arXiv:1110.0738v1 [hep-th] 4 Oct 2011

Preprint typeset in JHEP style - PAPER VERSION October 2011

IFUM-982-FT

SCATTERING IN ABJ THEORIES

Marco S. Bianchi^∗, Matias Leoni^∗, Andrea Mauri^{†,#}, Silvia Penati^∗ and Alberto Santambrogio^#

∗Dipartimento di Fisica, Università di Milano–Bicocca and INFN, Sezione di Milano–Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy

†Dipartimento di Fisica dell’Università degli studi di Milano

# INFN, Sezione di Milano, via Celoria 16, I-20133 Milano, Italy

E-mail: marco.bianchi@mib.infn.it, matias.leoni@mib.infn.it,
andrea.mauri@mi.infn.it, silvia.penati@mib.infn.it,
alberto.santambrogio@mi.infn.it

Abstract: We study the correspondence between scattering amplitudes and Wilson loops in three–dimensional Chern–Simons matter theories. In particular, using N = 2 superspace formalism, we compute at one loop the whole spectrum of four–point superamplitudes for generic N ≥ 2 supersymmetric theories and find a vanishing result for N = 6 ABJ(M) and N = 8 BLG models. This restricts the possible range of theories for which Wilson loops/scattering amplitudes duality might work. At two loops, we present the computation of the four-point ABJ scattering amplitude for external chiral superfields. Extending the known result for the ABJM Wilson loop to the ABJ case we find perfect agreement. We also discuss the dual conformal invariance of our results and the relationship between the Feynman diagram computation and unitarity methods. While for the ABJM theory dual conformally invariant integrals exactly reproduce the amplitude, for the ABJ case this happens only up to a residual constant depending on the parity–violating parameter. Finally we propose a BDS–like exponentiation for the amplitude based on an analogy with the four dimensional N = 4 SYM case, and discuss its strong coupling dual counterpart.

Keywords: AdS/CFT, Chern–Simons matter theories, scattering amplitudes, Wilson loops.

Contents

1. Introduction 1

2. Generalities on ABJ theories 5

3. Light–like Wilson loops for ABJ theories 8

4. Four–point scattering amplitudes 10 4.1 Scattering at one–loop 12 4.2 Scattering at two loops 21

5. Discussion 28 5.1 Amplitudes/WL duality 28 5.2 Dual conformal invariance 29 5.3 BDS–like ansatz 34 5.4 The amplitude at strong coupling 36

A. Notations and conventions 39

B. Integrals in dimensional regularization 41 B.1 Tools 41 B.2 Bubbles 42 B.3 Triangles 43 B.4 Boxes 44

C. The basis of dual conformally invariant integrals 47

1. Introduction

Recently, new interest has been devoted to the study of the S–matrix for the non– trivial sector of three dimensional Chern–Simons–matter theories which allow for a string theory dual description. These are the well–known N = 6 superconformal ABJM model [1] for U(N)_K × U(N)_{−K} gauge group and the more general ABJ model [2] for

– 1 –

U(M)_K × U(N)_{−K} , where K is the Chern–Simons level. In the large M, N limit their strong dual description is given in terms of M–theory on AdS_4 × S^7/Z_K background and, for K ≪ N ≪ K^5, by a type IIA string theory on AdS_4 × CP_3.

The main motivation is to understand whether these theories, even if distinguished in nature being them non–maximally supersymmetric, share fundamental properties of the four dimensional N = 4 SYM theory, like integrability [3], Yangian symmetry [4] of the planar physical sector and (scattering amplitudes)/(Wilson loop (WL))/(correlation functions) dualities [8]–[13], [14]–[17]. While going deep into the nature of three dimensional theories, the investigation of these properties should help to understand their actual origin and the role of the AdS/CFT in their determination.

For the ABJM model, preliminary results can be already found in literature, concerning integrability [18]–[33], the related Yangian symmetry [34, 35] and dualities.

At classical level, scattering amplitudes have been shown to be invariant under dual superconformal symmetry [36, 37] whose generators are the level–one generators of a Yangian symmetry [34]. At strong coupling this symmetry should rely on self–duality properties of type IIA string on AdS_4 × CP_3 under a suitable combination of bosonic and fermionic T–dualities [38, 39], even if the situation is complicated by the emergence of singularities in the fermionic T–transformations [40]–[44]. Considerable progress in this direction has been recently done in [45].

At quantum level, first evidence of the existence of dualities and the persistence of dual conformal invariance comes from recent findings on scattering amplitudes, light– like WL and correlators of BPS operators at one and two loops.

At one loop both the four–point amplitude [46] and the light–like four–polygon WL [47, 48] vanish. For N = 2, 3, 6, 8 Chern–Simons–matter theories, correlation functions of 2n BPS operators have been computed [48]^1. It has been proved that the one–loop result divided by the corresponding tree level expression coincides with the one–loop light–like 2n–polygon WL [47]. The identification is at the level of the integrands, independently of the fact that both of them eventually vanish.

Less trivial evidence for a (scattering amplitude)/WL duality arises at two loops where these quantities are not supposed to vanish. Very recently, it has been proved that for the ABJM theory, at this order the four–point scattering amplitude [51, 52] divided by its tree–level counterpart coincides with the second order expansion of a light–like four–polygon Wilson loop [47].

1The result of [48] holds also for the N = 8 BLG theory [49, 50] described by SU(2)_K × SU(2)_{−K} Chern–Simons–matter theory in the large K limit. Enhancement to maximal supersymmetry could also be obtained for Chern–Simons levels K = 1, 2. However, these values are out of the perturbative regime and will not be considered.

– 2 –

In this paper we give details of the calculation for the four–point scattering amplitude up to two loops and extend the result to the more general ABJ theory.

Using N = 2 superspace description and a direct Feynman diagram approach, at one loop we compute the whole spectrum of four–point superamplitudes for N = 2, 3, 6, 8 Chern–Simons matter conformal field theories with U(M)×U(N) gauge group. The result is generically different from zero, except for the N = 6 ABJ(M) and N = 8 BLG cases where they all vanish. Suitably generalizing the definition of Wilson loop to the ABJ theory, we easily argue that it also vanishes at one loop. Therefore, we conclude that a (scattering amplitude)/WL duality may work only for the N ≥ 6 case, independently of the fact that conformal symmetry is present in all the theories we analyze.

Focusing on ABJ models, still using a direct Feynman diagram approach, we evaluate the two–loop planar scattering superamplitude of four chiral superfields, two of them in the bifundamental and two in the antibifundamental representation of the U(M) × U(N) gauge group. The result for the ratio M^{(2)}_4 ≡ A^{(2 loops)}_4 /A^{tree}_4 is

M^{(2)}_4 = λλ̂ [ − (s/μ^{′2})^{−2ϵ} (2 ϵ)^2 − (t/μ^{′2})^{−2ϵ} (2 ϵ)^2 + 1 2 ln^2 (s t ) + C_A(M, N) + O(ϵ) ] (1.1)

where λ = M/K, λ̂ = N/K, μ^′ is the mass scale and C_A(M, N) is a constant depending on the ranks of the groups. For M = N we are back to the result for the ABJM theory [51, 52].

This result has a number of remarkable properties.

First of all, up to an additive, scheme–dependent constant, this expression matches exactly the second order expansion of a ABJ light–like four–polygon Wilson loop, once the IR regularization is formally identified with the UV one and the particle momenta are expressed in terms of dual coordinates (s = x^2_{13} and t = x^2_4). Therefore, at least for the four–point amplitude, there is evidence that the following identity

ln M_4 = ln⟨W_4⟩ + const. (1.2)

should hold order by order in the perturbative expansion of the two objects.

The result (1.1) can be identified with the first order expansion of a BDS–like ansatz for the ABJ(M) model M_4 = e^{Div+ fCS (λ,} λ̂) 8 ( ln^2(^s_t )+^{4π2}_3 ) +C(λ,λ̂) (1.3)

where C(λ, λ̂) is a scheme–dependent constant. This ansatz is exactly the BDS ansatz [53, 54] for N = 4 SYM where the four dimensional scaling function has been substituted by the three dimensional one, f_{CS} (λ, λ̂), which is an obvious generalization of

– 3 – the ABJM scaling function obtained from the conjectured asymptotic Bethe equations [19].

In the N = 4 SYM case, the BDS exponentiation of scattering amplitudes holds also at strong coupling where, according to the Alday-Maldacena prescription [38], the amplitudes are given by the exponential of a minimal–area surface in the AdS_5 dual background ending on a light–like polygon, whose edges are determined by the particle momenta. In particular, since this prescription is equivalent to computing a light–like WL in AdS, it supports the amplitude/WL duality at strong coupling, in agreement with the findings at weak coupling.

The natural question which arises is whether a similar prescription at strong coupling can be formulated for the ABJ(M) models. Motivated by the evidence in favor of the amplitudes/WL duality at weak coupling and BDS exponentiation, we expect it to be the case. In fact, focusing on the ABJM theory in the intermediate regime K ≪ N ≪ K^5, we discuss the generalization of the Alday-Maldacena prescription to AdS_4 × CP_3. We find that, apart from a rigorous prescription for the regularization procedure in AdS that we have not formulated properly, the five dimensional solution can be adapted to the four dimensional case and the output is an expression for the four–point amplitude given by eq. (1.3) where the scaling function assumes its leading value at strong coupling, f_{CS} (λ) ∼ √ 2λ. For M = N, our result (1.1) coincides with the one in [51] obtained by making the ansatz that dual conformal invariance should hold also at loop level. Therefore our calculation supports that ansatz and provides a direct proof of the assumption that dual conformal invariance should be the correct symmetry principle to select the scalar master integrals contributing to the on–shell sector of the theory.

In fact, for the ABJM case, following [51] we can rewrite the result (1.1) as a linear combination of scalar momentum integrals which are dual to three dimensional true conformally invariant integrals, well defined off–shell. As a consequence, the four–point amplitude satisfies anomalous Ward identities associated to dual conformal transformations [8], as dual conformal invariance is broken in the on–shell limit by the appearance of IR divergences which require introducing a mass regulator.

For the ABJ model the situation is slightly complicated by the appearance of a non–trivial dependence on the parity–violating parameter σ = (M − N)/ √ MN in the mass–scale and in the constant C_A. In fact, for M ≠ N the two–loop ratio (1.1) can be still written as a linear combination of dual invariant integrals only up to an additive constant proportional to σ^2. Therefore, for the ABJ theory the dual conformal invariance principle combined with the unitarity cuts method is not sufficient to uniquely fix the amplitude already in the case of four external particles.

Having computed the two–loop amplitude by a genuine perturbative approach

– 4 – without any a priori ansatz on its form, we can investigate whether dual conformal properties can be detected even at the level of Feynman diagrams. We have then studied the two loop diagrams entering our calculation, out of the mass–shell and in three dimensions. Since in three dimensions dual conformal symmetry rules out bubbles, it is immediate to realize that, being some of our diagrams built by bubbles, it cannot work at the level of the integrand on every single diagram. A less stringent scenario could still allow for the possibility to see dual conformal invariance realized at the level of the integrals and after summation of all the contributions. We have made many numerical checks but the output is always negative: dual conformal invariance is definitively broken at the level of Feynman diagrams. However, this is not in contrast with what claimed before, since in three dimensions and in dimensional regularization the integrals do not have in general a smooth limit on the mass–shell.

The organization of the paper is the following. In Section 2 we briefly review the ABJ(M) theory in N = 2 superspace formalism. In Section 3 we define light–like Wilson loops for the ABJ theory by suitably generalizing the ones for ABJM, and compute the two–loop expansion for the four–cusp case. Section 4 contains our main results. There, we give details of the one–loop calculation of the four–point scattering amplitudes in N ≥ 2 theories and of the two–loop N = 6 ABJ amplitude for four chiral superfields. A detailed discussion of our results is given in Section 5 where we analyze the amplitude/WL duality and the related dual conformal invariance of the two–loop amplitude, we make a conjecture on its exponentiation and investigate the consequences on its strong coupling dual description. Perspectives and open questions are also highlighted. Three Appendices fix the notations and provide technical tools for carrying on the calculations.

2. Generalities on ABJ theories

In three dimensions, we consider N = 2 supersymmetric Chern–Simons theories for U(M) × U(N) gauge group, generically coupled to chiral matter. In N = 2 superspace the field content is organized into two vector multiplets (V, V̂ ) in the adjoint representation of the gauge groups U(M) and U(N) respectively, and four chiral multiplets A^i and B_i, i = 1, 2 , with A^i in the (M, N̄) and B_i in the (M̄, N) bifundamental representations.

We consider the action (for superspace conventions see Appendix A)

S = S_{CS} + S_{mat} (2.1)

– 5 – with

S_{CS} = ∫ d^3x d^4θ

∫_1 0 dt {K_1 4π T r [ V D^α ( e^{−tV} D_αe^{tV} ) ] + K_2 4π T r [ V̂ D^α ( e^{−tV̂} D_αe^{tV̂} ) ]}

S_{mat} = ∫ d^3x d^4θ T r ( Ā_ieV Aie−^^V + B̄ie^^V B_ie−V )

+ ∫ d^3x d^2θ T r [h_1(A^1B_1A^2B_2) + h_2(A^2B_1A^1B_2)] + h.c. (2.2)

Here h_i are two generic complex couplings, while K_1, K_2 are two independent integers as required by gauge invariance of the effective action. In the perturbative regime we take K_1, K_2 ≫ M, N.

For special values of the h_i’s we can have enhancement of global symmetries and/or R–symmetry with consequent enhancement of supersymmetry [55].

For K_1 = −K_2 ≡ K and h_1 = −h_2, the global symmetry becomes U(1)_R×SU(2)_A× SU(2)_B and gets enhanced to SU(4)_R for [1, 55]

h_1 = −h_2 = 4π/K (2.3)

For this particular value of the couplings we recover the N = 6 superconformal ABJ theory [2] and for N = M the ABJM theory [1].

Non–trivial fixed points can be found also for K_1 ≠ −K_2 [57, 58]. In the large M, N limit, choosing

h_1 = −h_2 = 4π √ 1 K^2_1 + 1 K^2_2 + 1 K_1K_2

(2.4)

we find N = 2 superCFT’s with SU(2)_A × SU(2)_B global symmetry. These theories are dual to string backgrounds where a Romans mass has been turned on [56].

More generally, we can take h_1 ≠ −h_2 satisfying in the large M, N limit

|h_1|^2 + |h_2|^2 = 32π^2 ( 1 K^2_1 + 1 K^2_2 + 1 K_1K_2 ) (2.5)

This corresponds to a set of N = 2 superCFT’s with U(1)_A × U(1)_B global symmetry.

The quantization of these theories can be easily carried on in superspace after performing gauge fixing (for details, see for instance [57, 58, 59]). In dimensional regularization, d = 3 − 2ϵ, and using Landau gauge, this leads to gauge propagators

– 6 –

(in configuration and momentum spaces)

⟨V^A(1) V^B (2)⟩ = 1 K_1

Γ(1/2 − ϵ) π^{1/2−ϵ} D^αD_α δ^4(θ_1 − θ_2) |x_1 − x_2|^{1−2ϵ} δ^{AB} −→ 4π K_1 1 p^2

D^αD_α δ^4(θ_1 − θ_2) δ^{AB}

⟨V̂^A(1) V̂^B (2)⟩ = 1 K_2

Γ(1/2 − ϵ) π^{1/2−ϵ} D^αD_α δ^4(θ_1 − θ_2) |x_1 − x_2|^{1−2ϵ} δ^{AB} −→ 4π K_2 1 p^2

D^αD_α δ^4(θ_1 − θ_2) δ^{AB} (2.6)

Analogously, the scalar propagators are

⟨Ā^â_a(1) A^b_{b̂}(2)⟩ =

Γ(1/2 − ϵ) 4π^{3/2−ϵ} δ^4(θ_1 − θ_2) |x_1 − x_2|^{1−2ϵ} δ^â_{b̂} δ^b_a −→ 1 p^2 δ^4(θ_1 − θ_2) δ^â_{b̂} δ^b_a

⟨B̄^a_â(1) B^{b̂}_b(2)⟩ =

Γ(1/2 − ϵ) 4π^{3/2−ϵ} δ^4(θ_1 − θ_2) |x_1 − x_2|^{1−2ϵ} δ^a_b δ^{b̂}_â −→ 1 p^2 δ^4(θ_1 − θ_2) δ^a_b δ^{b̂}_â (2.7)

where a, b and â, b̂ are indices of the (anti)fundamental representation of U(M) and U(N), respectively.

The vertices needed for loop calculations can be easily read from the action (2.2) when expanded in powers of (V, V̂ ) up to the desired order.

The renormalization of the effective action e^Γ ≡ ∫ e^S , has been studied up to two loops in Refs. [57, 58] using dimensional regularization with dimensional reduction (see also [60]). At one loop, there are only finite corrections to the gauge quadratic action which in the large M, N limit read

Γ^{(1)}_{gauge} = G[1, 1] ( N − M 4 ) ∫ d^3p (2π)^3 d^4θ T r ( V (p) D^αD^2D_α |p|^{1+2ϵ} V (−p) )

Γ̂^{(1)}_{gauge} = G[1, 1] ( M − N 4 ) ∫ d^3p (2π)^3 d^4θ T r ( V̂ (p)D α D^2D_α |p|^{1+2ϵ} V̂ (−p) ) (2.8)

where the G function is defined in (B.1). At two loops, UV divergences appear which lead to non–trivial beta–functions. The condition for them to vanish determines the conformal fixed points listed in Eqs. (2.3, 2.4, 2.5).

– 7 –

3. Light–like Wilson loops for ABJ theories

The four–cusp Wilson loop for ABJM theory with U(N) × U(N) gauge group proposed in [61, 47] is

⟨W_4⟩_{ABJM} = 1 2N { T re^{i ∫γ Aμ d zμ} + T re^{i ∫γ Âμ d zμ} } (3.1)

where γ is a light–like four–polygon closed path.

The perturbative evaluation has revealed that this expression vanishes at one loop, while at two loops it gets non–trivial contributions both from the gauge and the matter sectors [47]. In the large N limit one can write

⟨W_4⟩^{(2)}_{ABJM} = N^2 [ ⟨W_4⟩^{(2)}_{CS} + ⟨W_4⟩^{(2)}_{matter} ] (3.2)

where, up to O(ϵ) terms,

⟨W_4⟩^{(2)}_{CS} = − 1 K^2 [ 1 2 ln 2

(x^2_{13} πe^{γE} μ^2)^{2ϵ} + (x^2_4 πe^{γE} μ^2)^{2ϵ} ϵ + 1 4 (a_6 − 8 ln 2 − π^2) ] (3.3)

a_6 being a constant determined numerically (see Ref. [47]), and ⟨W_4⟩^{(2)}_{matter} = − 1 K^2 [ (x^2_{13} 4πe^{γE} μ^2 )^{2ϵ} (2ϵ)^2 + (x^2_4 4πe^{γE} μ^2 )^{2ϵ} (2ϵ)^2 − 1 2 ln^2 ( x^2_{13} x^2_4 ) − π^2 4 ] (3.4)

Here γ_E is the Euler constant. Summing the two contributions, one obtains

⟨W_4⟩^{(2)}_{ABJM} = λ^2 [ − (x^2_{13} μ^2_{W L})^{2ϵ}

(2ϵ)^2 − (x^2_4 μ^2_{W L})^{2ϵ}

(2ϵ)^2 + 1 2 ln^2 ( x^2_{13} x^2_4 ) + C ] (3.5)

where λ ≡ N/K, μ^2_{W L} = 8πe^{γE} μ^2 and

C = 3ζ_2 + 2 ln 2 + 5 ln^2 2 − a_6 4 (3.6)

We generalize the definition (3.1) to the larger class of ABJ models, taking into account the possibility for the two gauge groups to have different ranks.

It is convenient to introduce two ’t Hooft couplings λ = M/K and λ̂ = N/K. It follows that the perturbative parameter is λ̄ = √ λλ̂, while σ = λ − λ̂ λ̄ , (3.7)

measures the deviation from the ABJM theory.

– 8 –

For gauge group U(M) × U(N) we consider

⟨W_4⟩^{(2)}_{ABJ} = 1 2M T r_{U(M)}e^{i ∫γ Aμ d zμ} + 1 2N T r_{U(N)}e^{i ∫γ Âμ d zμ} (3.8) Following Ref. [47], it is immediate to realize that this expression is still vanishing at one loop, as this result is independent of the choice of the gauge group.

At two loops, the contributing diagrams are the same as in the ABJM case, but with different color coefficients. Generalizing the calculation of [47], in the large M, N limit we obtain

⟨W_4⟩^{(2)}_{ABJ} = 1 2 (M^2 + N^2) ⟨W_4⟩^{(2)}_{CS} + MN ⟨W_4⟩^{(2)}_{matter} (3.9)

where ⟨W_4⟩^{(2)}_{CS} and ⟨W_4⟩^{(2)}_{matter} are still given in eqs. (3.3) and (3.4), respectively.

Inserting their explicit expressions and rescaling the regularization parameter as

μ^{′ 2}_{W L} = 2^{3+σ2 /2} π e^{γE} μ^2 (3.10)

up to terms of order ϵ, the final answer reads

⟨W_4⟩^{(2)}_{ABJ} = λ̄^2 { − (x^2_{13} μ^{′ 2}_{W L})^{2ϵ} (2ϵ)^2 − (x^2_4 μ^{′ 2}_{W L})^{2ϵ} (2ϵ)^2 + 1 2 ln^2 ( x^2_{13} x^2_4 ) + C^′ } (3.11)

where

C^′ = 3 4 (σ^2 + 4) ζ_2 + (σ^2 + 2) ln 2 − σ^2 + 2 8 a_6 +

(σ^2 + 2)(σ^2 + 10) 4 ln^2 2 (3.12)

It is straightforward to check that taking σ → 0, the above expression reduces to the result (3.5) for the Wilson loop in ABJM, rescaling (3.10) and constant (3.12) included.

It is interesting to note that another possible candidate for the Wilson loop in ABJ theory is

⟨W_4⟩_{ABJ} = 1 M + N { T r_{U(M)}e^{i ∫γ Aμ d zμ} + T r_{U(N)}e^{i ∫γ Âμ d zμ} } (3.13)

This naturally arises when writing the gauge field as a (M + N) × (M + N) square matrix, A = diag(A, Â).

It is easy to realize that this other expression is still one–loop vanishing. At two loops, it is given by a slightly different combination of the expressions (3.3, 3.4)

⟨W_4⟩^{(2)}_{ABJ} = 1 M + N { (M^3 + N^3) ⟨W_4⟩^{(2)}_{CS} + (M^2 N + N^2 M) ⟨W_4⟩^{(2)}_{matter} }

= (M^2 − MN + N^2) ⟨W_4⟩^{(2)}_{CS} + MN ⟨W_4⟩^{(2)}_{matter} (3.14)

– 9 –

However, provided that we define

μ^{′′ 2}_{W L} = 2^{3+σ2} π e^{γE} μ^2 (3.15)

the calculation leads exactly to the same result as before

⟨W_4⟩^{(2)}_{ABJ} = λ̄^2 { − (x^2_{13} μ^{′′ 2}_{W L})^{2ϵ} (2ϵ)^2 − (x^2_4 μ^{′′ 2}_{W L})^{2ϵ} (2ϵ)^2 + 1 2 ln^2 ( x^2_{13} x^2_4 ) + C^{′′} } (3.16)

where now C^{′′} = 3 2 (σ^2 + 2) ζ_2 + 2(σ^2 + 1) ln 2 − σ^2 + 1 4 a_6 + (σ^2 + 1)(σ^2 + 5) ln^2 2 (3.17)

Again, taking σ → 0 we are back to the ABJM result (3.5).

Up to two loops, the two definitions (3.8) and (3.13) for the Wilson loop in ABJ theory differ only by the choice of the mass scale and the scheme–dependent C constants. At this stage we do not have any tool to discriminate between the two.

4. Four–point scattering amplitudes

In Chern–Simons matter theories the only non–trivial scattering amplitudes are scalar matter amplitudes, as the vector fields are not propagating. In N = 2 superspace language this means having A, B and their complex conjugates as external superfields. Given the structure of the vertices, it is straightforward to see that only amplitudes with an even number of external legs are non–vanishing. This is consistent with the requirement for the amplitudes to be Lorentz and dilatation invariant [36].

Each external scalar particle carries an on–shell momentum p_{αβ} (p^2 = 0), a SU(2) index and color indices corresponding to the two gauge groups. We classify as particles the ones carrying (M, N̄) indices and antiparticles the ones carrying (M̄, N) indices. Therefore, (A^i, B̄^j) are particles, whereas (B_i, Ā_j) are antiparticles.

We are interested in the simplest non–trivial amplitudes, that is four–point amplitudes. These are chiral superamplitudes (A^iB_j A^kB_l) and non–chiral superamplitudes (A^iĀ_jA^kĀ_l), (B_iB̄^j B_kB̄^l), (A^iĀ_jB̄^kB_l) plus possible permutations. While for the ABJ(M) theories they can all be obtained from (ABAB) by SU(4) R–symmetry transformations, for more general N = 2 models they are independent objects and need be computed separately.

The color indices can be stripped out, as we can write

A_4 ( X^{a1}_{ā1} Y^{b̄2}_{b2} Z^{a3}_{ā3} W^{b̄4}_{b4} ) = ∑ σ A_4(σ(1), · · · , σ(4)) δ^{aσ(1)}_{bσ(2)} δ^{b̄σ(2)}_{āσ(3)} δ^{aσ(3)}_{bσ(4)} δ^{b̄σ(4)}_{āσ(1)} (4.1)

– 10 – where (X, Z) stay generically for A or B̄, (Y, W ) for B or Ā and the sum is over exchanges of even and odd sites between themselves. We can then restrict to color– ordered amplitudes A_4(σ(1), · · · , σ(4)) with a fixed order of the external momenta.

We compute amplitudes perturbatively, by a direct superspace Feynman diagram approach. Precisely, for four–point amplitudes, we evaluate the effective action quartic in the scalar matter superfields. Since in a scattering process the external fields are on– shell, it is sufficient to evaluate the on–shell effective action. This amounts to require the external superfields to satisfy the equations of motion (EOM)^2

D^2A^i = D^2B_i = 0 , D^2Ā_i = D^2B̄^i = 0 (4.2)

from which further useful equations follow

i∂^{αβ} D_βA^i = i∂^{αβ} D_β B_i = 0 , i∂^{αβ} D_βĀ_i = i∂^{αβ} D_βB̄^i = 0 (4.3)

In principle, setting the external superfields on–shell might cause problems when IR divergences appear in loop integrals. We dimensionally regularize these divergences working in D = 3 − 2ϵ dimensions, while keeping spinors and ϵ_{ijk} tensors strictly in three dimensions. We then use the prescription to set the external superfields on–shell at finite ϵ.

To summarize, the general strategy is the following: For a given process and at a given order in loops we draw all super–Feynman diagrams with four external scalar superfields. The corresponding contribution will be the product of a color/combinatorial factor times a function of the kinematic variables. We work in the large M, N limit and perturbatively in λ = M/K_1 and λ̂ = N/K_2. To determine the kinematic function, we perform D–algebra to reduce superdiagrams to a linear combination of ordinary momentum integrals. This is achieved by integrating by parts spinorial derivatives coming from vertices and propagators and using the algebra (A.12) up to the stage where only one factor D^2D^2 for each loop is left. This procedure is highly simplified by the on–shell conditions (4.2, 4.3) on the external superfields. We then evaluate momentum integrals in dimensional regularization by using standard techniques (Feynman parametrization and Mellin-Barnes integrals).

In momentum space the external superfields carry outgoing momenta (p_1, p_2, p_3, p_4), with p^2_i = 0 and ∑ i p_i = 0. At the level of the effective action we are allowed to conveniently rename the external momenta, since the p_i’s are integrated. When evaluating

2The actual EOM as derived from the action (2.2) would be D^2A^1 = −h̄_1B̄^2Ā_2B̄^1 − h̄_2B̄^1Ā_2B̄^2, D^2A^2 = −h̄_1B̄^1Ā_1B̄^2 − h̄_2B̄^2Ā_1B̄^1 plus their hermitian conjugates, and similarly for the B fields. However, being us interested in the quartic terms of the effective action, we can safely approximate the EOM as in (4.2).

– 11 – the amplitude, the total contribution from every single graph will be given by the sum over all possible permutations of the external legs accounting for the different scattering channels.

Mandelstam variables are defined as s = (p_1 + p_2)^2, t = (p_1 + p_4)^2, u = (p_1 + p_3)^2.

4.1 Scattering at one–loop

For a generic N = 2 model described by the action (2.2), we first concentrate on the chiral amplitudes (A^iB_jA^kB_l).

At tree level and one loop the corresponding contributions are depicted in Fig. 1 where the four–point interaction comes from the superpotential term in (2.2).

Figure 1: Diagrams contributing to the tree level and one–loop four–point chiral scattering amplitude.

The tree–level amplitudes as coming from Fig. 1(a) are simply given by

A^{tree}_4 (A^1(p_1), B_1(p_2), A^2(p_3), B_2(p_4)) = h_1 A^{tree}_4 (A^1(p_1), B_2(p_2), A^2(p_3), B_1(p_4)) = h_2 (4.4)

At one loop, we need evaluate diagram 1(b). Performing on–shell D–algebra and going to momentum space, the corresponding term in the effective action turns out to be proportional to ∫ d^4θ T r(A^i(p_1)B_j(p_2)D^αA^k(p_3)D^βB_l(p_4)) × ∫ d^{3−2ϵ}k (2π)^{3−2ϵ}

(k + p_4)_{αβ} k^2(k − p_3)^2(k + p_4)^2 ϵ→0−−→ 1 8 ∫ d^4θ T r(A^i(p_1)B_j (p_2)D^αA^k(p_3)D^βB_l(p_4))

(p_4 − p_3)_{αβ} |p_3 + p_4|^3

(4.5)

where in the second line we have used the results (B.10, B.11) for the scalar and vector–like triangles in dimensional regularization.

Now, using the on–shellness conditions (4.3), which in the case under exam read p^{αβ}_3 D_αA^k(p_3) = 0 and p^{αβ}_4 D_βB_l(p_4) = 0, it is easy to see that the final result is zero. Since the same pattern occurs for all the permutations of the external momenta, we

– 12 – conclude that the chiral four–point amplitude is one–loop vanishing. This occurs not only in the planar limit, but also for any finite value of M, N.

Notably, the one–loop vanishing of the effective action, quartic in the chiral superfields, can be proved to be true even off–shell [59].

We now consider non–chiral amplitudes of the type (A^iĀ_j A^kĀ_l). For generic N = 2 superCFT’s we do not expect them to be related to the chiral amplitudes. Therefore, a priori there is no reason to expect them to vanish.

The relevant diagrams for these amplitudes are listed in Fig. 2.

Figure 2: One–loop diagrams contributing to non–chiral amplitudes (A^iĀ_j A^kĀ_l).

For each graph we compute the corresponding color/combinatorial factor and perform on–shell D–algebra. We list the results valid for M, N finite (for the time being, no large M, N limit is taken). Since we work at the level of the effective action, an

– 13 – overall integral over p_i momenta is understood. We also neglect an overall (4π)^2 coming from the gauge propagators (2.6).

Diagram 2(a) : This is the only diagram which involves the chiral interaction vertices proportional to h_1, h_2. In this case D–algebra is trivial and the resulting color structure gives only double traces. Exploiting the possibility to relabel the integrated momenta, the result can be written in a quite compact form

2(a) = 1 32π^2 ∫ d^4θ { (|h_1|^2 + |h_2|^2) T r(A^i(p_1)Ā_i(p_2)) T r(A^j (p_4)Ā_j (p_3)) (4.6)

+(h_1h̄_2 + h_2h̄_1) T r(A^i(p_1)Ā_j (p_3)) T r(A^j(p_4)Ā_i(p_2)) −|h_1 + h_2|^2 T r(A^i(p_1)Ā_i(p_2)) T r(A^i(p_4)Ā_i(p_3)) } B(p_1 + p_4)

where B(p_1+p_4) is the bubble integral defined in (B.8). Repeated indices are understood to be summed.

Diagram 2(b) : In this case the result is a linear combination of single and double traces. Single traces are associated with planar graphs and are leading in the large M, N limit. D–algebra is easily performed and leads to

2(b) = ∫ d^4θ { − M 4K^2_1

T r(A^i(p_1)Ā_i(p_2)A^j(p_4)Ā_j(p_3)) (4.7) − N 4K^2_2

T r(A^i(p_1)Ā_j (p_3)A^j (p_4)Ā_i(p_2)) − ( 1 4K^2_1 + 1 4K^2_2 ) T r(A^i(p_1)Ā_i(p_2)) T r(A^j (p_4)Ā_j (p_3)) − 1 K_1K_2

T r(A^i(p_1)Ā_j(p_3)) T r(A^j (p_4)Ā_i(p_2)) } B(p_1 + p_2)

Diagram 2(c) : With a convenient choice for the internal momentum, this diagram

– 14 – gives rise to

2(c) = ∫ d^4θ { M 2K^2_1

T r(D^αA^i(p_1)D^βĀ_i(p_2)A^j(p_4)Ā_j(p_3)) + N 2K^2_2

T r(D^αA^i(p_1)Ā_j (p_3)A^j (p_4)D^βĀ_i(p_2)) + ( 1 2K^2_1 + 1 2K^2_2 ) T r(D^αA^i(p_1)D^βĀ_i(p_2)) T r(A^j (p_4)Ā_j(p_3)) + 2 K_1K_2

T r(D^αA^i(p_1)Ā_j(p_3)) T r(A^j(p_4)D^βĀ_i(p_2)) }

× ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k_{αβ} k^2(k − p_1)^2(k + p_2)^2

(4.8)

where D–algebra requires integrating two spinorial derivatives on the external fields.

Using the result (B.11) for the vector–like triangle in dimensional regularization, this contribution vanishes due to the equations of motion (4.3) p^{αβ}_1 D_αA(p_1) = 0 and p^{αβ}_2 D_βĀ(p_2) = 0.

Diagram 2(d) : This is the first case where on–shell D–algebra and repeated use of the equations of motion allow for a drastic simplification of the final result. We give few details of the calculation.

Computing the color factors we obtain only double trace structures. After performing D–algebra we are led to

∫ d^4θ {( 1 2K^2_1 + 1 2K^2_2 ) T r ( D^αA^i(p_1)D^βĀ_i(p_2) ) T r ( D^γ A^j(p_4)D^δĀ_j (p_3) )

− 1 K_1K_2 T r ( D^αA^i(p_1)D^δĀ_j (p_3) ) T r ( D^γ A^j (p_4)D^βĀ_i(p_2) )}

× ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k_{αγ} k_{βδ} k^2(k + p_1)^2(k + p_1 + p_4)^2(k − p_2)^2

(4.9)

We first integrate by parts the D^β derivative. Using the equations of motions (4.2,4.3)

– 15 – we obtain ∫ d^4θ {( 1 2K^2_1 + 1 2K^2_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( D^γ A^j (p_4)D^δĀ_j(p_3) )

− 1 K_1K_2 T r ( A^i(p_1)D^δĀ_j (p_3) ) T r ( D^γ A^j(p_4)Ā_i(p_2) )}

× ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} p^{αβ}_1 k_{αγ} k_{βδ} k^2(k + p_1)^2(k + p_1 + p_4)^2(k − p_2)^2 − {( 1 2K^2_1 + 1 2K^2_2 ) T r ( D^αA^i(p_1)Ā_i(p_2) ) T r ( A^j(p_4)D^δĀ_j (p_3) )

+ 1 K_1K_2 T r ( D^αA^i(p_1)D^δĀ_j(p_3) ) T r ( A^j (p_4)Ā_i(p_2) ) }

× ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} p^{βγ}_4 k_{αγ} k_{βδ} k^2(k + p_1)^2(k + p_1 + p_4)^2(k − p_2)^2

(4.10)

We concentrate on the first integral. The numerator can be rewritten as

p^{αβ}_1 k_{αγ} k_{βδ} = p^{αβ}_1 [ k_{δγ} k_{βα} − k^2C_{δα}C_{βγ} ] = (k + p_1)^2k_{γδ} − k^2(k + p_1)_{γδ} (4.11)

Now, simplifying the squares at numerator against the ones at denominators we are left with a linear combination of scalar and vector–like triangle integrals. Exploiting the fact that in dimensional regularization the scalar triangle is zero, while the vector– like one is proportional to a bubble integral (see Appendix B), the first term in (4.10) reduces to ∫ d^4θ {( 1 2K^2_1 + 1 2K^2_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( D^γ A^j (p_4)D^δĀ_j(p_3) ) (4.12) − 1 K_1K_2 T r ( A^i(p_1)D^δĀ_j (p_3) ) T r ( D^γ A^j (p_4)Ā_i(p_2) )} × (p_2)_{γδ} (p_1 + p_4)^2

B(p_1 + p_4)

where equations of motion and momentum conservation have been used. Now, integrating by parts the D^δ derivative and using on–shell conditions, it can be further simplified to ∫ d^4θ {( 1 2K^2_1 + 1 2K^2_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( A^j (p_4)Ā_j (p_3) ) (4.13) + 1 K_1K_2 T r ( A^i(p_1)Ā_j (p_3) ) T r ( A^j (p_4)Ā_i(p_2) ) } × (p_2 + p_4)^2 (p_1 + p_4)^2

B(p_1 + p_4)

We can apply the same tricks to the second integral in eq. (4.10). After a bit of algebra, we obtain a similar expression which, summed to the rest, leads to the final expression

– 16 – for the box diagram 2(d) in terms of a linear combination of bubbles

2(d) = ∫ d^4θ {( 1 2K^2_1 + 1 2K^2_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( A^j (p_4)Ā_j (p_3) ) (4.14) + 1 K_1K_2 T r ( A^i(p_1)Ā_j(p_3) ) T r ( A^j (p_4)Ā_i(p_2) ) } × [B(p_1 + p_2) − B(p_1 + p_4)]

Diagram 2(e) : The result for this diagram reads

2(e) = − ∫ d^4θ { M 2K^2_1 T r ( A^i(p_1)Ā_i(p_2)D^αA^j (p_4)D^βĀ_j (p_3) ) (4.15) − N 2K^2_2 T r ( A^i(p_1)D^βĀ_j (p_3)D^αA^j (p_4)Ā_i(p_2) )

− 1 K_1K_2 T r ( A^i(p_1)D^βĀ_j (p_3) ) T r (¯ A_i(p_2)D^αA^j (p_4) ) }

× (p_2)^γ_α ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k^δ_γ (k + p_1 + p_3)_{δβ} k^2(k + p_1)^2(k + p_1 + p_3)^2(k − p_2)^2

Elaborating its numerator, the integral can be rewritten as ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k^2C_{βγ} + k^δ_γ (p_1 + p_3)_{δβ} k^2(k + p_1)^2(k + p_1 + p_3)^2(k − p_2)^2

= C_{βγ} T (p_3, p_4)+(p_1 +p_3)_{δβ} Q_V^δ_γ (4.16)

As proved in Appendix B, the triangle and vector–like box integrals are O(ϵ) in dimensional regularization (see eqs. (B.10, B.26)). Therefore, this diagram can be discarded when ϵ → 0.

Diagram 2(f) : We now consider 1P–reducible diagrams. For graph 2(f) using the one–loop correction to the gauge propagator given in eq. (2.8) we obtain ∫ d^4θ { 1 K^2_1 ( N − M 4 ) T r ( D^αA^i(p_1)Ā_i(p_2)A^j(p_4)D^βĀ_j (p_3) ) (4.17) + 1 K^2_2 ( M − N 4 ) T r ( Ā_i(p_2)DαAi(p_1)D^βĀ_j(p_3)Aj(p_4) )

+ ( 1 4 K^2_1 + 1 4 K^2_2 + 2 K_1K_2 ) T r ( D^αA^i(p_1)Ā_i(p_2) ) T r ( A^j (p_4)D^βĀ_j (p_3) ) }

× (p_4)_{αβ} (p_1 + p_2)^2

B(p_1 + p_2)

– 17 –

We can integrate by parts the D^α derivative. Exploiting the equations of motion, the only non–vanishing term is the one where the derivative hits D^βĀ_j (p_3), giving a factor −p^{αβ}_3 (p_4)_{αβ} = −(p_3 + p_4)^2. By momentum conservation, this cancels against the denominator in (4.17) and we finally obtain

2(f) = − ∫ d^4θ { 1 K^2_1 ( N − M 4 ) T r ( A^i(p_1)Ā_i(p_2)A^j(p_4)Ā_j(p_3) ) (4.18) + 1 K^2_2 ( M − N 4 ) T r (¯ A_i(p_2)A^i(p_1)Ā_j (p_3)A^j (p_4) )

+ ( 1 4 K^2_1 + 1 4 K^2_2 + 2 K_1K_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( A^j (p_4)Ā_j (p_3) ) } × B(p_1 + p_2)

Diagram 2(g) : Finally, we consider the reducible triangle diagram. Performing on– shell D–algebra we produce terms with four spinorial derivatives acting on the external fields. After integrating by parts one of these derivatives, using on–shell conditions and momentum conservation and relabeling internal and external momenta, we can write the result as − ∫ d^4θ { N K_1K_2 T r ( A^i(p_1)D^βĀ_i(p_2)D^αA^j (p_4)Ā_j (p_3) ) (4.19) − M K_1K_2 T r ( A^i(p_1)Ā_j (p_3)D^αA^j (p_4)D^βĀ_i(p_2) )

+ ( 1 K^2_1 + 1 k^2 ) T r ( A^i(p_1)D^βĀ_i(p_2) ) T r ( D^αA^j(p_4)Ā_j(p_3) ) }

× (p_1 + p_2)_{γα} (p_1 + p_2)^2 ∫ d^{3−2ϵ}k (2π)^{3−2ϵ}

(k + p_1)^{γδ} k_{δβ} k^2(k + p_1)^2(k − p_2)^2

We can elaborate the numerator of the integrand to obtain ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k^2δ^γ_β + p^{γδ}_1 k_{δβ} k^2(k + p_1)^2(k − p_2)^2

= δ^γ_β B(p_1 + p_2) + p^{γδ}_1 T_{V δβ}

= B(p_1 + p_2) [ δ^γ_β − p^{γδ}_1 (p_2)_{δβ} (p_1 + p_2)^2 ] (4.20)

where eq. (B.11) has been used together with on–shell conditions. Inserting back into eq. (4.19), observing that on–shell (p_1 + p_2)_{γα}p^{γδ}_1 (p_2)_{δβ} = (p_1 + p_2)^2(p_2)_{αβ} where (p_2)_{αβ}

– 18 – vanishes when contracted with D^βĀ_i(p_2), we obtain

− ∫ d^4θ { N K_1K_2 T r ( A^i(p_1)D^βĀ_i(p_2)D^αA^j(p_4)Ā_j(p_3) )

− M K_1K_2 T r ( A^i(p_1)Ā_j (p_3)D^αA^j (p_4)D^βĀ_i(p_2) )

+ ( 1 K^2_1 + 1 K^2_2 ) T r ( A^i(p_1)D^βĀ_i(p_2) ) T r ( D^αA^j (p_4)Ā_j(p_3) ) }

× (p_1)_{αβ} (p_1 + p_2)^2

B(p_1 + p_2) (4.21)

On–shell conditions are once again helpful for reducing the structure of spinorial derivatives acting on the external fields. In fact, integrating by parts the D^α derivative we produce a term p^{αβ}_2 that, contracted with (p_1)_{αβ} , cancels (p_1 + p_2)^2 at the denominator. We finally obtain

2(g) = − ∫ d^4θ { N K_1K_2 T r ( A^i(p_1)Ā_i(p_2)A^j (p_4)Ā_j (p_3) ) (4.22) + M K_1K_2 T r ( A^i(p_1)Ā_j (p_3)A^j (p_4)Ā_i(p_2) )

+ ( 1 K^2_1 + 1 K^2_2 ) T r ( A^i(p_1)Ā_i(p_2) ) T r ( A^j(p_4)Ā_j(p_3) ) } × B(p_1 + p_2)

We are now ready to sum all the results and obtain the one–loop effective action needed for the evaluation of (A^iĀ_j A^kĀ_l) amplitudes.

Having reduced all the expressions to strings of external superfields with no derivatives acting on them, multiplied by bubble integrals, we can group them according to their trace structure. We have single trace contributions from diagrams 2(b), (f), (g) and double trace contributions from 2(a), (b), (d), (f), (g). Collecting them all, we ob-

– 19 – tain ∫ d^4θ { − T r(A^i(p_1)Ā_i(p_2)A^j(p_4)Ā_j(p_3)) λ̂ ( 1 K_1 + 1 K_2 ) × B(p_1 + p_2)

− T r(A^i(p_1)Ā_j(p_3)A^j(p_4)Ā_i(p_2)) λ ( 1 K_1 + 1 K_2 ) × B(p_1 + p_2)

(4.23) + T r(A^i(p_1)Ā_i(p_2)) T r(A^j(p_4)Ā_j(p_3)) × [ 1 2 ( |h_1|^2 + |h_2|^2 16π^2 − 1 K^2_1 − 1 K^2_2 ) × B(p_1 + p_4) − ( 1 K_1 + 1 K_2

)_2 × B(p_1 + p_2) ]

+ T r(A^i(p_1)Ā_j (p_3)) T r(A^j (p_4)Ā_i(p_2)) ( h_1h̄_2 + h_2h̄_1 32π^2 − 1 K_1K_2 ) × B(p_1 + p_4) − 1 32π^2

T r(A^i(p_1)Ā_i(p_2)) T r(A^i(p_4)Ā_i(p_3)) |h_1 + h_2|^2 × B(p_1 + p_4) }

First of all, we observe that for M, N finite the quartic effective action, and consequently the amplitude, vanishes when K_2 = −K_1 and h_2 = −h_1 = 4π/K. This is exactly the N = 6 superconformal fixed point corresponding to the ABJ theory. This result was expected and provides a non–trivial check of our calculation. In fact, in the ABJ model the non–chiral amplitude is related to the chiral one by SU(4) symmetry and we have already checked that the chiral amplitude is one–loop vanishing.

Taking M, N large and assuming the h_i couplings of order of 1/K_i, only single trace contributions survive in (4.23). In this case, the amplitude will vanish for K_2 = −K_1, independently of the values of the chiral couplings. In particular, we have a vanishing non–chiral amplitude for the whole set of N = 2 superCFT’s given by the condition (see eq. (2.5))

|h_1|^2 + |h_2|^2 =

32π^2 K^2

(4.24)

We observe that the amplitude never vanishes for theories with K_2 ≠ −K_1, in particular for superCFT’s which correspond to turning on a Romans mass in the dual supergravity background.

The same pattern occurs for the (B_iB̄^j B_kB̄^l) amplitudes. In fact, repeating the previous calculation we obtain exactly the same expression (4.23) as a consequence of the Z_2 symmetry of the action under exchange V ↔ V̂ , A ↔ B, M ↔ N, K_1 ↔ K_2 and h_1 ↔ h_2.

Finally, we need consider mixed amplitudes of the type (A^iĀ_jB̄^kB_l). The contributing diagrams are still the ones drawn in Fig. (2) with obvious substitution of one

– 20 –

(A, Ā) couple with a (B, B̄) couple. Applying the same procedure as before, we obtain ∫ d^4θ { 2 T r(A^i(p_1)Ā_i(p_2)B̄^j (p_3)B_j (p_4)) λ̂ ( 1 K_1 + 1 K_2 ) × B(p_1 + p_2) (4.25)

+ 2 T r(Ā_i(p_2)A^i(p_1)B_j (p_4)B̄^j (p_3)) λ ( 1 K_1 + 1 K_2 ) × B(p_1 + p_2)

+ T r(A^i(p_1)Ā_i(p_2)B̄^j(p_3)B_j(p_4))_{i≠j} M ( |h_1|^2 16π^2 − 1 K^2_1 ) × B(p_1 + p_4)

+ T r(A^i(p_1)Ā_i(p_2)B̄^i(p_3)B_i(p_4)) M ( |h_2|^2 16π^2 − 1 K^2_1 ) × B(p_1 + p_4)

+ T r(Ā_i(p_2)A^i(p_1)B_j(p_4)B̄^j(p_3))_{i≠j} N ( |h_2|^2 16π^2 − 1 K^2_2 ) × B(p_1 + p_4)

+ T r(Ā_i(p_2)A^i(p_1)B_i(p_4)B̄^i(p_3)) N ( |h_1|^2 16π^2 − 1 K^2_2 ) × B(p_1 + p_4)

+ 2 T r(A^i(p_1)Ā_i(p_2)) T r(B_j (p_4)B̄^j (p_3)) ( 1 K_1 + 1 K_2

)_2

× B(p_1 + p_2)

+ 2 T r(A^i(p_1)B_j(p_4)) T r(Ā_i(p_2)B̄^j (p_3)) ( h_1h̄_2 + h_2h̄_1 32π^2 − 1 K_1K_2 ) × B(p_1 + p_4) }

For M, N finite, these amplitudes vanish only at the ABJ(M) fixed point (2.3), as expected. However, in contrast with the previous case, in the large M, N limit a non– trivial dependence on the chiral couplings survives, which restricts the set of superCFT’s with vanishing one–loop amplitudes to be only the ABJ(M) models.

In the ABJM case, this result is consistent with what has been found in Ref. [46] in components and massive regularization, and in [51] by means of the generalized unitarity cuts method.

4.2 Scattering at two loops

We restrict to the ABJ model (2.3) for which we have found that all the four–point amplitudes vanish at one loop. This result is consistent with the one–loop vanishing of the Wilson loop and leads to conjecture the existence of a WL/amplitudes duality for this theory. To give evidence to this conjecture, we evaluate four–point scattering amplitudes at two loops.

We study amplitudes of the type (A^iB_j A^kB_l), where the external A, B particles carry outgoing momenta p_1, . . . , p_4 (p^2_i = 0).

– 21 –

At two loops, in the planar sector, the amplitude can be read from the single trace part of the two–loop effective superpotential

Γ^{(2)}[A, B] = ∫ d^2θd^3p_1 . . . d^3p_4 (2π)^3 δ^{(3)}( ∑ ip_i) × 2π K ϵ_{ik}ϵ^{jl} tr ( A^i(p_1)B_j(p_2)A^k(p_3)B_l(p_4) )^g∑ X=a M^{(X)}(p_1, . . . , p_4) (4.26)

where the sum runs over the six 1PI diagrams in Fig. 3, plus the contribution from the 1P–reducible (1PR) graph in Fig. 3(g) where the bubble indicates the two–loop correction to the chiral propagator.

In (4.26) we have factorized the tree level expression, so that M^{(X)}(p_1, . . . , p_4) are contributions to A_4/A^{tree}_4 .

In order to evaluate the diagrams we fix the convention for the upper–left leg to carry outgoing momentum p_1 and name the other legs counterclockwise. The momentum–dependent contributions in (4.26) are the product of a combinatorial factor times a sum of ordinary Feynman momentum integrals arising after performing D–algebra on each supergraph (more details can be found in [59]). There are a total of four diagrams of the classes (b), (c), (f) and (g), eight diagrams of the classes (d) and (e) and two diagrams of the class (a). The color/flavor factors C_i for them are given by

C_a = (4π)^{2 λ2+λ̂2}_2 C_b = (4π)^{2 λ2+λ̂2}_8 C_c = (4π)^{2 8λλ̂−λ2−λ̂2}_2 C_d = (4π)^{2 λ2+λ̂2}_4 C_e = (4π)^2 λλ̂ C_f = −(4π)^2 λλ̂ (4.27)

while diagram (g) contains subdiagrams with different color/flavor factors and these cannot be factorized.

Diagram 3(a) : We begin with the simplest graph which, after D–algebra, reduces to the following factorized Feynman integral

D^s_a = μ^{4ϵ} ∫ d^dk (2π)^d d^dl (2π)^d

−(p_1 + p_2)^2 k^2 (k + p_1 + p_2)^2 l^2 (l − p_3 − p_4)^2

(4.28)

where μ is the mass scale of dimensional regularization.

The k and the l bubble integrals can be separately evaluated using the result (B.8), so obtaining

D^s_a = −G[1, 1]^2 ( μ^2 s )_{2ϵ} (4.29)

In order to obtain the corresponding contribution to the amplitude, we need sum over all the independent configurations of the external momenta. Inserting the corresponding

– 22 –

Figure 3: Diagrams contributing to the two–loop four–point scattering amplitude. The dark–gray blob represents one–loop corrections and the light–gray blob two–loop ones.

color/flavor factors we obtain

M^{(a)} = −8π^2(λ^2 + λ̂^2)G[1, 1]^2 (( μ^2 s )_{2ϵ} + ( μ^2 t )_{2ϵ}) = − 3 2 ζ_2(λ^2 + λ̂^2) + O(ϵ) (4.30)

Diagram 3(b) : After D–algebra, it gives

D^{s1}_b = μ^{4ϵ} ∫ d^dk (2π)^d d^dl (2π)^d

2(p_3 + p_4)^2 l^2 (l + k)^2 (k − p_4)^2 (k + p_3)^2

(4.31)

Performing the l integral with the help of Eq. (B.8) , we obtain a triangle integral with a modified exponent in one of its propagators

D^{s1}_b = μ^{4ϵ} G[1, 1] ∫ d^dk (2π)^d

2(p_3 + p_4)^2 (k^2)^{1/2+ϵ} (k − p_4)^2 (k + p_3)^2

(4.32)

We Feynman–parametrize the denominator and integrate over the momentum k. Taking into account that we are working on–shell (p^2_i = 0) we finally obtain

D^{s1}_b = μ^{4ϵ} 2s G[1, 1] Γ(1 + 2ϵ) (4π)^{d/2}Γ(1/2 + ϵ) 1∫ 0 dβ_1dβ_2dβ_3 δ( ∑ i β_i − 1)β^{−1/2+ϵ}_1 (β_1β_2p^2_4 + β_1β_3p^2_3 + β_2β_3s)^{1+2ϵ}

p^2_{3,4}→0 −−−−→ 2G[1, 1]Γ(1 + 2ϵ)Γ^2(−2ϵ) (4π)^{d/2}Γ(1/2 − 3ϵ) ( μ^2 s )_{2ϵ} (4.33)

where Γ^2(−2ϵ) signals the presence of an on–shell IR divergence.

– 23 –

Summing over the four inequivalent configurations of the external legs multiplied by the correct vertex factors, the contribution to the amplitude reads

M^{(b)} = 8π^2(λ^2 + λ̂^2)

G[1, 1]Γ(1 + 2ϵ)Γ^2(−2ϵ) (4π)^{d/2}Γ(1/2 − 3ϵ) (( μ^2 s )_{2ϵ} + ( μ^2 t )_{2ϵ})

= λ^2 + λ̂^2 8 [ 1 (2ϵ)^2 ( s πe^{−γE} μ^2 )_{−2ϵ} + 1 (2ϵ)^2 ( t πe^{−γE} μ^2 )_{−2ϵ} − 5 2 ζ_2 + O(ϵ) ] (4.34)

Diagram 3(c) : This diagram may result problematic, being infrared divergent even when evaluated off–shell. In fact, after D–algebra, the particular diagram drawn in Fig. 3(c) gives rise to the following integral

D^{s1}_c = μ^{4ϵ} 2 ∫ d^dk (2π)^d d^dl (2π)^d

T r(γ_μγ_ν γ_ργ_σ) p^μ_3 (k − p_3)^ν (k + p_4)^ρ p^σ_4 l^2 (l + k)^2 k^2 (k − p_4)^2 (k + p_3)^2

(4.35)

which, performing the bubble l integral and using the identity

T r(γ_μγ_ν γ_ργ_σ) p^μ_3 (k − p_3)^ν (k + p_4)^ρ p^σ_4 = (p_3 + p_4)^2k^2 − p^2_3(k + p_4)^2 − p^2_4(k − p_3)^2 (4.36)

can be separated into three pieces

D^{s1}_c = 1 4 D^{s1}_b − 1 2 G[1, 1]G[1, 3/2 + ϵ] (p^2_3)^{−2ϵ} − 1 2 G[1, 1]G[1, 3/2 + ϵ] (p^2_4)^{−2ϵ} (4.37)

While the first term is the off–shell well–behaving Feynman integral in Eq. (4.33) that in the on–shell limit produces 1/ϵ poles, the second and third terms are badly divergent even off–shell. However, we can show that these unphysical divergences are cured when we add the 1PR diagrams corresponding to two–loop self–energy corrections to the superpotential, as depicted in Fig. 3(g).

In fact, for example the contribution from the diagram with the two–loop correction on the fourth leg as drawn in the picture, yields

D^4_g = −8π^2(8λλ̂ − λ^2 − λ̂^2) G[1, 1] G[1, 3/2 + ϵ] (p^2_4)^{−2ϵ} + 32π^2λλ̂ p^2_4 B(p_4)^2 (4.38)

where color factors have been included.

It is easy to realize that the first term of this expression is off–shell infrared divergent, but precisely cancels the third term in (4.37) when all the vertex factors of diagram 3(c) are taken into account. On the other hand, the second term in (4.38) comes from a double factorized bubble which vanishes on–shell.

– 24 –

Since in a similar way the second term in (4.37) gets canceled by a diagram with a two–loop correction on the third leg, summing diagrams 3(c),(g) and their permutations we are finally led to the following interesting identity

M^{(c)} + M^{(g)} = λ^2 + λ̂^2 − 8λλ̂ λ^2 + λ̂^2

M^{(b)} (4.39)

Diagram 3(d) : Diagrams of type (d) may be calculated using Mellin-Barnes techniques. Specifically, after D–algebra the diagram in figure gives rise to the integral

D^{s1}_d = μ^{4ϵ} ∫ d^dk (2π)^d d^dl (2π)^d

T r(γ_μγ_ν γ_ργ_σ) p^μ_4 (p_3 + p_4)^ν (k + p_4)^ρ (l − p_4)^σ (k + p_4)^2 (k − p_3)^2 (k + l)^2 (l − p_4)^2 l^2

(4.40)

Using the identity (B.6) and the on–shell conditions, it can be rewritten as

D^{s1}_d = −s Γ(1/2 − ϵ) (4π)^{d/2}Γ(1 − 2ϵ) i∞∫ −i∞ dz 2πi Γ(−z|1 + z|3/2 + ϵ + z| − 1/2 − ϵ − z)

× μ^{4ϵ} ∫ d^dk (2π)^d 1 (k^2)^{3/2+ϵ+z} [(k + p_4)^2]^{−z} (k − p_3)^2

(4.41)

The integral over k can be easily performed by Feynman parametrization, leading to

D^{s1}_d = −μ^{4ϵ} Γ(1/2 −ϵ|1 +2ϵ| −2ϵ) (4π)^dΓ(1 −2ϵ|1/2 −3ϵ) × i∞∫ −i∞ dz 2πi Γ(1 + z|3/2 + ϵ + z| − 1/2 + ϵ − z| − 1 − 2ϵ − z)

= − Γ^3(1/2 − ϵ)Γ(1 + 2ϵ)Γ^2(−2ϵ) (4π)^dΓ^2(1 − 2ϵ)Γ(1/2 − 3ϵ) (s/μ^2)^{2ϵ}

(4.42)

where the remaining integral over the complex variable z has been performed by using the Barnes first Lemma (B.7).

Taking into account the eight permutations with corresponding flavor/color factors we obtain

M^{(d)} = −16π^2(λ^2 + λ̂^2)

Γ^3(1/2 − ϵ)Γ(1 + 2ϵ)Γ^2(−2ϵ) (4π)^dΓ^2(1 − 2ϵ)Γ(1/2 − 3ϵ) (( μ^2 s )_{2ϵ} + ( μ^2 t )_{2ϵ})

= λ^2 + λ̂^2 4 [ − 1 (2ϵ)^2 ( s 4πe^{−γE} μ^2 )_{−2ϵ} − 1 (2ϵ)^2 ( t 4πe^{−γE} μ^2 )_{−2ϵ} + 7 2 ζ_2 + O(ϵ) ] (4.43)

– 25 –

Diagram 3(e) : Using the identities derived in [59] it is possible to write this diagram as a combination of diagrams (b) and (d). It holds that

(1 + S_{34})D^{s1}_e = (1 + S_{34})D^{s1}_d + D^{s1}_b − p^2_3B(p_3)^2 − p^2_4B(p_4)^2 (4.44)

where D^{s1}_e is the particular diagram of type (e) drawn in the figure and the operator (1 + S_{34}) symmetrizes the diagram with respect to the third and fourth leg. Notice the presence of a double factorized bubble which can be dropped on–shell. Accounting for all permutations and flavor/color factors we thus find that

M^{(e)} = 4 λλ̂ λ^2 + λ̂^2 ( M^{(d)} + 2 M^{(b)} ) (4.45)

Diagram 3(f) : The most complicated contribution comes from this diagram, as it involves a non–trivial function of the s/t ratio. Surprisingly, after some cancelations it turns out to be finite.

The D–algebra for the specific choice of external momenta as in figure results in the Feynman integral

D^{234}_f = μ^{4ϵ} ∫ d^dk (2π)^d d^dl (2π)^d

−T r(γ_μγ_ν γ_ργ_σ) p^μ_4 p^ν_2 k^ρ l^σ k^2 (k − p_2)^2 (k + l + p_3)^2 (l − p_4)^2 l^2

(4.46)

Again, using Eq. (B.6) for the k integral and working on-shell, we obtain

D^{234}_f =

Γ(1/2 − ϵ) (4π)^dΓ(1 − 2ϵ) i∞∫ −i∞ dz 2πi Γ(−z)Γ(1 + z)Γ(3/2 + ϵ + z)Γ(−1/2 − ϵ − z)

× μ^{4ϵ} ∫ d^dl (2π)^d

T r(γ_μγ_ν γ_ργ_σ) p^μ_4 p^ν_2 (l + p_3)^ρ l^σ l^2 (l − p_4)^2 [(l + p_3)^2]^{−z} [(l + p_2 + p_3)^2]^{3/2+ϵ+z}

(4.47)

It is convenient to separate the l integral in two pieces by using the on–shell identity

T r(γ_μγ_νγ_ργ_σ) p^μ_4 p^ν_2 (l + p_3)^ρ l^σ | | on–shell

= −(s + t) l^2 + T r(γ_μγ_ν γ_ργ_σ) p^μ_4 p^ν_2 p^ρ_3 l^σ (4.48)

The first piece in (4.48) contains an l^2 factor which cancels the l^2 propagator in (4.47) leading to a simple triangle which is straightforwardly evaluated as we did for the previous diagram.

The second piece is a vector–box integral which after Feynman parametrization can be written in terms of a second 1–fold Mellin-Barnes integral. Interchanging the

– 26 – order of the two Mellin-Barnes integrals and solving for the original one in (4.47) with the first Barnes lemma (B.7), the total result is

D^{234}_f =

(s + t)Γ^3(1/2 − ϵ)μ^{4ϵ} (4π)^dΓ(1/2 − 3ϵ)Γ^2(1 − 2ϵ)

− Γ(1 + 2ϵ)Γ^2(−2ϵ) s^{1+2ϵ} +

+ 1 t^{1+2ϵ} i∞∫ −i∞ dv 2πi Γ(−v)Γ(−2ϵ−v)Γ(−1− 2ϵ−v)Γ^2(1+v)Γ(2+2ϵ +v) (s t )_v (4.49)

The contour of the Mellin-Barnes integral in the second term of the last expression is not well–defined in the limit ϵ → 0, reflecting the presence of poles in ϵ. The reason is that in this limit the first pole of Γ(−1−2ϵ−v) collapses with the first pole of Γ^2(1+v). In order to have a well defined contour in the ϵ → 0 limit, we can deform the contour so that it passes on the right of the point v = −1 − 2ϵ and include the residue of the integrand in this point. Surprisingly, it turns out that this residue exactly cancels the first term in (4.49) so that we obtain a simple 1–fold Mellin-Barnes integral which is finite in the limit ϵ → 0

D^{234}_f =

(1 + s/t)Γ^3(1/2 − ϵ) (4π)^dΓ^2(1 − 2ϵ)Γ(1/2 − 3ϵ)(t/μ^2)^{2ϵ}

(4.50)

× +i∞∫ −i∞ dv 2πi Γ(−v)Γ(−2ϵ − v)Γ^∗(−1 − 2ϵ − v)Γ^2(1 + v)Γ(2 + 2ϵ + v) (s t )_v (4.51)

This integral can be calculated in the ϵ → 0 limit by closing the contour and performing the infinite sum of all the residues inside it. Taking into account all four permutations of the diagram and flavor/color factors we finally obtain

M^{(f)} = λλ̂

(_1 2 ln^2(s/t) + 3ζ_2 ) + O(ϵ) (4.52)

We are now ready to collect the partial results (4.30, 4.34, 4.39, 4.43, 4.45, 4.52) and find the four–point chiral superamplitude at two loops. After some algebra, and redefining the mass scale as

μ^{′2} = 2^{σ2/2} (8πe^{−γE} μ^2) (4.53)

the result can be cast into the following compact form

M^{(2)} ≡ A^{(2 loops)} 4 A^{tree}_4 = λ̄^2 [ − (s/μ^{′2})^{−2ϵ} (2 ϵ)^2 − (t/μ^{′2})^{−2ϵ} (2 ϵ)^2 + 1 2 ln^2 (s t ) + C_A + O(ϵ) ] (4.54)

– 27 – where λ̄ = √ λλ̂ = √ MN/k and C_A is a constant given by

C_A = ( 4 −^5_4 σ^2 ) ζ_2 + ( 1 +^1_2 σ^2 ) ( 3 +^1_2 σ^2 ) ln^2 2 (4.55)

We note that the mass scale and the constant depend non–trivially on the parity– violating parameter σ defined in eq. (3.7). Since it only appears as a square, parity is not violated at this stage. As a check, we observe that for σ = 0 the result reduces to the ABJM amplitudes computed in [52].

5. Discussion

We now discuss the main properties of our result (4.54) for the four–point amplitude at two loops.

First of all, in the ABJM case (σ = 0) the result coincides with the one in [51] obtained by applying generalized unitarity methods. In particular, the effective mass scale is the same and the analytical expression for the constant C_A|_{σ→0} = 4ζ_2 + 3 ln^2 2 matches the numerical result of [51].

In Ref. [51] the result has been found by assuming a priori that in the planar limit dual conformal invariance should work also at quantum level. In fact, an ansatz has been made on the general structure of the amplitude which turns out to be a linear combination of integrals that, if extended off–shell, are well defined in three dimensions and exhibit conformal invariance in the dual x–space (p_i = x_i − x_{i+1}).

On the other hand, our calculation relies on a standard Feynman diagram approach which does not make use of any assumption. The identification of the two results is then a remarkable proof of the validity of on–shell dual conformal invariance for this kind of theories.

5.1 Amplitudes/WL duality In the general ABJ case, if we write the Mandelstam variables in terms of the dual ones, s = x^2_{13} and t = x^2_4, up to a (scheme–dependent) constant our result matches those in Eqs. (3.11, 3.16) for the two–loop expansion of a light–like Wilson loop, once we formally identify the IR and UV rescaled regulators of the scattering amplitude and the Wilson loops as μ^{′2} = 1/μ^{′2}_{W L} or μ^{′2} = 1/μ^{′′ 2}_{W L}.

Since the Wilson loop is conformally invariant in the ordinary configuration space, the identification of the two–loop amplitude with the corresponding term in the WL expansion is a further proof of dual conformal invariance in the on–shell sector of the theory.

We remind that the two results (3.11, 3.16) in Section 3 correspond to two possible definitions of Wilson loop in ABJ models. At this stage, the result (4.54) seems to

– 28 – match both. However, if we compare the rescaled mass regulators, we see that apart from the sign of the Euler constant, in the result for the amplitude μ^′ looks like μ^′_{W L} in eq. (3.10), whereas it is quite different from μ^{′′}_{W L} in Eq. (3.15). Although there is no particular reason for the two mass scales to match exactly, this might be a first indication that the definition (3.8) for the light–like Wilson loop dual to scattering amplitudes is preferable.

5.2 Dual conformal invariance

As for the N = 4 SYM case, in the ABJ models the two–loop on–shell amplitude divided by its tree–level contribution, when written in terms of dual variables has the same functional structure as the second order expansion of a light–like Wilson loop. Wilson loops are invariant under the transformations of the standard conformal group of the ABJ theory, even though UV divergences break this symmetry anomalously. Hence, the on–shell amplitude should inherit this symmetry, possibly anomalously broken by IR divergences.

In fact, in the N = 4 SYM case where the amplitudes/WL duality also works, the perturbative results for planar MHV scattering amplitudes divided by their tree–level contribution can be expressed as linear combinations of scalar integrals that are off– shell finite and dual conformally invariant [62, 5] in four dimensions. Precisely, once written in terms of dual variables, the integrands times the measure are invariant under translations, rotations, dilatations and special conformal transformations. Dual conformal invariance is broken on–shell by IR divergences that require introducing a mass regulator. Therefore, conformal Ward identities acquire an anomalous contribution [8].

A natural consequence of our findings is that the two–loop result for three dimensional ABJ(M) models should also exhibit dual conformal invariance, and then it should be possible to rewrite the final expression (4.54) for the on–shell amplitude as a linear combination of scalar integrals which are off–shell finite in three dimensions and manifestly dual conformally invariant at the level of the integrands. Indeed, for the ABJM case this has been proved in Ref. [51] where the amplitude has been obtained by unitarity cuts method, based on the ansatz for the amplitude to be dual conformal invariant.

Following [51], we introduce a set of independent scalar integrals I_{1s}, I_{2s}, I_{3s}, I_{5s} ≡ I_{1s} −I_{4s} which correspond to the following off–shell, three dimensional, dual conformally

– 29 – invariant expressions

I_{1s} = ∫ d^3x_5d^3x_6 (2π)^6 x^4_{13} x^2_{15}x^2_{35}x^2_{56}x^2_{16}x^2_{36}

(5.1)

I_{2s} = ∫ d^3x_5d^3x_6 (2π)^6 x^2_{13}x^2_4 x^2_{15}x^2_{35}x^2_{45}x^2_{16}x^2_6x^2_{36}

(5.2)

I_{3s} = ∫ d^3x_5d^3x_6 (2π)^6 x^2_{13}x^2_4 x^2_{35}x^2_{45}x^2_{56}x^2_6x^2_{16}

(5.3)

I_{4s} = ∫ d^3x_5d^3x_6 (2π)^6 x^2_{13}x^2_5x^2_{46} x^2_{15}x^2_{35}x^2_{45}x^2_{56}x^2_{16}x^2_6x^2_{36}

(5.4)

plus their t–counterparts obtained by cyclic permutation of the (1, 2, 3, 4) indices. Their graphical representation is given in Fig. 4.

Figure 4: Graphical representation of dual conformally invariant integrals.

The appearance of the particular combination I_{1s} − I_{4s} is not an accident. In fact, due to the presence of internal cubic vertices, the integrals I_{1s}, I_{4s} are IR divergent also off–shell and then ill–defined in three dimensions. Dual conformal invariance would require to discharge these integrals. However, as we show in Appendix C, taking the linear combination I_{1s} − I_{4s} the off–shell divergences cancel and I_{5s} is well–defined in three dimensions.

The on–shell evaluation of these integrals in D = 3 − 2ϵ dimensions reveals that

I_{2s} ∼ O(ϵ^2) I_{3s} + I_{3t} = −I_{1s} − I_{1t} (5.5)

– 30 –

Thus, the actual basis for the four–point scattering amplitude reduces to I_{1s}, I_{5s}, I_{1t}, I_{5t}. Evaluating them and defining μ̄^2 = 8πe^{−γE} μ^2, one finds [51]^3

I_{1s} + I_{1t} = − 1 16π^2 [ (s/μ̄^2)^{−2ϵ} 2ϵ + (t/μ̄^2)^{−2ϵ} 2ϵ + 2 − 2 ln 2 ] + O(ϵ) (5.6)

I_{5s} + I_{5t} = − 1 8π^2 [ (s/μ̄^2)^{−2ϵ} (2ϵ)^2 + (t/μ̄^2)^{−2ϵ}

(2ϵ)^2 − (s/μ̄^2)^{−2ϵ} 2ϵ − (t/μ̄^2)^{−2ϵ} 2ϵ − 1 2 ln^2 (s t ) + 2 ln 2 − 2 − 3 ln^2 2 − 4ζ_2 ] + O(ϵ) (5.7)

Using these results, it is easy to see that for the ABJM theory, the two–loop amplitude (4.54) for σ = 0 can be written as

M^{(2)}_4 | | ABJM

= (4πλ)^2 [ 1 2 I_{5s} + I_{1s} + (s ↔ t) ] (5.8)

Remarkably, this linear combination not only reproduces correctly the non–trivial part of the amplitude, but also fits the numerical constant C_A. In particular, it is such that the non–maximal transcendentality terms in (5.6), (5.7) cancel.

We can now generalize this analysis to the ABJ models where the amplitude has the same functional structure of the ABJM one, except for a non–trivial dependence on the σ parameter in the mass scale and in the C_A constant. Because of the appearance of σ, we find that in terms of the integrals (5.6, 5.7) given as functions of the μ̄^2 scale, the M^{(2)}_4 ratio can be written as

M^{(2)}_4 | | |_{ABJ} = (4πλ̄)^2 [ 1 2 I_{5s}(μ̄^2) + ( 1 + σ^2 2 ln 2 ) I_{1s}(μ̄^2) + (s ↔ t) ] + C_{res} (5.9)

where C_{res} is a residual constant given by

C_{res} = λ̄^2 σ^2 ( ln^2 2 − 5 4 ζ_2 + ln 2 ) (5.10)

The non–trivial appearance of σ^2 in the coefficients might reflect the fact that in the ABJ case one cannot factorize completely the color dependence outside the combination of integrals. This would suggest that a generalization of the unitarity cuts method should be employed where the trace structures are not stripped out. Nevertheless, it is not difficult to see that the application of such a method would never reproduce the ln 2 coefficient in front of I_{1s}, I_{1t}.

3In [51], the constant part of (I_{5s} + I_{5t}) has been evaluated numerically. However, a posteriori one can check that the numerical factor is well reproduced by the analytical expression in (5.7).

– 31 –

One would be tempted to conclude that ABJ amplitudes cannot be computed by unitarity cuts methods. However, a way out is to start from a linear combination of (5.6, 5.7) integrals where the mass parameter has been rescaled as μ̄^2 → μ^{′2} = μ̄^22^{σ2/2}. Doing that, we find that the two loop ratio can now be written as

M^{(2)}_4 | |_{ABJ} = (4πλ̄)^2 [ 1 2 I_{5s}(μ^{′2}) + I_{1s}(μ^{′2}) + (s ↔ t) ] + C^′_{res} (5.11)

where C^′_{res} = λ̄^2σ^2 [( 2 + σ^2 4 ) ln^2 2 − 5 4 ζ_2 ] (5.12)

The situation has drastically improved, since rational coefficients in front of the integrals indicate that the same result could be obtained by unitarity cuts method. However, in that approach the question of why and how fixing a priori a non–standard mass scale in the dual invariant integrals remains an open problem.

Except for the particular case M = N, in general the basis of scalar integrals selected by dual conformal symmetry reproduces the four–point amplitude only up to a constant. This is a quite different result compared to what happens in the ABJM and N = 4 SYM cases where dual conformal integrals reproduce exactly the four–point amplitude. However, at the order we are working, the difference is only by a constant and dual conformal invariance is safe, as well as the anomalous Ward identities which follow.

At higher loops, we expect the non–trivial dependence on σ to affect also the terms depending on the kinematic variables. It would be very interesting to check whether this phenomenon may spoil dual conformal invariance or higher order amplitudes could still be expressed as (σ–dependent) combinations of dual conformal invariant integrals. For this reason, it would extremely important to evaluate the amplitude at four loops.

In the ABJM theories, comparing the result for the amplitude obtained by ordinary perturbative methods with the one obtained by unitarity cuts method, we can write

M^{(2)}_4 = ∑ i c_iJ_i | | |_{D = 3 − 2ϵ} on − shell = ∑ n α_nI_n | | |_{D = 3 − 2ϵ} on − shell (5.13)

where J_i are momentum integrals associated to the Feynman diagrams in Fig. 3, whereas I_n are the scalar integrals (5.1-5.4).

Since the linear combination on the right hand side, when written strictly in D = 3 with x^2_{i,i+1} ≠ 0 is dual conformally invariant, the natural question which arises is whether also the left hand side shares the same property.

In order to answer this question, we investigate the behavior of the Feynman integrals J_i under dual conformal transformations, off–shell and in three dimensions. After

– 32 – rewriting them in terms of dual space variables, we implement the inversion x^2_{ij} →^{x2ij}_{x2i x2j} and d^dx_i →^{ddxi}_{(x2i )d} , which is the only non–trivial conformal transformation to be checked.

As in four dimensions the invariance under inversion rules out triangle and bubble– like diagrams, similarly in three dimensions it forbids the appearance of bubbles. Therefore, just looking at the integrands, we see that the integrals associated to diagrams 3(a)-3(b) cannot be separately dual conformal invariant. Moreover, despite the fact that diagrams 3(d)-3(f) consist of triangles only, non–trivial numerators spoil invariance under inversion, as well.

Nevertheless, these considerations on the integrands may fail in very special cases. As an example, we consider the double bubble diagram 3(a). In dual coordinates, the corresponding integral reads

B = x^2_{13} ∫ d^3x_5 x^2_{15}x^2_{35} ∫ d^3x_6 x^2_{16}x^2_{36}

(5.14)

Performing inversion, this integral gets mapped into a double triangle integral

T = x^2_{13}x^2_1x^2_3 ∫ d^3x_5 x^2_5x^2_{15}x^2_{35} ∫ d^3x_6 x^2_6x^2_{16}x^2_{36}

(5.15)

If we evaluate them off–shell, we obtain B = T = 1/64 (see eqs. (B.8, B.9)) . Therefore, the double bubble diagram is invariant under inversion at the level of the integral, even if it is not invariant at the level of the integrand.

Motivated by this example we may wonder whether dual conformal invariance on the left hand side of eq. (5.13) could be restored at the level of the integrals. By numerical evaluating the integrals associated to the independent topologies 3(b), 3(d) and 3(f) and to their duals, obtained by acting with conformal inversion, we find that every single integral is not by itself dual conformally invariant.

However, one may still doubt that the situation could improve when summing over all scattering channels, or summing all the contributions to get the total off–shell amplitude.

We find that, even if for every single diagram the sum over permutations of external legs definitively improves the result, as for a large sample of momentum configurations the integral and its dual look very close to each other, they never appear to be exactly invariant, neither does the total sum.

We thus conclude that the off–shell amplitude computed by Feynman diagrams is not dual conformally invariant. In other words, the identity (5.13) is not an algebraic relation between different basis of integrals, as if it were the case it should be valid for any value of the kinematic variables. Instead, it holds only when the integrals are

– 33 – evaluated on the mass–shell and in dimensional regularization. This is not puzzling if we take into account that in three dimensions and in dimensional regularization the on– shell limit is not a smooth limit for the integrals. It would be interesting to investigate what happens when using a different regularization, for example the one suggested in [63, 64].

In any case, our result reinforces the statement that dual conformal invariance is a (anomalous) symmetry only of the on–shell sector of the theory.

5.3 BDS–like ansatz

The striking correspondence between the four–point amplitudes of ABJM theory at two loops and the one of 4d N = 4 SYM at one loop led us to conjecture [52] (see also [51]) that a BDS–like ansatz [53] may be formulated also for the three–dimensional case

M_4 = e^{Div+ fCS (λ)8} (^{ln2}(^{st} )^{+8ζ2+6 ln2 2})^{+C(λ)} (5.16)

where f_{CS} (λ) is the scaling function of ABJM. The analogy between the two theories is due to the fact that they share similar integrable structures, with asymptotic Bethe equations related by an unknown function h(λ) [19]-[22]. This leads to a connection between anomalous dimensions of composite operators and, in particular, to the following relation between the scaling functions [19]

f_{CS} (λ) = 1 2 f_{N =4}(λ) | | | √_{λ4π →h(λ)} (5.17)

in terms of the interpolating function h(λ) that needs to be determined in perturbation theory. Since the scaling function governs the coefficients of the kinematic part of the four–point amplitude in N = 4 SYM by means of the BDS exponentiation, one is tempted to conjecture that an analogue resummation may also hold in the ABJM case, giving rise to equation (5.16). This formula is confirmed at two loops by the results of [52, 51]. Since at weak coupling h(λ) is known up to the forth order [31, 32, 33], we easily find f_{CS} (λ) = 4λ^2 − 24 ζ_2 λ^4 + O(λ^6) (5.18) and the ansatz (5.16) provides a prediction for the four–loop expression of the finite remainder F^{(4)}_4 (in the notation of [53]) for the ABJM four–point scattering amplitude [52]

F^{(4)}_4 = λ^4 8 ln^4 (s t ) + λ^4 ( 3 2 ln^2 2 − ζ_2 ) ln^2 (s t ) + Consts (5.19)

Now we discuss how this scenario might be affected by the generalization to the ABJ case, where integrability is not expected to be trivially preserved. We first note

– 34 – that the final expression (4.54) is the result of summing many contributions which in general are proportional to the homogeneous couplings λ^2, λ̂^2 and to the mixed λλ̂ one. It is interesting to observe that at this order it is possible to redefine μ^2 in such a way that in all the terms depending on the kinematic variables, the contributions proportional to the homogeneous couplings cancel, leading to an expression which is basically identical to the one for ABJM, except for the substitution N^2 → MN. This also happens for the WL computed in Section 2.

This phenomenon has been also observed in the evaluation of the spin–chain Hamiltonian associated to the two–loop anomalous dimension matrix for single–trace operators [65] and in the two–loop contribution to the dispersion relation of magnons [18]. This special dependence on the coupling constants is a signal that parity symmetry along with integrability are preserved at least at two–loop order even if ABJ theory is manifestly parity breaking. At four loops only the dispersion relation, i.e. the eigenvalue of the Hamiltonian of spin chains with a single excitation, is known to date. It has been confirmed by explicit computations and the following expansion for the interpolating function has been found [31, 32, 33]

h^2(λ̄, σ) = λ̄^2 − λ̄^4 [ 4ζ_2 + ζ_2 σ^2 ] (5.20)

From the last term of this expression it is clear that, even if the departure from the ABJM case becomes non–trivial, still the function turns out to depend quadratically on σ and thus parity breaking is not visible. This might indicate that integrability is not broken also at the four-loop level.

Therefore it seems plausible that, at least up to four loops, the planar limit of ABJ scattering amplitude could behave in the same way as in the ABJM case, being governed by the scaling function f(λ̄, σ) obtained through (5.17) where we replace h(λ) with h(λ̄, σ).

Since at weak coupling h(λ̄, σ) is known up to four loops [31, 32, 33], we find

f_{CS} (λ̄, σ) = 4λ̄^2 − 4 (6 + σ^2) ζ_2 λ̄^4 + O(λ̄^6) (5.21)

It is then easy to see that the four–point amplitude at order λ̄^2 can be identified with the first order expansion of an exponential of the type in eq. (5.16) with f_{CS} (λ̄, σ) = 4λ̄^2.

Moreover, this would lead to a prediction for the four-loop expression for the finite remainder of the ABJ four–point amplitude to be given by

F^{(4)}_4 = λ̄4 8 ln^4 (s t ) + λ̄^4 [ 1 2 ( 1 +^1_2 σ^2 ) ( 3 +^1_2 σ^2 ) ln^2 2 − ( 1 + 9 8 σ^2 ) ζ_2 ] ln^2 (s t ) + Consts (5.22)

– 35 –

At four loops the parity–violating parameter is expected to play an active role and the theory could present a very different behaviour with respect to the ABJM case. It would be interesting to check this expression by a direct computation.

5.4 The amplitude at strong coupling In N = 4 SYM a recipe for computing scattering amplitudes at strong coupling has been proposed by Alday and Maldacena [38] within the context of the AdS/CFT correspondence. According to their prescription, the amplitude for n gluons is obtained by computing the minimal area of a surface in the AdS_5 dual background, ending on a light–like n–polygon, whose edges are determined by the gluon momenta M = e^− R2AdS 5 2π A + O ( 1 √ λ ) (5.23)

Here R_{AdS5} stems for the AdS radius and determines the dependence on the ’t Hooft coupling (R^2_{AdS5} = √ g^2N ≡ √ λ_{SY M} ). After a suitable regularization of this area, the four–gluon amplitude M_4, to first order in √ λ_{SY M} , matches exactly the BDS ansatz, where the strong coupling scaling function is plugged in. This provides a remarkable check on the BDS ansatz as well as a hint towards the WL/scattering amplitude duality, since the strong coupling computation of the amplitude strikingly parallels that of a light–like WL.

Motivated by the analogy with the four dimensional case and by evidence in favor of WL/amplitude duality and BDS exponentiation, we investigate the ABJM four–point amplitude at strong coupling, by following the same steps as in [38].

At strong coupling where the ’t Hooft parameter λ = N/K is large, and in the intermediate regime K ≪ N ≪ K^5 the AdS/CFT correspondence provides a dual description of the ABJM in terms of type IIA supergravity on AdS_4 × C P^3.

The dual background in string frame is

ds^2 =

R^3 K ( 1 4 ds^2_{AdS4} + ds^2_{C P}3 ) (5.24)

where in l_s units the AdS_4 radius is given by R^2_{AdS4} =^{R3}_{4 K} =^{√25 π2 K N}_{4 K} = √ 2 π √ λ. A first indication that the general prescription for computing scattering amplitudes at strong coupling could still be (5.23) with the parameters conveniently adapted to the three dimensional model, comes from observing that the ratio of the two AdS radii coincides with the ratio of the scaling functions at leading order in the couplings. In fact, taking into account that for N = 4 SYM at strong coupling f(λ_{SY M} ) = √ λ_{SY M} π + O ( λ^0 ) (5.25)

– 36 – whereas for the ABJM theory [19]-[30]

f_{CS} (λ) = √ 2 λ + O ( λ^0 ) (5.26)

it is easy to see that R^2_{AdS5} R^2_{AdS4} = f(λ_{SY M} ) f_{CS} (λ) | | |_{leading} (5.27)

Moreover, the string solution in AdS_5 describing a four–point amplitude/light–like WL for N = 4 SYM at strong coupling [38] may be straightforwardly embedded in AdS_4 as well. Therefore the four–point amplitude should be trivially readable from the N = 4 SYM result (5.23) by changing the AdS radius. Indeed this supports the extension of the BDS–like ansatz (5.16) to strong coupling.

The subtle point in identifying the N = 4 solution with the ABJM one comes with regularization of infrared divergences. In [38], the strong coupling analogue of dimensional regularization is spelled out. This amounts to continuing the dimensions of the D_p–branes sourcing the AdS_5 × S^5 background from p = 3 to p = (3 − 2ϵ). Correspondingly, the new solution for the modified metric leads to the expression

S_ϵ = √ λ_Dc_ϵ 2π ∫ L_{ϵ=0} r^ϵ (5.28)

for the regularized world–sheet action that, once minimized, will provide the four– point amplitude (here c_ϵ is an ϵ dependent constant and λ_D is the dimensionless ’t Hooft coupling in dimensional regularization).

In the context of ABJM we have not been able to find a similarly well–motivated regularization procedure^4. However, guided by the analogy between the four–point ABJM and N = 4 SYM amplitudes at weak coupling, we are tempted to employ the prescription (5.28) to regularize the action also in the AdS_4 context. Following the same steps as for the N = 4 SYM case, it leads to a strong coupling version of the ABJM four–point amplitude given by

M_4 = e^{Div+} √ 2λ 8 ( ln^2(^s_t )+^{4π2}_3 ) +Consts+O (_{1√} λ ) (5.29)

where the leading infrared divergence is Div | |_{leading} = − √ 2 ϵ^2 √ λ μ^{2ϵ} s^ϵ − √ 2 ϵ^2 √ λ μ^{2ϵ} t^ϵ (5.30)

4Although cutoff regularization works fine in three dimensions, we prefer to insist on a dimensional– like one in order to compare with our expression (4.54).

– 37 –

Even though this prescription lacks strong motivations, it definitely captures the essential features of the amplitude, such as the leading singularity and the coefficient of the non–trivial finite piece, which matches the strong coupling value of the ABJM scaling function (5.26).

The generalization to the ABJ model is not straightforward. Here the situation is slightly subtler, since concerns have arisen on the integrability of the corresponding σ–model in the dual description [18]. Nevertheless, to first order at strong coupling we still expect the amplitude to be described by (5.29). The reason is that unitarity requires l = |M − N| < K [2]. Hence at strong coupling, where M, N ≫ K, the shift in the ranks is negligible compared to √ λ of ABJM, and it affects the solution at higher orders only, starting from O (_{1√} λ ) [66].

Acknowledgements

We thank Wei-Ming Chen, Johannes Henn, Yu-tin Huang, Jan Plefka and Konstantin Wiegandt for valuable discussions. This work has been supported in part by INFN and MIUR.

– 38 –

A. Notations and conventions

We work in three dimensional euclidean N = 2 superspace described by coordinates (x^μ, θ^α θ^β), α, β = 1, 2 .

Spinorial indices are raised and lowered as (we follow conventions of [67])

ψ^α = C^{αβ}ψ_β ψ_α = ψ^βC_{βα} (A.1)

where the C matrix C^{αβ} = ( 0 i −i 0 ) C_{αβ} = ( 0 −i i 0 ) (A.2)

obeys the relation

C^{αβ} C_{γδ} = δ^α_γ δ^β_δ − δ^α_δ δ^β_γ (A.3)

Spinors are contracted according to

ψχ = ψ^α χ_α = χ^α ψ_α = χψ ψ^2 = 1 2 ψ^α ψ_α (A.4)

Dirac (γ^μ)^α_β matrices are defined to satisfy the algebra

(γ^μ)^α_γ (γ^ν )^γ_β = −g^{μν} δ^α_β + i ϵ^{μνρ} (γ_ρ)^α_β (A.5)

Trace identities needed for loop calculations can be easily obtained from the above algebra

tr(γ^μ γ^ν ) = (γ^μ)^α_β (γ^ν )^β_α = −2 g^{μν} (A.6) tr(γ^μ γ^ν γ^ρ) = −(γ^μ)^α_β (γ^ν )^β_γ (γ^ρ)^γ_α = 2 i ϵ^{μνρ} (A.7) tr(γ^μ γ^ν γ^ρ γ^σ) = (γ^μ)^α_β (γ^ν )^β_γ (γ^ρ)^γ_δ (γ^σ)^δ_α = = 2 (g^{μν} g^{ρσ} − g^{μρ} g^{νσ} + g^{μσ} g^{νρ}) (A.8)

Using these matrices, vectors and bispinors are exchanged according to coordinates : x^μ = (γ^μ)_{αβ} x^{αβ} x^{αβ} =^1_2 (γ_μ)^{αβ} x^μ derivatives : ∂_μ =^1_2 (γ_μ)^{αβ} ∂_{αβ} ∂_{αβ} = (γ^μ)_{αβ} ∂_μ fields : A_μ =^{1√}_2 (γ_μ)^{αβ} A_{αβ} A_{αβ} =^{1√}_2 (γ^μ)_{αβ} A_μ

(A.9)

It follows that the scalar product of two vectors can be rewritten as p · k = 1 2 p^{αβ} k_{αβ} (A.10)

– 39 –

Superspace covariant derivatives are defined as

D_α = ∂_α + i 2 θ^β ∂_{αβ} , D_α = ¯∂_α + i 2 θ^β ∂_{αβ} (A.11)

and satisfy the anticommutator

{D_α, D_β} = i ∂_{αβ} (A.12)

The components of a chiral and an anti–chiral superfield, Z(x_L, θ) and Z̄(x_R, θ̄), are a complex boson ϕ, a complex two–component fermion ψ and a complex auxiliary scalar F . Their expansions are given by

Z = ϕ(x_L) + θ^αψ_α(x_L) − θ^2 F (x_L) Z̄ = ϕ̄(x_R) + θ^αψ̄_α(x_R) − θ^2 F̄ (x_R) (A.13)

where x^μ_L = x^μ + iθγ^μθ̄, x^μ_R = x^μ − iθγ^μθ̄.

The components of the real vector superfield V (x, θ, θ̄) in the Wess-Zumino gauge (V | = D_αV | = D^2V | = 0) are the gauge field A_{αβ} , a complex two–component fermion λ_α, a real scalar σ and an auxiliary scalar D, such that V = i θ^αθ_α σ(x) + θ^αθ^β √ 2 A_{αβ}(x) − θ^2 θ^αλ̄_α(x) − θ^2 θ^αλ_α(x) + θ^2 θ^2 D(x) (A.14)

The vector superfields (V, V̂ ) are in the adjoint representation of the two gauge groups U(M) × U(N), that is V = V_AT^A and V̂ = V̂_AT̂^A, where T^A are the U(M) generators and T̂^A are the U(N) ones.

The U(M) generators are defined as T^A = (T^0, T^a), where T^0 =^{1√}_N and T^a (a = 1, . . . , M^2 − 1) are a set of M × M hermitian matrices. The generators are normalized as T r(T^AT^B ) = δ^{AB}. The same conventions hold for the U(N) generators.

For any value of the couplings, the action (2.1) is invariant under the following gauge transformations

e^V → e^{iΛ̄1} e^V e^{−iΛ1} e^{V̂} → e^{iΛ̄2} e^{V̂} e^{−iΛ2} (A.15)

A^i → e^{iΛ1} A^ie^{−iΛ2} B_i → e^{iΛ2} B_ie^{−iΛ1} (A.16)

where Λ_1, Λ_2 are two chiral superfields parametrizing U(M) and U(N) gauge transformations, respectively. Antichiral superfields transform according to the conjugate of (A.16). The action is also invariant under the U(1)_R R–symmetry group under which the A^i and B_i fields have^1_2 –charge.

– 40 –

B. Integrals in dimensional regularization

In this Appendix we list a number of properties for momentum integrals entering the evaluation of four–point scattering amplitudes.

We work in dimensional regularization, d = 3 − 2ϵ, with dimensional reduction (spinors and ϵ–tensors are kept strictly in three dimensions).

B.1 Tools

When evaluating one–loop bubbles and two–loop factorized and composite bubbles we used the G[a, b] functions defined by G[a, b] = 1 (4π)^{d/2} Γ(a + b − d/2) Γ(d/2 − a) Γ(d/2 − b) Γ(a) Γ(b) Γ(d − a − b)

. (B.1)

Moreover, we introduce the compact notation Γ(a_1|...|a_n) = Γ(a_1)...Γ(a_n).

In order to write a momentum integral in its Feynman parametrized form, the basic identity is 1 A^{α1}_1 . . . 1 A^{αn}_n = Γ(α_1 + · · · + α_n) Γ(α_1 | . . . | α_n) 1∫ 0 dβ_1 . . . dβ_n δ(β_1 + · · · + β_n − 1) β^{α1−1}_1 . . . β^{αn−1}_n (β_1 A_1 + · · · + β_n A_n)^{α1+···+αn} , (B.2) where A_j are generic propagators. The integration over Feynman parameters makes often use of the identity 1∫ 0 dβ_1 . . . dβ_n δ(β_1 + · · · + β_n − 1) β^{α1−1}_1 . . . β^{αn−1}_n =

Γ(α_1 | . . . | α_n) Γ(α_1 + · · · + α_n)

(B.3)

The most complicated computations of the one and two–loop on–shell amplitude were performed using Mellin-Barnes representations [68, 69]. These representations are based on the identity 1 (k^2 + M^2)^a = 1 (M^2)^aΓ(a) 1 2πi i∞∫ −i∞ ds Γ(−s)Γ(s + a) ( k^2 M^2

)_s

, (B.4)

where the contour is given by a straight line along the imaginary axis such that indentations are used if necessary in order to leave the series of poles s = 0, 1, · · · , n to the right of the contour and the series s = −a, −a − 1, · · · , −a − n to the left of the contour.

– 41 –

After Feynman–parametrizing a triangle integral and using (B.4), the following formula holds ∫ d^dk (2π)^d 1 k^{2μ1} (k − p)^{2μ2} (k + q)^{2μ3} = 1 (4π)^{d/2} ∏ i Γ(μ_i)Γ(d − ∑ i μ_i) ×

× i∞∫ −i∞ ds dt (2πi)^2 Γ ( −s|−t|^d_2 −μ_1 −μ_2 −s|^d_2 −μ_1 −μ_3 −t|μ_1 +s+t| ∑ iμ_i −^d_2 +s +t ) (p^2)^{−s} (q^2)^{−t} (p + q)^{2(s+t+∑}i^{μi−d/2)}

(B.5)

while for a vector–like triangle we have ∫ d^dk (2π)^d k^ν k^{2μ1} (k − p)^{2μ2} (k + q)^{2μ3} =

= (4π)^{−d/2} ∏ i Γ(μ_i)Γ(d − ∑ i μ_i + 1) i∞∫ −i∞ ds dt (2πi)^2 Γ ( −s|−t|μ_1 + s+ t| ∑ iμ_i −^d_2 +s+t ) (p^2)^{−s} (q^2)^{−t} (p + q)^{2(s+t+∑}i^{μi−d/2)} × [ Γ(^d_2 −μ_1 −μ_2 −s|^d_2 −μ_1 −μ_3 −t+1)p^ν −Γ(^d_2 −μ_1 −μ_2 −s+1|^d_2 −μ_1 −μ_3 −t)q^ν ] (B.6)

where the multiple contours are taken using the convention already mentioned for the relative position of the poles. When the position of a pole is chosen differently compared to the convention, it is customary to use the notation Γ^⋆(z) for the gamma function involved.

We can proceed along similar lines for writing the Mellin–Barnes representation for box diagrams, vector–like boxes, etc. Using these representations, along with the Barnes first lemma i∞∫ −i∞ ds 2πi Γ(a + s)Γ(b + s)Γ(c − s)Γ(d − s) =

Γ(a + c)Γ(a + d)Γ(b + c)Γ(b + d) Γ(a + b + c + d)

(B.7)

we have been able to compute one and two–loop amplitudes in a manifestly analytical way, without performing numerical evaluations.

B.2 Bubbles At one–loop, the evaluation of simple bubbles is required. Feynman parametrizing the integrand and working off–shell (p^2 ≠ 0), we easily obtain B(p) ≡ ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} 1 k^2(k + p)^2

= G[1, 1] 1 |p|^{1+2ϵ} ∼ 1 8 |p| + O(ϵ) (B.8)

where we have defined |p| ≡ √ p^2 and G[a, b] is given in (B.1). On the other hand, if we are on–shell, p^2 = 0, the integral reduces to a tadpole–like integral and in dimensional regularization it vanishes.

– 42 –

B.3 Triangles

We begin by evaluating the scalar triangle diagram of Fig. 5.

Figure 5: The triangle diagram.

When the external momenta are off-shell (p^2_i ≠ 0), the integral can be computed in three dimensions with no need for regularization. Since for D = 3 the triangle with propagator exponents (1, 1, 1) satisfies the uniqueness condition [70], it evaluates to a rational function

T (p_1, p_2) ≡ ∫ d^3k (2π)^3 1 k^2 (k − p_1)^2 (k + p_2)^2 = 1 8|p_1||p_2||p_1 + p_2|

(B.9)

The corresponding integral, when evaluated on–shell (p^2_i = 0) and in dimensional regularization, can be easily treated by Feynman parametrization and is given by

T (p_1, p_2) ≡ ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} 1 k^2 (k − p_1)^2 (k + p_2)^2 | | | |_{p2i =0} = Γ(3/2 + ϵ)Γ^2(−1/2 − ϵ)

(4π)^32^{−ϵ}Γ(−2ϵ) 1 |p_1 + p_2|^{3+2ϵ} ∼ −ϵ 1 2|p_1 + p_2|^3

+ O(ϵ^2) (B.10)

Therefore, in dimensional regularization and on–shell limit, the scalar triangle can be set to zero.

– 43 –

We then consider the on–shell, vector–like triangle. Again, by Feynman parametrization, it is straightforward to show that the integral is given by

T^{αβ}_V (p_1, p_2) ≡ ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k^{αβ} k^2 (k − p_1)^2 (k + p_2)^2 | | | |_{p2i =0} = Γ(3/2 + ϵ)Γ(1/2 − ϵ)Γ(−1/2 − ϵ) (4π)^32^{−ϵ}Γ(1 − 2ϵ)

(p_1 − p_2)^{αβ} |p_1 + p_2|^{3+2ϵ}

ϵ→0−−→ B(p_1 + p_2)

(p_2 − p_1)^{αβ} (p_1 + p_2)^2

(B.11)

where B(p_1 + p_2) is the bubble in eq. (B.8).

An important observation is that, as a consequence of the on–shell conditions, the vector–like triangle satisfies the following identities

T_V (p_1, p_2) · (p_1 + p_2) = −T_V (p_1, p_2) · (p_3 + p_4) = 0 (B.12)

B.4 Boxes We now consider scalar and vector–like box diagrams drawn in Fig. 6.

Figure 6: The box diagram.

In terms of the Mandelstam variables, the scalar integral is written as Q(s, t) = ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} 1 k^2 (k − p_1)^2 (k − p_1 − p_2)^2 (k + p_4)^2 | | |_{p2i =0} (B.13)

while the vector–like integral is

Q^μ_V = ∫ d^{3−2ϵ}k (2π)^{3−2ϵ} k^μ k^2 (k − p_1)^2 (k − p_1 − p_2)^2 (k + p_4)^2 | | | p^2_i =0

(B.14)

– 44 –

The scalar integral can be evaluated at leading order in ϵ. Feynman parametrizing the integrand in eq. (B.13) we obtain Q(s, t) = Γ(5/2 + ϵ) (4π)^{3/2−ϵ} ∫ dy_1 dy_2 dy_3 dy_4 δ( ∑ i y_i − 1) (y_1 y_3 s + y_2 y_4 t)^{5/2+ϵ}

(B.15)

Expressing the denominator as a Mellin Barnes integral 1 (y_1 y_3 s + y_2 y_4 t)^{5/2+ϵ} = 1 Γ(5/2 + ϵ) ∫ du 2πi Γ(−u)Γ(u + 5/2 + ϵ)

(y_1 y_3 s)^u (y_2 y_4 t)^{5/2+ϵ+u}

(B.16)

and integrating on the Feynman parameters we obtain a one–fold representation

2 ϵ (1 + 2ϵ) (4π)^{D/2} Γ(1 − 2ϵ) t^{5/2+ϵ} ∫ du 2πi Γ(−u)Γ^2(−3/2−ϵ−u)Γ(5/2+ϵ+u)Γ^2(1+u)X^u (B.17)

We note that the MB integral is multiplied by an ϵ factor and the integral itself is well defined when ϵ → 0. Therefore, to leading order in ϵ we have Q(s, t) = ϵ 4π^{3/2} t^{5/2} ∫ du 2πi Γ(−u)Γ^2(−3/2 − u)Γ(5/2 + u)Γ^2(1 + u)X^u + O(ϵ^2) ≡ ϵ 4π^{3/2} t^{5/2}

(f_1(X) + f_2(X)) + O(ϵ^2) (B.18)

where X = s/t. By closing the contour on the right, f_1(X) is the sum of the residues at the poles of Γ(−u), whereas f_2(X) is the contribution from the poles of Γ^2(−3/2 − u).

The f_1(X) function is easily computed and gives

f_1(X) = π^2 ∞∑ n=0 (−X)^n n! Γ(5/2 + n)

= 4π^{3/2} (√ 1 + X X^{3/2} ln( √ X + √ 1 + X) − 1 X ) (B.19)

The f_2(X) function is more complicated since we have to deal with double poles. A first set of manipulations leads to

f_2(X) = π X^{3/2} ∞∑ n=0 Γ(−1/2 + n)(−X)^n n! (ln X + Ψ(−1/2 + n) − Ψ(1 + n)) (B.20)

where Ψ(x) is the digamma function.

The first term in (B.20) is easily summed to ∞∑ n=0 (−X)^n Γ(−1/2 + n) n! = −2 √ π √ 1 + X (B.21)

– 45 –

The second series in (B.20) can be summed by using the trick ∞∑ n=0 (−X)^n Γ(−1/2 + n)Ψ(−1/2 + n) n! = d da (_∞ ∑ n=0 (−X)^n Γ(a + n) n! ) a=−1/2 = d da ( Γ(a) (1 + X)^a ) a=−1/2 = 2 √ π √ 1 + X (ln(1 + X) − Ψ(−1/2)) (B.22)

For the third term in (B.20) we use the following identity

Ψ(1 + n) = −γ_E + 1∫ 0 1 − t^n 1 − t dt (B.23)

to rewrite the digamma function inside the series. By exchanging the order of the sum and the integral and summing the series, we obtain ∞∑ n=0 (−X)^n Γ(−1/2 + n)Ψ(1 + n) n! = 2 √ π γ_E √ 1 + X − 1∫ 0 dt √ 1 + X − √ 1 + tX 1 − t = −2 √ π √ 1 + X ( Ψ(−1/2) + 2 ln(1 +^{1√}_{1+X} ) ) + 4 √ π (B.24)

where the integral in the first line has been performed using Mathematica.

Summing (B.21, B.22, B.24), after many non–trivial cancelations and simplifications we obtain as a final result Q(s, t) = ϵ ( √ s t)^3 [√ s + t ln (√ s + √ t + √ s + t √ s + √ t − √ s + t ) − ( √ s + √ t) ] + O(ϵ^2) (B.25)

The vector–like box integral (B.14) can be computed by using the same methods as before or, equivalently, by using Passarino–Veltman reduction to write it as a linear combination of scalar integrals. In any case, at leading order in ϵ, we obtain

Q^μ_V = ϵ 2( √ s t)^3 { 1 √ s + t ln (√ s + √ t + √ s + t √ s + √ t − √ s + t ) [s (p_1 − p_4)^μ + t (p_1 + p_2)^μ]

− √ t (p_1 − p_4)^μ − √ s (p_1 + p_2)^μ } + O(ϵ^2) (B.26)

It is interesting to note that the projections of Q_V in the directions of p_1 and p_4 become very simple

Q.p_1 = ϵ 4 ( 1 s^{3/2} − 1 t^{3/2} ) + O(ϵ^2) and Q.p_4 = ϵ 4 ( 1 t^{3/2} − 1 s^{3/2} ) + O(ϵ^2) (B.27)

– 46 – since the logarithm term drops.

In fact, these two projections, can be calculated to all orders in ϵ. Writing k ·p_1 and k · p_4 in the numerator of (B.14) as the difference of two squares, the integral reduces to the difference of two triangles. Therefore, using the results of Subsection B.2, we obtain

Q.p_1 =

Γ(3/2 + ϵ)Γ^2(−1/2 − ϵ) 2 (4π)^{D/2}Γ(−2ϵ) ( 1 t^{3/2+ϵ} − 1 s^{3/2+ϵ} )

Q.p_4 =

Γ(3/2 + ϵ)Γ^2(−1/2 − ϵ) 2 (4π)^{D/2}Γ(−2ϵ) ( 1 s^{3/2+ϵ} − 1 t^{3/2+ϵ} ) . (B.28)

Since the leading term for ϵ → 0 coincides with the expressions (B.27), this is a consistency check of our results.

C. The basis of dual conformally invariant integrals

In this Appendix we give the proof that the linear combination I_{5s} ≡ I_{1s} − I_{4s} of scalar integrals defined in (5.1, 5.4), when evaluated in three dimensions, is free from IR divergences. This allows to conclude that the actual basis for two–loop amplitudes is I_{1s}, I_{2s}, I_{3s}, I_{5s} plus their t–counterparts.

We consider I_{4s} in (5.4) and apply the following identity

x^2_{46} = x^2_{56} + x^2_{45} + 2 x_{45} · x_{56} (C.1)

to its numerator, thus decomposing it as (we neglect the factor x^2_{13})

where arrows indicate contractions of the corresponding variables at the numerator (see Fig. 3 for the labeling of momenta and dual variables). Here we already recognize the emergence of the infrared divergent integral I_{1s}, a triangle–box which could diverge, having unprotected cubic vertices, and a double–box whose cubic vertices are mitigated by the presence of a non–trivial numerator.

We focus on the triangle–box and handle it by using the identity

x^2_5 = x^2_{56} + x^2_6 − 2x_{56} · x_{26} (C.2)

in the numerator factor. The final result can be cast into the following graphical relation

– 47 – where the IR divergence has been completely isolated in the last term. Therefore, taking the linear combination I_{1s} − I_{4s} the divergences cancel at the level of the integrands and we are left with a well–defined dual conformally invariant integral.

– 48 –

References

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals”, JHEP 0810 (2008) 091, [arXiv:0806.1218 [hep-th]].

[2] O. Aharony, O. Bergman and D. L. Jafferis, “Fractional M2-branes”, JHEP 0811 (2008) 043, [arXiv:0807.4924 [hep-th]].

[3] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills”, JHEP 0303, 013 (2003) [arXiv:hep-th/0212208]; N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability” Phys. Rept. 405, 1 (2005) [arXiv:hep-th/0407277].

[4] J. M. Drummond, J. M. Henn and J. Plefka, “Yangian symmetry of scattering amplitudes in N=4 super Yang-Mills theory”, JHEP 0905 (2009) 046 [arXiv:0902.2987 [hep-th]].

[5] G. P. Korchemsky, J. M. Drummond and E. Sokatchev, “Conformal properties of four-gluon planar amplitudes and Wilson loops”, Nucl. Phys. B 795 (2008) 385 [arXiv:0707.0243 [hep-th]].

[6] A. Brandhuber, P. Heslop and G. Travaglini, “MHV Amplitudes in N=4 Super Yang-Mills and Wilson Loops”, Nucl. Phys. B 794 (2008) 231 [arXiv:0707.1153 [hep-th]].

[7] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “On planar gluon amplitudes/Wilson loops duality”, Nucl. Phys. B 795 (2008) 52 [arXiv:0709.2368 [hep-th]].

[8] J. M. Drummond, J. Henn, G. P. Korchemsky, E. Sokatchev, “Conformal Ward identities for Wilson loops and a test of the duality with gluon amplitudes”, Nucl. Phys. B826 (2010) 337-364. [arXiv:0712.1223 [hep-th]].

[9] J. M. Drummond, J. Henn, G. P. Korchemsky, E. Sokatchev, “The hexagon Wilson loop and the BDS ansatz for the six-gluon amplitude” Phys. Lett. B662 (2008) 456-460. [arXiv:0712.4138 [hep-th]]; “Hexagon Wilson loop = six-gluon MHV amplitude”, Nucl. Phys. B815 (2009) 142-173. [arXiv:0803.1466 [hep-th]].

[10] C. Anastasiou, A. Brandhuber, P. Heslop, V. V. Khoze, B. Spence, G. Travaglini, “Two-Loop Polygon Wilson Loops in N=4 SYM”, JHEP 0905 (2009) 115. [arXiv:0902.2245 [hep-th]].

[11] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Dual superconformal symmetry of scattering amplitudes in N=4 super-Yang-Mills theory”, Nucl. Phys. B 828 (2010) 317 [arXiv:0807.1095 [hep-th]].

– 49 –

[12] A. Brandhuber, P. Heslop and G. Travaglini, “A note on dual superconformal symmetry of the N=4 super Yang-Mills S-matrix”, Phys. Rev. D 78 (2008) 125005 [arXiv:0807.4097 [hep-th]].

[13] A. V. Belitsky, G. P. Korchemsky and E. Sokatchev, “Are scattering amplitudes dual to super Wilson loops?”, arXiv:1103.3008 [hep-th].

[14] L. F. Alday, B. Eden, G. P. Korchemsky, J. Maldacena, E. Sokatchev, “From correlation functions to Wilson loops”, [arXiv:1007.3243 [hep-th]].

[15] B. Eden, G. P. Korchemsky, E. Sokatchev, “From correlation functions to scattering amplitudes”, [arXiv:1007.3246 [hep-th]]; “More on the duality correlators/amplitudes”, [arXiv:1009.2488 [hep-th]].

[16] B. Eden, P. Heslop, G. P. Korchemsky and E. Sokatchev, “The

super-correlator/super-amplitude duality: Part I”, arXiv:1103.3714 [hep-th]; “The super-correlator/super-amplitude duality: Part II”, arXiv:1103.4353 [hep-th].

[17] T. Adamo, M. Bullimore, L. Mason and D. Skinner, “A Proof of the Supersymmetric Correlation Function / Wilson Loop Correspondence”, arXiv:1103.4119 [hep-th]; “Scattering Amplitudes and Wilson Loops in Twistor Space”, arXiv:1104.2890 [hep-th].

[18] J. A. Minahan, K. Zarembo, “The Bethe ansatz for superconformal Chern-Simons”, JHEP 0809 (2008) 040. [arXiv:0806.3951 [hep-th]];

J. A. Minahan, W. Schulgin, K. Zarembo, “Two loop integrability for Chern-Simons theories with N=6 supersymmetry”, JHEP 0903 (2009) 057. [arXiv:0901.1142 [hep-th]].

[19] N. Gromov, P. Vieira, “The all loop AdS4/CFT3 Bethe ansatz”, JHEP 0901 (2009) 016. [arXiv:0807.0777 [hep-th]].

[20] T. Nishioka, T. Takayanagi, “On Type IIA Penrose Limit and N=6 Chern-Simons Theories”, JHEP 0808 (2008) 001. [arXiv:0806.3391 [hep-th]].

[21] D. Gaiotto, S. Giombi, X. Yin, “Spin Chains in N=6 Superconformal Chern-Simons-Matter Theory”, JHEP 0904 (2009) 066. [arXiv:0806.4589 [hep-th]].

[22] G. Grignani, T. Harmark and M. Orselli, “The SU(2) x SU(2) sector in the string dual of N=6 superconformal Chern-Simons theory”, Nucl. Phys. B 810 (2009) 115 [arXiv:0806.4959 [hep-th]].

[23] T. McLoughlin, R. Roiban, A. A. Tseytlin, “Quantum spinning strings in AdS(4) x CP**3: Testing the Bethe Ansatz proposal”, JHEP 0811 (2008) 069 [arXiv:0809.4038 [hep-th]].

[24] N. Gromov, V. Mikhaylov, “Comment on the Scaling Function in AdS(4) x CP**3”, JHEP 0904 (2009) 083 [arXiv:0807.4897 [hep-th]].

– 50 –

[25] C. Krishnan, “AdS(4)/CFT(3) at One Loop”, JHEP 0809 (2008) 092 [arXiv:0807.4561 [hep-th]].

[26] T. McLoughlin, R. Roiban, “Spinning strings at one-loop in AdS(4) x P**3”, JHEP 0812 (2008) 101 [arXiv:0807.3965 [hep-th]].

[27] L. F. Alday, G. Arutyunov, D. Bykov, “Semiclassical Quantization of Spinning Strings in AdS(4) x CP**3”, JHEP 0811 (2008) 089 [arXiv:0807.4400 [hep-th]].

[28] V. Mikhaylov, “On the Fermionic Frequencies of Circular Strings”, J. Phys. A A43 (2010) 335401 [arXiv:1002.1831 [hep-th]].

[29] M. C. Abbott, I. Aniceto, D. Bombardelli, “Quantum Strings and the AdS_4/CF T_3 Interpolating Function”, JHEP 1012 (2010) 040 [arXiv:1006.2174 [hep-th]].

[30] D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark and M. Orselli, “Finite-size corrections for quantum strings on AdS_4xCP^3”, JHEP 1105 (2011) 128 [arXiv:1101.0004 [hep-th]].

[31] J. A. Minahan, O. Ohlsson Sax, C. Sieg, “Anomalous dimensions at four loops in N=6 superconformal Chern-Simons theories”, Nucl. Phys. B846 (2011) 542-606. [arXiv:0912.3460 [hep-th]].

[32] J. A. Minahan, O. Ohlsson Sax, C. Sieg, “Magnon dispersion to four loops in the ABJM and ABJ models”, J. Phys. A A43, 275402 (2010). [arXiv:0908.2463 [hep-th]].

[33] M. Leoni, A. Mauri, J. A. Minahan, O. O. Sax, A. Santambrogio, C. Sieg, G. Tartaglino-Mazzucchelli, “Superspace calculation of the four-loop spectrum in N=6 supersymmetric Chern-Simons theories”, JHEP 1012 (2010) 074. [arXiv:1010.1756 [hep-th]].

[34] T. Bargheer, F. Loebbert, C. Meneghelli, “Symmetries of Tree-level Scattering Amplitudes in N=6 Superconformal Chern-Simons Theory”, Phys. Rev. D82 (2010) 045016, [arXiv:1003.6120 [hep-th]].

[35] S. Lee, “Yangian Invariant Scattering Amplitudes in Supersymmetric Chern-Simons Theory”, Phys. Rev. Lett. 105 (2010) 151603 [arXiv:1007.4772 [hep-th]].

[36] Y. -t. Huang, A. E. Lipstein, “Dual Superconformal Symmetry of N=6 Chern-Simons Theory”, JHEP 1011 (2010) 076, [arXiv:1008.0041 [hep-th]].

[37] D. Gang, Y. -t. Huang, E. Koh, S. Lee, A. E. Lipstein, “Tree-level Recursion Relation and Dual Superconformal Symmetry of the ABJM Theory”, [arXiv:1012.5032 [hep-th]].

– 51 –

[38] L. F. Alday, J. M. Maldacena, “Gluon scattering amplitudes at strong coupling”, JHEP 0706 (2007) 064, [arXiv:0705.0303 [hep-th]]; “Comments on gluon scattering amplitudes via AdS/CFT”, JHEP 0711 (2007) 068, [arXiv:0710.1060 [hep-th]].

[39] N. Berkovits, J. Maldacena, “Fermionic T-Duality, Dual Superconformal Symmetry, and the Amplitude/Wilson Loop Connection”, JHEP 0809 (2008) 062, [arXiv:0807.3196 [hep-th]].

[40] I. Adam, A. Dekel, Y. Oz, “On Integrable Backgrounds Self-dual under Fermionic T-duality”, JHEP 0904 (2009) 120, [arXiv:0902.3805 [hep-th]].

[41] P. A. Grassi, D. Sorokin, L. Wulff, “Simplifying superstring and D-brane actions in AdS_4xCP^3 superbackground”, JHEP 0908 (2009) 060, [arXiv:0903.5407 [hep-th]].

[42] I. Adam, A. Dekel, Y. Oz, “On the fermionic T-duality of the AdS_4xCP^3 sigma-model”, JHEP 1010 (2010) 110, [arXiv:1008.0649 [hep-th]].

[43] I. Bakhmatov, “On AdS_4xCP^3 T-duality”, Nucl. Phys. B847 (2011) 38-53, [arXiv:1011.0985 [hep-th]].

[44] A. Dekel, Y. Oz, “Self-Duality of Green-Schwarz Sigma-Models”, [arXiv:1101.0400 [hep-th]].

[45] I. Bakhmatov, E. OColgain, H. Yavartanoo, “Fermionic T-duality in the pp-wave limit”, [arXiv:1109.1052 [hep-th]].

[46] A. Agarwal, N. Beisert, T. McLoughlin, “Scattering in Mass-Deformed N¿=4 Chern-Simons Models”, JHEP 0906 (2009) 045, [arXiv:0812.3367 [hep-th]].

[47] J. M. Henn, J. Plefka, K. Wiegandt, “Light-like polygonal Wilson loops in 3d Chern-Simons and ABJM theory”, JHEP 1008 (2010) 032, [arXiv:1004.0226 [hep-th]].

[48] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati, C. A. Ratti, A. Santambrogio, “From Correlators to Wilson Loops in Chern-Simons Matter Theories”, JHEP 1106, 118 (2011). [arXiv:1103.3675 [hep-th]].

[49] J. Bagger and N. Lambert, “Modeling multiple M2’s”, Phys. Rev. D 75 (2007) 045020, [arXiv:hep-th/0611108]; “Gauge Symmetry and Supersymmetry of Multiple M2-Branes”, Phys. Rev. D 77 (2008) 065008, [arXiv:0711.0955 [hep-th]].

[50] A. Gustavsson, “Algebraic structures on parallel M2-branes”, Nucl. Phys. B 811 (2009) 66, [arXiv:0709.1260 [hep-th]].

[51] W. M. Chen and Y. t. Huang, “Dualities for Loop Amplitudes of N=6 Chern-Simons Matter Theory”, arXiv:1107.2710 [hep-th].

– 52 –

[52] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati, A. Santambrogio, “Scattering Amplitudes/Wilson Loop Duality In ABJM Theory”, [arXiv:1107.3139 [hep-th]].

[53] Z. Bern, L. J. Dixon, V. A. Smirnov, “Iteration of planar amplitudes in maximally supersymmetric Yang-Mills theory at three loops and beyond”, Phys. Rev. D72 (2005) 085001. [hep-th/0505205].

[54] Z. Bern, L. J. Dixon, D. A. Kosower, R. Roiban, M. Spradlin, C. Vergu, A. Volovich, “The Two-Loop Six-Gluon MHV Amplitude in Maximally Supersymmetric Yang-Mills Theory”, Phys. Rev. D78 (2008) 045007. [arXiv:0803.1465 [hep-th]].

[55] M. Benna, I. Klebanov, T. Klose and M. Smedback, “Superconformal Chern-Simons Theories and AdS_4/CF T_3 Correspondence”, JHEP 0809, 072 (2008) [arXiv:0806.1519 [hep-th]].

[56] D. Gaiotto and A. Tomasiello, “The gauge dual of Romans mass”, arXiv:0901.0969 [hep-th]; “Perturbing gauge/gravity duals by a Romans mass”, J. Phys. A 42 (2009) 465205 [arXiv:0904.3959 [hep-th]].

[57] M. S. Bianchi, S. Penati and M. Siani, “Infrared stability of ABJ-like theories”, JHEP 1001 (2010) 080 [arXiv:0910.5200 [hep-th]].

[58] M. S. Bianchi, S. Penati and M. Siani, “Infrared Stability of N = 2 Chern-Simons Matter Theories”, JHEP 1005 (2010) 106 [arXiv:0912.4282 [hep-th]].

[59] M. Leoni and A. Mauri, “On the infrared behaviour of 3d Chern-Simons theories in N=2 superspace”, JHEP 1011 (2010) 128 [arXiv:1006.2341 [hep-th]].

[60] N. Akerblom, C. Saemann and M. Wolf, “Marginal Deformations and 3-Algebra Structures”, Nucl. Phys. B 826 (2010) 456 [arXiv:0906.1705 [hep-th]].

[61] N. Drukker, J. Plefka and D. Young, “Wilson loops in 3-dimensional N=6 supersymmetric Chern-Simons Theory and their string theory duals”, JHEP 0811 (2008) 019 [arXiv:0809.2787 [hep-th]].

[62] J. M. Drummond, J. Henn, V. A. Smirnov, E. Sokatchev, “Magic identities for conformal four-point integrals”, JHEP 0701 (2007) 064. [hep-th/0607160].

[63] L. F. Alday, J. M. Henn, J. Plefka and T. Schuster, “Scattering into the fifth dimension of N=4 super Yang-Mills”, JHEP 1001 (2010) 077 [arXiv:0908.0684 [hep-th]].

[64] J. M. Henn, S. Moch and S. G. Naculich, “Form factors and scattering amplitudes in N=4 SYM in dimensional and massive regularizations”, arXiv:1109.5057 [hep-th].

[65] D. Bak, D. Gang, S. -J. Rey, “Integrable Spin Chain of Superconformal U(M) x anti-U(N) Chern-Simons Theory”, JHEP 0810 (2008) 038. [arXiv:0808.0170 [hep-th]].

– 53 –

[66] O. Bergman, S. Hirano, “Anomalous radius shift in AdS(4)/CFT(3)”, JHEP 0907 (2009) 016. [arXiv:0902.1743 [hep-th]].

[67] S. J. Gates, M. T. Grisaru, M. Rocěk and W. Siegel, “Superspace, or one thousand and one lessons in supersymmetry”, Front. Phys. 58 (1983) 1 [arXiv:hep-th/0108200].

[68] E. E. Boos and A. I. Davydychev, “A Method of evaluating massive Feynman integrals”, Theor. Math. Phys. 89 (1991) 1052 [Teor. Mat. Fiz. 89 (1991) 56].

[69] V. A. Smirnov, “Evaluating Feynman Integrals”, Springer Tracts Mod. Phys. 211 (2004) 1.

[70] N. I. Usyukina and A. I. Davydychev, “New results for two loop off-shell three point diagrams”, Phys. Lett. B 332 (1994) 159 [arXiv:hep-ph/9402223].

– 54 –