arXiv:1110.1589v2 [nlin.SI] 19 Dec 2011

Type-II Bäcklund Transformations via Gauge Transformations

A R Aguirre^1, T R Araujo^2, J F Gomes^3 and A H Zimerman^4

Instituto de Física Teórica-UNESP Rua Dr. Bento Teobaldo Ferraz 271, Bloco II, 01140-070, São Paulo, Brazil

Abstract

The construction of type II Bäcklund transformation for the sine-Gordon and the Tzitzéica-Bullough-Dodd models are obtained from gauge transformation. An infinite number of conserved quantities are constructed from the defect matrices. This guarantees that the introduction of type II defects for these models does not spoil their integrability. In particular, modified energy and momentum are derived and compared with those presented in recent literature.

1 Introduction

Integrable defects have been introduced some time ago [1] from the Lagrangian point of view which, from the conservation of energy and momentum, lead to the derivation of Bäcklund transformations. Many examples like the sine-Gordon, mKdV, nonlinear Schrödinger, A^{(1)}n - Toda equations, were explicitly developed [2], [3]. As a characteristic of these models only physical fields were present within the formulation and the associated Bäcklund transformations were called type I [4]. The construction of type-I Bäcklund transformation for the sine-Gordon and for the non-linear Schrödinger models through gauge transformations were also employed in [5], [6] respectively.

More recently in ref. [4] an extension of the method employed in [2], [3] was proposed by introducing an auxiliary field and the associated Bäcklund transformation were named type II [4]. Examples of type II Bäcklund transformations were explicitly derived in ref. [4] for the sine-Gordon and for the Tzitzéica-Bullough-Dodd models by imposing conservation of the modified energy and momentum by a defect. It is worth to note that for the supersymmetric extensions of sine-Gordon model [7],[8] and Thirring models [9],[10] the introduction of auxiliary fields also appeared.

The purpose of the present investigation is to derive the type II Bäcklund transformations via gauge transformations. The choice of such gauge transformations naturally introduces the auxiliary fields. Here we consider the sine-Gordon and Tzitzéica-Bullough-Dodd models.

1aleroagu@ift.unesp.br 2taraujo@ift.unesp.br 3jfg@ift.unesp.br 4zimerman@ift.unesp.br

In the specific case of the sine-Gordon model, by a particular limiting procedure, we can reduce the type II Bäcklund transformation to the usual type I.

The problem we address consists in relating two distinct solutions of the linear problem Φ^{(1)} and Φ^{(2)} given by

∂_+Φ^{(k)} = −A^{(k)}_+ Φ^{(k)}, ∂_−Φ^{(k)} = −A^{(k)}_− Φ^{(k)}, k = 1, 2, (1.1)

where A^{(k)}_± are Lie algebra valued functionals of the field φ_k. In eq. (1.1) we have introduced the light cone coordinates x_± =^1_2 (t ± x) with derivatives ∂_± = ∂_t ± ∂_x, and ∂_+∂_− = ∂^2_t − ∂^2_x. Under the gauge transformation

∂_±K = KA^{(1)}_± − A^{(2)}_± K, (1.2)

the linear problem (1.1) implies Φ^{(2)} = KΦ^{(1)}. This matrix K is commonly called defect matrix and induces relations between two different field configurations φ_1 and φ_2, which are expected to correspond to the Bäcklund transformations.

Based upon the gauge transformation (1.2), we construct type II Bäcklund transformations connecting two field configurations for the explicit examples of the sine-Gordon and Tzitzéica-Bullough-Dodd models.

In section 2 we construct gauge transformations leading to type II Bäcklund transformations for the sine-Gordon model. Apart from rederiving the type II Bäcklund transformation of ref. [4] we obtain a second solution and observed that, in fact it corresponds to the symmetry φ → −φ of the sine-Gordon equation. By a suitable limiting procedure, the system of type II Bäcklund equations can be reduced to type I. In section 3 we consider the Tzitzéica- Bullough-Dodd model and show that the gauge transformation generates a set of equations that decouples into three subsets. One of which is solved and shown to correspond to the Bäcklund transformation derived in [13]. A further change of variables shows that these equations reduce to those found in [4]. In subsection 4.1 we employ the formalism of ref. [11] for type II defect matrix K to construct an infinite number of conserved quantities for the sine-Gordon model in the presence of such defect. In particular, we give explicit expressions for the defect energy and momentum. By analysing specific combinations of defect contributions for the conserved quantities we made contact with the defect Lagrangian of ref. [4]. In subsection 4.2 we discuss the conservation laws for the Tzitzéica-Bullough-Dodd model involving 3 × 3 matrices, and extend the formalism of ref. [11] to the Tzitzéica-Bullough- Dodd model in the presence of type II defect. We also have an infinite number of conserved quantities for this kind of defect. In particular, we obtain the defect energy and momentum and compare with the defect Lagrangian of ref. [4].

2 The sine-Gordon model

For the sine-Gordon model we have

A_+ = (_i 4 ∂_+φ^m_2 λe^{iφ}2 −^m_2 λe^{−iφ}2 −^i_4 ∂_+φ ) , A_− = ( −^i_4 ∂_−φ^m_2 λ^{−1}e^{−iφ}2 −^m_2 λ^{−1}e^{iφ}2^i_4 ∂_−φ ) , (2.1) and λ is the spectral parameter. Consider a gauge transformation with the following form for the matrix, K = α + λ^{−1}β + λ^{−2}γ. (2.2) Let φ_1 and φ_2 be two distinct field configuration. By introducing variables p = φ_1 + φ_2 2 , q = φ_1 − φ_2 2 , (2.3) we find from (1.2) and (2.2) that equations for the matrices α, β and γ can be grouped into two subsets:

(i) The first one involves α_{11}, α_{22}, β_{12}, β_{21}, γ_{11}, γ_{22} and leads to α_{11} = a_{11}e^{− i2 q}, α_{22} = a_{11}e^{i2 q}, γ_{11} = c_{11}e^{i2 q}, γ_{22} = c_{11}e^{− i2 q}. (2.4) Parametrizing β_{21} in terms of an auxiliary field Λ, β_{21} = b_{21}e^{−iΛ}e^{i2 p}, (2.5) we find for the equations involving ∂_+α_{11}, ∂_−γ_{11}, ∂_+β_{21} and ∂_−β_{21} respectively, i∂_+q = m 2a_{11}

(b_{21}e^{−iΛ}e^{ip} + e^{− i2 p}β_{12}), i∂_−q = − m 2c_{11}

(e^{i2 p}β_{12} + b_{21}e^{−iΛ}), i∂_+Λ = − mc_{11} 2b_{21} e^{−ip}e^{iΛ}(e^{iq} − e^{−iq}), i∂_−(Λ − p) = ma_{11} 2b_{21} e^{iΛ}(e^{iq} − e^{−iq}), (2.6) together with ∂_+β_{12} = − i 2 ∂_+p β_{12} + mc_{11} 2 e^{i2 p}(e^{iq} − e^{−iq}), ∂_−β_{12} = i 2 ∂_−p β_{12} − ma_{11} 2 e^{− i2 p}(e^{iq} − e^{−iq}). (2.7) A solution for (2.7) compatible with (2.6) is found to be β_{12} = − b_{21} 4 e^{− i2 p+iΛ}(e^{iq} + e^{−iq} + η), (2.8) where η is an arbitrary constant. Therefore

K = e^{− iq}2 −^1_{λ2} c_{11} e^{iq}2 −^1_{4λ} b_{21} e^{iΛ} e^{− ip}2 (e^{iq} + e^{−iq} + η) 1 λ b_{21} e^{−iΛ} e^{ip}2 e^{iq}2 −^1_{λ2} c_{11} e^{− iq}2

, (2.9)

where we have chosen a_{11} = 1.

For c_{11} = 0 and in the limiting case where Λ = iΛ̃, with Λ̃ constant, for large η, Λ̃, and small b_{21} limit we find b_{21}e^{−iΛ} = B, b_{21}e^{iΛ} → 0, b_{21} 4 e^{iΛ}η → B, (2.10) where B is a finite constant. Then, we obtain

K = e^{− iq}2 −^1_λ B e^{−ip}2 1 λ B e^{ip}2 e^{iq}2 . (2.11)

This has the structure of type I Bäcklund transformation [1]. In the limit specified in (2.10) eqs. (2.6) reduces to ∂_−p = − m B sin(q), ∂_+q = mB sin(p). (2.12) Now, by introducing σ = −^2_{b21} =^{b21}_{2c11} and using eq. (2.10), the equation (2.6) becomes (with a_{11} = 1), i∂_−(p − Λ) = mσ 4 e^{iΛ}(e^{iq} − e^{−iq}), i∂_+Λ = − m 4σ e^{−i(p−Λ)}(e^{iq} − e^{−iq}), i∂_−q = mσ 4 (e^{iΛ}(e^{iq} + e^{−iq} + η) − 4 e^{−iΛ}), i∂_+q = m 4σ (e^{−i(p−Λ)}(e^{iq} + e^{−iq} + η) − 4 e^{i(p−Λ)}), (2.13) and the expression for K in eq. (2.9) takes the form

K = e^{− iq}2 −^1_{(σλ)2} e^{iq}2^1_{2(σλ)} e^{iΛ} e^{− ip}2 (e^{iq} + e^{−iq} + η) −^2_{(σλ)} e^{−iΛ} e^{ip}2 e^{iq}2 −^1_{(σλ)2} e^{− iq}2

. (2.14)

By cross-differentiating the last two equations in (2.13), we find that if the field φ_1 satisfies the sine-Gordon equation ∂^2_t φ − ∂^2_xφ = −m^2 sin φ, (2.15) then the field φ_2 also satisfies it. In addition, differentiating the second equation in (2.16) with respect to x_−, we obtain ∂_−∂_+(iΛ) = − m^2 16 e^{−ip} ( 4 e^{2iΛ} − (e^{iq} + e^{−iq})(4 − η e^{2iΛ}) ) . (2.16) Equations (2.13) and (2.16) were considered in [4].

(ii) The second set of equations involves α_{12}, α_{21}, β_{11}, β_{22}, γ_{12} and γ_{21} which satisfy

γ_{12} = c̄_{12}e^{− i2 p}, γ_{21} = −c̄_{12}e^{i2 p}, α_{21} = −a_{12}e^{− i2 p}, α_{12} = a_{12}e^{i2 p},

∂_+α_{12} = − i 2 ∂_+p α_{12} + m 2 e^{i2 (p+q)}β_{11} − m 2 e^{i2 (p−q)}β_{22},

∂_+α_{21} = i 2 ∂_+p α_{21} − m 2 e^{− i2 (p+q)}β_{22} + m 2 e^{− i2 (p−q)}β_{11}, ∂_+β_{11} = i 2 ∂_+q β_{11} − m 2 e^{− i2 (p+q)}γ_{12} − m 2 e^{i2 (p−q)}γ_{21},

∂_+β_{22} = − i 2 ∂_+q β_{22} + m 2 e^{i2 (p+q)}γ_{21} + m 2 e^{− i2 (p−q)}γ_{12}, (2.17) and ∂_−β_{11} = − i 2 ∂_−q β_{11} − m 2 e^{i2 (p+q)}α_{12} − m 2 e^{− i2 (p−q)}α_{21}, ∂_−γ_{12} = i 2 ∂_−p γ_{12} + m 2 e^{− i2 (p+q)}β_{11} − m 2 e^{− i2 (p−q)}β_{22}, ∂_−γ_{21} = − i 2 ∂_−p γ_{21} − m 2 e^{i2 (p+q)}β_{22} + m 2 e^{i2 (p−q)}β_{11},

∂_−β_{22} = i 2 ∂_−q β_{22} + m 2 e^{− i2 (p+q)}α_{21} + m 2 e^{i2 (p−q)}α_{12}. (2.18)

We now propose the change of variables (introducing the auxiliary field Λ̄)

β_{22} = b_{22}e^{−iΛ̄− i2 q}. (2.19)

The equations involving ∂_−γ_{12}, ∂_+β_{22}, ∂_−β_{22} and ∂_+α_{12} yields respectively, i∂_+p = − m 2a_{12}

(e^{−iΛ̄−iq}b_{22} − e^{i2 q}β_{11}), (2.20)

i∂_−(Λ̄ + q) = − m 2 a_{12} b_{22} e^{iΛ̄}(e^{ip} − e^{−ip}), (2.21)

i∂_+Λ̄ = m 2 c̄_{12} b_{22} e^{iΛ̄+iq}(e^{ip} − e^{−ip}), (2.22) i∂_−p = m 2c̄_{12}

(b_{22}e^{−iΛ̄} − e^{− i2 q}β_{11}). (2.23)

A solution of β_{11} compatible with (2.17) and (2.18) is

β_{11} = − a_{12}c̄_{12} b_{22} e^{i(Λ̄+ 12 q)}(e^{ip} + e^{−ip} + η̄), (2.24)

where η̄ is an arbitrary constant. K is then given in the following form

K = −^1_λ^{a12c̄12}_{b22} e^{i(Λ̄+ 1}2^{q)}(e^{ip} + e^{−ip} + η̄) a_{12}e^i2^p +^1_{λ2} c̄_{12}e^{− i}2^p

−a_{12}e^{− i}2^p −^{c̄12}_{λ2} e^i2^{p b22}_λ e^{−i(Λ̄+ 1}2^{q)}

. (2.25)

In the limit c̄_{12} = 0 with large real constants iΛ̄, η̄ and small b_{22} satisfying

b_{22}e^{−iΛ̄} = B̄, − a_{12}c̄_{12} b_{22} e^{iΛ̄} → 0, − a_{12}c̄_{12} b_{22} e^{iΛ̄}η̄ = B̄, (2.26)

where B̄ is a constant, we recover the structure of type I Bäcklund transformations,

∂_+p = m B̄ ā_{12} sin(q), ∂_−q = −m ā_{12} B̄ sin(p). (2.27)

Notice that (2.27) can be obtained from (2.13) by exchanging φ_2 → −φ_2.

3 The Tzitzéica-Bullough-Dodd model

The Tzitzéica-Bullough-Dodd model is given by the field equation

∂_+∂_−ϕ = −e^ϕ + e^{−2ϕ}. (3.1)

This can be derived from the zero curvature condition or Lax-Zakharov-Shabat equation,

∂_+A_− − ∂_−A_+ + [A_+, A_−] = 0, (3.2)

where A_± are given by [12]:

A_+ = 0 −i λe^ϕ 0 0 0 −i λe^ϕ λe^{−2 ϕ} 0 0 , A_− = −∂_−ϕ 0 −^1_λ −^i_λ 0 0 0 −^i_λ ∂_−ϕ

, (3.3)

with λ being the spectral parameter. Now, by redefining v = e^ϕ [13], the field equation (3.1) becomes:

∂_+∂_−v = ∂_+v ∂_−v v − v^2 + 1 v . (3.4)

Let us now assume the form for the matrix K (1.2), following ref. [13] as follows,

K = α + 1 λ β + 1 λ^2 δ + 1 λ^3 γ, (3.5)

where α, β, δ and γ are 3 × 3 matrices. Equation (1.2) decomposes into three independent systems of equations. We will consider the one involving variables {α_{11}, α_{22}, α_{33}, β_{13}, β_{21}, β_{32}, δ_{12}, δ_{23}, δ_{31}, γ_{11}, γ_{22}, γ_{33}} such that

K = α_{11} +^1_{λ3} γ_{11}^1_{λ2} δ_{12}^1_λ β_{13} 1 λ β_{21} α_{22} +^1_{λ3} γ_{22}^1_{λ2} δ_{23} 1 λ^2 δ31 1 λ β_{32} α_{33} +^1_{λ3} γ_{33}

. (3.6)

Equations (1.2) with K given above are satisfied for

γ_{11} = γ_{22} = γ_{33} = ν = const,

α_{11} = ξ v_2 v_1

= α, α_{22} = ξ = const, α_{33} = ξ v_1 v_2 = ξ^2 α . (3.7)

Introducing new variables

β_{21} = Y v_1 = αY ξv_2 , (3.8)

the matrix K given in (3.6) leads to

K = α + ν λ^{−3 2 ξ v2 ν}_{αY} (α + ξ) λ^{−2 2 ξ2v22 ν}_{α2Y 2} (α + ξ )^2 λ^{−1} αY ξv_2 λ −1 ξ + ν λ^{−3 2 ξ v2 ν}_{αY} (α + ξ) λ^{−2}

α Y^2 2v_2^2ξ^2 λ −2 Y v_2 λ

−1 ξ^{2 1}_α + ν λ^{−3}

, (3.9)

The fields α and Y satisfy the following equations

∂_+α − i^{α Y}_ξ −^{2 ν}_{Y 2} (α + ξ )^2 = 0, (3.10) 1 v_2 ∂+Y − Y v_2^2 ∂+v2 + 2 ν ξ α v_2 Y (α + ξ ) + i

Y^2 2 v_2 ξ = 0, (3.11)

∂_−α − i^{2 ν v2 ξ}_Y (α + ξ ) +^{α2Y 2}_{2 v22 ξ2} = 0, (3.12) ∂_−Y v_2 + i ξ (_ξ α − 1 ) = 0, (3.13)

which were written in [13]. We now define the functions p = ϕ_1 + ϕ_2 2 , q = ϕ_1 − ϕ_2 2 , α = ξ exp (−2 q) . (3.14)

It then follows that equations (3.10) to (3.13) are given now by

∂_+q = − 1 2 ( i ξ e^Λ + 2 ν ξ e^{−2Λ} ( e^q + e^{−q} )_2 ) , ∂_−q = − 1 2 ( 2i ν ξ e^{p−Λ} ( e^q + e^{−q} ) − e^{2Λ−2p} 2 ξ ) , ∂_+(Λ − p) = −νξe^{−2Λ}(e^{2q} − e^{−2q}), ∂_−Λ = iξe^{−Λ+p}(e^{−q} − e^q), (3.15)

where Y ≡ e^Λ. These equations correspond to those given in [4] with Λ → −λ, ∂_± → ∂_∓, and ϕ → −ϕ.

4 Conservation laws for type II defect matrices

4.1 The sine-Gordon model

The conservation laws for the sine-Gordon model with defects can be derived [11] by making use of the equations of motion as a compatibility condition for the associated linear problem, ∂_xΦ(x, t; λ) = U(x, t; λ) Φ(x, t; λ), ∂_tΦ(x, t; λ) = V (x, t; λ) Φ(x, t; λ), (4.1) where the Lax pair is taken in the following form U = [ −^i_4 (∂_tφ) q(λ)

r(λ)^i_4 (∂_tφ) ] , V = [ −^i_4 (∂_xφ) A(λ)

B(λ)^i_4 (∂_xφ) ] , (4.2)

and we have defined the following fields, q(λ) = − m 4 (λe^{iφ2} − λ^{−1}e^{− iφ2} ), r(λ) = m 4 (λe^{− iφ2} − λ^{−1}e^{iφ2} ), (4.3) A(λ) = − m 4 (λe^{iφ2} + λ^{−1}e^{− iφ2} ), B(λ) = m 4 (λe^{− iφ2} + λ^{−1}e^{iφ2} ). (4.4)

From the linear system (4.1), we can derive two conservation equations, ∂_t ( qΓ − i 4 (∂_tφ) ) = ∂_x ( AΓ − i 4 (∂_xφ) ) , (4.5) ∂_t ( rΨ + i 4 (∂_tφ) ) = ∂_x ( BΨ + i 4 (∂_xφ) ) , (4.6)

where we have introduced the auxiliary functions Γ = Φ_2Φ^{−1}_1 and Ψ = Φ_1Φ^{−1}_2 . These functions satisfy a set of Ricatti equations,

∂_xΓ = r + i 2 (∂_tφ)Γ − qΓ^2, (4.7)

∂_xΨ = q − i 2 (∂_tφ)Ψ − rΨ^2, (4.8)

Firstly, let us consider the equation (4.7) to solve Γ. Hence, expanding Γ as λ → ∞ Γ = ∞∑ n=0 Γ_n λ^n , (4.9)

we get,

Γ_0 = ie^{− iφ2} , (4.10)

Γ_1 = − i m (∂_tφ + ∂_xφ)e^{− iφ2} , (4.11)

Γ_2 = e^{− iφ2} ( − 2 m^2

∂_x(∂_tφ + ∂_xφ) + i 2m^2

(∂_tφ + ∂_xφ)^2 + sin φ ) , (4.12)

Γ_3 = 2 im e^{− i2 φ} ( − 2 m^2

∂^2_x(∂_tφ + ∂_xφ) + i m^2

(∂_tφ + ∂_xφ)(∂_x∂_tφ + ∂^2_xφ)

+ cos φ(∂_xφ) + 1 2 (∂_tφ + ∂_xφ)e^{−iφ} ) . (4.13)

Thus, we have a first infinite set of conserved quantities generated from I = ∫_∞ −∞ dx ( qΓ − i 4 (∂_tφ) ) . (4.14)

Now, if we consider the expansion of Γ as λ → 0, Γ = ∞∑ n=0 Γ̂_nλ^n, (4.15)

we obtain the following coefficients,

Γ̂_0 = ie^{iφ}2 , Γ̂_1 = i m (∂_tφ − ∂_xφ)e^{iφ2} , (4.16)

Γ̂_2 = e^{iφ}2 ( − 2 m^2 ∂_x(∂_tφ − ∂_xφ) + i 2m^2

(∂_tφ − ∂_xφ)^2 − sin φ ) , (4.17)

Γ̂_3 = 2 im e^{i2 φ} ( − 2 m^2

∂^2_x(∂_tφ − ∂_xφ) + i m^2 (∂_tφ − ∂_xφ)(∂_x∂_tφ − ∂^2_xφ) − cos φ(∂_xφ) + 1 2 (∂_tφ − ∂_xφ)e^{−iφ} ) . (4.18)

Now, let us consider the Ricatti equation (4.8) to solve for Ψ. Clearly, using the same scheme we can obtain the first few coefficients for the auxiliary function. The results are listed below,

Ψ_0 = ie^{iφ2} , Ψ_1 = − i m (∂_tφ + ∂_xφ)e^{iφ2} , (4.19)

Ψ_2 = e^{iφ2} ( 2 m^2

∂_x(∂_tφ + ∂_xφ) + i 2m^2

(∂_tφ + ∂_xφ)^2 − sin φ ) , (4.20)

Ψ_3 = − 2 im e^{i2 φ} ( 2 m^2

∂^2_x(∂_tφ + ∂_xφ) + i m^2

(∂_tφ + ∂_xφ)(∂_x∂_tφ + ∂^2_xφ) − cos φ(∂_xφ) − 1 2 (∂_tφ + ∂_xφ)e^{iφ} ) , (4.21) and Ψ̂_0 = ie^{− iφ}2 , Ψ̂_1 = i m (∂_tφ − ∂_xφ)e^{− iφ2} , (4.22)

Ψ̂_2 = e^{− iφ}2 ( 2 m^2 ∂_x(∂_tφ − ∂_xφ) + i 2m^2

(∂_tφ − ∂_xφ)^2 + sin φ ) , (4.23)

Ψ̂_3 = 2 im e^{− i2 φ} ( 2 m^2

∂^2_x(∂_tφ − ∂_xφ) + i m^2 (∂_tφ − ∂_xφ)(∂_x∂_tφ − ∂^2_xφ) + cos φ(∂_xφ) − 1 2 (∂_tφ − ∂_xφ)e^{−iφ} ) . (4.24)

Therefore, I = ∫_∞ −∞ dx ( i 4 (∂_tφ) + rΨ ) , (4.25)

generates an infinite number of conservation laws.

Now, we will discuss how the presence of internal boundary conditions, or more commonly called jump defects, modify the conserved charges of the sine-Gordon model using the Lax pair approach. First, let us place a defect at x = 0, and consider the generating functional of infinite charges given by (4.14) in the presence of a defect as follows, I = ∫_0 −∞ dx [ q_1Γ[φ_1] − i 4 (∂_tφ_1) ] + ∫_∞ 0 dx [ q_2Γ[φ_2] − i 4 (∂_tφ_2) ] . (4.26)

and taking the time-derivative, we have dI dt = [ A_1 Γ[φ_1] − i 4 (∂_xφ_1) ] | | |_{x=0} − [ A_2 Γ[φ_2] − i 4 (∂_xφ_2) ] | | |_{x=0} = − dI_D dt , (4.27)

where [11],

I_D = ln [ K_{11} + K_{12} Γ[φ_1] ]| |_{x=0}. (4.28)

Now, following the same procedure for the generating function (4.25), one gets d I dt = [ B_1Ψ[φ_1] + i 4 (∂_xφ_1) ] | | |_{x=0} − [ B_2Ψ[φ_2] + i 4 (∂_xφ_2) ] | | |_{x=0} = − dI_D dt , (4.29)

where

I_D = ln [ K_{21}Ψ[φ_1] + K_{22} ]| |_{x=0}, (4.30)

Now, taking into account the type II defect matrix K in (2.14) and using the formulas (4.28) and (4.30) to compute the respective defect contributions to the modified conserved quantities for this case, we obtain the following results,

(I_D)_{−1} = i 2σ e^{−i(p−Λ)}(e^{iq} + e^{−iq} + η), (I_D)_{+1} = − iσ 2 e^{iΛ}(e^{iq} + e^{−iq} + η), (4.31)

(I_D)_{−1} = − 2i σ e^{i(p−Λ)}, (Î_D)_{+1} = 2iσe^{−iΛ}. (4.32)

The corresponding type II defect energy and momentum for the sine-Gordon model can be written as, E_D = im ( (I_D)_{−1} − (I_D)_{−1} − (Î_D)_{+1} + (Î_D)_{+1} )

= − m 2σ (4 e^{i(p−Λ)} + e^{−i(p−Λ)}(e^{iq} + e^{−iq} + η)) − mσ 2 (4 e^{−iΛ} + e^{iΛ}(e^{iq} + e^{−iq} + η)), P_D = im ( (I_D)_{−1} − (I_D)_{−1} + (Î_D)_{+1} − (Î_D)_{+1} )

= − m 2σ (4 e^{i(p−Λ)} + e^{−i(p−Λ)}(e^{iq} + e^{−iq} + η)) + mσ 2 (4 e^{−iΛ} + e^{iΛ}(e^{iq} + e^{−iq} + η)). (4.33) Notice that (I_D)_{−1} − (I_D)_{−1} and (I_D)_{+1} − (Î_D)_{+1} corresponds respectively to the quantities f and −g of ref. [4].

Taking into account the type II defect matrix K in (2.25) and using (4.30) and (4.32) we obtain the following results for the modified conserved quantities

(I_D)_{−1} = i c̄_{12} b_{22} e^{i(q+Λ̄)}(e^{ip} + e^{−ip} + η̄) − 1 m (∂_tφ_1 + ∂_xφ_1),

(Î_D)_{+1} = i a_{12} b_{22} e^{iΛ̄}(e^{ip} + e^{−ip} + η̄) + 1 m (∂_tφ_1 − ∂_xφ_1),

(I_D)_{−1} = i b_{22} a_{12} e^{−i(q+Λ̄)} − 1 m (∂_tφ_1 + ∂_xφ_1),

(Î_D)_{+1} = i b_{22} c̄_{12} e^{−iΛ̄} + 1 m (∂_tφ_1 − ∂_xφ_1), (4.34)

yielding defect energy and momentum E_D = im ( (I_D)_{−1} − (I_D)_{−1} − (Î_D)_{+1} + (Î_D)_{+1} )

= m b_{22} a_{12} e^{−i(Λ̄+q)} − m c̄_{12} b_{22} e^{i(Λ̄+q)} ( e^{ip} + e^{−ip} + η̄ ) − m b_{22} c̄_{12} e^{−iΛ̄} + m a_{12} b_{22} e^{iΛ̄} ( e^{ip} + e^{−ip} + η̄ ) , P_D = im ( (I_D)_{−1} − (I_D)_{−1} + (Î_D)_{+1} − (Î_D)_{+1}) )

= m b_{22} a_{12} e^{−i(Λ̄+q)} − m c̄_{12} b_{22} e^{i(Λ̄+q)} ( e^{ip} + e^{−ip} + η̄ ) + m b_{22} c̄_{12} e^{−iΛ̄} − m a_{12} b_{22} e^{iΛ̄} ( e^{ip} + e^{−ip} + η̄ ) . (4.35) Notice that (4.33) and (4.35) reflect the symmetry φ_2 → −φ_2 already pointed out with respect to eqs. (2.27) and (2.12).

4.2 The Tzitzéica-Bullough-Dodd Model

For this model, the matrices U and V, are conveniently written as,

U = −^{(∂−v)}_{2v}^{iλv}_2 −^1_{2λ} −^i_{2λ} 0^{iλv}_2 −^λ_2 v^{−2} −^i_{2λ}^{(∂−v)}_{2v} , V = (∂_−v) 2v iλv 2 1 2λ i 2λ 0^{iλv}_2 −^λ_2 v^{−2 i}_{2λ} −^{(∂−v)}_{2v}

. (4.36)

In terms of these, we can write down the set of linear differential equations (4.1) as,

∂_tΦ_1 = ( ∂_−v 2v ) Φ_1 + ( iλv 2 ) Φ_2 + ( 1 2λ ) Φ_3, (4.37)

∂_tΦ_2 = ( i 2λ ) Φ_1 + ( iλv 2 ) Φ_3, (4.38)

∂_tΦ_3 = − ( λ 2v^2 ) Φ_1 + ( i 2λ ) Φ_2 − ( ∂_−v 2v ) Φ_3, (4.39) and ∂_xΦ_1 = − ( ∂_−v 2v ) Φ_1 + ( iλv 2 ) Φ_2 − ( 1 2λ ) Φ_3, (4.40)

∂_xΦ_2 = − ( i 2λ ) Φ_1 + ( iλv 2 ) Φ_3, (4.41)

∂_xΦ_3 = − ( λ 2v^2 ) Φ_1 − ( i 2λ ) Φ_2 + ( ∂_−v 2v ) Φ_3. (4.42)

Now, by defining the auxiliary functions Γ_{12} = Φ_2Φ^{−1}_1 and Γ_{13} = Φ_3Φ^{−1}_1 , we can construct an infinite set of conservation laws from the equations (4.37) and (4.40) as follows, ∂_t ( − (∂_−v) 2v + ( iλv 2 ) Γ_{12} − 1 2λ Γ_{13} ) = ∂_x ( (∂_−v) 2v + ( iλv 2 ) Γ_{12} + 1 2λ Γ_{13} ) , (4.43)

where the auxiliary functions satisfy the following coupled Ricatti equations for the x-part,

∂_xΓ_{12} = ( (∂_−v) 2v ) Γ_{12} + ( iλv 2 ) ( Γ_{13} − (Γ_{12})^2 ) − 1 2λ (i − Γ_{12}Γ_{13}) , (4.44)

∂_xΓ_{13} = ( (∂_−v) v ) Γ_{13} − λ 2 ( 1 v^2

+ iv Γ_{12}Γ_{13} ) − 1 2λ ( iΓ_{12} − (Γ_{13})^2 ) , (4.45)

and for the t-part,

∂_tΓ_{12} = − (∂_−v) 2v Γ_{12} + iλv 2 (Γ_{13} − (Γ_{12})^2) + 1 2λ (i − Γ_{12}Γ_{13}), (4.46)

∂_tΓ_{13} = − (∂_−v) v Γ_{13} − λ 2 ( 1 v^2

+ iv Γ_{12}Γ_{13} ) + 1 2λ (iΓ_{12} − (Γ_{13})^2). (4.47)

Now, as usual these differential equations can be recursively solved by considering an expansion in non-positive powers of λ,

Γ_{12} = ∞∑ n=0 Γ^{(n)}_{12} λ^n , Γ_{13} = ∞∑ n=0 Γ^{(n)}_{13} λ^n . (4.48)

The lowest coefficients are simply given by,

Γ^{(0)}_{12} = i(μv)^{−1}, Γ^{(0)}_{13} = μv^{−2}, (4.49)

Γ^{(1)}_{12} = −i(∂_+v)v^{−2}, Γ^{(1)}_{13} = μ^{−1}(∂_+v)v^{−3}, (4.50)

Γ^{(2)}_{12} = − 4iμ 3 ∂_x ( (∂_+v)v^{−1} ) v^{−1} + iμ 3 ( (∂_+v)v^{−1}

)_2

v^{−1} + 2iμ 3 ( 1 − v^{−3} ) , (4.51)

Γ^{(2)}_{13} = 2 3 ∂_x ( (∂_+v)v^{−1} ) v^{−2} − 2 3 ( (∂_+v)v^{−1}

)_2 v^{−2} − 1 3 ( v^{−1} − v^{−4} ) , (4.52)

where μ is an arbitrary constant satisfying μ^3 = −1. Assuming sufficiently smooth decaying fields as |x| → ±∞ , the corresponding conserved quantities reads

I_1 = ∫_∞ −∞ dx [ − (∂_−v) 2v + iλv 2 Γ_{12} − 1 2λ Γ_{13} ] . (4.53)

By substituting the expansion of the auxiliary functions into above definition, we get an infinite number of conserved charges I^{(k)}_1 . It is very easy to check that the conserved quantities corresponding to k = 1 is trivial, and for k = 0 we obtain a topological term. The first non-vanishing conserved charge is explicitly given by,

I^{(−1)}_1 = 1 3 ∫_∞ −∞ dx [ 1 2 ((∂_+v)v^{−1})^2 + ( v + 1 2 v^{−2} )] , (4.54)

where without loss of generality, we have chosen μ = −1. Then, repeating this procedure we can construct another set of conserved quantities corresponding to the expansion of the auxiliary functions in non-negative powers of λ, namely,

Γ_{12} = ∞∑ n=0 Γ̂^{(n)}_{12} λ^n, Γ_{13} =^∞ ∑ n=0 Γ̂^{(n)}_{13} λ^n. (4.55)

From the Ricatti equations we get, Γ̂^{(0)}_{12} = iμ, Γ̂^{(0)}_{13} = μ^{−1}, (4.56) Γ̂^{(1)}_{12} = 0, Γ̂^{(1)}_{13} = −(∂_−v)v^{−1}, (4.57)

Γ̂^{(2)}_{12} = −2i 3 ∂_x ( (∂_−v)v^{−1} ) + i 3 ( (∂_−v)v^{−1} )_2 − i 3 ( v − v^{−2} ) , (4.58)

Γ̂^{(2)}_{13} = −2μ 3 ∂_x ( (∂_−v)v^{−1} ) + μ 3 ( (∂_−v)v^{−1} )_2 − μ 3 ( v − v^{−2} ) . (4.59)

From these results and chosing μ = −1, the first non-vanishing conserved charge is given by

Î^{(+1)}_1 = 1 3 ∫_∞ −∞ dx [ 1 2 ((∂_−v)v^{−1})^2 + ( v + 1 2 v^{−2} )] . (4.60)

Then, we clearly can combine I^{(−1)}_1 and Î^{(+1)}_1 in order to obtain the usual energy and momentum quantities. However, it is not enough because we are not considering all the information coming from the Lax pair. So, it is also possible to construct another infinite sets of conserved quantities by considering two more conservation equations that can be derived from the equations (4.38), (4.39), (4.41) and (4.42), namely, ∂_t ( − ( i 2λ ) Γ_{21} + ( iλv 2 ) Γ_{23} ) = ∂_x (( i 2λ ) Γ_{21} + ( iλv 2 ) Γ_{23} ) , (4.61) ∂_t (( ∂_−v 2v ) − ( λ 2v^2 ) Γ_{31} − ( i 2λ ) Γ_{32} ) = ∂_x ( − ( ∂_−v 2v ) − ( λ 2v^2 ) Γ_{31} + ( i 2λ ) Γ_{32} ) ,(4.62)

where we have introduced some other auxiliary functions Γ_{21} = Φ_1Φ^{−1}_2 , Γ_{23} = Φ_3Φ^{−1}_2 , Γ_{31} = Φ_1Φ^{−1}_3 , and Γ_{32} = Φ_2Φ^{−1}_3 . It is quite straightforward that these functions satisfy a set of Ricatti equations that can be written for the x-part as follows,

∂_xΓ_{21} = ( iλv 2 ) − ( ∂_−v 2v ) Γ_{21} − ( 1 2λ ) Γ_{23} − ( iλv 2 ) (Γ_{21}Γ_{23}) + ( i 2λ ) (Γ_{21})^2, (4.63)

∂_xΓ_{23} = − ( i 2λ ) − ( λ 2v^2 ) Γ_{21} + ( ∂_−v 2v ) Γ_{23} + ( i 2λ ) (Γ_{21}Γ_{23}) − ( iλv 2 ) (Γ_{23})^2, (4.64)

∂_xΓ_{31} = − ( 1 2λ ) − ( ∂_−v 2v ) Γ_{31} + ( iλv 2 ) Γ_{32} + ( i 2λ ) (Γ_{31}Γ_{32}) + ( λ 2v^2 ) (Γ_{31})^2, (4.65)

∂_xΓ_{32} = ( iλv 2 ) − ( i 2λ ) Γ_{31} − ( ∂_−v 2v ) Γ_{32} + ( λ 2v^2 ) (Γ_{31}Γ_{32}) + ( i 2λ ) (Γ_{32})^2, (4.66)

and for the t-part,

∂_tΓ_{21} = ( iλv 2 ) + ( ∂_−v 2v ) Γ_{21} + ( 1 2λ ) Γ_{23} − ( iλv 2 ) (Γ_{21}Γ_{23}) − ( i 2λ ) (Γ_{21})^2, (4.67)

∂_tΓ_{23} = ( i 2λ ) − ( λ 2v^2 ) Γ_{21} − ( ∂_−v 2v ) Γ_{23} − ( i 2λ ) (Γ_{21}Γ_{23}) − ( iλv 2 ) (Γ_{23})^2, (4.68)

∂_tΓ_{31} = ( 1 2λ ) + ( ∂_−v 2v ) Γ_{31} + ( iλv 2 ) Γ_{32} − ( i 2λ ) (Γ_{31}Γ_{32}) + ( λ 2v^2 ) (Γ_{31})^2, (4.69)

∂_tΓ_{32} = ( iλv 2 ) + ( i 2λ ) Γ_{31} + ( ∂_−v 2v ) Γ_{32} + ( λ 2v^2 ) (Γ_{31}Γ_{32}) − ( i 2λ ) (Γ_{32})^2. (4.70)

As was already shown, these equations can be recursively solved by introducing an expansion of the respective auxiliary functions in positive and/or negative powers of the spectral parameter λ. Doing so, after a lengthy calculation the first few coefficients for these auxiliary functions can be determined, and the results are shown in tables 1 and 2.

Now, from equations (4.61) and (4.62) we obtain directly the following two generating functions of the conserved quantities,

I_2(λ) = ∫_∞ −∞ dx [ − ( i 2λ ) Γ_{21} + ( ivλ 2 ) Γ_{23} ] , (4.71)

I_3(λ) = ∫_∞ −∞ dx [( ∂_−v 2v ) − ( λ 2v^2 ) Γ_{31} − ( i 2λ ) Γ_{32} ] . (4.72)

Γ^{(0)}_{21} = iv Γ^{(0)}_{23} = −iv^{−1} Γ̂^{(0)}_{21} = i Γ̂^{(0)}_{23} = −i Γ^{(0)}_{31} = −v^2 Γ^{(0)}_{32} = iv Γ̂^{(0)}_{31} = −1 Γ̂^{(0)}_{32} = i Γ^{(1)}_{21} = −i(∂_+v) Γ^{(1)}_{23} = 0 Γ̂^{(1)}_{21} = 0 Γ̂^{(1)}_{23} = −i(∂_−v)v^{−1} Γ^{(1)}_{31} = (∂_+v)v Γ^{(1)}_{32} = 0 Γ̂^{(1)}_{31} = (∂_−v)v^{−1} Γ̂^{(1)}_{32} = −i(∂_−v)v^{−1}

Table 1: The zero-th and first order coefficients.

Γ^{(2)}_{21} = −^4_3 [ ∂_x(∂_+v) +^1_{2v} (∂_−v) (∂_+v) +^1_2 (v^{−1} − v^2) ]

Γ^{(2)}_{23} =^2_{3i} [ ∂_x(∂_+v)v^{−2} +^1_{2v3} (∂_−v) (∂_+v) +^1_2 (v^{−3} − 1) ] Γ̂^{(2)}_{21} =^2_{3i} [∂_x(∂_−v)v−1 −^1_{2v2} (∂_−v) (∂_+v) −^1_2 (v−2 − v)] Γ̂^{(2)}_{23} =^4_{3i} [−∂_x(∂_−v)v−1 +^1_{2v2} (∂_−v) (∂_+v) +^1_2 (v−2 − v)] Γ^{(2)}_{31} = −^2_3 [ ∂_x(∂_+v)v +^1_2 (∂_−v) (∂_+v) +^1_2 (1 − v^3) ]

Γ^{(2)}_{32} =^2_{3iv} [ ∂_x(∂_+v)v +^1_2 (∂_−v) (∂_+v) +^1_2 (1 − v^3) ]

Table 2: Second-order coefficients.

Then, by substituting the respective expansion of each auxiliary function and using the coefficients showed in tables 1 and 2, we immediately get the first few non-vanishing conserved quantities, which are explicitly given by,

I^{(−1)}_2 = I^{(−1)}_3 = 1 3 ∫_∞ −∞ dx [ 1 2 ((∂_+v)v^{−1})^2 + ( v + 1 2 v^{−2} )] , (4.73)

Î^{(+1)}_2 = Î^{(+1)}_3 = 1 3 ∫_∞ −∞ dx [ 1 2 ((∂_−v)v^{−1})^2 + ( v + 1 2 v^{−2} )] . (4.74)

From the above results, we can notice that there is a simple combination of all these contributions giving us the usual energy and momentum conserved quantities. In fact, if we define the following conseved quantities,

I^{(−1)} = I^{(−1)}_1 + I^{(−1)}_2 + I^{(−1)}_3 = ∫_∞ −∞ dx [ 1 2 ((∂_+v)v^{−1})^2 + ( v + 1 2 v^{−2} )] , (4.75)

Î^{(+1)} = Î^{(+1)}_1 + Î^{(+1)}_2 + Î^{(+1)}_3 = ∫_∞ −∞ dx [ 1 2 ((∂_−v)v^{−1})^2 + ( v + 1 2 v^{−2} )] , (4.76)

the conserved energy and momentum can be written as E = (I^{(−1)} + Î^{(+1)}) 2 = ∫_∞ −∞ dx { 1 2 [ (∂_xϕ)^2 + (∂_tϕ)^2 ] + ( e^ϕ + 1 2 e^{−2ϕ} )} , (4.77)

P = (I^{(−1)} − Î^{(+1)}) 2 = ∫_∞ −∞ dx (∂_xv) (∂_tv) v^2 = ∫_∞ −∞ dx (∂_xϕ) (∂_tϕ) . (4.78)

Then, it shows that given a Lax pair for the Tzitzéica-Bullough-Dodd model we can construct an infinite set of conserved charges by using all the information coming from the associated linear problem.

Now, we will compute the modified conserved charges coming from the defect contributions for the Tzitzéica-Bullough-Dodd model using the Lax pair approach. Then, considering the defect placed at x = 0, the set of infinite charges given by (4.53) in the presence of a defect reads,

I_1(λ) =

∫_0 −∞ dx [ − (∂_−v_1) 2v_1 + iλv_1 2 Γ_{12}(v_1) − 1 2λ Γ_{13}(v_1) ]

+ ∫_∞ 0 dx [ − (∂_−v_2) 2v_2 + iλv_2 2 Γ_{12}(v_2) − 1 2λ Γ_{13}(v_2) ] , (4.79)

differentiating with respect to time, we get

d I_1(λ) dt = [ (∂_−v_1) 2v_1 + iλv_1 2 Γ_{12}(v_1) + 1 2λ Γ_{13}(v_1) ] | | |_{x=0} − [ (∂_−v_2) 2v_2 + iλv_2 2 Γ_{12}(v_2) + 1 2λ Γ_{13}(v_2) ] | | x=0 . (4.80)

Then, using the associated linear system we obtain the following relation between the auxiliary functions of each side,

Γ_{12}(v_2) =

K_{21} + K_{22}Γ_{12}(v_1) + K_{23}Γ_{13}(v_1) K_{11} + K_{12}Γ_{12}(v_1) + K_{13}Γ_{13}(v_1) , Γ_{13}(v_2) =

K_{31} + K_{32}Γ_{12}(v_1) + K_{33}Γ_{13}(v_1) K_{11} + K_{12}Γ_{12}(v_1) + K_{13}Γ_{13}(v_1)

. (4.81)

Now, from the partial differential equations satisfied by K and the two Ricatti equations (4.46) and (4.47), we finally get that

d I_1(λ) dt = − d dt [ ln (K_{11} + K_{12}Γ_{12}(v_1) + K_{13}Γ_{13}(v_1)) ]| |_{x=0}. (4.82)

Then, we have that the modified conserved quantities derived from this conservation equation (4.43) is I_1(λ) + I_{D1} (λ), where

I_{D1} (λ) = ln [ K_{11} + K_{12}Γ_{12}(v_1) + K_{13}Γ_{13}(v_1) ]| |_{x=0}. (4.83)

From the above formula we can derive two different sets of defect contribution by considering the expansion of the auxiliary functions in positive and negative powers of λ. In particular for the λ^{±1}-terms, we obtain

Î^{(+1)}_{D1} = −2iξ e^{(p−Λ)} (e^q + e^{−q}) , I^{(−1)}_{D1} = −2ξ e^{−2Λ} (e^q + e^{−q})^2 . (4.84)

As we now know, to obtain the exact form of the corresponding defect contributions to the energy and momentum, we need to consider the others conservation equations and consequently the other charges given in (4.71) and (4.72). Applying the same steps to derive the defect contributions, one gets

I_{D2} (λ) = ln [ K_{21}Γ_{21}(v_1) + K_{22} + K_{23}Γ_{23}(v_1) ]| |_{x=0}, (4.85)

I_{D3} (λ) = ln [ K_{31}Γ_{31}(v_1) + K_{32}Γ_{32}(v_1) + K_{33} ]| |_{x=0}. (4.86)

From these, we find that the first non-vanishing terms are given explicitly by,

Î^{(+1)}_{D2} = −2iξe^{(p−Λ)} (e^q + e^{−q}) , I^{(−1)}_{D2} = i ξ e^Λ, (4.87)

Î^{(+1)}_{D3} = −1 2 e^{2(Λ−p)}, I^{(−1)}_{D3} = i ξ e^Λ. (4.88)

Now, defining by analogy the following two conserved quantities,

I^{(−1)}_D = I^{(−1)}_{D1} + I^{(−1)}_{D2} + I^{(−1)}_{D3} = −2ξ e^{−2Λ} ( e^q + e^{−q} )_2 + 2i ξ e^Λ, (4.89)

Î^{(+1)}_D = Î^{(−1)}_{D1} + Î^{(−1)}_{D2} + Î^{(−1)}_{D3} = −4iξe^{(p−Λ)} (e^q + e^{−q}) − 1 2 e^{2(Λ−p)}, (4.90) we can write down the defect energy and momentum as follows,

E_D = 1 2 ( I^{(−1)}_D + Î^{(+1)}_D )

= −ξ e^{−2Λ} ( e^q + e^{−q} )_2 + i ξ e^Λ − 2iξe^{(p−Λ)} ( e^q + e^{−q} ) − 1 4 e^{2(Λ−p)}, (4.91)

P_D = 1 2 ( I^{(−1)}_D − Î^{(+1)}_D )

= −ξ e^{−2Λ} ( e^q + e^{−q} )_2 + i ξ e^Λ + 2iξe^{(p−Λ)} ( e^q + e^{−q} ) + 1 4 e^{2(Λ−p)}. (4.92)

These are exactly the defect energy and momentum which are obtained by using the Lagrangian formalism. In particular, we can note that E_D corresponds to f +g of ref. [4], which was expected (with the observations given at the end of section 2). It is interesting to emphasize that for obtaining the most general form of the defect energy and momentum for the Tzitzéica-Bullough-Dodd model is necessary to consider all the contributions coming from all conservation equations and, for both expansions of every each of the auxiliary functions in positive and negative powers of the spectral parameter λ.

5 Conclusions

In conclusion, we have constructed the type II Bäcklund transformations via gauge transformations and the corresponding conserved quantities for the sine-Gordon and Tzitzéica- Bullough-Dodd models. This approach can be useful to study these models with such type of defects, in particular for issues concerning their integrability. For this purpose, as disscussed in [5] and [6] for the sine-Gordon and non-linear Schrödinger models, the involution of the Hamiltonians in the presence of type II defects needs to be clarified.

Acknowledgements ARA acknowledges the financial support of FAPESP. TRA would like to acknowledge the financial support of CAPES. JFG and AHZ would like thank CNPq for financial support. We also thank the referee for helpful suggestions and comments.

References

[1] P. Bowcock, E. Corrigan and C. Zambon, Classically integrable field theories with defects, Int. J. Mod. Phys. A19S2 (2004) 82 [hep-th/0305022].

[2] P. Bowcock, E. Corrigan and C. Zambon, Affine Toda field theories with defects, JHEP 0401 (2004) 056 [hep-th/0401020].

[3] E. Corrigan and C. Zambon, Jump-defects in the nonlinear Schrodinger model and other non-relativistic field theories, Nonlinearity 19 (2006) 1447 [nli.SI/0512038].

[4] E. Corrigan and C. Zambon, A new class of integrable defects, J. Phys. A42 (2009) 475203 [arXiv:0908.3126].

[5] I. Habibullin and A. Kundu, Quantum and classical integrable sine-Gordon model with defect, Nucl. Phys. B 795 (2008) 549 [hep-th/0709.4611].

[6] J. Avan and A. Doikou, Liouville integrable defects: the non-linear Schrödinger paradigm, (2011) [hep-th/1110.4728].

[7] J.F. Gomes, L.H. Ymai and A.H. Zimerman, Classical integrable super sinh-Gordon equation with defects, J. Phys. A : Math. Gen. 39 (2006) 7471 [hep-th/0601014].

[8] J.F. Gomes, L.H. Ymai and A.H. Zimerman, Integrability of a classical N = 2 super sinh-Gordon model with jump defects, JHEP 0803:001 (2008) [arxiv:0710.1391].

[9] A.R. Aguirre, J.F. Gomes, L.H. Ymai and A. H. Zimerman, Thirring model with jumpdefect, Proceedings of Science, PoS(ISFTG) 031 (2009) [nlin.SI:0910.2888v2].

[10] A.R. Aguirre, J.F. Gomes, L.H. Ymai, A.H. Zimerman, Grassmannian and Bosonic Thirring model with jump defect, JHEP 1102:017 (2011) [arxiv:1012.1537].

[11] V. Caudrelier, On a systematic approach to defects in classical integrable field theories, IJGMMP vol.5 No. 7 (2008) 1085-1108 [arXiv:0704.2326].

[12] P.E.G. Assis and L.A. Ferreira, The Bullough-Dodd model coupled to matter fields, Nucl.

Phys. B800 (2008) 449 [arXiv:0708.1342].

[13] A.B. Borisov, S.A. Zykov and M.V. Pavlov, Tzitzéica equation and proliferation of nonlinear integrable equations, Theor. Mat. Phys. 131 (2002) 550.