arXiv:1110.0128v2 [gr-qc] 15 Nov 2011

Velocity and Heat Flow in a Composite Two Fluid System

J.P. Krisch and E.N. Glass Department of Physics, University of Michigan, Ann Arbor, MI (Dated: 14 November 2011) We describe the stress energy of a fluid with two unequal stresses and heat flow in terms of two perfect fluid components. The description is in terms of the fluid velocity overlap of the components, and makes no assumptions about the equations of state of the perfect fluids. The description is applied to the metrics of a conformally flat system and a black string.

PACS numbers: 95.30.Sf, 04.60.Sf

I. INTRODUCTION

Descriptions of fluid systems used in general relativity have become more complex as we acquire new data about our universe. Simple perfect fluids are still useful models in many cases [1], but, increasingly, extensions of the perfect fluid stress-energy to include anisotropy and fluid interactions are necessary considerations. The stress-energy for an anisotropic fluid can easily be written in terms of metric based tetrads [U_a, R_a, Θ_a, Φ_a]

T_{ab} = (ε)Û_aÛ_b + (P_r)R̂_aR̂_b + (P_θ)Θ̂_aΘ̂_b + (P_ϕ)Φ̂_aΦ̂_b. (1)

without addressing the physical origins of the anisotropy. Fluid anisotropy has many physical causes [2, 3]. For a low density fluid, anisotropy can be modeled by multi-perfect fluid descriptions with differences in the component fluid velocities [4] or equations of state [5] generating the anisotropy. One method of incorporating these differences is through stressenergy equivalence [6, 7] where a composite system can be written as the sum of the two component perfect fluids:

(ε)Û_aÛ_b+(P_r)R̂_aR̂_b+(P_θ)Θ̂_aΘ̂_b+(P_ϕ)Φ̂_aΦ̂_b = (ε_1+P_1)Û^{(1)}_a Û^{(1)}_b +(ε_2+P_2)Û^{(2)}_a Û^{(2)}_b +(P_1+P_2)g_{ab} (2) This form allows the component fluid motions and individual equations of state to be built into the composite fluid description and has parameter freedom for modeling assumptions.

A related method is due to Letelier [8], where he explicitly rotates the component fluid velocities to create a new composite tetrad. Using the new tetrad, the composite stressenergy tensor describes a fluid with one anisotropic stress, σ, associated with a direction of fluid anisotropy Υ_a.

T_{ab} = (ε + Π)Û_aÛ_b + (σ − Π)Υ̂_aΥ̂_b + (Π)g_{ab} (3)

Letelier’s stress-energy form follows from an assumption of zero heat flow in the composite fluid and implies a relation between the stress-energies of the component fluids, ε_1 + P_1 = const × (ε_2 + P_2). Not all physical examples will obey this stress-energy relation or will have zero heat flow, and Eq.(3) can follow from other physical assumptions. Multi-fluid models of complex fluids are increasingly being used, not only in formal general relativity [9] but also in other physics sub areas. Two and three fluid descriptions cover phenomena like multi charge species in magnetized plasmas [10], superfluids [11–13], cosmological models [14– 17], particles in heavy ion collisions [18], Fermi-Bose fluids [19] and hydrodynamic nuclear models [20]. A need has emerged for a range of two fluid descriptions to use as a basis for n-fluid generalizations [21–25]. In this paper we suggest an anisotropic two fluid stress form based on the overlap of the component fluid velocity vectors rather than a stressenergy assumption. The description allows heat flow along the direction of anisotropy in the composite stress-energy and has no initial stress-energy assumptions. In the next section we set up the stress-energy description. The relation between the 4-velocity overlap and the stress-energy is discussed in the third section, and some examples are discussed in the fourth part of the paper.

II. COMBINING COMPONENT FLUIDS

The stress-energy form

Consider a manifold which contains two perfect fluid flows and metric g_{ab}. A composite stress-energy for two perfect fluids is

T_{ab} = (ε_1 + P_1)Û^{(1)}_a Û^{(1)}_b + (ε_2 + P_2)Û^{(2)}_a Û^{(2)}_b + g_{ab}(P_1 + P_2). (4)

In order to express the composite stress-energy in a simpler form, following Letelier [8], we map the timelike unit vectors [Û^{(1)}a , Û^{(2)}a ] to an un-normed pair [U^∗_a , Υ^∗_a] where U^∗_a is timelike and Υ^∗_a is spacelike. A general unimodular transformation between these two sets of vectors can be written as Û^{(1)}_a Û^{(2)}_a = A cos α −B sin α D sin α C cos α U^{∗a} Υ^∗_a (5) with unit transformation determinant AC cos^2 α+BD sin^2 α = 1 and transformation inverse U^{∗a} Υ^∗_a = C cos α B sin α −D sin α A cos α

Û^{(1)}_a Û^{(2)}_a (6)

Since U^{∗a} and Υ^{∗a} are not normalized, two of the constants can be absorbed into their definitions. Choosing A = C = 1, the unit determinant condition is

cos^2 α + BD sin^2 α = 1 (7)

The rotation angle α is fixed by requiring g^{ab}Υ^∗_aU^∗_b = 0, with U^∗_a timelike, Υ^∗_a spacelike and g^{ab}Û^{(2)}a Û^{(2)}_b = g^{ab}Û^{(1)}a Û^{(1)}_b = −1. The orthogonality condition implies

− (B − D) cos α sin α + Û^{(2)a}Û^{(1)}_a (cos^2 α − BD sin^2 α) = 0, (8)

where Û^{(2)a}Û^{(1)}a is the velocity overlap. There are several special values of B which can be eliminated from the parameter range by the requirement that Υ^∗_a be spacelike. Condition B = 0 in determinant Eq.(7) implies α = 0, π. From the transformation equation Eq.(6), this choice also identifies both U^∗_a and Υ^∗_a as timelike vectors so that overlap equation (8) is not valid for values B = 0, α = 0, π. The choice B = ±1 requires D = ±1. The overlap equation thus becomes Û^{(2)a}Û^{(1)}a cos 2α = 0, with α = π/4, 3π/4. These values of α in cos2α = 0 are also excluded by the spacelike condition on Υ^∗_a. From Eq.(6) with B = ±1, we have

Υ^∗_a = ∓ sin αÛ^{(1)}_a + cos αÛ^{(2)}_a (9) U^{(1,2)} := Û^{(1)}_a Û^{(2)a} (10) Υ^∗_aΥ^{∗a} = −1 ± sin 2α[−U^{(12)}] (11)

The velocity overlap U^{(1,2)} must be negative, since it is the product of two future pointing timelike vectors. For Υ^∗_a to be spacelike requires ± sin 2α[−U^{(12)}] > 1, or α < π/4 for B > 0. The ranges we will consider are B ≠ 0, 1 and 0 < α < π/4. These ranges and the unit determinant condition require BD = 1. The two normalized unit vectors are Û^b = U^{∗b} √ −U^{∗a}U^∗_a , Υ̂^b = Υ^{∗b} √ Υ^{∗a}Υ^∗_a

, (12) with norms Ñ^2 = Υ^∗_aΥ^{∗a} = 1 2 [ 1 − B^2 B^2 cos 2α − ( 1 + B^2 B^2 ) ] (13)

N^2 = −U^{∗a}U^∗_a = 1 2 [ ( 1 − B^2 cos 2α

) + (1 + B^2) ]

III. OVERLAP AND STRESS-ENERGY

Stress-Energy

The rotation angle can be expressed in terms of the 4-velocity overlap. tan 2α = −( 2B 1 − B^2

)U^{(1,2)} (14) B ≠ 0, 1 0 < α < π/4 The composite stress-energy tensor in Eq.(4) can now be written as T_{ab} = (ε + Π)Û_aÛ_b + (σ − Π)Υ̂_aΥ̂_b + (Π)g_{ab} + Q_aÛ_b + Q_bÛ_a (15) with fluid parameters Π = p_1 + p_2 (16a) Q_a = Υ̂_aNÑ[B^{−1}(ε_2 + P_2) − B(ε_1 + P_1)] sin α cos α (16b) ε + Π = N^2[(ε_1 + P_1) cos^2 α + B^{−2}(ε_2 + P_2) sin^2 α] (16c) σ − Π = Ñ^2[B^2(ε_1 + P_1) sin^2 α + (ε_2 + P_2) cos^2 α] (16d) and B an unspecified constant except for B ≠ 0, 1.

Heat Flow and B

Letelier’s [8] choice, B^2 = (ε_2 + p_2)/(ε_1 + p_1) reproduces the original two fluid stressenergy with Q_a = 0. However, the underlying physics of the description can depend on both the velocity overlap and general equations of state in the component fluids. For example, if the two fluids move together with the same 4-velocity, the overlap is −1 and we have tan(2α_0) = 2B/(1 − B^2). Another way of choosing B that allows non zero heat flow is to use the Û^{(1)}a = Û^{(2)}a condition to define B as B = tan α_0 (17) with α = α_0 producing the ’aligned’ fluid. Substituting the alignment condition in Eq.(9) requires the aligned fluid to have zero anisotropy vector, Υ^∗_a = 0 [recall, U^∗_a = cos αÛ^{(1)}a + B sin αÛ^{(2)}a , Υ^∗_a = (−1/B) sin αÛ^{(1)}a + cos αÛ^{(2)}a ]. The conditions on B set the positive range 0 < α_0 < π/4, such that α_0 ≤ α < π/4. The velocity overlap is

tan 2α = −U^{(1,2)} tan 2α_0 (18)

The general normalizations are

Ñ^2 = Υ^∗_aΥ^{∗a} = 1 2 sin^2 α_0 [ cos 2α_0 cos 2α − 1 ] (19)

N^2 = −U^{∗a}U^∗_a = 1 2 cos^2 α_0 [ cos 2α_0 cos 2α + 1 ] (20)

Note that both Ñ and Υ^∗_a have zero values when the fluid is aligned with α = α_0. The fluid parameters are

Π = P_1 + P_2 (21a) ε + Π = 2 sin^2 2α_0 [ cos 2α_0 cos 2α + 1 ] [(ε_1 + P_1) sin^2 α_0 cos^2 α + (ε_2 + P_2) cos^2 α_0 sin^2 α] (21b)

σ − Π = 2 sin^2 2α_0 [ cos 2α_0 cos 2α − 1 ] [(ε_1 + P_1) sin^2 α_0 sin^2 α + (ε_2 + P_2) cos^2 α_0 cos^2 α] (21c)

The heat flow vector is

Q_a = ( sin α cos α 2 sin^2 α_0 √ ( cos 2α_0 cos 2α

)^2 − 1 [(ε_2 + P_2) − tan^2 α_0(ε_1 + P_1)] ) Υ̂_a (22)

and is zero for α = α_0.

The α, α_0 boundary

The Û^{(1)}a = Û^{(2)}a alignment condition has stress-energy relations Q = 0 and ε + Π = ε_1 + P_1 + ε_2 + P_2. When α is close to α_0, the 4-velocities should be only slightly different and the fluids should show small deviations from the aligned relations. There are three parameter boundary cases: (1) both α and α_0 near zero, (2) both α and α_0 near π/4, and (3) α_0 near zero and α just under π/4.

One expects the first two cases to describe a composite fluid only slightly different from the aligned composite. For the first case, α_0 = δ_0, α = δ, choose α_0 and α small but of the same order with δ_0 < δ. We have R ≈ 1+2δ^2 −2δ^2_0 and tan 2α/ √ R^2 − 1 ≈ δ/ √ δ^2 − δ^2_0 >> 1.

The fluid parameters are −U^{(12)} ∼ δ/δ_0 (23a) ε + Π ∼ (ε_1 + P_1) + (ε_2 + P_2)(δ/δ_0)^2 (23b) σ − Π ∼ [(δ/δ_0)^2 − 1](ε_2 + P_2) (23c) with heat flow Q ∼ (δ/δ_0) √ (δ/δ_0)^2 − 1 (ε_2 + P_2) The second case, α = π/4 − δ, α_0 = π/4 − δ_0, is very similar to the first with δ_0 > δ. The velocity overlap is again, almost aligned, −U^{(1,2)} ∼ δ_0/δ, but the composite fluid relations to the component fluids are multiples of the aligned fluid description. Q ∼ 1 2 √ (δ_0/δ)^2 − 1 [(ε_2 + P_2 − (ε_1 + P_1)] (24a) ε + Π ∼ 1 2 [δ_0/δ + 1] [ε_1 + P_1 + ε_2 + P_2] (24b) σ − Π ∼ 1 2 [δ_0/δ − 1] [ε_1 + P_1 + ε_2 + P_2] (24c) The stress-energy in both these cases obeys the U^{(1)}a = U^{(2)}a condition to lowest order, ε − σ + 2Π ∼ ε_1 + P_1 + ε_2 + P_2. The physical difference between the two cases can be explained by the composite ∗ vector relation to the component fluid velocities, Eq.(6). For parameter values near zero, the component fluid velocity is dominated by the first fluid, U^∗_a ∼ Û^{(1)}a with direction of anisotropy Υ^∗_a ∼ −(δ/δ_0)Û^{(1)}a + Û^{(2)}a . For parameter values near π/4, U^∗_a ∼ (Û^{(1)}a + Û^{(2)}a )/ √ 2 and Υ^∗_a ∼ (−Û^{(1)}a + Û^{(2)}a )/ √ 2. The straight combination of velocities in the second case explaining its close similarity to the aligned fluid case. The third case is an example of strong non-alignment. When α and α_0 are at opposite ends of the parameter range, α_0 = δ_0, α = π/4 − δ, we have R = cos 2δ_0/ sin 2δ >> 1 and tan(π/2 − 2δ)/ √ R^2 − 1 ≈ 1. The fluid parameters obey a very different relation than the aligned fluid with ε + 2Π − σ ∼ 0, rather than the sum of the component stress-energy. We also have ε + Π ∼

(ε_2 + P_2) 8δδ^2_0

(25a) σ − Π ∼ (ε_2 + P_2) 8δδ^2_0

(25b) Q ∼ (ε_2 + P_2) 8δδ^2_0

(25c)

For this case the ∗ vectors are related to the component velocities by U^∗_a ∼ (Û^{(1)}a +δ_0Û^{(2)}a )/ √ 2 and Υ^∗_a ∼ (−Û^{(1)}a /δ_0 + Û^{(2)}a )/ √ 2. In the next section we give some metric examples.

IV. APPLICATIONS

As an application of the two perfect fluid description we consider three different examples. The first two are metric based with an anisotropic stress-energy following from the field equations. The inverse of Eqs.(21b,21c) give the component stress-energies in terms of the composite descriptions:

ε_1 + P_1 = cos^2 α_0 [ (ε + Π) cos 2α + 1 cos 2α_0 + cos 2α

+ (σ − Π) cos 2α − 1 cos 2α_0 − cos 2α ] (26)

ε_2 + P_2 = sin^2 α_0 [ (ε + Π) cos 2α − 1 cos 2α_0 + cos 2α

+ (σ − Π) cos 2α + 1 cos 2α_0 − cos 2α ] (27)

The two metric examples are a conformally flat spacetime and a black string. The stressenergy from the field equations for both spacetimes has ε + Π = 0, and we can describe the related component perfect fluids. The third example uses two dusty component perfect fluids and a single anisotropic stress with no heat flow. The component fluid density relations are examined along with the equation of state in the composite. For this example, the Letelier description and the description in this paper coincide.

Example: A conformally flat spacetime

A simple conformally flat spacetime has metric and field generated fluid parameters as seen by a comoving observer Û^a = (e^{−az}, 0, 0, 0).

ds^2 = e^{2az} (−dt^2 + dr^2 + r^2dϕ^2 + dz^2), (28a) 8πε = −a^2e^{−2az}, (28b) 8πΠ = a^2e^{−2az} , (28c) Π = P_r = P_ϕ, (28d) 8πσ = 8πP_z = 3a^2e^{−2az} , (28e)

with the anisotropy in the z-direction, Υ^a = (0, 0, 0, e^{−az}). The z-dependent negative density in this solution does not lend itself to a physical description outside of a cosmological constant or Casimir effects. The two fluid description of the composite fluid model has the advantage of explaining the negative composite density in terms of tension in the first fluid. For this fluid ε + Π = 0 and 8π(σ − Π) = 2a^2e^{−2az} . From Eq.(21), the component fluid parameters that could create a composite fluid are

ε_1 + P_1 = 2a^2e^{−2az} 8π (cos 2α − 1) cos^2 α_0 (cos 2α_0 − cos 2α)

(29)

ε_2 + P_2 = 2a^2e^{−2az} 8π (cos 2α + 1) sin^2 α_0 (cos 2α_0 − cos 2α)

(30)

The second fluid could have both positive stress and density. The first fluid, if it has positive density, must describe a fluid with tension rather than pressure. The heat flow is axial

Q_a = ( a^2e^{−2az} sin 2α 8π √ cos 2α_0 + cos 2α cos 2α_0 − cos 2α ) Υ̂_a (31)

The 4-velocities of the component fluid come directly from the transformation equations and involve, unsurprisingly, a coordinate velocity in the z-direction.

U^{(1)a} = [e^{−az}N cos α, 0, 0, − e^{−az}Ñ tan α_0 sin α] (32) U^{(2)a} = [e^{−az}N sin α tan α_0

, 0, 0, e^{−az}Ñ cos α] (33)

Û (i)aÛ^{(i)}_a = −1 was imposed in Eq.(12). Both U (1)a and U (2)a are expanding, accelerating and shear-free. Requiring the velocity overlap, Eq.(10) to be constant, U^{(12)} = const, can be restrictive for shear-free fluids, requiring acceleration and expansion (see Appendix A). That restriction is met for this example.

Example: A black string

A similar example to the conformal metric is the black string of Lemos and Zanchin [26], with metric ds^2 = −(Λr^2 − m)dt^2 + dr^2 (Λr^2 − m)

+ r^2dϕ^2 + dz^2 (34) and comoving stress-energy following from the field equations

8πε = −Λ, (35a) 8πΠ = Λ, (35b) 8πσ = 8πP_z = 3Λ. (35c)

From the first example, the replacement a^2e^{−2az} → Λ, gives the component stress-energy and heat flow for this case. The direction of anisotropy is along the string axis. Here, since the cosmological constant can be negative and does not depend on position, a negative energy density is possible. The fluid matter obeys ε + Π = 0 and σ = 3Π . The 4-velocities for the black string components are

U^{(1)a} = [ N √ Λr^2 − m cos α, 0, 0, − Ñ tan α_0 sin α] (36)

U^{(2)a} = [ N √ Λr^2 − m sin α tan α_0

, 0, 0, Ñ cos α] (37)

These component velocities are expansion-free but have acceleration, shear, and vorticity.

Example: Linear composite equation of state

For the third example consider a composite fluid with Π = 0, and two component dust fluids, P_1 = P_2 = 0. The composite fluid has a linear equation of state related to α and α_0: ε cos 2α_0 cos 2α + 1 = σ cos 2α_0 cos 2α − 1

(38)

With Eq.(21) we have for the composite fluid

ε_1 sin^2 α_0 = ε_2 cos^2 α_0 (39)

and this example has the Letelier [8] stress-energy relation with zero heat flow. ε = ε_1 2 cos^2 α_0 [ cos 2α_0 cos 2α + 1 ] (40) σ = ε_1 2 cos^2 α_0 [ cos 2α_0 cos 2α − 1 ] (41)

The composite fluid has a dusty equation of state for α close to α_0, R = (cos 2α_0/ cos 2α) ∼ 1, changing to a stiff equation of state for large R.

V. DISCUSSION

In conclusion, we have presented an anisotropic fluid recipe based on component velocity overlap. It is useful in describing anisotropic fluids in terms of possible perfect fluid components, and may also be of use in developing broader descriptions of multi-fluid models. The description includes heat flow driven by fluid velocity non-alignment. The heat flow is along the direction of anisotropy in the stress-energy form. Heat flows with several spatial vector components are possible [9], especially if spatial tetrads are chosen to describe acceleration, or a null-vector construction, or other non-heat related parameters. Including more general heat descriptions is an idea for future work. The fluids considered here are non-interacting; another possible extension is to component fluids with non zero, but balancing stress-energy divergence [32–35], and to acoustic phenomena related to the heat flow [36–38].

Appendix A: Restrictions on the Component Fluids

The behavior of the composite fluid is determined by the component velocity overlap and equation of state. The velocity overlap equation following from tetrad orthogonality can be restrictive since it requires the velocity overlap to be constant, U^{(1,2)} = const. This will impose restrictions on the component fluids. Consider the covariant derivative of the constant velocity overlap ∇_bU^{(1,2)} = 0 Û^{(1)a}U^{(2)}_{a;b} = −U^{(1)a}_{;b} Û^{(2)}_a (A1)

Each of the velocity derivatives can be expanded in terms of its acceleration, expansion, shear and vorticity (κ^i, Θ^i, σ^i_{ab}, ω^i_{ab}) and projection operator h^{(i)}_{ab} = g_{ab} + Û^{(i)}a Û^{(i)}_b .

[−Û^{(1)}_a Û^{(1)}_b + σ_{1ab} + ω_{1ab} + θ_1 3 h^{(1)}_{ab} ]Û^{(2)a} = −Û^{(1)a}[−U̇^{(2)}_a Û^{(2)}_b + σ_{2ab} + ω_{2ab} + θ_2 3 h^{(2)}_{ab} ] (A2)

The fluid acceleration can be parameterized with the Frenet tetrad associated with each velocity vector [Û^{(i)}a , Â^{(i)}a , B̂^{(i)}a , Ĉ^{(i)}a ]. The acceleration lies along the vector Â^{(i)}a and can be written as U̇^{(i)}a = U^{(i)}_{a;b}U^{(i)b} = κA^{(i)}a . The acceleration for fluid one can be isolated with U^{(1)b} multiplication and similarly, for fluid two with U^{(2)b} multiplication:

κ_1Â^{(1)}_a Û^{(2)a} = κ_2Â^{(2)}_a Û^{(1)a}U^{(1,2)} − σ_{2ab}Û^{(1)a}Û^{(1)b} − θ_2 3 [−1 + (U^{(1,2)})^2]

κ_2Â^{(2)}_a Û^{(1)a} = κ_1Â^{(1)}_a Û^{(2)a}U^{(1,2)} − σ_{1ab}Û^{(2)a}Û^{(2)b} − θ_1 3 [−1 + (U^{(1,2)})^2]

If the component fluids are shear-free we have

κ_1Â^{(1)}_a Û^{(2)a} = κ_2Â^{(2)}_a Û^{(1)a}U^{(1,2)} − θ_2 3 [−1 + (U^{(1,2)})^2] (A3)

κ_2Â^{(2)}_a Û^{(1)a} = κ_1Â^{(1)}_a Û^{(2)a}U^{(1,2)} − θ_1 3 [−1 + (U^{(1,2)})^2] (A4)

If the two component fluids are shear free and have no expansion then they satisfy

κ_1A^{(1)}_a U^{(2)a} = κ_1A^{(1)}_a U^{(2)a}(U^{(1,2)})^2 κ_2A^{(2)}_a U^{(1)a} = κ_2A^{(2)}_a U^{(1)a}(U^{(1,2)})^2

If the expansions are zero, this can only be satisfied by identical component fluid velocities, U^{(1,2)} = −1 or by zero accelerations, κ_1, κ_2 = 0. The component fluids must be unaccelerated or aligned. If the fluids are not aligned or if there is acceleration, one (or both) must have expansion if they are shear-free. In the first metric example, the component velocities Eqs.(32,33) are shear and vorticity free, and have both expansion and acceleration. The black string component fluids have zero expansion but non-zero radial acceleration, with shear components σ_{0r} and σ_{zr}, and non-zero vorticity. Collins [27] has conjectured that, if shear-free perfect fluids obey a barotopic equation of state, then either the expansion or vorticity must be zero. If the conjecture is true [28–31], the shear-free, accelerated, unaligned component fluids must have zero vorticity or a non-barotopic equation of state. The conjecture holds for the conformal metric and does not apply to the black string.

[1] P. Martin and M. Visser, Phys. Rev. D 69, 104028 (2004). Algorithmic construction of static perfect fluid spheres [2] L. Herrera and N.O. Santos, Physics Reports 286, 53 (1997). Local anisotropy in selfgravitating systems.

[3] B.V. Ivanov, Int. J. Theor. Phys. 49, 1236 (2010). The importance of anisotropy for relativistic fluids with spherical symmetry.

[4] J.H. Jeans, Mon. Not. R. Astr. Soc. 82, 122 (1922), The Motion of Stars in a Kapteyn Universe [5] R. Bowers and E. Liang, Astrophys. J. 188, 657 (1974), Anisotropic Spheres in General Relativity [6] A.A. Coley and J. Wainwright, Class. Quantum Grav. 9, 651 (1992). Qualitative analysis of two-fluid Bianchi cosmologies [7] A.A. Coley and B.O.J. Tupper, Class. Quantum Grav. 11, 2553 (1994). Spherically symmetric anisotropic fluid ICKV spacetimes

[8] P.S. Letelier, Phys. Rev. D 22, 807 (1980). Anisotropic fluids with two perfect-fluid components [9] J. Carminati and E. Zakhary, Class. Quantum Grav. 16, 3221 (1999). Classification and compactibility of energy-momentum tensors [10] C. Pinto, D. Galli and F. Bacciotti, Astron. & Astrophys. 484, 1 (2008). Three-fluid plasmas in star formation.

[11] K. Yamada, K. Miyake, and S. Kashiwamura, Jour. Phys. Soc. Jap. 76, 014601 (2007). Three- Fluid Hydrodynamics for Vortex Turbulence in Superfluid He^4.

[12] E. Taylor, H. Hu, X.-J. Liu, and A. Griffin, Phys. Rev. A 77, 033608 (2008). Variational theory of two-fluid hydronamic modes at unitarity [13] E. Taylor and A. Griffin, Phys. Rev. A 72, 053630 (2005). Two-fluid hydrodynamic modes in a trapped superfluid gas [14] T. Multamaki, J. Sainio, and I. Vilja, Phys. Rev. D 79, 103516 (2009). Non-Gaussianity in three fluid curvaton model.

[15] H. Amirhashchi, A. Pradhan, and B. Saha, Chin. Phys. Lett. 28, 039801 (2011). An Interacting Two-Fluid Scenario for Dark Energy in FRW Universe [16] T. Multamaki, J. Sainio, and I. Vilja, Int. J. Mod. Phys. D18, 2047 (2009). Constraints on the three-fluid model of curvaton decay [17] J. Sainio and I. Vilja, Phys. Rev. D 81, 083516 (2010). Curvaton decay into relativistic matter [18] Y.B. Ivanov and V.N. Russkikh, What we have learned so far from 3-fluid hydrodynamics.

Contributed to 4th International Workshop on Critical Point and Onset Deconfinement, Darmstadt, Germany, July 2007. [arXiv:nuc-th/0710.3708] [19] M. Wouters, J. Tempere, and J.T. Devreese, Phys. Rev. A 66, 043414 (2002). Three-Fluid Description of the Sympathetic Cooling of a Boson-Fermion Mixture.

[20] R. Mohan, M. Danos and L.C. Biedenharn, Phys. Rev. C 3, 1740 (1971). Three-Fluid Hydrodynamical Model of Nuclei [21] P.S. Letelier and P.S.C. Alencar, Phys. Rev. D 34, 343 (1986). Anisotropic fluids with Multifluid components [22] J.M. Limi, V.R. Grarilov and V.N. Melnikov, J. Korean Phys. Soc. 45, S148 (2004). Multicomponent perfect fluid with variable parameters in n-Ricci-flat spaces.

[23] P. Ullrich, Exact and Perturbed Friedmann-Lemaitre Cosmologies [arXiv:gr-qc/0709.3863]

[24] R.J. Wiltshire, A Rotating Three Component Perfect Fluid Source and its Junction with Empty Space-Time [arXiv:gr-qc/1104.2446] [25] V. Marra and M. Paakkonen, Exact Spherically-symmetric inhomogeneous model with n perfect fluids [arXiv:gr-qc/1105.6099] [26] J.P.S. Lemos and V. Zanchin, Phys. Rev. D 53, 4684 (1996). Three-dimensional BTZ black hole as a cylindrical system in four-dimensional general relativity [27] C.B. Collins, Can. J. Phys. 64, 191 (1986). Shear-free fluids in general relativity [28] C.F. Sopuerta, Class. Quantum Grav. 15, 1043 (1998) Covariant study of a conjecture on shear-free barotropic perfect fluids.

[29] N. Van den Bergh, Class. Quantum Grav. 16, 117 (1999). The shear-free perfect fluid conjecture.

[30] N. Van den Bergh, J. Carminati, and H. Karimian, Class. Quantum Grav. 24, 3735 (2007).

Shear-free perfect fluids with solenoidal magnetic curvature and a gamma-law equation of state.

[31] J. Carminati, H.R. Karimian, N. Van den Bergh, and K.T. Vu, Class. Quantum Grav. 26, 195002 (2009) Shear-free perfect fluids with a solenoidal magnetic curvature.

[32] T. Kovisto and D.F. Mota, Astrophys. J. 679, 1 (2008). Accelerating Cosmologies with an anisotropic equation of state [33] M. Cataldo, P. Mella, P. Minning, and J. Saavedra, Interacting cosmic fluids in power-law Friedmann-Robertson-Walker cosmological models [arXiv/hep-th/0803.1086] [34] N. Pinto-Neto and B.M.O. Fraga, Gen. Rel. Gravit. 40, 1653 (2008). Cosmic acceleration for interaction of ordinary fluids, [35] J.D. Barrow and T. Clifton, Phys. Rev. D 73, 103520 (2006). Cosmologies with energy exchange [36] M. Cissoko, Phys. Rev. D 63, 083516 (2001). Wave fronts in a mixture of two relativistic perfect fluids flowing with two distinct four-velocities [37] R.D. Zarate and H. Quevedo, Class. Quantum Grav. 21, 197 (2004). Thermodynamic scheme of inhomogeneous perfect fluid mixtures [38] N.A. Koshelev, JCAP 04:021 (2011). Non-adiabatic perturbations in multi-component perfect fluids