arXiv:1109.6807v2 [hep-lat] 5 Jan 2012

OIQP-11-07

Non-perturbative construction of 2D and 4D supersymmetric Yang-Mills theories with 8 supercharges

Masanori Hanada^1,^∗ So Matsuura^2,^† and Fumihiko Sugino^{3 ‡}

1 Department of Physics, University of Washington, Seattle, WA 98195-1560, USA 2 Department of Physics, and Research and Education Center for Natural Science, Keio University, 4-1-1 Hiyoshi, Yokohama, 223-8521, Japan 3 Okayama Institute for Quantum Physics, Kyoyama 1-9-1, Kita-ku, Okayama 700-0015, Japan

Abstract

In this paper, we consider two-dimensional N = (4, 4) supersymmetric Yang-Mills (SYM) theory and deform it by a mass parameter M with keeping all supercharges. We further add another mass parameter m in a manner to respect two of the eight supercharges and put the deformed theory on a two-dimensional square lattice, on which the two supercharges are exactly preserved. The flat directions of scalar fields are stabilized due to the mass deformations, which gives discrete minima representing fuzzy spheres. We show in the perturbation theory that the lattice continuum limit can be taken without any fine tuning. Around the trivial minimum, this lattice theory serves as a non-perturbative definition of two-dimensional N = (4, 4) SYM theory. We also discuss that the same lattice theory realizes four-dimensional N = 2 U(k) SYM on R^2 × (Fuzzy R^2 ) around the minimum of k-coincident fuzzy spheres.

∗mhanada@u.washington.edu
†s.matsu@phys-h.keio.ac.jp
‡fumihiko sugino@pref.okayama.lg.jp

1 Introduction

Supersymmetric gauge theories play very important roles in theoretical particle physics. They are not only promising candidates of physics beyond the standard model, which are one of the targets in Large Hadron Collider (LHC) experiments, but also provide crucial insights into non-perturbative aspects of superstring/M theory [1, 2, 3, 4]. Although they are analytically more controllable than non-supersymmetric theories, there have arisen many intriguing features conjectured from various duality arguments which cannot be addressed by current analytic techniques. Therefore it is important to find promising numerical frameworks which enable us to examine them and to obtain new insights into non-perturbative dynamics. However, it is not a straightforward task in lattice field theory because of the notorious difficulties of lattice supersymmetry. So far, for one- and twodimensional theories [5] and N = 1 pure super Yang-Mills (SYM) theories in three [6] and four dimensions [7], some lattice models are shown to be free from any fine tuning at least perturbatively. (Lattice models for three- and four-dimensional SYM theories are constructed by orbifold or twisting methods preserving some of supersymmetries [5], although they require fine tuning in taking the continuum limit.) In order to overcome this difficulty, one possible direction is to pursue new discretization methods different from conventional lattice.

For one-dimensional theory (matrix quantum mechanics) a powerful “non-lattice” technique [8] is applicable. Maximally supersymmetric matrix quantum mechanics has been studied extensively, and remarkable quantitative agreement with the gauge/gravity duality conjecture has been obtained [9, 10]. (Qualitatively consistent results are obtained also from lattice simulation [11].)^4 For two-dimensional N = (2, 2) SYM, nonperturbative evidences for the lattice model presented in [14] to require no fine tuning have been given by numerical simulation for the gauge group G = SU(2) in [15] and for G = SU(N) with N = 2, 3, 4, 5 in [16]. Furthermore, [17] has shown that the model constructed in [18] is free from the sign problem and gives the same physics as that in [14] after an appropriate treatment of the overall U(1) modes. N = (8, 8) theory has also been simulated in [19] in order to study the black hole/black string transition. (For other numerical studies in the context of the gauge/gravity duality, see e.g. [20, 21].) Com-

4 In particular the simulation results are consistent with the existence of the threshold bound state [10], which is an important ingredient of the Matrix theory conjecture [1]. Theories with less supersymmetry have also been studied [12] and the result strongly suggests the threshold bound state does not exist in those cases as expected from the calculation of the Witten index. For SU(2) theory with four supercharges the energy spectrum has been studied in [13] by using the Hamiltonian approach. The simulation results [12] look consistent with the spectrum calculated in [13].

bining the non-lattice or lattice techniques with matrix model/non-commutative space techniques [22, 23], three-dimensional theory can be obtained as a theory on fuzzy sphere [24]. Also, in the planar limit, four-dimensional theory can be obtained using a novel large-N reduction technique [25, 26] inspired by the Eguchi-Kawai equivalence [27]. However, four-dimensional theories of extended supersymmetry at a finite rank of a gauge group were out of reach.^5

Recently we proposed a new regularization scheme for four-dimensional N = 4 SYM with G = U(k), which is free from fine tuning [29, 30]. It is a hybrid of two-dimensional lattice [31, 14, 32] (see also [33, 18, 34, 35, 36, 37, 38]) and matrix model techniques [24]. We regularized a two-dimensional SYM with plane wave deformation, which has a fuzzy sphere classical solution, and two additional non-commutative dimensions are generated by the fuzzy sphere.^6 In four-dimensional N = 4 theory, the commutative limit of noncommutative space is believed to be smooth [41, 42, 43]. Therefore it is expected that we can numerically simulate four-dimensional N = 4 SYM on R^4 using this formulation.

In this paper we provide a non-perturbative formulation of two-dimensional N = (4, 4) SYM and four-dimensional N = 2 SYM on non-commutative space, which is analogous to the one given in [29]. We first deform the action of two-dimensional N = (4, 4) SYM by a mass parameter M with keeping all the supersymmetry. The gauge group is U(N) or SU(N). As a result of this deformation, flat directions of three scalar fields are stabilized, and not only the trivial configuration but also fuzzy sphere configurations become supersymmetric classical solutions. We further introduce another mass parameter m, which keeps two supercharges, Q_±, in order to lift up the flat direction of the remaining scalar field. Then the deformed theory is formulated on a two-dimensional square lattice in a manner to preserve Q_± exactly. Here we use a prescription developed by one of the authors, F.S. [31, 14]. Thanks to the deformations by M and m, we can solve the problem of the running of the vacuum expectation values of the scalar fields along the flat directions. In this sense, the formulation in this paper can be regarded as a modification of the formulation in [14] to stabilize all the flat directions of scalar fields with keeping Q_± supersymmetries. We will give a perturbative argument that the continuum limit of the two-dimensional lattice does not require any fine tuning. Note that the deformation by m does not affect the fuzzy sphere solutions. Namely, they are still solutions preserving Q_± in the lattice theory even after introducing m. We next consider the lattice theory with the gauge group U(N) expanded around a k-coincident fuzzy sphere background.

5 Number of fine tunings in the lattice model has been estimated in [28].

6 Refs. [39, 40] discuss similar construction of four-dimensional non-commutative spaces from zerodimensional matrix models.

Taking the lattice continuum limit first, we obtain four-dimensional N = 2 SYM on R^2 ×(Fuzzy S^2) with the gauge group U(k) deformed by the parameter m. Here the matrix size is given by N = kn, the radius of the fuzzy spheres R =^3_M , the noncommutativity parameter Θ =^{18}_{M 2n} , the four-dimensional gauge coupling g^2_{4d} = 2πΘg^2_d, and the naturally introduced UV cutoff^M_3 (n − 1). Although the preserved supercharges at this stage are only Q_±, the supersymmetry breaking is soft by the mass parameter m. Therefore all the supersymmetry is recovered by simply taking the limit of m → 0. Finally, we take a large-N limit sending M → 0 with fixing k and Θ. In this limit, the fuzzy sphere becomes non-commutative Moyal plane R^2_Θ . Because of the full supersymmetry preserved upon turning off M, we can strongly expect that four-dimensional N = 2 SYM on R^2 × R^2_Θ is realized without any fine tuning.

This paper is organized as follows. In the next section, we review continuum N = (4, 4) SYM theory in two dimensions and rewrite the action in the so-called balanced topological field theory (BTFT) form. In the section 3, we add appropriate terms depending on the parameter M to the action, so that all the supercharges are preserved. Furthermore, the mass m is introduced to stabilize all the flat directions. In the section 4, we put the deformed theory on a two-dimensional lattice in a manner to keep two supercharges. In the section 5, we present an intriguing scenario leading to four-dimensional N = 2 SYM with a finite-rank gauge group U(k), starting with the two-dimensional lattice formulation given in the section 4. The section 5 is devoted to conclusion and discussion. In the appendix A, we explain how to derive the mass deformation by M that keeps all the supercharges. In the appendix B, the explicit form of the lattice action is presented.

2 Continuum two-dimensional N = (4, 4) supersymmetric Yang-Mills theory

In this section we recast the two-dimensional N = (4, 4) SYM theory on (Euclidean) R^2 with gauge group G = U(N) or SU(N) to a convenient form for our lattice formulation (BTFT form [44]). The action of the theory reads

S_{2d} = 2 g^2_d ∫ d^2x Tr [1 2 F^2_{12} + 1 2 ( D_μX^I )_2 − 1 4 [X^I , X^J ]^2 + 1 2 Ψ^T (D_1 + γ_2D_2)Ψ + i 2 Ψ^T γ_I [X^I , Ψ] ] , (2.1)

where μ = 1, 2, I = 3, · · · , 6, D_μ = ∂_μ + i[A_μ, ·], and all the fields are in the adjoint representation of G. They are expanded by a basis of the representation T^a (a = 1, · · · , dim(G)) as A_μ = A^a_μT^a, · · · . The fermion Ψ is an 8-component spinor which is real, Ψ^{a∗} = Ψ^a, but not Majorana. The gamma matrices γ_i (i = 2, · · · , 6) are 8 × 8 matrices satisfying {γ_i, γ_j} = −2δ_{ij} and γ_2 · · · γ_6 = −i1_8. Their explicit form we use is

γ_2 = −i σ_3

σ_3

σ_3 σ_3

, γ_3 = −σ_2 σ_2 −σ_2 σ_2 ,

γ_4 = −i σ_1

σ_1

σ_1 σ_1

, γ_5 = −σ_2 σ_2 σ_2 −σ_2 , γ_6 = −σ_2 −σ_2 σ_2 σ_2 ,

(2.2)

where σ_{1,2,3} are Pauli matrices. This theory preserves eight supercharges and the supersymmetry transformation of the fields is given by

δ^′A_1 = ϵ^T Ψ, δ^′A_2 = ϵ^T γ_2Ψ, δ^′X^I = ϵ^T γ_I Ψ,

δ^′Ψ = ( −F_{12}γ_2 − (D_1X^I )γ_I + (D_2X^I )γ_{2I} + i 2 [X^I , X^J ]γ_{IJ} ) ϵ, (2.3)

where ϵ is an 8-component supersymmetry transformation parameter.

As a preparation to construct a lattice theory later, we transcribe the theory in terms of topologically twisted variables. The two-dimensional N = (4, 4) SYM has three global U(1) symmetries: the rotation of (x^1, x^2)-plane U(1)_E , the R-symmetry U(1)_R, and another rotation U(1)_V whose origin is the chiral rotation in four-dimensional N = 2 SYM from the viewpoint of dimensional reduction. We write the fermion Ψ as Ψ = √ 2 ( ξ^1_R, ξ^1_L, ζ^1_R, ζ^1_L, ξ^2_R, ξ^2_L, ζ^2_R, ζ^2_L )_T , (2.4)

and define the following complex combinations,

λ_R ≡ ξ^1_R + iζ^1_R, λ̄_R ≡ ξ^1_R − iζ^1_R, λ_L ≡ ξ^1_L + iζ^1_L, λ̄_L ≡ ξ^1_L − iζ^1_L, ψ_R ≡ ξ^2_R + iζ^2_R, ψ̄_R ≡ ξ^2_R − iζ^2_R, ψ_L ≡ ξ^2_L + iζ^2_L, ψ̄_L ≡ ξ^2_L − iζ^2_L. (2.5)

The U(1)-charges of the fields are summarized as

Fields U(1)_E U(1)_V U(1)_d U(1)_R A_1 ∓ iA_2 ±1 0 ±1 0 X^3, X^4 0 0 0 0 X^5 ± iX^6 0 0 0 ±2 λ_R −^1_2^1_2 0 1 λ_L^1_2^1_2 1 1 λ̄_R −^1_2 −^1_2 −1 −1 λ̄_L^1_2 −^1_2 0 −1 ψ_R −^1_2 −^1_2 −1 1 ψ_L^1_2 −^1_2 0 1 ψ̄_R −^1_2^1_2 0 −1 ψ̄_L^1_2^1_2 1 −1

where U(1)_d is the diagonal subgroup of U(1)_E × U(1)_V . We rename the fields based on the symmetry U(1)_d as

B ≡ X^3, C ≡ 2X^4, ϕ_± ≡ X^5 ± iX^6, λ_R ≡ 1 √ 2 ( −χ_+ + i 2 η_+ ) , λ_L ≡ 1 √ 2 (ψ_{+1} − iψ_{+2}) , λ̄_R ≡ 1√ 2 (ψ_{−1} + iψ_{−2}) , λ̄_L ≡ 1 √ 2 ( −χ_− + i 2 η_− ) , ψ_R ≡ 1 √ 2 (ψ_{+1} + iψ_{+2}) , ψ_L ≡ 1 √ 2 ( χ_+ + i 2 η_+ ) , ψ̄_R ≡ 1√ 2 ( χ_− + i 2 η_− ) , ψ̄_L ≡ 1 √ 2 (ψ_{−1} − iψ_{−2}) . (2.6)

Correspondingly, we define a new expression of the 8-component spinor,

Ψ^{(0)} = ( ψ_{+1}, ψ_{+2}, χ_+, 1 2 η_+, ψ_{−1}, ψ_{−2}, χ_−, 1 2 η_− )_T , (2.7)

which is related with Ψ by a unitary transformation,

Ψ = U_8Ψ^{(0)}, (2.8) with

U_8 = 1 2

0 0 −1 i 1 i 0 0 1 −i 0 0 0 0 −1 i 0 0 i 1 i −1 0 0 −i −1 0 0 0 0 −i −1 1 i 0 0 0 0 1 i 0 0 1 i 1 −i 0 0 −i 1 0 0 0 0 i −1 0 0 −i 1 i 1 0 0

. (2.9)

Next we consider the two supercharges, Q^′_+ and Q^′_−, corresponding to the supersymmetry parameters ϵ_+ and ϵ_−, ϵ^T_± = ϵ^{′T}_± U^{−1}_8 , (2.10)

with

ϵ^′_+ = ε_+ 0 0 0 0 0 0 0

, ϵ^′_− =

0 0 0 0 ε_− 0 0 0

, (ε_± : Grassmann numbers) (2.11)

respectively. The transformation of the fields by Q^′_± is given by Q^′_±A_μ = ψ_{±μ}, Q^′_±ψ_{±μ} = ±iD_μϕ_±, Q^′_∓ψ_{±μ} = i 2 D_μC ∓ ~H_μ, Q^′_± ~H_μ = [ϕ_±, ψ_{∓μ}] ∓ 1 2 [C, ψ_{±μ}] ∓ i 2 D_μη_±, Q^′_±B = χ_±, Q^′_±χ_± = ±[ϕ_±, B], Q^′_∓χ_± = 1 2 [C, B] ∓ H, Q^′_±H = [ϕ_±, χ_∓] ± 1 2 [B, η_±] ∓ 1 2 [C, χ_±], Q^′_±C = η_±, Q^′_±η_± = ±[ϕ_±, C], Q^′_∓η_± = ∓[ϕ_+, ϕ_−], Q^′_±ϕ_± = 0, Q^′_∓ϕ_± = ∓η_±, (2.12)

where H and ~H_μ are auxiliary fields. It is seen that Q^′_± satisfy

Q^{′2}_+ = (infinitesimal gauge transformation with parameter ϕ_+) ,

Q^{′2}_− = (infinitesimal gauge transformation with parameter −ϕ_−) , { Q^′_+, Q^′_− } = (infinitesimal gauge transformation with parameter C) . (2.13)

Then we can rewrite the action (2.1) in the so-called BTFT form [44];

S_{2d} = Q^′_+Q^′_−F, (2.14)

with F ≡ 1 g^2_d ∫ d^2xTr [ −iBΦ − ψ_{+μ}ψ_{−μ} − χ_+χ_− − 1 4 η_+η_− ] , (2.15)

where Φ = 2F_{12}. After integrating out the auxiliary fields, the explicit form of the action reads

S_{2d} = 1 g^2_d ∫ d^2x Tr [ F^2_{12} + (D_μB)^2 + 1 4 (D_μC)^2 + D_μϕ_+D_μϕ_− + 1 4 [ϕ_+, ϕ_−]^2 + [B, ϕ_+][ϕ_−, B] − 1 4 [B, C]^2 + 1 4 [C, ϕ_+][ϕ_−, C]

+ 2iχ_− (D_1ψ_{+2} − D_2ψ_{+1}) − 2iχ_+ (D_1ψ_{−2} − D_2ψ_{−1}) + 2B ({ψ_{+1}, ψ_{−2}} − {ψ_{+2}, ψ_{−1}}) + iη_+D_μψ_{−μ} + iη_−D_μψ_{+μ} − C {ψ_{+μ}, ψ_{−μ}} − 2ψ_{−μ}ψ_{−μ}ϕ_+ − 2ψ_{+μ}ψ_{+μ}ϕ_− − χ_−[ϕ_+, χ_−] + χ_+[ϕ_−, χ_+] + χ_−[C, χ_+] − χ_+[B, η_−] − χ_−[B, η_+] + 1 4 η_+[ϕ_−, η_+] − 1 4 η_−[ϕ_+, η_−] − 1 4 η_+[C, η_−] ] . (2.16)

This action is manifestly symmetric under an SU(2)_R subgroup of the R-symmetry group SU(4). The generators of the SU(2)_R are represented as

J_{++} = ∫ d^2x [ ψ^a_{+μ}(x) δ δψ^a_{−μ}(x) + χ^a_+(x) δ δχ^a_−(x) − η^a_+(x) δ δη^a_−(x) + 2ϕ_+^a(x) δ δC^a(x) − C^a(x) δ δϕ_−^a(x) ] , J_{−−} = ∫ d^2x [ ψ^a_{−μ}(x) δ δψ^a_{+μ}(x) + χ^a_−(x) δ δχ^a_+(x) − η^a_−(x) δ δη^a_+(x) − 2ϕ_−^a(x) δ δC^a(x) + C^a(x) δ δϕ_+^a(x) ] , J_0 = ∫ d^2x [ ψ^a_{+μ}(x) δ δψ^a_{+μ}(x) − ψ^a_{−μ}(x) δ δψ^aμ (x) + χ^a_+(x) δ δχ^a_+(x) − χ^a_−(x) δ δχ^a_−(x)

+ η^a_+(x) δ δη^a_+(x) − η^a_−(x) δ δη^a_−(x) + 2ϕ_+^a(x) δ δϕ_+^a(x) − 2ϕ_−^a(x) δ δϕ_−^a(x) ] , (2.17)

which satisfy the SU(2) algebra,

[J_0, J_{±±}] = ±2J_{±±}, [J_{++}, J_{−−}] = J_0. (2.18)

We see that (ψ_{+μ}, ψ_{−μ}), (χ_+, χ_−), (η_+, −η_−) and (Q^′_+, Q^′_−) transform as doublets and (ϕ_+, C, −ϕ_−) as a triplet under the SU(2)_R transformation.

3 Mass deformation with keeping 8 supercharges

We next deform the action (2.1) by introducing a mass parameter M;

S_{2d,M} =S_{2d} + S_M , (3.1)

with

S_M = 2 g^2_d ∫ d^2xTr [ 1 2 ( M 3 )_2

(X^p)^2 − i M 6 Ψ^T γ_{23}Ψ + i M 3 X^3F_{12} + i M 3 ϵ_{pqr}X^pX^qX^r ]

= 1 g^2_d ∫ d^2xTr [ M^2 9 ( 1 4 C(x)^2 + ϕ_+(x)ϕ_−(x) ) − M 2 C(x) [ϕ_+(x), ϕ_−(x)] + i 2M 3 B(x)F_{12}(x) + 2M 3 ψ_{+μ}(x)ψ_{−μ}(x) + 2M 3 χ_+(x)χ_−(x) − M 6 η_+(x)η_−(x) ] , (3.2)

where p, q, r = 4, 5, 6. This deformation is derived from an eight-supersymmetry analogue [45] of the plane wave matrix model [22]. The derivation is summarized in the appendix A. As discussed there, (3.1) is invariant under the supersymmetry transformation,

δ = δ^′ + δ_M (3.3)

with δ^′ given by (2.3) and

δ_M A_μ = δ_M X^I = 0, δ_M Ψ = − M 3 X^pγ_pγ_{456}ϵ. (3.4)

Namely, the deformed theory (3.1) still preserves eight supercharges.

In order to rewrite (3.1) in the BTFT form, we define the deformed supercharges Q_± through the deformed supersymmetry transformation (3.3) and the supersymmetry parameters (2.10). The Q_± transformation of the fields is^7 Q_±A_μ = ψ_{±μ}, Q_±ψ_{±μ} = ±iD_μϕ_±, Q_∓ψ_{±μ} = i 2 D_μC ∓ ~H_μ, 7 The transformation of the auxiliary fields is determined so that relations (3.6) hold.

Q_± ~H_μ = [ϕ_±, ψ_{∓μ}] ∓ 1 2 [C, ψ_{±μ}] ∓ i 2 D_μη_± + M 3 ψ_{±μ}, Q_±B = χ_±, Q_±χ_± = ±[ϕ_±, B], Q_∓χ_± = 1 2 [C, B] ∓ H, Q_±H = [ϕ_±, χ_∓] ± 1 2 [B, η_±] ∓ 1 2 [C, χ_±] + M 3 χ_±, Q_±C = η_±, Q_±η_± = ±[ϕ_±, C] + 2M 3 ϕ_±, Q_∓η_± = ∓[ϕ_+, ϕ_−] ± M 3 C, Q_±ϕ_± = 0, Q_∓ϕ_± = ∓η_±. (3.5)

We can check that Q_± satisfy the nilpotency relations,

Q^2_+ = (infinitesimal gauge transformation with parameter ϕ_+) + M 3 J_{++},

Q^2_− = (infinitesimal gauge transformation with parameter −ϕ_−) − M 3 J_{−−}, {Q_+, Q_−} = (infinitesimal gauge transformation with parameter C) − M 3 J_0. (3.6)

Using Q_±, the action (3.1) is expressed as^8 S_{2d,M} = ( Q_+Q_− − M 3 ) F, (3.7)

where F is identical with (2.15). Although S_{2d,M} is not precisely Q_+Q_−-exact, it is Q_±- invariant. In fact, since F is gauge and SU(2)_R invariant,

J_{±±}F = J_0F = 0, (3.8)

and (Q_+, Q_−) is a doublet of SU(2)_R,

J_{±±}Q_∓ = Q_±, J_0Q_± = ±Q_±, (3.9)

we see

Q_+S_{2d,M} = Q^2_+Q_−F − M 3 Q_+F = M 3 J_{++}Q_−F − M 3 Q_+F = 0, Q_−S_{2d,M} = ( {Q_+, Q_−}Q_− − Q_+Q^2_− ) F − M 3 Q_−F = − M 3 J_0Q_−F + M 3 Q_+J_{−−}F − M 3 Q_−F = 0. (3.10)

8 This kind of deformation is discussed for various SYM models in [46].

In the next section, we consider a two-dimensional lattice theory corresponding to this theory. If this theory is naively put on a lattice, however, we soon find that it is hard to perform a numerical simulation because of the flat direction along B(x), which causes running of the scalar field. In order to avoid it, we further deform the theory by introducing an additional mass term to F;

F → F + ΔF, (3.11)

with ΔF = 1 g^2_d ∫ d^2xTr ( m 2 B(x)^2 ) , (3.12)

where m is a real constant. This deformation clearly preserves the supercharges Q_±. After these deformations by M and m, the action becomes S^{M,m}_{2d} = ( Q_+Q_− − M 3 ) (F + ΔF) (3.13) = 1 g^2_d ∫ d^2x Tr [ F^2_{12} + (D_μB)^2 + 1 4 (D_μC)^2 + D_μϕ_+D_μϕ_− + 1 4 [ϕ_+, ϕ_−]^2 + [B, ϕ_+][ϕ_−, B] − 1 4 [B, C]^2 + 1 4 [C, ϕ_+][ϕ_−, C] + M^2 9 ( 1 4 C(x)^2 + ϕ_+(x)ϕ_−(x) ) − M 2 C(x) [ϕ_+(x), ϕ_−(x)] − m 2 ( M 3 + m 2 ) B(x)^2 + 2i ( M 3 + m 2 ) B(x)F_{12}(x)

+ 2iχ_− (D_1ψ_{+2} − D_2ψ_{+1}) − 2iχ_+ (D_1ψ_{−2} − D_2ψ_{−1}) + 2B ({ψ_{+1}, ψ_{−2}} − {ψ_{+2}, ψ_{−1}}) + iη_+D_μψ_{−μ} + iη_−D_μψ_{+μ} − C {ψ_{+μ}, ψ_{−μ}} − 2ψ_{−μ}ψ_{−μ}ϕ_+ − 2ψ_{+μ}ψ_{+μ}ϕ_− − χ_−[ϕ_+, χ_−] + χ_+[ϕ_−, χ_+] + χ_−[C, χ_+] − χ_+[B, η_−] − χ_−[B, η_+] + 1 4 η_+[ϕ_−, η_+] − 1 4 η_−[ϕ_+, η_−] − 1 4 η_+[C, η_−] + 2M 3 ψ_{+μ}(x)ψ_{−μ}(x) + 2M 3 χ_+(x)χ_−(x) − M 6 η_+(x)η_−(x) ] . (3.14)

We see that m must satisfy − 2M 3 < m < 0, (3.15)

in order for B(x) to have a positive mass squared.

Looking at the bosonic part of this action, we see that there are two types of classical solutions; the trivial solution,

C(x) = ϕ_±(x) = B(x) = 0, (3.16)

and the fuzzy sphere solution, C(x) = 2M 3 L_3, ϕ_±(x) = M 3 (L_1 ± iL_2), B(x) = 0, (3.17)

where L_a (a = 1, 2, 3) belong to an N-dimensional (not necessary irreducible) representation of SU(2) generators satisfying [L_a, L_b] = iϵ_{abc}L_c. Around these solutions, there is no flat direction because of the mass terms. Also, the Q_± transformation of η_±,

Q_±η_± = ±[ϕ_±, C] + 2M 3 ϕ_±, Q_∓η_± = ∓[ϕ_+, ϕ_−] ± M 3 C, (3.18)

shows that these solutions preserve the Q_± supersymmetry. We here emphasize that the shift of m does not affect the fuzzy sphere solution. Furthermore, this solution preserves all the eight supercharges of the continuous theory in the limit of m → 0, as seen from the supersymmetry transformation (A.29) at m = 0.

4 Lattice formulation for two-dimensional N = (4, 4) supersymmetric Yang-Mills theory

In this section we put the deformed theory on a two-dimensional square lattice with lattice spacing a. In this formulation, the supercharges Q_± are preserved on the lattice, the gauge field is expressed as a link variable U_μ(x) = e^{iaAμ(x)} ∈ G as usual lattice gauge theory, and all the other lattice fields are defined on sites and are made dimensionless by multiplying suitable powers of a to the continuum counterparts:

(scalars)^{lat} = a(scalars)^{cont}, (fermions)^{lat} = a^{3/2}(fermions)^{cont}, (auxiliary fields)^{lat} = a^2(auxiliary fields)^{cont}, Q^{lat}_± = a^{1/2}Q^{cont}_± . (4.1)

Also, dimensionless coupling constants on the lattice are

g_0 = ag_{2d}, M_0 = aM, m_0 = am. (4.2)

The supersymmetry transformation is realized as Q_±U_μ(x) =iψ_{±μ}(x)U_μ(x),

Q_±ψ_{±μ}(x) =iψ_{±μ}(x)ψ_{±μ}(x) ± iD_μϕ_±(x), Q_±ψ_{∓μ}(x) = i 2 {ψ_{+μ}(x), ψ_{−μ}(x)} + i 2 D_μC(x) ± ~H_μ(x), Q_± ~H_μ(x) = − 1 2 [ ψ_{∓μ}(x), ϕ_±(x) + U_μ(x)ϕ_±(x + μ̂)U_μ(x)^† ] ± 1 4 [ ψ_{±μ}(x), C(x) + U_μ(x)C(x + μ̂)U_μ(x)^† ] ∓ i 2 D_μη_±(x) ± 1 4 [ψ_{±μ}(x)ψ_{±μ}(x), ψ_{∓μ}(x)] + i 2 [ ψ_{±μ}(x), ~H_μ(x) ] + M_0 3 ψ_{±μ}(x), (4.3)

for the lattice fields U_μ(x), ψ_{±μ}(x) and ~H_μ(x), and transformation of the other fields is the same as the one in the continuum theory (3.5) with the obvious replacement M → M_0. Here we have used D_μ as a covariant forward difference operator,

D_μA(x) ≡ U_μ(x)A(x + μ̂)U_μ(x)^† − A(x), (4.4)

for any adjoint field A(x). In order to construct a corresponding lattice action, we take the lattice counterpart of Φ as

Φ̂(x) = Φ̂_{U(N)}(x) ≡ −i (U^{12}(x) − U^{21}(x)) 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

, (4.5)

for G = U(N) and

Φ̂(x) = Φ̂_{SU(N)}(x) ≡ Φ̂_{U(N)}(x) − 1 N Tr ( Φ̂_{U(N)}(x) ) 1_N , (4.6)

for G = SU(N). Here U_{μν} (x) = U_μ(x)U_ν (x + μ̂)U_μ(x + ν̂)^†U_ν (x)^† is a plaquette variable, ϵ is a constant satisfying 0 < ϵ < 2 for G = U(N), and 0 < ϵ < 2 √ 2 for N = 2, 3, 4 and 0 < ϵ < 2 √ N sin(π/N) for N ≥ 5 for G = SU(N), and the norm of a matrix is defined by ||A|| = √ Tr (AA^†) [14].

We then put the two-dimensional theory (3.13) on a lattice using the same form of F and ΔF in (2.15) and (3.12) together with the trivial replacement^1_{g2d} ∫ d^2x →^1_{g20} ∑ x, M → M_0 and m → m_0. The obtained Q_±-invariant lattice action is

S_{lat} = ( Q_+Q_− −^{M0}_3 ) (F_{lat} + ΔF_{lat}) , ||1 − U_{12}(x)|| < ϵ for^∀x ∞, otherwise

(4.7)

with

F_{lat} ≡ 1 g^2_0 ∑ x Tr [ −iB(x)Φ̂(x) − ψ_{+μ}(x)ψ_{−μ}(x) − χ_+(x)χ_−(x) − 1 4 η_+(x)η_−(x) ] ,

ΔF_{lat} ≡ 1 g^2_0 ∑ x Tr ( m_0 2 B(x)^2 ) . (4.8)

The explicit expression of the lattice action is given in the appendix B.

4.1 Absence of flat direction and realization of the physical vac- uum Let us check that the lattice action has the minimum only at the pure gauge configuration U_{12}(x) = 1_N which guarantees that the weak field expansion U_μ(x) = 1 + iaA_μ(x) +

(ia)^2

2! A_μ(x)^2 + · · · is allowed in the continuum limit so that the lattice theory converges to the desired continuum theory at the classical level. After integrating out the auxiliary fields, bosonic part of the action S_{lat} takes the form,

S^{(B)}_{lat} = 1 g^2_0 ∑ x Tr [ − m_0 2 ( M_0 3 + m_0 2 ) B(x)^2 + i ( M_0 3 + m_0 2 ) B(x)Φ̂(x) ] + S_{PDT}, (4.9)

where S_{PDT} denotes positive (semi-)definite terms given by (B.5). We will treat the second term, which is purely imaginary, as an operator in the reweighting method, and consider the minimum of the remaining part of S^{(B)}_{lat} . If the condition −^{2M0}_3 < m_0 < 0, the lattice counterpart of (3.15), is satisfied, the mass terms in (4.9) fix the minimum at B(x) = 0, (4.10) which is independent of S_{PDT}. At this minimum, S_{PDT} becomes

S_{PDT} = 1 g^2_0 ∑ x Tr [∑ μ (D_μX^p(x))^2 + ( i[X^p(x), X^q(x)] +

M_0 3 ϵ_{pqr}X^r(x) )_2]

+ 1 4g^2_0 ∑ x Tr [−(U_{12}(x) − U_{21}(x))^2] ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 (4.11)

with (2.6) for p, q, r = 4, 5, 6.

Looking at the first line, we see that the trivial solution (3.16) and the fuzzy sphere solution (3.17) are still classical solutions of the lattice theory by taking into account the replacement M → M_0. In the same manner as in the continuum theory, there is no flat direction around the solutions; we can perform a stable numerical simulation with keeping two supercharges. Note that the fuzzy sphere solution plays a crucial role to discretize four-dimensional N = 2 SYM in the next section.

As discussed in [14], in the last term of (4.11) representing the gauge kinetic term, the admissibility condition singles out the trivial minimum U_{12}(x) = 1_N . It shows that the lattice action has a stable physical vacuum and unphysical degeneracies of vacua do not appear.

4.2 Absence of the species doubler

Let us confirm that there is no species doubler in the kinetic terms of this lattice action. Setting U_μ(x) = 1, the kinetic terms for bosons and fermions become

S^{(B)}_2 = 1 g^2_0 ∑ x Tr { (Δ_μϕ_+(x)) (Δ_μϕ_−(x)) + 1 4 (Δ_μC(x))^2 + (Δ_μB(x))^2 + M^2_0 9 ( ϕ_+(x)ϕ_−(x) + 1 4 C(x)^2 ) − m_0 2 ( M_0 2 + m_0 2 ) B(x)^2 } , (4.12)

S^{(F )}_2 = 1 g^2_0 ∑ x Tr { Ψ^{(0)T} G_μ 1 2 ( Δ_μ + Δ^∗_μ ) Ψ^{(0)} + Ψ^{(0)T} P_μ 1 2 ( Δ_μ − Δ^∗_μ ) Ψ^{(0)} + Ψ^{(0)T} MΨ^{(0)} } , (4.13) respectively. Here Δ_μ and Δ^∗_μ are forward and backward difference operators;

Δ_μf(x) = f(x + μ̂) − f(x), Δ^∗_μf(x) = f(x) − f(x − μ̂), (4.14)

the matrices G_μ and P_μ are given by

G_1 = i σ_1 −iσ_2 iσ_2 σ_1

, G_2 = i −σ_3 1_2 1_2 −σ_3 ,

P_1 = i iσ_2 −σ_1 σ_1 iσ_2 , P_2 = i

1_2 σ_3 −σ_3 −1_2

, (4.15)

and the mass matrix M is M = ( m_d −m_d ) , m_d = diag ( M_0 3 , M_0 3 , M_0 3 + m_0 2 , − M_0 3 ) . (4.16)

Note that G_μ and P_μ are anti-hermitian matrices and hermitian matrices, respectively, satisfying {G_μ, G_ν} = −2δ_{μν} , {P_μ, P_ν } = 2δ_{μν} , {G_μ, P_ν } = 0. (4.17) The bosonic part (4.12) takes the form of the standard lattice kinetic terms of bosons;

no doubler appears in the bosonic sector. For the fermionic part (4.13), the kernel in the momentum space takes the form,

D̃_F (p) =^2 ∑ μ=1 [ iG_μ sin(ap_μ) − 2P_μ sin^2 (ap_μ 2 )] , (4.18) at M_0 = m_0 = 0. Since the mass terms have the same structure as in the continuum, it is sufficient to consider the kinetic terms without the mass terms for our aim. Using (4.17), we can easily see D̃_F (p)^2 = 2∑ μ=1 4 sin^2 (ap_μ 2 ) . (4.19)

Since D̃_F (p) is hermitian, it shows that only the origin (p_1, p_2) = (0, 0) gives the zero of D̃_F (p) in −^π_a < p_μ ≤^π_a , that is, there is no species doubler in the fermionic sector as well.

4.3 Absence of parameter fine tunings

Next, we discuss in the perturbation theory that the desired quantum continuum theory is obtained without any fine tuning. In the theory near the continuum limit with the auxiliary fields integrated out, let us consider local operators of the type:

O_p(x) = M̃^{m̃}φ(x)^α∂^β ψ(x)^{2γ} , p ≡ m̃ + α + β + 3γ (4.20)

where φ(x), ψ(x) and ∂ denote bosonic fields, fermionic fields and derivatives, respectively. M̃ represents M or m. The mass dimension of O_p is p and m̃, α, β, γ = 0, 1, 2, · · · .

From dimensional analysis, radiative corrections from ultraviolet (UV) region of loop momenta to O_p have the form, ( 1 g^2_d c_0 a^{p−4} + c_1 a^{p−2} + g^2_dc_2 a^p + · · · ) ∫ d^2xO_p(x), (4.21)

up to possible powers of ln(aM̃). c_0, c_1, c_2 are dimensionless numerical constants. The first, second and third terms in the parenthesis are contributions from tree, 1-loop and 2-loop effects, respectively. The “· · · ” is an effect from higher loops, which are irrelevant for the analysis.

Since relevant or marginal operators generated by loop effects possibly appear from nonpositive powers of a in the second and third terms in (4.21), we should look at operators with p = 0, 1, 2. They are φ, M̃φ and φ^2 except for non-dynamical operators like 1, M̃, M̃^2 and ∂φ. For G = U(N), although only the candidates for φ is Tr B from gauge and SU(2)_R symmetries, it is not invariant under Q_± supersymmetries; it is forbidden to appear. Similarly, M̃φ and φ^2 are not allowed to be radiatively generated. For G = SU(N), we may consider φ^2 alone, whose candidates are not generated by the symmetries.

Therefore, in the perturbative argument, we can conclude that any relevant or marginal operators except non-dynamical operators do not appear radiatively, meaning that no fine tuning is required to take the continuum limit. In particular, if we consider the lattice theory around the trivial minimum C = ϕ_± = 0, the mass-deformed two-dimensional N = (4, 4) SYM is obtained without any fine-tuning. Also, after taking the limit of m → 0, we can safely take the limit of M → 0 to reach the undeformed theory because of the exactly preserved eight supersymmetries. Thus we can use this lattice theory as a non-perturbative definition of two-dimensional N = (4, 4) SYM theory.

5 Four-dimensional N = 2 supersymmetric Yang-Mills theory in the non-commutative space

In this section, we discuss a scenario to obtain four-dimensional N = 2 SYM on R^2 × (Fuzzy R^2 ) from the lattice formulation given in the previous section.

Let us consider the lattice theory for G = U(N) around the minimum of k-coincident fuzzy sphere solution (3.17) with M replaced by M_0,

L_a = L^{(n)}_a ⊗ 1_k (a = 1, 2, 3) and N = nk. (5.1)

L^{(n)}a are generators of an n(= 2j + 1)-dimensional irreducible representation of su(2) corresponding to spin j.

First, we take the continuum limit of the two-dimensional lattice theory. Then, we obtain four-dimensional N = 2 U(k) SYM on R^2 × (Fuzzy S^2) deformed by the mass parameter m. The fuzzy S^2 has the radius R =^3_M and its noncommutativity is characterized by the parameter Θ =^{18}_{M 2n} . The UV cutoff Λ is naturally introduced by the size of the matrix; Λ =^M_3 · 2j. Although these properties of the fuzzy S^2 can be seen by doing a similar calculation as presented in Refs. [47, 24, 25], let us give a brief argument. Momentum modes of a field, say B, on two dimensions are expanded further by fuzzy spherical harmonics: B̃(q) = 2j∑ J=0 J∑ m=−J Ŷ^{(jj)}_{J m} ⊗ b_{J m}(q), (5.2)

corresponding to the expression (5.1). The fuzzy spherical harmonic Ŷ^{(jj)}_{J m} is an n × n matrix whose elements are given by Clebsch-Gordon coefficients as [25] Ŷ^{(jj)}_{J m} = √n j∑ r,r^′=−j (−1)^{−j+r′} C^{J m}_{j r j −r}′ |j r⟩⟨j r^′| (5.3)

with an orthonormal basis |j r⟩ representing L^{(n)}a in the standard way: ( L^{(n)}_1 ± iL^{(n)}_2 ) |j r⟩ = √ (j ∓ r)(j ± r + 1) |j r ± 1⟩,

L^{(n)}_3 |j r⟩ = r |j r⟩, (5.4) and the modes b_{J m}(q) are k × k matrices. It is seen that the fuzzy spherical harmonics are eigen-modes of the Laplacian on the fuzzy S^2: 3∑ a=1 ( M 3 )_2

[L^{(n)}_a , [L^{(n)}_a , Ŷ^{(jj)}_{J m} ]] = ( M 3 )_2 J(J + 1)Ŷ^{(jj)}_{J m} , (5.5)

giving the rotational energy with the angular momentum J on the sphere of the radius R =^3_M . The UV cutoff Λ =^M_3 · 2j can be read off from the upper limit of the sum of J in the expansion (5.2). The fuzzy S^2 is a two-dimensional non-commutative space, which is analogous to the phase space of some one-dimensional quantum system, and the noncommutativity Θ to the Planck constant ℏ. The quantum phase space is divided into small cells of the size 2πℏ, whose number is equal to the dimension of the Hilbert space. Correspondingly, the area of the S^2 is divided into n cells of the size 2πΘ:

4πR^2 = n · 2πΘ, (5.6)

leading to the value Θ =^{18}_{M 2n} .

As stressed in the previous section, the supersymmetry is softly broken from eight to two because of the mass parameter m at this stage. The eight supercharges are recovered by taking the limit of m → 0 with fixing M.

Next we take the limit of n → ∞ with fixing Θ and k. In this limit, M and Λ become

M ∝ n^{−1/2} → 0, Λ ∝ n^{1/2} → ∞, (5.7)

and the fuzzy S^2 is decompactified to the non-commutative Moyal plane R^2_Θ . Since the fuzzy S^2 solution preserves eight supercharges after taking m → 0, it is strongly expected that the theory becomes N = 2 U(k) SYM on R^2 × R^2_Θ after taking the above limit. The gauge coupling constant of the four-dimensional theory is given in the form

g^2_{4d} = 2πΘg^2_d. (5.8)

After taking this limit, the expansion (5.2) by the fuzzy spherical harmonics can be essentially transcribed to the one by plane waves on R^2_Θ :

B̃(q) = ∫ d^2q̃ (2π)^2 e^{iq̃·x̂} ⊗ b̃(q), (5.9)

where q and q̃ are two-momenta on R^2 and R^2_Θ respectively, the position operator x̂ = (x̂_1, x̂_2) on R^2_Θ satisfies [x̂_1, x̂_2] = iΘ, and q ≡ (q, q̃) represents a four-momentum. The modes b̃(q) in the four-dimensional space are k × k matrices. It is easy to calculate the inner product between plane waves on R^2_Θ : Tr ( e^{ip̃·x̂}e^{iq̃·x̂} ) = 2π Θ δ^2(p̃ + q̃), (5.10)

which leads to the Θ-dependence of the relation (5.8).

Although more investigation is needed to clarify whether the Θ → 0 limit of the theory is continuously connected to the commutative four-dimensional N = 2 SYM on R^4 or not^9, to the best of our knowledge this formulation gives the first non-perturbative formulation free from fine tuning for four-dimensional SYM with eight supercharges.

6 Conclusion and discussion

In this paper, we deformed two-dimensional N = (4, 4) SYM theory with the gauge group U(N) or SU(N) by a mass parameter M with preserving all supercharges and expressed the deformed action in BTFT form. We further deformed it by introducing an additional mass parameter m in a manner to keep two supercharges, Q_±, in order to lift up all the flat directions of the scalar fields. We then put the deformed theory on a two-dimensional lattice with preserving Q_± exactly. The problem of the running of the vacuum expectation values of the scalar fields is avoided thanks to the deformation by M and m. We also gave a perturbative argument that any fine tuning is not needed in taking the lattice continuum limit. Thus this lattice theory around the trivial minimum can be regarded as a non-perturbative definition of two-dimensional N = (4, 4) SYM theory. To perform actual numerical simulation, it should be checked if the imaginary term of the bosonic action (4.9) is managed by the reweighting method, which might cause bosonic sign problem independent of the fermionic one. We next considered the lattice theory for the gauge group U(N) around a k-coincident fuzzy sphere solution with N = nk. The radius of the fuzzy S^2 is^3_M and the noncommutativity of the fuzzy sphere is characterized by the parameter Θ =^{18}_{M 2n} . By taking the lattice continuum limit, we obtained fourdimensional N = 2 U(k) SYM on R^2 × (Fuzzy S^2) deformed by the mass parameter m. It was discussed that, by taking the limit of m → 0 followed by the limit of M → 0 with fixing k and Θ, four-dimensional N = 2 SYM on R^2 × R^2_Θ is realized without any fine tuning.

9 It is naively expected that the Θ → 0 limit would not be continuously connected to the commutative theory because of the ultraviolet/infrared (UV/IR) mixing [48]. There is a discussion, however, that non-commutative four-dimensional N = 2 U(k) SYM may flow to the ordinary commutative theory in the infrared [49].

In contrast to four-dimensional N = 4 SYM, the commutative limit Θ → 0 of fourdimensional N = 2 non-commutative SYM is expected not to be continuously connected to the usual commutative N = 2 SYM because of UV/IR mixing. Even if such expectation is true and our scenario does not lead to N = 2 SYM on the usual R^4 , notice that noncommutative gauge theory itself is an important subject of research in order to clarify non-perturbative aspects of gauge theories. For example, when we consider instantons of gauge theories, noncommutativity plays a crucial role to resolve the small instanton singularity. In our formulation, we can analyze the dynamical aspect of quite wide class of observables of four-dimensional N = 2 non-commutative SYM numerically, which will give a strong instrument to reveal the non-perturbative structure of supersymmetric gauge theories.

The deformed two-dimensional theory itself is also interesting on its own. In particular, since one can introduce mass terms for all scalars keeping two supersymmetries, and hence flat directions (along which all scalars commute each other) are all lifted, one can perform stable Monte-Carlo simulation, if reweighting for the imaginary term in (4.9) works. (Simulations so far utilized supersymmetry breaking mass terms, which make the conclusion more or less obscure.) Moreover, the deformation terms consist of mass terms and a Myers term, which are quite similar to the so-called Ω-deformation [50, 51] which is originally introduced in order to regularize the instanton moduli space of fourdimensional N = 2 SYM theory^{10}. In the case of the Ω-deformation, the integration over the instanton moduli space is localized to discrete points, which makes it possible to evaluate the instanton partition function analytically using localization formula in equivariant cohomology. On the other hand, the deformation introduced in this paper lifts flat directions of the scalar fields, which makes it possible to carry out stable Monte-Carlo simulation. It is interesting that a mathematically sophisticated technique like equivariant cohomology somehow relates to a technique developed for numerical simulation in this paper. It may be a sign that such a mathematical method would give a systematic method to construct a non-perturbative definition of supersymmetric gauge theories in the future.

Acknowledgments

The authors would like to thank Adi Armoni, Hikaru Kawai, Noboru Kawamoto, Jun Nishimura, Hidehiko Shimada, Hiroshi Suzuki, Asato Tsuchiya and Mithat Ünsal for

10 In fact, starting with one-dimensional theory that is obtained by the dimensional reduction of fourdimensional N = 2 SYM in the Ω-background, we can construct a regularized three-dimensional theory on R × (Fuzzy S^2) with keeping at least a part of the supersymmetry [52].

discussions and enlightening comments. M. H. and F. S. would like to thank Weizmann Institute for Science where this work was initiated. The work of M. H. is supported from Postdoctoral Fellowship for Research Abroad by Japan Society for the Promotion of Science. The work of S. M. is supported in part by Grant-in-Aid for Young Scientists (B), 23740197 and Keio Gijuku Academic Development Funds. The work of F. S. is supported in part by Grant-in-Aid for Scientific Research (C), 21540290.

A Plane wave deformed two-dimensional N = (4, 4) supersymmetric Yang-Mills theory

In this appendix we explain how to construct the plane wave deformed two-dimensional N = (4, 4) supersymmetric Yang-Mills theory.

A.1 BMN type matrix model with 8 supercharges

Let us start with an eight-supersymmetry analogue [45] of the plane wave matrix model [22], S = R ∫ dt Tr [ 1 2R^2

(D_tX^i)^2 + i R Ψ^T D_tΨ + Ψ^T Γ^i[X^i, Ψ] + 1 4 [X^i, X^j]^2 − 1 2 ( μ 3R )_2 (X^a)^2 − 1 2 ( μ 6R )_2

(X^{a′} )^2 − i μ 4R Ψ^T Γ^{456}Ψ − i μ 3R ϵ_{abc}X^aX^bX^c ] , (A.1)

where D_t = ∂_t + i[A_t, · ], i = 2, 3, 4, 5, 6, a = 4, 5, 6 and a^′ = 2, 3. Γ^i are 8 × 8 real symmetric matrices corresponding to −iγ_i, which satisfy

{Γ^i, Γ^j} = 2δ^{ij}1_8, (A.2) Γ^{23456} = Γ^2 · · · Γ^6 = −1. (A.3)

From this model we construct a two-dimensional theory following [53], by using Taylor’s T-duality. In order to lift the theory to two dimensions, we redefine the fields by a rotation on (X^2, X^3) plane with the angle αt as ( X^2 X^3 ) = U_α(t) ( X̂ 2 X̂ 3 ) , Ψ = e^{12 Γ23 αt}Ψ̂ (A.4)

with U_α(t) ≡ ( cos(αt) sin(αt) − sin(αt) cos(αt) ) . (A.5)

For the other variables, the hatted variables are the same as the unhatted ones. For example, D_t = ∂_t + i[A_t, ·] = ∂_t + i[Â_t, ·]. Since Γ^{23} is real anti-symmetric, Ψ^T transforms as Ψ^T = Ψ̂^T e^{− 1}2^{Γ23αt}. The action in terms of the redefined fields is S = R ∫ dt Tr [ 1 2R^2

(D_tX̂^i)^2 + i R Ψ̂^T D_tΨ̂ + Ψ̂^T Γ^i[X̂^i, Ψ̂] + 1 4 [X̂^i, X̂^j]^2 − 1 2 {( μ 6R )_2 − α^2 R^2 } (X̂^{a′} )^2 − i μ 4R Ψ̂^T ( Γ^{456} − 2α μ Γ^{23} ) Ψ̂ + 2α R^2

X̂^3D_tX̂^2 − 1 2 ( μ 3R )_2

(X̂^a)^2 − i μ 3R ϵ_{abc}X̂^aX̂^bX̂^c ]

− α R ∫ dt ∂_tTr (X̂^2X̂^3). (A.6)

If we set α = ±^μ_6 and discard the surface term, the mass terms of X̂^{a′} vanish, and X̂^2 appears only in the adjoint form. Then, the Taylor’s T-duality may be performed with respect to X̂^2. As we will see shortly, compatibility of supersymmetry transformation and T-duality singles out α = −^μ_6 .

A.1.1 Supersymmetry transformation

Supersymmetry transformation of this matrix quantum mechanics is given by

δX^i = iΨ^T Γ^iϵ(t), δA_t = RiΨ^T ϵ(t), δΨ = { 1 2R (D_tX^i)Γ^i + i 4 [X^i, X^j]Γ^{ij} + μ 6R X^aΓ^aΓ^{456} − μ 12R X^{a′} Γ^{a′} Γ^{456} } ϵ(t) (A.7)

with ϵ(t) = e^{− μ12 Γ456t}ϵ_0, (A.8)

where ϵ_0 is an 8-component constant spinor. This is called “dynamical supersymmetry” which is simply referred as supersymmetry in the text. For the case of G = U(N), it is also invariant under “kinematical supersymmetry”,

δ̃Ψ = η(t)1_N (A.9)

with η(t) = e^{μ4 Γ456 t}η_0. (A.10)

In terms of the redefined fields, the dynamical supersymmetry transformation becomes

δX̂^i = iΨ̂^T Γ^iϵ̂(t), δÂ_t = RiΨ̂^T ϵ̂(t), δΨ̂ = { 1 2R (D_tX̂^i)Γ^i + i 4 [X̂^i, X̂^j]Γ^{ij} + μ 6R X̂^aΓ^aΓ^{456} − 1 2R (μ 6 + α ) ( X̂^2Γ^3 − X̂^3Γ^2 )} ϵ̂(t), (A.11)

where ϵ̂ is given by ϵ(t) = e^12^{Γ23αt}ϵ̂(t). Here we used Γ^{456} = Γ^{23} to obtain

X̂^{a′} Γ^{a′} Γ^{456} = ( X̂^2Γ^2 + X̂^3Γ^3 ) Γ^{23} = X̂^2Γ^3 − X̂^3Γ^2. (A.12)

For the case that X̂^2 appears only in the adjoint form in the supersymmetry transformation, Taylor’s T-duality procedure keeps the supersymmetry. It uniquely fixes the choice of α to α = − μ 6 . (A.13) Then, the parameter ϵ̂(t) becomes t-independent:

ϵ̂(t) = e^{− 12 Γ23αt}ϵ(t) = e^{μ12 (Γ23−Γ456 )t}ϵ_0 = ϵ_0, (A.14)

and the dynamical supersymmetry is expressed as

δX̂^i = iΨ̂^T Γ^iϵ_0, δÂ_t = RiΨ̂^T ϵ_0,

δΨ̂ = { 1 2R (D_tX̂^i)Γ^i + i 4 [X̂^i, X̂^j]Γ^{ij} + μ 6R X̂^aΓ^aΓ^{456} } ϵ_0. (A.15)

Also, the kinematical supersymmetry becomes

δ̃Ψ̂ = η̂(t)1_N (A.16)

with η̂(t) = e^{− 12 Γ23αt}η(t) = e^{μ4} (^{Γ456 + 13 Γ23})^tη_0 = e^{μ3 Γ23t}η_0. (A.17) The final form of the action (A.6) with the surface term dropped is S = R ∫ dt Tr [ 1 2R^2

(D_tX̂^i)^2 + i R Ψ̂^T D_tΨ̂ + Ψ̂^T Γ^i[X̂^i, Ψ̂] + 1 4 [X̂^i, X̂^j]^2 −i μ 3R Ψ̂^T Γ^{23}Ψ̂ − μ

3R^2

X̂^3D_tX̂^2 − 1 2 ( μ 3R )_2 (X̂^a)^2 − i μ 3R ϵ_{abc}X̂^aX̂^bX̂^c ] . (A.18)

A.2 Uplift to two dimensions: Taylor’s T-duality

In order to obtain a two-dimensional theory, we “compactify” the X̂^2 direction to a circle of a radius R̂ as X̂^2 ∼ X̂^2 + 2πR̂. (A.19)

By using the argument by Taylor [54], the action (A.18) is lifted to two dimensions, S = RR̂ ∫ dt ∫_{1/}^_R 0 dσ Tr [ 1 2R^2

F^2_{tσ} + 1 2R^2

(D_tX^I )^2 − 1 2 (D_σX^I )^2 + i R Ψ^T D_tΨ − iΨ^T Γ^2D_σΨ + Ψ^T Γ^I [X^I , Ψ] + 1 4 [X^I , X^J ]^2 − 1 2 ( μ 3R )_2

(X^a)^2 − i μ 3R Ψ^T Γ^{23}Ψ − μ 3R^2 X^3F_{tσ} − i μ 3R ϵ_{abc}X^aX^bX^c ] , (A.20)

where I = 3, 4, 5, 6. (The hats of the fields were omitted.)

By setting t = 1 R x_1, A_t = RA_1, σ = x_2,

1/R̂ = L, g = (2L)^{1/2}, M = μ R , (A.21)

and by rescaling the fermion as Ψ →^{1√}_2 Ψ, we obtain S = 2 g^2 ∫ d^2x Tr [ 1 2 F^2_{12} + 1 2 (D_1X^I )^2 − 1 2 (D_2X^I )^2 + i 2 Ψ^T ( D_1 − Γ^2D_2 ) Ψ + 1 2 Ψ^T Γ^I [X^I , Ψ] + 1 4 [X^I , X^J ]^2 − 1 2 ( M 3 )_2 (X^a)^2 − i M 6 Ψ^T Γ^{23}Ψ − M 3 X^3F_{12} − i M 3 ϵ_{abc}X^aX^bX^c ] , (A.22)

where ∫ d^2x · · · ≡ ∫ dx_1 ∫_L 0 dx_2 · · · . (A.23)

The dynamical supersymmetry is expressed as δA_1 = −iΨ^T ϵ, δA_2 = −iΨ^T Γ^2ϵ, δX^I = −iΨ^T Γ^I ϵ, δΨ = − { F_{12}Γ^2 + (D_1X^I )Γ^I + (D_2X^I )Γ^{2I} + i 2 [X^I , X^J ]Γ^{IJ} + M 3 X^aΓ^aΓ^{456} } ϵ, (A.24)

where ϵ = −ϵ_0/ √ 2 is an 8-component constant spinor. Note that all the dynamical supersymmetries are preserved. It is in sharp contrast with the case of sixteen supercharges [53], where a half of supersymmetries are broken by deformations.

The kinematical supersymmetry also remains. It is given by

δ̃Ψ = η̂(x_1)1_N (A.25)

with η̂(x_1) = e^{M3 Γ23x1} η_0, (A.26) where η_0 is constant.

A.2.1 Wick rotation

In order to obtain the Euclidean action, which is going to be put on a lattice, we perform the Wick rotation, x_1 → −ix_1, A_1 → iA_1. (A.27) The Euclidean action is

S_E = 2 g^2 ∫ d^2x Tr [ 1 2 F^2_{12} + 1 2 (D_μX^I )^2 + 1 2 Ψ^T (D_1 + γ_2D_2) Ψ + i 2 Ψ^T γ_I [X^I , Ψ] − 1 4 [X^I , X^J ]^2 + 1 2 ( M 3 )_2 (X^a)^2 − i M 6 Ψ^T γ_{23}Ψ + i M 3 X^3F_{12} + i M 3 ϵ_{abc}X^aX^bX^c ] , (A.28)

where μ = 1, 2, and γ_I = iΓ^I , which is identical to (3.1).

Then, the dynamical supersymmetry transformation is written as

δA_1 = ϵ^T Ψ, δA_2 = ϵ^T γ_2Ψ, δX^I = ϵ^T γ_I Ψ,

δΨ = ( −F_{12}γ_2 − (D_1X^I )γ_I + (D_2X^I )γ_{2I} + i 2 [X^I , X^J ]γ_{IJ} − M 3 X^aγ_aγ_{456} ) ϵ, (A.29) and the kinematical supersymmetry is given by

δ^′Ψ = η̂(x_1)1_N (A.30)

with η̂(x_1) = e^{i M3 γ23x1} η_0. (A.31)

B Explicit form of the lattice action

In this section, we explicitly write down the lattice action (4.7) in terms of lattice fields.

We divide the action into the bosonic and the fermionic parts;

S_{lat} = S^{(B)}_{lat} + S^{(F )}_{lat} . (B.1)

The bosonic part is given by

S^{(B)}_{lat} = 1 g^2_0 ∑ x Tr [ H(x)^2 − 2iH(x)A(x) + ~H_μ(x)^2 + 2i ~H_μ(x) ~A_μ(x)

+ (D_μϕ_+(x)) (D_μϕ_−(x)) + 1 4 (D_μC(x))^2 − 1 4 [B(x), C(x)]^2 − [B(x), ϕ_+(x)] [B(x), ϕ_−(x)] + 1 4 [ϕ_+(x), ϕ_−(x)]^2 − 1 4 [C(x), ϕ_+(x)] [C(x), ϕ_−(x)] − M_0 2 C(x) [ϕ_+(x), ϕ_−(x)] +

M^2_0 9 ( 1 4 C(x)^2 + ϕ_+(x)ϕ_−(x) )

− M_0m_0 6 B(x)^2 + i

M_0 3 B(x)Φ̂(x) ] , (B.2)

where A(x) = 1 2 Φ̂(x) + i 2 m_0B(x), ~A_1(x) =1 2 1 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 × [ −U_{12}(x)B(x) − B(x)U_{21}(x)

+ U_2(x − ^2)^{−1} ( B(x − ^2)U_{12}(x − ^2) + U_{21}(x − ^2)B(x − ^2) ) U_2(x − ^2) ]

+ 1 2ϵ^2 Tr ( B(x) (U_{12}(x) − U_{21}(x)) ) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 ( U_{12}(x) − U_{21}(x) )

− 1 2ϵ^2 Tr ( B(x − ^2) ( U_{12}(x − ^2) − U_{21}(x − ^2) )) ( 1 −^1_{ϵ2} ||1 − U_{12}(x − ^2)||^2

)_2 × ( U_2(x − ^2)^{−1} ( U_{12}(x − ^2) − U_{21}(x − ^2) ) U_2(x − ^2) ) , ~A_2(x) =1 2 1 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 × [ B(x)U_{12}(x) + U_{21}(x)B(x)

− U_1(x − ^1)^{−1} ( U_{12}(x − ^1)B(x − ^1) + B(x − ^1)U_{21}(x − ^1) ) U_1(x − ^1) ]

− 1 2ϵ^2 Tr ( B(x) (U_{12}(x) − U_{21}(x)) ) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 ( U_{12}(x) − U_{21}(x) )

+ 1 2ϵ^2 Tr ( B(x − ^1) ( U_{12}(x − ^1) − U_{21}(x − ^1) )) ( 1 −^1_{ϵ2} ||1 − U_{12}(x − ^1)||^2

)_2 × ( U_1(x − ^1)^{−1} ( U_{12}(x − ^1) − U_{21}(x − ^1) ) U_1(x − ^1) ) . (B.3)

Note that ~A_μ(x) are hermitian. After integrating out the auxiliary fields, S^{(B)}_{lat} becomes

S^{(B)}_{lat} = 1 g^2_0 ∑ x Tr [ − m_0 2 ( M_0 3 + m_0 2 ) B(x)^2 + i ( M_0 3 + m_0 2 ) B(x)Φ̂(x) ] + S_{PDT}, (B.4)

where S_{PDT} denotes positive (semi-)definite terms:

S_{PDT} = 1 g^2_0 ∑ x Tr [ 1 4 Φ̂(x)^2 + (D_μϕ_+(x)) (D_μϕ_−(x)) + 1 4 (D_μC(x))^2 − 1 4 [B(x), C(x)]^2 − [B(x), ϕ_+(x)] [B(x), ϕ_−(x)] + 1 4 [ϕ_+(x), ϕ_−(x)]^2 − 1 4 [C(x), ϕ_+(x)] [C(x), ϕ_−(x)] − M_0 2 C(x) [ϕ_+(x), ϕ_−(x)] +

M^2_0 9 ( 1 4 C(x)^2 + ϕ_+(x)ϕ_−(x) ) + ~A_1(x)^2 + ~A_2(x)^2 ] . (B.5) In order that the field B(x) has positive mass squared, m_0 must satisfy − 2M_0 3 < m_0 < 0. (B.6)

The fermionic part is given by

S^{(F )}_{lat} = 1 g^2_0 ∑ x Tr [ iψ_{+μ}(x)D_μη_−(x) + iψ_{−μ}(x)D_μη_+(x)

+ χ_+(x)[ϕ_−(x), χ_+(x)] − χ_−(x)[ϕ_+(x), χ_−(x)] + χ_+(x)[C(x), χ_−(x)]

− η_+(x)[B(x), χ_−(x)] − η_−(x)[B(x), χ_+(x)] + 1 4 η_+(x)[ϕ_−(x), η_+(x)] − 1 4 η_−(x)[ϕ_+(x), η_−(x)] − 1 4 η_+(x)[C(x), η_−(x)]

− ψ_{+μ}(x)ψ_{+μ}(x) ( ϕ_−(x) + U_μ(x)ϕ_−(x + μ̂)U_μ(x)^{−1} )

+ ψ_{−μ}(x)ψ_{−μ}(x) ( ϕ_+(x) + U_μ(x)ϕ_+(x + μ̂)U_μ(x)^{−1} )

− 1 2 {ψ_{+μ}(x), ψ_{−μ}(x)} ( C(x) + U_μ(x)C(x + μ̂)U_μ(x)^{−1} )

+ 1 2 ψ_{+μ}(x)ψ_{+μ}(x)ψ_{−μ}(x)ψ_{−μ}(x) + 2M_0 3 ψ_{+μ}(x)ψ_{−μ}(x) + ( 2M_0 3 + m_0 ) χ_+(x)χ_−(x) −

M_0 6 η_+(x)η_−(x) + iχ_−(x) ( Q_+Φ̂(x) ) − iχ_+(x) ( Q_−Φ̂(x) ) − iB(x) ( Q_+Q_−Φ̂(x) )| |_{fermion} ] , (B.7)

where

Q_±Φ̂(x) = −1 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 × [ − ( ψ_{±1}(x) + U_1(x)ψ_{±2}(x + ^1)U_1(x)^{−1} ) U_{12}(x)

− U_{21}(x) ( ψ_{±1}(x) + U_1(x)ψ_{±2}(x + ^1)U_1(x)^{−1} ) + ( ψ_{±2}(x) + U_2(x)ψ_{±1}(x + ^2)U_2(x)^{−1} ) U_{21}(x)

+ U_{12}(x) ( ψ_{±2}(x) + U_2(x)ψ_{±1}(x + ^2)U_2(x)^{−1} )]

+ U_{12}(x) − U_{21}(x) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 1 ϵ^2

× Tr [( U_{12}(x) − U_{21}(x) )( D_2ψ_{±1}(x) − D_1ψ_{±2}(x) )] , (B.8)

Q_+Q_−Φ̂(x) | | |_{fermion} = − i

Q_+Q_− (U_{12}(x) − U_{21}(x)) | |_{fermion}

1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 + i (U_{12}(x) − U_{21}(x)) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 1 ϵ^2 Tr [ Q_+Q_− (U_{12}(x) + U_{21}(x)) ]| |_{fermion}

− 1 ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 1 ϵ^2 × { −iQ_+ (U_{12}(x) − U_{21}(x)) Tr [ Q_− (U_{12}(x) + U_{21}(x)) ]

+ iQ_− (U_{12}(x) − U_{21}(x)) Tr [ Q_+ (U_{12}(x) + U_{21}(x)) ]}

− 2 i (U_{12}(x) − U_{21}(x)) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_3 1 ϵ^4

× Tr [ Q_+ (U_{12}(x) + U_{21}(x)) ] Tr [ Q_− (U_{12}(x) + U_{21}(x)) ] , (B.9)

with

Q_+Q_− (U_{12}(x) − U_{21}(x)) | | fermion = { − 1 2 [ψ_{+1}(x), ψ_{−1}(x)] − 1 2 U_1(x)[ψ_{+2}(x + ^1), ψ_{−2}(x + ^1)]U_1(x)^{−1}

− ψ_{+1}(x)U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} + ψ_{−1}(x)U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} } U_{12}(x)

+ U_{12}(x) { − 1 2 [ψ_{+2}(x), ψ_{−2}(x)] − 1 2 U_2(x)[ψ_{+1}(x + ^2), ψ_{−1}(x + ^2)]U_2(x)^{−1}

− U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1}ψ_{−2}(x) + U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1}ψ_{+2}(x) }

− { − 1 2 [ψ_{+2}(x), ψ_{−2}(x)] − 1 2 U_2(x)[ψ_{+1}(x + ^2), ψ_{−1}(x + ^2)]U_2(x)^{−1}

− ψ_{+2}(x)U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} + ψ_{−2}(x)U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} } U_{21}(x)

− U_{21}(x) { − 1 2 [ψ_{+1}(x), ψ_{−1}(x)] − 1 2 U_1(x)[ψ_{+2}(x + ^1), ψ_{−2}(x + ^1)]U_1(x)^{−1}

− U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1}ψ_{−1}(x) + U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1}ψ_{+1}(x) } − ( ψ_{−1}(x) + U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} ) U_{12}(x) × ( ψ_{+2}(x) + U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} ) + ( ψ_{+1}(x) + U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} ) U_{12}(x) × ( ψ_{−2}(x) + U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} ) + ( ψ_{−2}(x) + U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} ) U_{21}(x) × ( ψ_{+1}(x) + U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} ) − ( ψ_{+2}(x) + U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} ) U_{21}(x) × ( ψ_{−1}(x) + U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} ) , (B.10) Tr [ Q_+Q_− (U_{12}(x) + U_{21}(x)) ]| |_{fermion}

= Tr [ U_{12}(x) { − {ψ_{+1}(x), ψ_{−2}(x)} + {ψ_{−1}(x), ψ_{+2}(x)}

+ (D_2ψ_{+1}(x)) (D_1ψ_{−2}(x)) − (D_2ψ_{−1}(x)) (D_1ψ_{+2}(x)) + 1 2 (D_2ψ_{+1}(x)) ψ_{−1}(x) + 1 2 U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} (D_2ψ_{+1}(x))

− 1 2 (D_2ψ_{−1}(x)) ψ_{+1}(x) − 1 2 U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} (D_2ψ_{−1}(x)) + 1 2 ψ_{+2}(x) (D_1ψ_{−2}(x)) + 1 2 (D_1ψ_{−2}(x)) U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} − 1 2 ψ_{−2}(x) (D_1ψ_{+2}(x)) − 1 2 (D_1ψ_{+2}(x)) U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} }

+ U_{21}(x) { {ψ_{+1}(x), ψ_{−2}(x)} − {ψ_{−1}(x), ψ_{+2}(x)} + (D_1ψ_{+2}(x)) (D_2ψ_{−1}(x)) − (D_1ψ_{−2}(x)) (D_2ψ_{+1}(x)) + 1 2 ψ_{+1}(x) (D_2ψ_{−1}(x)) + 1 2 (D_2ψ_{−1}(x)) U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} − 1 2 ψ_{−1}(x) (D_2ψ_{+1}(x)) − 1 2 (D_2ψ_{+1}(x)) U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} + 1 2 (D_1ψ_{+2}(x)) ψ_{−2}(x) + 1 2 U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} (D_1ψ_{+2}(x)) − 1 2 (D_1ψ_{−2}(x)) ψ_{+2}(x) − 1 2 U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} (D_1ψ_{−2}(x)) }] , (B.11)

− iQ_+ (U_{12}(x) − U_{21}(x)) Tr [ Q_− (U_{12}(x) + U_{21}(x)) ]

+ iQ_− (U_{12}(x) − U_{21}(x)) Tr [ Q_+ (U_{12}(x) + U_{21}(x)) ]

= { ( ψ_{+1}(x) + U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} ) U_{12}(x)

− U_{12}(x) ( ψ_{+2}(x) + U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} ) − ( ψ_{+2}(x) + U_2(x)ψ_{+1}(x + ^2)U_2(x)^{−1} ) U_{21}(x)

+ U_{21}(x) ( ψ_{+1}(x) + U_1(x)ψ_{+2}(x + ^1)U_1(x)^{−1} ) }

× Tr [ i (U_{12}(x) − U_{21}(x)) ( −D_2ψ_{−1}(x) + D_1ψ_{−2}(x) )]

− { ( ψ_{−1}(x) + U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} ) U_{12}(x)

− U_{12}(x) ( ψ_{−2}(x) + U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} ) − ( ψ_{−2}(x) + U_2(x)ψ_{−1}(x + ^2)U_2(x)^{−1} ) U_{21}(x)

+ U_{21}(x) ( ψ_{−1}(x) + U_1(x)ψ_{−2}(x + ^1)U_1(x)^{−1} )}

× Tr [ i (U_{12}(x) − U_{21}(x)) ( −D_2ψ_{+1}(x) + D_1ψ_{+2}(x) )] , (B.12) Tr [ Q_+ (U_{12}(x) + U_{21}(x)) ] Tr [ Q_− (U_{12}(x) + U_{21}(x)) ]

= Tr [ i (U_{12}(x) − U_{21}(x)) ( −D_2ψ_{+1}(x) + D_1ψ_{+2}(x) )]

× Tr [ i (U_{12}(x) − U_{21}(x)) ( −D_2ψ_{−1}(x) + D_1ψ_{−2}(x) )] . (B.13)

References

[1] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, M theory as a matrix model:

A conjecture, Phys. Rev. D55 (1997) 5112–5128 [hep-th/9610043].

[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A Large N reduced model as superstring, Nucl. Phys. B498 (1997) 467–491 [hep-th/9612115].

[3] L. Motl, Proposals on nonperturbative superstring interactions, [hep-th/9701025].

R. Dijkgraaf, E. P. Verlinde and H. L. Verlinde, Matrix string theory, Nucl. Phys. B500 (1997) 43–61 [hep-th/9703030].

[4] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231–252 [hep-th/9711200].

[5] For a recent review, see

S. Catterall, D. B. Kaplan and M. Ünsal, Exact lattice supersymmetry, Phys. Rept. 484 (2009) 71–130 [0903.4881].

[6] N. Maru and J. Nishimura, Lattice formulation of supersymmetric Yang-Mills theories without fine-tuning, Int. J. Mod. Phys. A13 (1998) 2841–2856 [hep-th/9705152].

[7] For a recent review, see

J. Giedt, Progress in four-dimensional lattice supersymmetry, Int. J. Mod. Phys. A24 (2009) 4045–4095 [0903.2443].

[8] M. Hanada, J. Nishimura and S. Takeuchi, Non-lattice simulation for supersymmetric gauge theories in one dimension, Phys. Rev. Lett. 99 (2007) 161602 [0706.1647].

[9] K. N. Anagnostopoulos, M. Hanada, J. Nishimura and S. Takeuchi, Monte Carlo studies of supersymmetric matrix quantum mechanics with sixteen supercharges at finite temperature, Phys. Rev. Lett. 100 (2008) 021601 [0707.4454].

M. Hanada, A. Miwa, J. Nishimura and S. Takeuchi, Schwarzschild radius from Monte Carlo calculation of the Wilson loop in supersymmetric matrix quantum mechanics, Phys. Rev. Lett. 102 (2009) 181602 [0811.2081]. M. Hanada, Y. Hyakutake, J. Nishimura and S. Takeuchi, Higher derivative corrections to black hole thermodynamics from supersymmetric matrix quantum mechanics, Phys. Rev. Lett. 102 (2009) 191602 [0811.3102].

[10] M. Hanada, J. Nishimura, Y. Sekino and T. Yoneya, Monte Carlo studies of Matrix theory correlation functions, Phys. Rev. Lett. 104 (2010) 151601 [0911.1623]. M. Hanada, J. Nishimura, Y. Sekino, T. Yoneya, Direct test of the gauge-gravity correspondence for Matrix theory correlation functions, [1108.5153].

[11] S. Catterall, T. Wiseman, Black hole thermodynamics from simulations of lattice Yang-Mills theory, Phys. Rev. D78 (2008) 041502 [0803.4273]. S. Catterall and T. Wiseman, Extracting black hole physics from the lattice, JHEP 04 (2010) 077 [0909.4947].

[12] M. Hanada, S. Matsuura, J. Nishimura, D. Robles-Llana, Nonperturbative studies of supersymmetric matrix quantum mechanics with 4 and 8 supercharges at finite temperature, JHEP 02 (2011) 060 [1012.2913].

[13] M. Campostrini, J. Wosiek, High precision study of the structure of D=4 supersymmetric Yang-Mills quantum mechanics, Nucl. Phys. B703 (2004) 454-498 [hep-th/0407021].

[14] F. Sugino, Super Yang-Mills theories on the two-dimensional lattice with exact supersymmetry, JHEP 03 (2004) 067 [hep-lat/0401017].

[15] I. Kanamori and H. Suzuki, Restoration of supersymmetry on the lattice: Twodimensional N = (2, 2) supersymmetric Yang-Mills theory, Nucl. Phys. B811 (2009) 420–437 [0809.2856].

[16] M. Hanada and I. Kanamori, Lattice study of two-dimensional N=(2,2) super Yang-Mills at large-N, Phys. Rev. D80 (2009) 065014 [0907.4966].

[17] M. Hanada and I. Kanamori, Absence of sign problem in two-dimensional N=(2,2) super Yang-Mills on lattice, JHEP 01 (2011) 058 [1010.2948].

[18] A. G. Cohen, D. B. Kaplan, E. Katz and M. Ünsal, Supersymmetry on a Euclidean spacetime lattice. II: Target theories with eight supercharges, JHEP 12 (2003) 031 [hep-lat/0307012].

[19] S. Catterall, A. Joseph, T. Wiseman, Thermal phases of D1-branes on a circle from lattice super Yang-Mills, JHEP 1012 (2010) 022 [1008.4964].

[20] D. Berenstein, R. Cotta, R. Leonardi, Numerical tests of AdS/CFT at strong coupling, Phys. Rev. D78 (2008) 025008 [0801.2739].

[21] D. Berenstein, Lessons in quantum gravity from quantum field theory, AIP Conf.

Proc. 1318 (2010) 26-37 [1010.3270].

[22] D. E. Berenstein, J. M. Maldacena and H. S. Nastase, Strings in flat space and pp waves from N = 4 super Yang Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[23] R. C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

[24] J. M. Maldacena, M. M. Sheikh-Jabbari and M. Van Raamsdonk, Transverse fivebranes in matrix theory, JHEP 01 (2003) 038 [hep-th/0211139].

[25] T. Ishii, G. Ishiki, S. Shimasaki and A. Tsuchiya, N=4 Super Yang-Mills from the Plane Wave Matrix Model, Phys. Rev. D78 (2008) 106001 [0807.2352].

[26] G. Ishiki, S. Shimasaki and A. Tsuchiya, A non-perturbative formulation of N=4 super Yang-Mills theory based on the large-N reduction, [1106.5590].

[27] T. Eguchi and H. Kawai, Reduction of Dynamical Degrees of Freedom in the Large N Gauge Theory, Phys. Rev. Lett. 48 (1982) 1063.

[28] S. Catterall, E. Dzienkowski, J. Giedt, A. Joseph, R. Wells, Perturbative renormalization of lattice N=4 super Yang-Mills theory, JHEP 1104 (2011) 074 [1102.1725].

[29] M. Hanada, S. Matsuura and F. Sugino, Two-dimensional lattice for four-dimensional N=4 supersymmetric Yang-Mills, To appear in Prog. Theor. Phys. [1004.5513].

[30] M. Hanada, A proposal of a fine tuning free formulation of 4d N = 4 super Yang-Mills, JHEP 1011 (2010) 112 [1009.0901].

[31] F. Sugino, A lattice formulation of super Yang-Mills theories with exact supersymmetry, JHEP 01 (2004) 015 [hep-lat/0311021].

[32] F. Sugino, Various super Yang-Mills theories with exact supersymmetry on the lattice, JHEP 01 (2005) 016 [hep-lat/0410035].

[33] A. G. Cohen, D. B. Kaplan, E. Katz and M. Ünsal, Supersymmetry on a Euclidean spacetime lattice. I: A target theory with four supercharges, JHEP 08 (2003) 024 [hep-lat/0302017].

[34] D. B. Kaplan and M. Ünsal, A Euclidean lattice construction of supersymmetric Yang-Mills theories with sixteen supercharges, JHEP 09 (2005) 042 [hep-lat/0503039].

[35] S. Catterall, A geometrical approach to N = 2 super Yang-Mills theory on the two dimensional lattice, JHEP 11 (2004) 006 [hep-lat/0410052].

[36] A. D’Adda, I. Kanamori, N. Kawamoto and K. Nagata, Exact extended supersymmetry on a lattice: Twisted N = 2 super Yang-Mills in two dimensions, Phys. Lett. B633 (2006) 645–652 [hep-lat/0507029].

[37] H. Suzuki, Y. Taniguchi, Two-dimensional N = (2,2) super Yang-Mills theory on the lattice via dimensional reduction, JHEP 0510 (2005) 082 [hep-lat/0507019].

[38] F. Sugino, Two-dimensional compact N=(2,2) lattice super Yang-Mills theory with exact supersymmetry, Phys. Lett. B635 (2006) 218–224 [hep-lat/0601024].

[39] M. Ünsal, Supersymmetric deformations of type IIB matrix model as matrix regularization of N=4 SYM, JHEP 0604 (2006) 002 [hep-th/0510004].

[40] B. Ydri, A Proposal for a Non-Perturbative Regularization of N=2 SUSY 4D Gauge Theory, Mod. Phys. Lett. A22 (2007) 2565–2572 [0708.3066].

[41] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT correspondence, Phys. Lett. B465 (1999) 142–147 [hep-th/9907166].

[42] J. M. Maldacena and J. G. Russo, Large N limit of non-commutative gauge theories, JHEP 09 (1999) 025 [hep-th/9908134].

[43] A. Matusis, L. Susskind and N. Toumbas, The IR/UV connection in the non-commutative gauge theories, JHEP 12 (2000) 002 [hep-th/0002075].

[44] R. Dijkgraaf and G. W. Moore, Balanced topological field theories, Commun. Math.

Phys. 185 (1997) 411–440 [hep-th/9608169].

[45] N. Kim and J.-H. Park, Massive super Yang-Mills quantum mechanics:

Classification and the relation to supermembrane, Nucl. Phys. B759 (2006) 249–282 [hep-th/0607005].

[46] J. Kato, Y. Kondo and A. Miyake, Mass deformation of twisted super Yang-Mills theory with fuzzy sphere solution, JHEP 09 (2011) 019 [1104.1252].

[47] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B604 (2001) 121–147 [hep-th/0101102].

[48] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 02 (2000) 020 [hep-th/9912072].

[49] A. Armoni, R. Minasian and S. Theisen, On non-commutative N = 2 super Yang-Mills, Phys. Lett. B513 (2001) 406–412 [hep-th/0102007].

[50] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting,

hep-th/0306211.

[51] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions,

hep-th/0306238.

[52] M. Hanada, S. Matsuura and F. Sugino, unpublished note.

[53] S. R. Das, J. Michelson and A. D. Shapere, Fuzzy spheres in pp-wave matrix string theory, Phys. Rev. D70 (2004) 026004 [hep-th/0306270].

[54] W. Taylor, D-brane field theory on compact spaces, Phys. Lett. B394 (1997) 283–287 [hep-th/9611042].