arXiv:1110.0556v3 [astro-ph.CO] 24 May 2012

ICRR-Report-594-2011-11 YITP-11-85

Weak lensing of CMB by cosmic (super-)strings

Daisuke Yamauchi,^{1, 2, ∗} Keitaro Takahashi,^{3, 4, †} Yuuiti Sendouda,^{5, 6, ‡} and Chul-Moon Yoo^{2, §} 1 Institute for Cosmic Ray Research, The University of Tokyo, Kashiwa 277-8582, Japan 2 Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan 3 Faculty of Science, Kumamoto University, 2-39-1, Kurokami, Kumamoto 860-8555, Japan 4 Department of Physics and Astrophysics, Nagoya University, Nagoya 494-8602, Japan 5 Graduate School of Science and Technology, Hirosaki University, Hirosaki, Aomori 036-8561, Japan 6 APC, Université Paris 7, 75205 Paris, France (Dated: May 25, 2012)

We study the effect of weak lensing by cosmic (super-)strings on the anisotropies of cosmic microwave background (CMB). In developing a method to calculate the lensing convergence field due to strings, and thereby temperature and polarization angular power spectra of CMB, we clarify how the nature of strings, characterized by the intercommuting probability, can influence these CMB anisotropies. Assuming that the power spectrum is dominated by Poisson-distributed string segments, we find that the convergence spectrum peaks at low multipoles and is mostly contributed from strings located at relatively low redshifts. As the intercommuting probability decreases, the spectra of the convergence and hence the lensed temperature and polarizations are gained because the number density of string segments becomes larger. An observationally important feature of the string-induced CMB polarizations is that the string-lensed spectra decay more slowly on small scales compared with primordial scalar perturbations from standard inflation.

PACS numbers:

I. INTRODUCTION

Although there has been no direct evidence for the detection of topological defects in the Universe, there are good theoretical reasons for believing their existence and reasonable prospects for the detection. It is naturally expected that topological defects, appearing as solutions to the field equation in various models of particle physics, have formed during phase transitions in the early universe through spontaneous symmetry breakings [1–3]. Cosmic strings, as a remnant of unified theories, have been expected to offer a good opportunity to probe extremely high energy physics through their discovery [4].

Recently, cosmic strings have attracted a renewed interest in the context of string cosmology since it was pointed out that a new type of cosmic strings, so-called cosmic superstrings, may be formed at the end of stringy inflation [5–9] (for reviews, see [10–17]). Cosmic superstrings, stretched to macroscopic scales by the succeeding expansion of the Universe after their formation, could be also an observable remnant of the string theory as the most promising modern unified theory [18].

One of the observationally important features of cosmic superstrings compared to field-theoretic ones arises from the fact that, from the four-dimensional point of view, the process of intercommutation of two strings is probabilistic; the intercommuting probability for fieldtheoretic strings P has been shown to be almost always

∗Electronic address: yamauchi@icrr.u-tokyo.ac.jp †Electronic address: keitaro@sci.kumamoto-u.ac.jp ‡Electronic address: sendouda at cc.hirosaki-u.ac.jp §Electronic address: yoo@yukawa.kyoto-u.ac.jp

unity [19–26], while the value of P can be significantly smaller for cosmic superstrings [26–28]. The intercommutation process provides an essential mechanism for a string network to lose its energy, letting the network approach to an attractor solution. Therefore, observations associated with the global structure of the string network, which sensitively depends on the intercommuting probability, have a potential to give us important information about the nature of cosmic (super-)strings.

In particular, the imprint of cosmic strings on the cosmic microwave background (CMB) has been widely studied. For example, strings induce CMB temperature anisotropies with an amplitude typically given by the dimensionless tension Gμ through the so-called Gott-Kaiser-Stebbins (GKS) effect [29, 30]. Historically, cosmic strings were even seriously considered as seed of structure formation in the Universe [31, 32], though the observations of the acoustic oscillation in the CMB temperature power spectrum have excluded strings as a dominant source of the large-scale temperature anisotropy [33]. Using this fact, constraints on the tension for conventional field-theoretic strings have been derived [34–37]. Nevertheless, it has been argued that there are some possibilities to detect a signal of cosmic strings in CMB as we remind readers below.

First, the CMB temperature fluctuations can be dominated by those due to strings on small scales because there the primary fluctuations are damped out [35, 37– 40]. Observations of the temperature angular power spectrum on small scales by, e.g., Atacama Cosmology Telescope (ACT) [41, 42] and South Pole Telescope (SPT) [43] could be useful for the search for cosmic strings.

Next, cosmic strings are themselves highly nonlinear objects that should induce non-Gaussian fluctuations.

Because the primordial fluctuations from standard inflation are expected to be very close to Gaussian, non- Gaussian features could serve as an effective tool to detect and probe cosmic strings. The numerical simulations performed by Fraisse et al. [38] have shown that the obtained one-point probability distribution function has a large deviation from the Gaussian distribution. In particular, the one-point probability distribution function has negative skewness and a non-Gaussian tail. These non-Gaussian statistics could be distinctive features from primary fluctuations and other secondary effects, and may enhance the observability of cosmic strings in future small-scale observations [15, 44–48].

Finally, the CMB polarizations, especially the B-mode could be a useful probe of cosmic strings through the future observations such as PLANCK [49], CMBPol [50], ACTPol [51], SPTPol [52], and LiteBIRD [53]. So far, at least two sources of the B-mode due to cosmic strings have been studied. One is gravitational wave bursts from the small-scale structures on strings [54] and the others are vector and tensor perturbations produced by a string network itself; recent numerical simulations [35, 55–59] showed that the contribution from the network of conventional field-theoretic strings can dominate the B-mode spectrum over the angular range 150 < ℓ < 1000.

In this paper, we investigate gravitational weak lensing due to cosmic (super-)strings as yet another source of the B and other modes. This is to be distinguished from the integrated Sachs-Wolfe effect, which corresponds to the angular scale where the primary fluctuations are damped, namely, small angular scale [40]. The B polarizations are induced by lensing as the partial conversion of the primary E polarizations. First, we calculate the spectrum of the convergence field due to strings using the segment formalism developed in our previous paper [39]. Then, we obtain the temperature and polarization spectra of the CMB, clarifying how they can vary according to the value of the intercommuting probability P .

The paper is organized as follows. In Sec. II, we first review the propagation of the cross-section of the congruence of null geodesic in a perturbed universe. In Sec. III, we discuss the application of the formalism to a cosmic string network. After describing the basic equations governing a string network incorporating the intercommuting probability P , we derive angular power spectra of a convergence due to a string network. Then, in Sec. IV we show lensed CMB angular power spectra due to cosmic (super-)strings when the gradient deflection is taken into account. Finally, we summarize our results in Sec. V.

II. WEAK GRAVITATIONAL LENSING

We consider the deformation of the cross-section of a congruence of null geodesics under propagation in a perturbative universe [60–68] (for reviews, see [69–72]). The metric of the spacetime is assumed to have the form:

ds̃^2 = g̃_{μν} dx^μdx^ν = a^2(η)g_{μν} dx^μdx^ν , (1) where g̃_{μν} is the physical spacetime metric, a(η) is a given function of time corresponding to the scale factor of a homogeneous and isotropic background, and g_{μν} is the conformally related metric assumed to have the form

g_{μν} = ḡ_{μν} + h_{μν} ; (2)

ḡ_{μν} dx^μdx^ν = −dη^2 + dχ^2 + χ^2ω_{ab}dθ^adθ^b , (3)

where h_{μν} is a small perturbation and ω_{ab} is the metric on the unit sphere, i.e. ω_{ab}dθ^adθ^b = dθ^2 + sin^2 θdφ^2 in spherical coordinates. In what follows, tensors defined on the physical spacetime and those on the unperturbed spacetime will be distinguished by the indication of a tilde (~) and bar (¯) as above.

We consider two geodesics g_0 : x̄^μ(v) and g : x^μ(v) = x̄^μ(v) + ξ^μ(v) with v being the affine parameter along the light ray. We choose x̄^μ(v) as a reference geodesic and ξ^μ(v) is a deviation vector labeling the reference geodesic. The affine parameter along g_0, v increases with decreasing time and v = 0 at O. With these notations we can define the tangent vector along the geodesic g as k̃μ ≡ dxμ/dv. This is a null vector satisfying the equations:

g̃_{μν}k̃^μk̃^ν = 0 , Dk̃^ν dv ≡ k̃^μ ~∇_μk̃^ν = 0 , (4)

where ~∇_μ is the covariant derivative associated to the physical metric g̃_{μν} . It can be shown that g̃_{μν}k̃^μξ^ν is constant along the geodesic and vanishes at O, so we have g̃_{μν}k̃^μξ^ν = 0. We denote by ũ^μ the observer’s 4- velocity at O, satisfying g̃_{μν}ũ^μũ^ν = −1. The energy of a photon measured by the observer can be written as Ẽ ≡ −g̃_{μν}k̃μũν . We also introduce η_0 as the conformal time at O.

With these notations, we now describe the geodesic deviations. It is useful to express a geodesic deviation equation in terms of two-dimensional orthogonal spacelike basis along the light ray, ẽ^μ_a with a = 1, 2, which satisfy

g̃_{μν}ẽ^μ_aẽ^μ_b = ω_{ab} , g̃_{μν}k̃^μẽ^ν_a = g̃_{μν}ũ^μẽ^ν_a = 0 . (5)

We use the Latin indices starting from the letter a (a, b, · · · ) for the polarization basis. The vectors {k̃^μ , ũ^μ , ẽ^μ_a } form a basis at O. They can be parallel transported along the geodesic g: Dẽ^μ_a dv = 0 , Dũ^μ dv = 0 . (6)

Since g̃_{μν} ξ^μk̃^ν = 0, the deviation vector along the geodesic can be expressed as

ξ^μ = ξ^aẽ^μ_a + ξ^0k̃^μ . (7)

In terms of the projected deviation vector ξ^a ≡ ẽ^a_μξ^μ, the geodesic deviation equation in the conformal transformed spacetime can be written as [61, 65]

d^2ξ^a dv^2

= T̃^a_b ξ^b , (8) where we have used the definition, ( ~∇_α ~∇_β − ~∇_β ~∇_α)k̃^μ = R̃μ_{ναβ}k̃ν , and R̃_{μρσν} is the Riemann tensor of the met-

ric g̃_{μν} . We denote by T̃^a_b the symmetric optical tidal matrix, which is defined as

T̃^a_b = −R̃_{μρνσ}k̃^μk̃^νẽ^{ρa}ẽ^σ_b (9)

Given the initial condition at the observer, ξ_a|_O = 0, the solution of Eq. (8) can be rewritten in the following form:

ξ^a(v) = D̃^a_b(v) ( 1 Ẽ_O dξ^b dv | | | O ) ≡ D̃^a_b(v) dθ^b_I , (10)

where Ẽ_O = Ẽ|_O , dθ^a_I denotes the angular coordinates of the image at O, D̃_a^b is the Jacobi map and it satisfies

d^2 dv^2

D̃^a_b = T̃^a_cD̃^c_b , (11)

with the initial condition at the observer O:

D̃^a_b|_O= 0 , d dv D̃^a_b | | |_O = ẼO δ^ab . (12)

The angular position of the source is related to the displacement vector as dθ^a_S ≡ ξ^a(v_S)/D_S, where D_S = √ | det D̃^a_b(v_S )| is the angular diameter distance at the source. The expression Eq. (10) can be rewritten in the form

dθ^a_S =

D̃a_b(v_S)

D_S dθ^b_I ≡ A^a_bdθ^b_I . (13)

We have defined the amplification matrix A^a_b characterizing the deformation of the shape of the background light.

The conformal transformation g̃_{μν} → g_{μν} maps a null geodesic on g̃_{μν} to a null geodesic on g_{μν} with the affine parameter transformed as dv → dλ = a^{−2}dv [73]. Therefore, we can introduce the null vector k^μ tangent to the geodesic g defined by

k^μ ≡ a^2k̃^μ = dx^μ dλ , (14)

Then, Eqs. (4) are rewritten as g_{μν} k^μk^ν = 0 and k^μ∇_μk^ν = 0. For convenience, we also introduce the 4-velocity u^μ and the polarization basis e^μ_a on the conformal transformed spacetime by u^μ = a ũ^μ and e^μ_a = a ẽ^μ_a . The energy of the photon can be rewritten as Ẽ = a−1g_{μν} kμuν ≡ a−1E. Using these transformations, the evolution equation for the Jacobi map (11) can be rewritten as [60, 69]

d^2 dλ^2

D^a_b = T^a_cD^c_b , (15)

with the boundary conditions: D^a_b|_O = 0, dD^a_b/dλ|_O = E_O δ^a_b, where E_O = E|_O. We have defined the Jacobi map D^a_b and the symmetric optical tidal matrix T^a_b in conformal transformed spacetime:

D^a_b = a^{−1}D̃^a_b , (16) T^a_b = −R_{μρνσ} k^μk^ν e^{ρa}e^σ_b , (17) where R_{μρνσ} is the Riemann tensor of g_{μν} . Hence, in the cosmological background, it is sufficient to perform the calculation without the Hubble expansion and reintroduce the scale factor at the end by rescaling the Jacobi map, namely D^a_b → D̃^a_b = a D^a_b.

To see the solution of the Jacobi map in the conformal transformed spacetime, we then expand D_{ab}, and T_{ab} as D_{ab} = D̄_{ab} +δD_{ab}, and T_{ab} = T̄_{ab} +δT_{ab}. Since T̄_{ab} = 0 in the unperturbed spacetime, the zeroth order Jacobi map trivially reduces to D̄^a_b = E_Oλ δ^a_b. Plugging the zeroth order solution, we have the Jacobi map up to linear order [60]

δD^a_b(λ_S) = E_O ∫_{λS} 0 dλ (λ_S − λ) λ δT^a_b(λ) , (18)

where δT^a_b = −δR_{μρνσ}k̄^μk̄^νē^{ρa}ē^ν_b . Since we consider only a first order in metric perturbations, we can evaluate the integral along the unperturbed path, namely Born approximation.

Reintroducing the scale factor, we then have the amplification matrix by using Eq. (13) as

A^a_b = δ^a_b + ∫_{λS} 0 dλ (λ_S − λ) λ

λ_S δT^a_b(λ) , (19)

where we have used the zeroth order result, D_S = a(λ_S )E_O λ_S . In particular, the convergence κ is defined in terms of the amplification matrix as κ ≡ 1 − 1 2 Tr A^a_b . (20)

III. COSMIC STRINGS

A. String network dynamics

We briefly review an analytic model for the evolution of a cosmic superstring network. We rely on the velocitydependent one-scale model [74–77] and extend it taking the probabilistic nature of the intercommutation process into consideration [44].

In the original model, a string network is characterized by just two physical quantities: the correlation length ξ and the root-mean-square (rms) velocity v_{rms}. The correlation length, which is supposed to characterize the interstring distance at the same time, is defined by ξ = √ μ ρ_{str}

, (21)

where ρ_{str} denotes the energy density of the strings incorporated in the network.

To describe the evolution of the network, it is convenient to work with the cosmic time t ∝ ∫ adη. A Hubblenormalized variable γ ≡ 1/Hξ is also introduced for convenience.

In addition to Hubble friction, we take into account the energy loss from the network due to loop formations assuming its rate is given by dρ_{str}/dt = −c̃P v_{rms}ρ_{str}/ξ [39, 44, 45, 76], where c̃ ≈ 0.23 quantifies the efficiency of loop formation [74, 77]. In the case of (decelerated) power-law expansion, a ∝ η^{β/(1−β)} ∝ t^β with β being constant, we obtain the evolution equations for γ and v_{rms} as, respectively, t γ dγ dt = 1 − β − 1 2 βc̃P v_{rms}γ − βv^2_{rms} , (22)

dv_{rms} dt = (1 − v^2_{rms})H [ kγ − 2v_{rms} ] , (23)

where k is the momentum parameter and for it we use the following approximate form [74]:

k(v_{rms}) = 2 √ 2 π 1 − 8v^6_{rms} 1 + 8v^6_{rms}

. (24)

We assume that, by the time of the last scattering of the CMB photons, the network reaches the regime of scaling, in which the correlation length ξ scales with the Hubble radius. In the scaling regime γ and v_{rms} stay constant in time. Then in the matter-dominated era, we can algebraically solve Eqs. (22) and (23) for c̃P ≪ 1 to obtain [44]

v^2_{rms} ≈ 1 2 [ 1 − π 3γ ] , γ ≈ √ π √ 2 3c̃P . (25)

Note that in our treatment the string energy density comes to obey an approximate proportionality ρ_{str} = μ γ^2 H^2 ∝ P^{−1}. This P dependence is consistent with the numerical simulations in [78], while [76] obtained a relatively weaker dependence, ρ_{str} ∝ P^{−α} with 0 < α < 1. It is beyond the scope of the present paper but would be important to calculate more precisely the scaling values, γ and v_{rms}, to match numerical calculations.

B. Convergence due to a string network

We assume that strings can be well approximated as Nambu-Goto strings and the gravitational field of strings is sufficiently weak so we can solve the linearized Einstein equations. From Eqs. (19), (20), the convergence κ can be described by the stress-energy tensor T_{μν} as

κ = 1 − 1 2 Tr A^a_b = 1 2 ∫_{χS} 0 dχ (χ_S − χ)χ χ_S R_{μν}K̄^μK̄^ν | | |_{η=η0 −χ} = 4πG ∫_{χS} 0 dχ (χ_S − χ)χ χ_S T_{μν}K̄^μK̄^ν | | |_{η=η0 −χ} ,(26) where we have introduced K̄^μ = k̄^μ/E_O, dχ = E_O dλ. In what follow, we consider a static observer and K̄^μ = (1, n̂). We note that the conformal distance to the source is not directly observable and we should express the convergence as a function of the redshift of the source [64]. Although one expects a small correction due to the perturbation of the redshift, the contribution of the redshift is neglected in this paper.

To see the contribution due to string segments, we should evaluate the stress-energy tensor of a string. In the conformal transformed spacetime, a convenient choice of the gauge is the transverse gauge. In this gauge, the stress-energy tensor can be described as [31] T^{μν} (r, η) = ∫ dσT̃^{μν} δ^3 (r − r_L(σ, η)) , (27)

where T̃_{μν} is given as

T̃^{μν} = μ ( 1 ṙ^k_L ṙ^l_L ṙ^k_Lṙ^l_L − r^k_L^′r^l_L^′ ) , (28)

and we have introduced the three-dimensional coordinate with the origin O as r and the embedding function of the string position as r_L = r_L(σ, η). We use the Latin indices starting from k with the range from 1 to 3 and the bold letters to label spacelike 3-vectors. The dot and the prime denote the derivative with respect to η and σ, respectively.

In Eq. (26), the energy-momentum tensor is properly evaluated along the line of sight n̂ in the following manner: Once the comoving distance χ measured from us is given, it fixes the comoving vector r = χn̂ and the conformal time η = η_0 − χ simultaneously. The Dirac delta function in the integral (27) then picks up the value of the string energy-momentum tensor T̃^{μν} at the possible intersection of the light ray and the string world sheet, (σ, η) = (σ_{lc}(χ, n̂), η_0 − χ), where

χn̂ = r_L(σ_{lc}(χ, n̂), η_0 − χ) . (29)

In this paper, we use the formalism proposed in [39] for the angular power spectrum due to cosmic (super- )strings. Since the observed sky map of the convergence due to string segments can appear as a superposition of those due to each segment, the total contributions of the convergence can be decomposed into each contribution of each string segment. In our treatment, we first introduce a segment index “(i)” to denote the contribution from each segment between last scattering surface (LSS) and the present. For simplicity, we also assume that the ith lens object is localized at χ = χ^{(i)}_L , namely, thin-lens approximation. Under this approximation, the distance between the observer and the i th lens object can be approximated as |r^{(i)}_L (σ_{lc}(χ, n̂), η_0 − χ)| ≈ χ^{(i)}_L . Hence, the stress-energy of the string network along the ray can be well approximated as T_{μν} (χn̂, η_0 − χ)K̄^μK̄^ν ≈ ∑ (i) 1 χ^{(i)}_L

Σ^{(i)}(n̂)δ ( χ − χ^{(i)}_L ) ,(30) where Σ^{(i)}(n̂) denotes integrated energy-momentum of the i th string observed by the CMB photon [66]:

Σ^{(i)}(n̂) ≈ ∫ dsμ^{(i)}_{proj}(s)δ ( n̂ − n̂^{(i)}_L (s) ) , (31)

where we have introduced the angular position of the i-th segment along the ray as n̂^{(i)}_L (s) ≡ r^{(i)}_L (χ^{(i)}_L s, η_0 − χ^{(i)}_L )/χ^{(i)}_L , the world sheet angular coordinate as ds = dσ_{lc}/χ^{(i)}_L and μ^{(i)}_{proj}(s) represents the projected energy density of the string segment, which is defined as

μ^{(i)}_{proj}(s) = μ

(1 + n̂^{(i)}_L · ṙ^{(i)}_L )^2 − (n̂^{(i)}_L · r^{(i)′}_L )^2

1 + n̂^{(i)}_L · ṙ^{(i)}_L

. (32)

The value of μ_{proj}(s) is normally of O(μ) and the thinlens approximation implies that the contributions from n̂^{(i)}_L · r^{(i)′}_L and n̂^{(i)}_L · ṙ^{(i)}_L are small. Then the projected energy density is well approximated as μ^{(i)}_{proj}(s) ≈ μ.

We note that the thin-lens approximation may not hold in the case of strings since strings are extended and move with relativistic speed. Let us estimate the range of parameters in which the thin-lens approximation is a valid approximation. Since a string segment can be treated as a lens object with a thickness ∼ ξ , the thin-lens conditions can be estimated as ξ/D^{(i)}_L ≪ 1 and ξ/D^{(i)}_{LS} ≪ 1 , where D^{(i)}_L = a(η_0 −χ^{(i)}_L )χ^{(i)}_L , D^{(i)}_{LS} = a(η_0 −χ_S)(χ_S −χ^{(i)}_L ) are the angular diameter distances from the i-th lens object to the observer and the source, respectively. In the matter-dominated era, the conditions constrain the range of the redshift of the segment as z^{(i)} ≫ 0.4(c̃P/0.23)^{1/2} .

To see the physical interpretation, we now switch to the physical spacetime. Substituting Eq. (30) into Eq. (26), we have κ(n̂) ≈ 4πGμ ∑ (i) D^{(i)}_{LS} D_S ∫ ds δ ( n̂ − n̂^{(i)}_L (s) ) ,(33)

where D_S = a(η_0−χ_S)χ_S is the angular diameter distance from the source to the observer. We can evaluate the harmonic coefficient of the convergence, κ_{ℓm}, as κ_{ℓm} = ∫ dn̂ κ(n̂) Y^∗_{ℓm}(n̂) ≈ ∑ (i) 4πGμ D^{(i)}_{LS} D_S ∫ dsY^∗_{ℓm} ( n̂^{(i)}_L )

≡ ∑ (i) κ^{(i)}_{ℓm} , (34)

and then the angular power spectrum of the convergence can be written as C^{κκ}_ℓ ≡ 1 2ℓ + 1 ∑ m ⟨| |κ_{ℓm}|^2 ⟩

= 1 2ℓ + 1 ∑ m [⟨ ∑ (i) | |κ^{(i)}_{ℓm} | |^2 ⟩ + ⟨ ∑ (i)≠(j) κ^{(i)}_{ℓm}κ^{(j)∗}_{ℓm} ⟩]

≡ C^{κκ:1seg} ℓ + C^{κκ:2seg} ℓ , (35)

For the string segments, the ensemble average can be replaced by averaging over the parameter space [39], ⟨ · · · ⟩ → N∏ i=1 [ 1 N ∫ dz^{(i)} dV dz^{(i)} ∫ dΘ^{(i)}_L · dn dΘ^{(i)}_L ] · · · ,(36)

where (dV/dz)dz is the differential comoving volume element at redshift z, (dn/dΘ_L) · dΘ_L is the comoving number density of string segments with the parameters in the range [Θ_L, Θ_L + dΘ_L]. Note that the total number of the segments can be rewritten as N = ∫ dz(dV/dz) ∫ (dn/dΘ_L) · dΘ_L.

Now the string segments are assumed to be distributed randomly between LSS and the present consistently with the string network model. This implies that there is no correlation between two different segments, ⟨κ^{(i)}_{ℓm}κ^{(j)∗}_{ℓm} ⟩ = 0 for (i) ≠ (j). Then, we can assume that the 1-segment contribution C^{κκ:1seg}_ℓ dominates the angular power spectrum. We should note that there may be nonzero contribution from the segment-segment correlation C^{κκ:2seg}_ℓ at large scale ℓ > 156(c̃P/0.23)^{−1/2} if we consider a more general string network [39]. However, the estimation of C^{κκ:2seg} ℓ is beyond the scope of the present paper and we will simply assume it is negligible. We hope to come back to this issue in a future publication [90]. Then, the power spectrum of the convergence can reduce to C^{κκ}_ℓ ≈ ∫_{zLSS}

z_{min} dz dV dz ∫ dΘ_L · dn dΘ_L

G^{κκ}_ℓ (Θ_L, z) , (37)

where we have introduced the minimum redshift z_{min} such that the optical depth becomes unity, namely τ ≈ γ ln(1 + z_{min}) = 1, namely z_{min} ≈ 0.5(c̃P/0.23)^{1/2} [44]. And G^{κκ}_ℓ represents the angular power spectrum due to each segment:

G^{κκ}_ℓ (Θ_L, z) = 1 2ℓ + 1 ∑ m | |κ^{(i)}_{ℓm}(Θ_L, z) | |^2

≈ π ( Gμ D_{LS}(z) D_S

)_2

× ∫ ds_1ds_2P_ℓ (n̂_L(s_1; Θ_L) · n̂_L(s_2; Θ_L)) , (38)

where P_ℓ(cos θ) is the Legendre function of the first kind and we have used the relation, ∑ m Y_{ℓm}(n̂_1)Y_{ℓm}(n̂_2) = (2ℓ + 1)P_ℓ(n̂_1 · n̂_2)/4π.

Assuming that a segment is uniformly distributed on the sky, we can set n̂_L(s_1)·n̂_L(s_2) = cos[|r^′_L|(s_1−s_2)], and we find that the dependence of the direction of the string segment disappears in Eq. (38). Hence, the average over the string configuration parameters can be replaced by the number density of the string network, namely ∫ dΘ_L · (dn/dΘ_L) → ξ^{−3} = H^3γ^3.

In our calculation, we consider only a segment of a long string with length ∼ ξ at each scattering. Therefore we take the range of integration over s_{1,2} as |r^′_L|s_{1,2} ≤

FIG. 1: The contributions to C^{κκ}_ℓ from logarithmic intervals of 1 + z, D^{κκ}_ℓ , in the units of (Gμ)^2 for P = 1. From top to bottom, z = 2, 10, 100, 500, and 1000.

FIG. 2: The same quantity as Fig. 1 but as a function of z for various values of ℓ. From top to bottom, ℓ = 2, 10, 10^2, 10^3, and 10^4.

ξ/D_L ≡ 1/ℓ_{co}, where ℓ_{co} is the angular scale corresponding to the correlation length of the segment. Then, G^{κκ}_ℓ in Eq. (38) reduces to

G^{κκ}_ℓ (z) = 2π ( Gμ D_{LS}(z)

D_S

)_2

× 1 |r^′_L|^2ℓ_{co}(z) ℓ ∫_{2ℓ/ℓco(z)} −2ℓ/ℓ_{co}(z) duP_ℓ(cos(u/ℓ)) . (39)

Once we set |ṙ_L| = v_{rms} and the Universe is assumed to be matter-dominated, we can calculate the angular power spectrum of the convergence by using Eqs. (37) and (39).

Let us introduce the redshift distribution of C^{κκ}_ℓ : C^{κκ}_ℓ = ∫_{zLSS}

z_{min} dz 1 + z

D^{κκ}_ℓ (z) . (40)

In Figs. 1 and 2, D^{κκ}_ℓ for P = 1 is plotted as functions of z and ℓ, respectively. We understand from these figures that the total amplitude mostly comes from the

FIG. 3: The all-sky total angular power spectrum C^{κκ}_ℓ with Gμ = 2 × 10^{−7} . The curves are, from bottom to top, for P = 1, 10^{−1}, 10^{−3}, and 10^{−6}. The gray dotted lines show the asymptotic behavior ∝ ℓ^{−1} for large ℓ. For comparison, the power spectrum of the convergence due to primordial scalar perturbations is shown by the black solid curve.

contributions of the segments at low redshifts, and the effect becomes more significant for lower multipoles. This is because of the weight factor (χ_S − χ)χ/χ_S in Eq. (26), which describes the fact that the contribution from χ ≈ χ_S/2, namely z ≈ 2.5, dominates the convergence field.

In order to investigate the dependence on the intercommuting probability P , the total angular power spectra of the convergence C^{κκ}_ℓ with various values of P are shown in Fig. 3. The typical amplitudes of the lensing power spectrum at ℓ = 10 are C^{κκ}_{ℓ=10} ≈ 6.0 × 10^2(Gμ)^2 for P = 1, 4.6 × 10^3(Gμ)^2 for P = 10^{−1}, 8.7 × 10^4(Gμ)^2 for P = 10^{−3}, and 3.0 × 10^6(Gμ)^2 for P = 10^{−6}.

The spectrum generally shows the inverse power-law behavior, ∝ ℓ^{−1}, on small scales, while it has a plateau on large scales. As P decreases, the spectrum grows and the transition to the inverse power-law occurs at smaller scale. Actually, the amplitude on small scales C^{κκ}_ℓ and transition multipole ℓ are found to be in proportion to P^{−1} and P^{−1/2} , respectively. These properties can be understood as follows: Because D^{κκ}_ℓ (z) ∝ ξ(z)^{−3} G^{κκ}_ℓ (z) , the dependence on ℓ is determined by G^{κκ}_ℓ (z) . Equation (39) implies that for small scales, ℓ > ℓ_{co}(z) , the integration over u gives a constant value; therefore, G^{κκ}_ℓ (z) is in proportion to ℓ^{−1}, while the dependence on ℓ becomes relatively weak for large scales, ℓ < ℓ_{co}(z) . Then integrating over z, we find that the transition of the spectrum to the inverse power-law occurs at ℓ_{co}(z_{LSS}), the P dependence of it being P^{−1/2} . One can also see that the dependence on P of the amplitude can be estimated as C^{κκ}_ℓ ∝ ξ^{−3} ℓ^{−1}_{co} ∝ P^{−1} .

IV. LENSED POWER SPECTRA FROM COSMIC (SUPER-)STRINGS

Lensing involves deflections that remap the temperature and polarization fields. The lensing effect is conventionally expressed as the change of the direction vector by an angular gradient of the scalar lensing potential ϕ:

n̂ → n̂ + ∇_{n̂} ϕ(n̂) , (41)

where ∇_{n̂} represents the angular derivative, i.e., the covariant derivative on the sphere, and ϕ is defined in terms of the convergence as

κ(n̂) = 1 2 ∇^2_{n̂} ϕ(n̂) . (42)

This expression is valid for scalar perturbations, but topological defects also generate vector and tensor perturbations, which lead to a curly part of the deflection angle; n̂ → n̂ + ∇_{n̂} ϕ + (∗∇_{n̂}) ϖ, where ∗ is the 90- degree rotation operator [79–83]. The estimation of the curly component is beyond the scope of the present paper and we will simply assume it is negligible. The effect of the curly component will be discussed in a forthcoming paper [84, 85]. A brief derivation of the lensed angular power spectra is described in the Appendix, assuming the shape of the deflection takes the form of Eq. (41). Substituting the previously obtained power spectrum of the lensing potential into Eqs. (A12), (A13), (A14), and (A15), one obtains the all-sky CMB power spectra.

Although the string-induced convergence power spectrum peaks at low multipoles, higher multipole modes of CMB are also induced by lower multipole modes of lensing via convolution. That is why we need to treat lensing with all-sky formalism rather than flat-sky approximation. In fact, numerical computations reveal that corrections to the flat-sky results amount to about 20% even on small scales.

Figures 4, 5, 6, and 7 respectively show the ΘΘ, ΘE, EE and BB angular power spectra induced by the gravitational lensing due to cosmic (super-)strings. For the string components, the normalization of the spectra is related to the string tension as C^{XX′}_ℓ ∝ (Gμ)^2, and we took Gμ = 2 × 10^{−7} for all the plots. In these figures one can see that the amplitude of the spectra increases as P decreases. This is because the smaller the probability P is, the larger the amplitude of the power spectrum of the induced scalar lensing potential is. For comparison, contributions from the inflationary density perturbations are also shown. The cosmological parameters are chosen to match the current CMB data [86].

For ΘΘ, ΘE, and EE, the differences between the lensed and unlensed spectra show the oscillatory behavior around zero, which is also seen in the case of the weak lensing due to primordial scalar perturbations [87]. For BB, in the large-scale limit the differences between the lensed and unlensed spectrum can be well approximated by white spectrum, namely C̃^{BB}_ℓ − C^{BB}_ℓ = constant. On

FIG. 4: The temperature angular power spectrum in the units of μK^2. All the curves, except the unlensed primordial spectrum in gray, represent the difference of the lensed spectra from the unlensed one. Parameters are, from bottom to top, P = 1 (red), 10^{−1} (orange), 10^{−3} (green), and 10^{−6} (blue), with Gμ = 2 × 10^{−7}. The solid and dashed curves mean the positive and negative value, respectively. The spectrum due to the primordial density perturbations is shown as the black curve for comparison.

FIG. 5: The ΘE polarization angular power spectrum in the units of μK^2. The meaning of the curves and parameters are the same as Fig. 4.

the other hand, an interesting feature observed in the small-scale limit is that the string-lensed BB spectra decay more slowly than that of the primordial scalar perturbations. Actually, the spectra are approximately in proportion to the angular power spectrum of the convergence, ℓ^2(C̃^{BB}_ℓ − C^{BB}_ℓ ) ∝ C^{κκ}_ℓ [69], and therefore we have that ℓ^2(C̃^{BB}_ℓ − C^{BB}_ℓ ) ∝ ℓ^{−1} (see Fig. 3). This characteristic power-law behavior will help us distinguish cosmic (super-)strings from other secondary effects. Even if the strings have only small tension, the string weak lensing could serve as the dominant source for the BB polarization on sufficiently small scales.

Because of how the amplitude depends on the intercommuting probability P , the tension of strings Gμ is more tightly constrained for smaller values of P . Re-

FIG. 6: The EE polarization angular power spectrum in the units of μK^2. The meaning of the curves and parameters are the same as Fig. 4.

FIG. 7: The BB polarization angular power spectrum in the units of μK^2 . The curves are, from bottom to top, the difference between the lensed and unlensed spectra for P = 1 (red), 10^{−1} (orange), 10^{−3} (green), and 10^{−6} (blue), with Gμ = 2 × 10^{−7}. The spectrum due to the primordial density perturbations is shown as the black curve for comparison. The unlensed primordial spectra due to inflationary tensor perturbation with r = 0.1 (not lensed by density perturbations) is shown by the gray solid line. For comparison, the spectrum with r = 0.01 is also shown by the gray solid line. The dotted lines in orange are the sensitivity curve of PLANCK, EPIC-2m [50], combined PLANCK+SPTPol [52], and LiteBIRD [53].

quiring the amplitude of the BB spectrum due to strings should be smaller than that due to the primordial perturbations at some ℓ yields upper limits on Gμ as a function of the probability P . Figure 8 shows constraints on Gμ at ℓ = 10^2, 10^3, 3 × 10^3, 5 × 10^3 and 10^4. Tighter constraints on Gμ can be obtained at larger ℓ’s because the small-scale BB spectra decay more slowly compared with that due to the primordial perturbations, as we discussed above.

In Fig. 8 we have also plotted the upper bounds on the tension obtained by the comparison of the predicted

FIG. 8: Constraints on Gμ as a function of intercommuting probability P obtained by requiring that the amplitude of the string-induced BB spectrum should be smaller than that of the primordial scalar perturbations at each ℓ . For comparison, the upper bound obtained by considering the small-scale CMB temperature fluctuations from the GKS effect is shown in black solid curve [39].

small-scale temperature fluctuations due to the string GKS effect with observations [39]. Although the constraints from the lensed B-mode are weaker than the upper bound on Gμ from the GKS effect and the lensing contribution of the cosmic (super-)string network would be too small to be detected, the delensing of the CMB may substantially improve the effectiveness of the Bmode as a probe of cosmic strings in the future experiments [88, 89].

V. SUMMARY

In this paper, we gave calculations of cosmic (super- )string contributions to the temperature and polarization anisotropies of the CMB induced by gravitational weak lensing. We developed a method to calculate the angular power spectrum of the convergence due to cosmic (super- )strings by using the segment formalism [39]. Using our method, we clarified the dependence of the string-induced CMB polarizations on the intercommuting probability of strings explicitly. Assuming that the power spectrum is dominated by Poisson-distributed string segments, we found that the contributions from segments located at low redshifts are dominant and low mutipole modes of lensing are essential even at high ℓ in CMB. Therefore, we had to treat lensing effects due to a cosmic string network in an all-sky formalism. The amplitude of the spectra increases as P decreases, because the smaller the probability P is, the larger the amplitude of the power spectrum of the induced scalar lensing potential is. An interesting feature observed in the small-scale limit is that the string-lensed spectra decay more slowly than that of the primordial scalar perturbations.

Let us argue an ambiguity in our calculation. The correlation between two different segments has not been well understood either analytically or numerically. Because the segment-segment correlation, if it exists, may not be negligible on large scale, the power spectrum of the scalar lensing potential may have additional modifications [39]. It would be interesting to compare with numerical simulations and study the large-angle behavior of power spectrum of the scalar lensing potential and the string-induced CMB polarizations.

It is also important to discuss lensing contributions to the CMB bispectrum. Lensing events lead to deviations from Gaussianity because a lensed spectrum is a nonlinear function of two nearly Gaussian fields. Equation (A7) implies the leading part of the bispectrum is in proportion to the cross-correlation between the temperature fluctuations and the lensing potential. For cosmic (super-)strings, nonzero cross-correlation is expected to exist between the integrated Sachs-Wolfe effect due to a straight string segment, i.e. GKS effect [29, 30], and the gravitational potential included in the lensing potential ϕ. The work along this direction is in progress [90].

Acknowledgments

We thank M. Hindmarsh, T. Namikawa, M. Sasaki, and A. Taruya for valuable comments and useful suggestions. We also thank T. Hiramatsu for useful discussion. This work was supported in part by Monbukagaku-sho Grant-in-Aid for the Global COE programs, “The Next Generation of Physics, Spun from Universality and Emergence” at Kyoto University and “Quest for Fundamental Principles in the Universe: from Particles to the Solar System and the Cosmos” at Nagoya University. KT is supported by Grant-in-Aid for Young Scientists (B) No. 23740179. DY was supported by Grant-in-Aid for JSPS Fellows No. 20-1117. CY is supported by Grantin-Aid for JSPS Fellows. YS was supported by JSPS Postdoctoral Fellowships for Research Abroad.

Appendix A: Lensed spectra

We describe a simple derivation of the lensed angular power spectrum using a series expansion in the deflection angle. We begin by reviewing the calculations for the temperature and polarization lensed power spectrum, following [87]. The CMB radiation field can be characterized by a 2 × 2 intensity matrix I_{ab}. The temperature fluctuation is given by Θ = (I_{11} + I_{22})/4, and the Stokes parameters Q and U are defined as Q = (I_{11} − I_{22})/4 and U = I_{12}/2. In CMB observations, the temperature fluctuations on the sky, Θ(n̂), can be decomposed into the multipole moments:

Θ(n̂) = ∑ ℓm Θ_{ℓm}Y_{ℓm}(n̂) . (A1)

Since the complex polarization fields,_±X(n̂) = Q(n̂) ± iU(n̂), behave as spin-2 quantities, they can be decomposed in the harmonic coefficients for the spin-2 fields: ±X(n̂) = ∑ ℓm ±X_{ℓm ±2}Y_{ℓm}(n̂) . (A2) where_{±2}Y_{ℓm} is the spin-2 spherical harmonics on the unit sphere. In particular, we can introduce the parity eigenstates: E_{ℓm} = 1 2 ( +X_{ℓm} +_−X_{ℓm} ) , (A3) B_{ℓm} = 1 2i ( +X_{ℓm} −_−X_{ℓm} ) . (A4)

The lensing effects are conventionally expressed by the angular gradient of the lensing potential ϕ:

n̂ → n̂ + ∇_{n̂} ϕ(n̂) . (A5)

Through the gravitational lensing of the matter perturbation, the temperature anisotropy of the CMB, Θ(n̂), becomes

Θ̃(n̂) ≡ Θ(n̂ + ∇_{n̂}ϕ)

≈ Θ(n̂) + ϕ(n̂)^{:a}Θ(n̂)_{:a} + 1 2 ϕ(n̂)^{:a}ϕ(n̂)^{:b}Θ(n̂)_{:ab} + · · · , (A6)

where the colon ( : ) denotes the covariant derivative with respect to the metric on the sphere, ω_{ab} . Then, the harmonic coefficients are described by the unlensed temperature fluctuations as [87]

Θ̃_{LM} = Θ_{LM} + ∑ ℓ,ℓ^′,m,m^′ ϕ_{ℓm}Θ_ℓ′_m′_0S^ϕ_{ℓℓ}′_L(−1)^M ( ℓ ℓ^′ L m m^′ −M )

+O ( ϕ^2 ) , (A7)

where ( ℓ ℓ^′ L m m^′ −M ) denotes the Wigner 3j symbols

and_sS^ϕ is described as sS^ϕ_{ℓℓ}′_L = 1 2 [ ℓ(ℓ + 1) + ℓ^′(ℓ^′ + 1) − L(L + 1) ]

× √ (2L + 1)(2ℓ + 1)(2ℓ^′ + 1) 4π ( L ℓ ℓ^′ s 0 −s ) ,(A8)

By following the same step as we did for the temperature fluctuations, the harmonic coefficients of the lensed complex Stokes parameters,_±X̃_{ℓm}, can be expand in the deflection angle as ±X̃_{LM} =_±X_{LM} + ∑ ℓ,ℓ^′,m,m^′ ϕ_{ℓm±}X_ℓ′_m′_{±2}S^ϕ_{ℓℓ}′_L(−1)^M ( ℓ ℓ^′ L m m^′ −M )

+O ( ϕ^2 ) , (A9) where_{±2}S^ϕ was defined in Eq. (A8).

Because of a statistical anisotropy, the power spectrum and cross correlations of these quantities are defined by ⟨ x^∗_{ℓm}x^′_ℓ′_m′ ⟩ = C^{xx′}_ℓ δ_{ℓℓ}′ δ_{mm}′ . (A10) where ⟨· · · ⟩ represents the ensemble average over the sky, x and x^′ can take on the values Θ ,E, B, and ϕ. Since the convergence field κ is directly related to the lensing potential ϕ through Eq. (42), the power spectrum for the lensing potential C^{ϕϕ}_ℓ can be written in terms of the power spectrum for the convergence C^{κκ}_ℓ as C^{ϕϕ}_ℓ = 4 ℓ^2(ℓ + 1)^2

C^{κκ}_ℓ . (A11)

Recalling_±X_{ℓm} = E_{ℓm} ±iB_{ℓm}, we have the lensed power spectra in terms of the power spectra of the unlensed fields, C^{ΘΘ}_ℓ , C^{ΘE}_ℓ , C^{EE}_ℓ and C^{BB}_ℓ , as [87]

C̃^{ΘΘ}_ℓ = { 1 − ℓ(ℓ + 1)R } C^{ΘΘ}_ℓ + ∑ ℓ_1ℓ_2

(_0S^ϕ_{ℓ1 ℓ2ℓ})^2

2ℓ + 1

C^{ϕϕ}_{ℓ1} C^{ΘΘ}_{ℓ2} , (A12)

C̃^{EE}_ℓ = { 1 − (ℓ^2 + ℓ − 4)R } C^{EE}_ℓ + ∑ ℓ_1 ℓ_2

(_2S^ϕ_{ℓ1 ℓ2ℓ})^2 2(2ℓ + 1) C^{ϕϕ}_{ℓ1}

× [ ( C^{EE}_{ℓ2} + C^{BB}_{ℓ2} ) + (−1)^{ℓ+ℓ1+ℓ2} ( C^{EE}_{ℓ2} − C^{BB}_{ℓ2} ) ] ,(A13)

C̃^{BB}_ℓ = { 1 − (ℓ^2 + ℓ − 4)R } C^{BB}_ℓ + ∑ ℓ_1ℓ_2

(_2S^ϕ_{ℓ1 ℓ2ℓ})^2 2(2ℓ + 1) C^{ϕϕ}_{ℓ1}

× [ ( C^{EE}_{ℓ2} + C^{BB}_{ℓ2} ) − (−1)^{ℓ+ℓ1+ℓ2} ( C^{EE}_{ℓ2} − C^{BB}_{ℓ2} ) ] ,(A14)

C̃^{ΘE}_ℓ = { 1 − (ℓ^2 + ℓ − 2)R } C^{ΘE}_ℓ + ∑ ℓ_1ℓ_2

(_0S^ϕ_{ℓ1 ℓ2ℓ})(_2S^ϕ_{ℓ1ℓ2ℓ}) 2ℓ + 1

C^{ϕϕ}_{ℓ1} C^{ΘE}_{ℓ2} , (A15) where

R = ∑ ℓ_1

ℓ_1(ℓ_1 + 1)

2ℓ_1 + 1 8π C^{ϕϕ}_{ℓ1} . (A16)

The gravitational lensing contributes to EE and BB spectrum mainly through partial conversion of the EE spectrum. Given the power spectra of the unlensed fields and lensing potential, one can calculate the lensed spectra.

[1] T. W. B. Kibble, J. Phys. A 9, 1387 (1976). [2] M. B. Hindmarsh and T. W. B. Kibble, Rept. Prog. Phys.

58, 477 (1995) [arXiv:hep-ph/9411342].

[3] L. Perivolaropoulos, Nucl. Phys. Proc. Suppl. 148, 128 (2005) [arXiv:astro-ph/0501590].

[4] R. Jeannerot, J. Rocher and M. Sakellariadou, Phys. Rev.

D 68, 103514 (2003) [arXiv:hep-ph/0308134]. [5] S. Sarangi and S. -H. H. Tye, Phys. Lett. B 536, 185 (2002) [arXiv:hep-th/0204074].

[6] N. T. Jones, H. Stoica and S. H. H. Tye, Phys. Lett. B 563, 6 (2003) [arXiv:hep-th/0303269].

[7] E. J. Copeland, R. C. Myers and J. Polchinski, JHEP 0406, 013 (2004) [arXiv:hep-th/0312067].

[8] G. Dvali and A. Vilenkin, JCAP 0403, 010 (2004) [arXiv:hep-th/0312007].

[9] S. Kachru, R. Kallosh, A. D. Linde, J. M. Maldacena,

L. P. McAllister, S. P. Trivedi, JCAP 0310, 013 (2003). [hep-th/0308055].

[10] J. Polchinski, arXiv:hep-th/0412244.

[11] J. Polchinski, Int. J. Mod. Phys. A 20, 3413 (2005) [AIP Conf. Proc. 743, 331 (2005)] [arXiv:hep-th/0410082].

[12] A. -C. Davis and T. W. B. Kibble, Contemp. Phys. 46, 313 (2005) [arXiv:hep-th/0505050].

[13] E. J. Copeland and T. W. B. Kibble, arXiv:0911.1345 [hep-th].

[14] M. Sakellariadou, Nucl. Phys. Proc. Suppl. 192-193, 68 (2009) [arXiv:0902.0569 [hep-th]].

[15] C. Ringeval, Adv. Astron. 2010, 380507 (2010) [arXiv:1005.4842 [astro-ph.CO]].

[16] M. Majumdar, arXiv:hep-th/0512062.

[17] E. J. Copeland, L. Pogosian and T. Vachaspati, arXiv:1105.0207 [hep-th].

[18] E. Witten, Phys. Lett. B 153, 243 (1985). [19] E. P. S. Shellard, Nucl. Phys. B 283 (1987) 624. [20] Matzner, R. A. 1988, Computers in Physics, 2, 51 [21] K. J. M. Moriarty, E. Myers and C. Rebbi, Phys. Lett.

B 207, 411 (1988).

[22] A. Achucarro and R. de Putter, Phys. Rev. D 74, 121701 (2006) [arXiv:hep-th/0605084].

[23] A. Achucarro and G. J. Verbiest, Phys. Rev. Lett. 105, 021601 (2010) [arXiv:1006.0979 [hep-th]].

[24] K. Hashimoto and D. Tong, JCAP 0509, 004 (2005) [arXiv:hep-th/0506022].

[25] M. Eto, K. Hashimoto, G. Marmorini, M. Nitta, K. Ohashi and W. Vinci, Phys. Rev. Lett. 98, 091602 (2007) [arXiv:hep-th/0609214].

[26] A. Hanany and K. Hashimoto, JHEP 0506, 021 (2005) [arXiv:hep-th/0501031].

[27] J. Polchinski, Phys. Lett. B 209, 252 (1988). [28] M. G. Jackson, N. T. Jones and J. Polchinski, JHEP 0510, 013 (2005) [arXiv:hep-th/0405229].

[29] N. Kaiser and A. Stebbins, Nature 310 (1984) 391. [30] J. R. I. Gott, Astrophys. J. 288 (1985) 422. [31] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge, England, 1994) [32] A. Vilenkin, Phys. Rev. Lett. 46, 1169 (1981) [Erratumibid. 46, 1496 (1981)].

[33] E. Komatsu et al., arXiv:1001.4538 [astro-ph.CO]. [34] R. Battye and A. Moss, Phys. Rev. D 82, 023521 (2010) [arXiv:1005.0479 [astro-ph.CO]].

[35] N. Bevis, M. Hindmarsh, M. Kunz and J. Urrestilla, Phys. Rev. D 82, 065004 (2010) [arXiv:1005.2663 [astroph.CO]].

[36] N. Bevis, M. Hindmarsh, M. Kunz and J. Urrestilla, Phys. Rev. Lett. 100, 021301 (2008) [arXiv:astroph/0702223].

[37] L. Pogosian, S. -H. H. Tye, I. Wasserman and M. Wyman, JCAP 0902, 013 (2009) [arXiv:0804.0810 [astro-ph]].

[38] A. A. Fraisse, C. Ringeval, D. N. Spergel and F. R. Bouchet, Phys. Rev. D 78, 043535 (2008) [arXiv:0708.1162 [astro-ph]].

[39] D. Yamauchi, K. Takahashi, Y. Sendouda, C. M. Yoo and M. Sasaki, Phys. Rev. D 82, 063518 (2010) [arXiv:1006.0687 [astro-ph.CO]].

[40] M. Hindmarsh, Astrophys. J. 431, 534 (1994) [arXiv:astro-ph/9307040].

[41] J. Dunkley et al., arXiv:1009.0866 [astro-ph.CO]. [42] J. W. Fowler et al. [The ACT Collaboration], arXiv:1001.2934 [astro-ph.CO].

[43] M. Lueker et al., [The SPT Collaboration] arXiv:0912.4317 [astro-ph.CO].

[44] K. Takahashi, A. Naruko, Y. Sendouda, D. Yamauchi, C. -M. Yoo and M. Sasaki, JCAP 0910, 003 (2009) [arXiv:0811.4698 [astro-ph]].

[45] D. Yamauchi, Y. Sendouda, C. -M. Yoo, K. Takahashi, A. Naruko and M. Sasaki, JCAP 1005, 033 (2010) [arXiv:1004.0600 [astro-ph.CO]].

[46] A. Gangui, L. Pogosian and S. Winitzki, Phys. Rev. D 64, 043001 (2001) [arXiv:astro-ph/0101453].

[47] M. Hindmarsh, C. Ringeval and T. Suyama, Phys. Rev.

D 80, 083501 (2009) [arXiv:0908.0432 [astro-ph.CO]]. [48] M. Hindmarsh, C. Ringeval and T. Suyama, Phys. Rev.

D 81, 063505 (2010) [arXiv:0911.1241 [astro-ph.CO]]. [49] [Planck Collaboration], arXiv:astro-ph/0604069. [50] D. Baumann et al. [CMBPol Study Team Collaboration],

AIP Conf. Proc. 1141, 10 (2009) [arXiv:0811.3919 [astroph]].

[51] M. D. Niemack, P. A. R. Ade, J. Aguirre, F. Barrientos, J. A. Beall, J. R. Bond, J. Britton and H. M. Cho et al., Proc. SPIE Int. Soc. Opt. Eng. 7741, 77411S (2010) [arXiv:1006.5049 [astro-ph.IM]].

[52] McMahon, J. J., Aird, K. A., Benson, B. A., et al. 2009, American Institute of Physics Conference Series, 1185, 511 [53] http://cmbpol.kek.jp/litebird/index.html [54] M. Kawasaki, K. Miyamoto and K. Nakayama, arXiv:1003.3701 [astro-ph.CO].

[55] N. Bevis, M. Hindmarsh, M. Kunz and J. Urrestilla, Phys. Rev. D 76, 043005 (2007) [arXiv:0704.3800 [astroph]].

[56] L. Pogosian and M. Wyman, Phys. Rev. D 77, 083509 (2008) [arXiv:0711.0747 [astro-ph]].

[57] U. Seljak, A. Slosar, Phys. Rev. D74, 063523 (2006).

[astro-ph/0604143].

[58] M. Wyman, L. Pogosian and I. Wasserman, Phys. Rev.

D 72, 023513 (2005) [Erratum-ibid. D 73, 089905 (2006)] [arXiv:astro-ph/0503364].

[59] L. Pogosian, S. H. H. Tye, I. Wasserman and M. Wyman, Phys. Rev. D 68, 023506 (2003) [Erratum-ibid. D 73, 089904 (2006)] [arXiv:hep-th/0304188].

[60] F. Bernardeau, C. Bonvin and F. Vernizzi, Phys. Rev. D 81, 083002 (2010) [arXiv:0911.2244 [astro-ph.CO]].

[61] S. Seitz, P. Schneider and J. Ehlers, Class. Quant. Grav.

11, 2345 (1994) [arXiv:astro-ph/9403056].

[62] N. Kaiser, Astrophys. J. 498, 26 (1998) [arXiv:astroph/9610120].

[63] R. D. Blandford, A. B. Saust, T. G. Brainerd and J. V. Villumsen, Mon. Not. Roy. Astron. Soc. 251 (1991) 600.

[64] M. Sasaki, Mon. Not. Roy. Astron. Soc. 228, 653-669 (1987).

[65] Sachs, R. 1961, Royal Society of London Proceedings Series A, 264, 309 [66] J. P. Uzan and F. Bernardeau, Phys. Rev. D 63, 023004 (2001) [arXiv:astro-ph/0004105].

[67] A. A. de Laix and T. Vachaspati, Phys. Rev. D 54, 4780 (1996) [arXiv:astro-ph/9605171].

[68] A. A. de Laix, Phys. Rev. D 56, 6193 (1997) [arXiv:astroph/9705223].

[69] A. Lewis and A. Challinor, Phys. Rept. 429, 1 (2006) [arXiv:astro-ph/0601594].

[70] V. Perlick, Living Rev. Rel. 7, 9 (2004).

[71] M. Bartelmann and P. Schneider, Phys. Rept. 340, 291 (2001) [arXiv:astro-ph/9912508].

[72] M. Sasaki, Prog. Theor. Phys. 90, 753 (1993). [73] R. M. Wald, General Relativity, University of Chicago Press, Chicago.

[74] C. J. A. Martins and E. P. S. Shellard, Phys. Rev. D 65, 043514 (2002) [arXiv:hep-ph/0003298].

[75] C. J. A. Martins and E. P. S. Shellard, Phys. Rev. D 54, 2535 (1996) [arXiv:hep-ph/9602271].

[76] A. Avgoustidis and E. P. S. Shellard, Phys. Rev. D 73, 041301 (2006) [arXiv:astro-ph/0512582].

[77] C. J. A. Martins, J. N. Moore and E. P. S. Shellard, Phys.

Rev. Lett. 92, 251601 (2004) [arXiv:hep-ph/0310255]. [78] M. Sakellariadou, JCAP 0504, 003 (2005) [arXiv:hepth/0410234].

[79] A. Cooray, M. Kamionkowski and R. R. Caldwell, Phys.

Rev. D 71, 123527 (2005) [arXiv:astro-ph/0503002].

[80] S. Dodelson, E. Rozo and A. Stebbins, Phys. Rev. Lett.

91, 021301 (2003) [arXiv:astro-ph/0301177].

[81] A. Cooray and W. Hu, Astrophys. J. 574, 19 (2002) [arXiv:astro-ph/0202411].

[82] C. M. Hirata and U. Seljak, Phys. Rev. D 68, 083002 (2003) [arXiv:astro-ph/0306354].

[83] A. Stebbins, arXiv:astro-ph/9609149.

[84] T. Namikawa, D. Yamauchi, A. Taruya, [arXiv:1110.1718 [astro-ph.CO]].

[85] D. Yamauchi, T. Namikawa and A. Taruya, arXiv:1205.2139 [astro-ph.CO].

[86] The cosmological parameters we have used are h = 0.7,

Ω_bh^2 = 0.0226, Ωch^2 = 0.114, Δ^2_R = 2.46 × 10^{−9} , ns = 0.96 and r = 0.1, with zero running of ns and spatial flatness assumed.

[87] W. Hu, Phys. Rev. D 62, 043007 (2000) [arXiv:astroph/0001303].

[88] U. Seljak, C. M. Hirata, Phys. Rev. D69, 043005 (2004).

[astro-ph/0310163].

[89] K. Sigurdson, A. Cooray, Phys. Rev. Lett. 95, 211303 (2005). [astro-ph/0502549].

[90] D. Yamauchi et al., in progress.