimension 3.

Adv. Math., 66:171–216, 1987.

[2] C. Becchi, A. Rouet, and R. Stora. The abelian Higgs Kibble model.

Unitarity of the S-operator. Phys. Lett. B, 52:344–346, 1974.

[3] C. Becchi, A. Rouet, and R. Stora. Renormalization of the abelian Higgs-Kibble model. Commun. Math. Phys., 42:127–162, 1975.

[4] C. Becchi, A. Rouet, and R. Stora. Renormalization models with broken symmetries. In G. Velo and A.S. Wightman, editors, Renormalization theory. Erice 1975, Reidel, 1976.

[5] C. Becchi, A. Rouet, and R. Stora. Renormalization of gauge theories.

Ann. Phys., 98:287–321, 1976.

[6] M. Bellon, A. Connes, and M. Dubois-Violette. Noncommutative finitedimensional manifolds. III. Suspension functor and higher dimensional spherical manifolds. To appear.

[7] R. Berger. Koszulity for nonquadratic algebras. J. Algebra, 239:705–734, 2001.

[8] R. Berger. Dimension de Hochschild des algèbres graduées. C.R.

Acad.Sci. Paris, Ser. I, 341:597–600, 2005.

[9] R. Berger, M. Dubois-Violette, and M. Wambst. Homogeneous algebras.

J. Algebra, 261:172–185, 2003.

[10] R. Berger and V. Ginzburg. Higher symplectic reflection algebras and non-homogeneous N-Koszul property. Journal of Algebra, 305:577–601, 2006.

[11] R. Bocklandt, T. Schedler, and M. Wemyss. Superpotentials and higher order derivations. J. Pure Appl. Algebra, 214:1501–1522, 2010.

[12] A. Braverman and D. Gaitsgory. Poincaré-Birkhoff-Witt theorem for quadratic algebras of Koszul type. J. Algebra, 181:315–328, 1996.

[13] H. Cartan. Homologie et cohomologie d’une algèbre graduée. Séminaire Henri Cartan, 11(2):1–20, 1958.

[14] A. Connes and M. Dubois-Violette. Yang-Mills algebra. Lett. Math.

Phys., 61:149–158, 2002.

[15] M. Dubois-Violette. Systèmes dynamiques contraints : L’approche homologique. Ann. Inst. Fourier Grenoble, 37:45–57, 1987.

[16] M. Dubois-Violette. Graded algebras and multilinear forms. C. R. Acad.

Sci. Paris, Ser. I, 341:719–724, 2005.

[17] M. Dubois-Violette. Multilinear forms and graded algebras. J. Algebra, 317:198–225, 2007.

[18] M. Dubois-Violette. Noncommutative coordinate algebras. In E. Blanchard, editor, Quanta of Maths, dédié à A. Connes, volume 14 of Clay Mathematics Proceedings, pages 171–199. Clay Mathematics Institute, 2010.

[19] M. Dubois-Violette and G. Landi. Lie prealgebras. In A. Connes, editor, Noncommutative Geometry and Global Analysis, volume 546 of Contemporary Mathematics, pages 115–135. American Mathematical Society, 2011.

[20] J.M.L. Fisch, M. Henneaux, J. Stasheff, and C. Teitelboim. Existence, uniqueness and cohomology of the classical BRST charge with ghosts. Commun. Math. Phys., 120:379–407, 1989.

[21] G. Fløystad. Koszul duality and equivalences of categories. Trans. Amer.

Math. Soc., 358:2373–2398, 2006.

[22] V. Ginzburg. Calabi-Yau algebras. math.AG/0612139.

[23] D.I. Gurevich. Algebraic aspects of the quantum Yang-Baxter equation. Algebra i Analiz (Transl. in Leningrad Math. J. 2 (1991) 801-828), 2:119–148, 1990.

[24] M. Henneaux and C. Teitelboim. Quantization of gauge systems. Princeton University Press, 1992.

[25] Yu. I. Manin. Quantum groups and non-commutative geometry. CRM Université de Montréal, 1988.

[26] D. McMullan. Constraints and B.R.S. symmetry. Imperial College Preprint TP 83-84/21, 1984.

[27] A. Polishchuk and L. Positselski. Quadratic algebras, volume 37 of University Lecture Series. Amer. Math. Soc., Providence, RI., 2005.

[28] L. Positselski. Nonhomogeneous quadratic duality and curvature. Func.

Anal. Appl., 27:197–204, 1993.

[29] S.B. Priddy. Koszul resolutions. Trans. Amer. Math. Soc., 152:39–60, 1970.

[30] E.K. Sklyanin. Some algebraic structures connected with the Yang- Baxter equation. Func. Anal. Appl., 16:263–270, 1982.

[31] S.P. Smith. Some finite dimensional algebras related to elliptic curves.

CMS Conf. Proc. Proc., 19:315–348, 1996.

[32] S.P. Smith and J.T. Stafford. Regularity of the four dimensional Sklyanin algebra. Compos. Math., 83:259–289, 1992.

[33] R. Stora. From Koszul complexes to gauge fixing. In G. ’t Hooft, editor, 50 years of Yang-Mills theory, pages 137–167. World Scientific, 2005.

[34] V. Tyutin. Gauge invariance in field theory and statistical physics in operator formulation (in Russian). Lebedev preprint FIAN N^∘39, 1975.

[35] M. Wambst. Complexes de Koszul quantiques. Ann. Inst. Fourier, Grenoble, 43:1083–1156, 1993.

[36] C.A. Weibel. An introduction to homological algebra. Cambridge University Press, 1994.

[37] S.L. Woronowicz. Twisted SU(2) group. an example of noncommutative differential calculus. Publ. RIMS, Kyoto Univ., 23:117–181, 1987.