arXiv:1110.3044v2 [hep-ph] 20 Mar 2012

RIKEN-MP-35, INT-PUB-11-047

No-Go Theorem for Critical Phenomena in Large-N_c QCD

Yoshimasa Hidaka^1 and Naoki Yamamoto^2 1Mathematical physics Laboratory, RIKEN Nishina Center, Saitama 351-0198, Japan 2Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195-1550, USA (Dated: March 19, 2012)

We derive some rigorous results on the chiral phase transition in QCD and QCD-like theories with a large number of colors, Nc, based on the QCD inequalities and the large-Nc orbifold equivalence. We show that critical phenomena and associated soft modes are forbidden in flavor-symmetric QCD at finite temperature T and finite but not so large quark chemical potential μ for any nonzero quark mass. In particular, the critical point in QCD at a finite baryon chemical potential μB = Ncμ is ruled out, if the coordinate (T, μ) is outside the pion condensed phase in the corresponding phase diagram of QCD at a finite isospin chemical potential μI = 2μ.

PACS numbers: 11.10.Wx, 11.15.Pg, 12.38.Lg

Introduction.—The phase structure of quantum chromodynamics (QCD) at finite temperature T and finite baryon chemical potential μ_B is a longstanding problem despite its phenomenological importance, including heavy ion collisions and cosmology. Although it has been established from the first-principles lattice QCD simulations that the thermal chiral transition at μ_B = 0 is a smooth crossover in real QCD [1], the fate of the chiral transition at nonzero μ_B has not been fully understood. In particular, not only the location, but even the existence of the QCD critical point(s) (see [2] for a review) has not yet been settled. This is mainly because the Monte Carlo method is not available at nonzero μ_B due to the sign problem.

One might hope that the 1/N_c expansion provides some new insights to this question, where the number of colors N_c is taken to infinity with keeping the ’t Hooft coupling λ = g^2N_c fixed (the ’t Hooft limit) [3]. This limit has proven successful for understanding of a number of aspects of hadrons in the QCD vacuum [4], and has also been widely applied to QCD at finite T and finite baryon chemical potential μ_B = N_cμ. The deconfinement temperature T_d is independent of μ (when μ ∼ N^0_c ) in this limit since the gauge dynamics with ∼ N^2_c degrees of freedom is insensitive to the quark dynamics with ∼ N^1_c degrees of freedom [5]. However, the fate of the chiral phase transition is still an unanswered question. We only know that the critical temperature T_c of the chiral transition must satisfy T_c ≥ T_d because the chiral condensate ∼ N^1_c cannot be changed by noninteracting mesons and glueballs with ∼ N^0_c degrees of freedom in the confined phase [6].

In this Letter, we derive some exact results on the chiral phase transition in the large-N_c QCD and QCD-like theories. The critical phenomena (especially the QCD critical point) and associated soft modes are forbidden in flavor-symmetric QCD at finite μ_B for any nonzero quark mass m, as long as the coordinate (T, μ) is outside the pion condensed phase [7] in the corresponding phase diagram of QCD at finite isospin chemical potential μ_I = 2μ

(for the phase diagram, see Fig. 1 below).

Our results still allow a possibility that the QCD critical point exists inside the pion condensed phase in the large-N_c limit. Actually, in various effective models, such as the random matrix model [13], Nambu–Jona-Lasinio (NJL) model [14], and PNJL model [15], the critical point has been observed inside this region, as is consistent with our no-go theorem. This can be ascribed to the fact that the mean-field approximation in the model calculations corresponds to the leading order of 1/N expansion, and no-go theorems can also be formulated within these models [16]. Since the sign problem is maximally severe inside the pion condensed phase as pointed out by model analyses [13–15], our no-go theorem might imply that the conventional reweighting techniques are difficult to access the QCD critical point on the lattice. Our rigorous results are also useful to judge whether holographic models of QCD [17] motivated by the gauge/gravity duality [18] capture the genuine QCD physics or not.

QCD inequalities.—We first recall the rigorous QCD inequalities [19] which are essential in the discussion of this Letter. We shall work in the Euclidean and flavorsymmetric QCD with N_f flavors, and consider the Dirac

FIG. 1. Phase diagram of QCD with μI at large Nc. The single line denotes the pion condensed phase transition and the double line denotes deconfinement transition. (The chiral transition is not shown here.)

operator at μ_B = 0, D = D +m with D = γ_μ(∂_μ +igA_μ). The operator D satisfies the anti-Hermiticity and chiral symmetry, D^† = −D and γ_5Dγ_5 = −D. From these two properties, we have

γ_5Dγ_5 = D^†, (1)

and the positivity, det D ≥ 0.

Let us take a generic flavor nonsinglet fermion bilinear M_Γ = ψ̄Γψ and consider a set of correlation functions, C_Γ(x, y) ≡ ⟨M_Γ(x)M^†_Γ(y)⟩_{ψ,A} = −⟨tr[S_A(x, y)ΓS_A(y, x)Γ̄]⟩_A. (2)

Here, S_A(x, y) ≡ ⟨x|D^{−1}|y⟩ is a propagator from y to x in a background gauge field A, the symbols ⟨ · ⟩_{ψ,A} and ⟨ · ⟩_A denote the full average and the average over the gauge field, respectively, and Γ̄ ≡ γ_0Γ^†γ_0. From (1) and the positivity of the measure, we have

C_Γ = ⟨tr[S_A(x, y)Γiγ_5S^†_A(x, y)iγ_5Γ̄]⟩_A ≤ ⟨tr[S_A(x, y)S^†_A(x, y)]⟩_A, (3) where the Cauchy-Schwarz inequality is used. The inequality is saturated when Γ = iγ_5τ_A with τ_A being the traceless flavor generators.

The asymptotic behavior of C_Γ at large distance |x−y| can be written as C_Γ ∼ e^{−mΓ|x−y|}, (4) with m_Γ being the mass of the lowest meson state in the channel Γ. Then the inequalities among correlators (3) lead to the inequalities among meson masses,

m_Γ ≥ m_π, (5)

where m_π is the mass of the pseudoscalar pion.

We note that the derivation of the QCD inequalities so far relies on the assumption that j_Γ is not flavor singlet. This condition is necessary, otherwise the flavor disconnected diagrams ∼ ⟨tr[ΓS_A(x, x)] tr[Γ̄S_A(y, y)]⟩_A, where ψ̄ψ turns into a gluonic intermediate state, also contribute and the above argument breaks down. Phenomenologically, the disconnected diagrams might be suppressed compared with the connected diagrams. A well-known example is the Okubo-Zweig-Iizuka (OZI) rule. Theoretically, it is the ’t Hooft large-N_c limit [3] that cleanly justifies this statement [4]. The flavor disconnected diagrams are subleading compared with the connected diagrams in the 1/N_c expansion. Hence, at the leading order in the 1/N_c expansion, the QCD inequalities are also applicable to the flavor singlet channel. In particular, it follows that

m_σ ≥ m_π. (6)

Here, m_σ is the mass of the flavor singlet scalar σ which has the quantum number of the chiral condensate ⟨ψ̄ψ⟩.

If one includes the subleading 1/N_c corrections that originate from the flavor disconnected diagrams, m_σ can be written as

m_σ = m_π + C + O(N^{−1}_c ), (7)

with some C ≥ 0. We here assume m = O(N^0_c ), and thus m_π = O(N^0_c ), since quark mass does not have any dependence of N_c in nature.

Chiral phase transition at μ_B = 0.—Let us consider the thermal chiral phase transition in large-N_c QCD at μ_B = 0 in the presence of nonzero quark mass m. In this case, a pion becomes massive due to the explicit breaking of chiral symmetry, m_π > 0. If there exists a secondorder chiral transition at some critical temperature T = T_c at μ_B = 0, the screening mass in the σ-meson channel vanishes, m_σ = 0, or the correlation length ξ = m^{−1}_σ is divergent [20].

However, the inequality (6), which is valid independent of T , leads to the finite bound ∼ N^0_c for m_σ ,

m_σ ≥ m_π > 0. (8)

This constraint clearly contradicts the fact that m_σ = 0 at T = T_c. Therefore, we arrive at the conclusion that the second-order chiral transition and associated soft modes are forbidden in the large-N_c QCD at μ_B = 0 for any m > 0. This is our first no-go theorem. From this theorem, the large-N_c thermal chiral transition at μ_B = 0 for m > 0 is either first order or crossover; we will discuss each possibility later.

Note that we used the large-N_c limit only to justify the suppression of flavor disconnected diagrams compared with flavor connected ones. This implies that, in real QCD with N_c = 3, the second-order chiral transition for m > 0 can happen, when the contribution of disconnected diagrams, the O(N_c^{−1}) term in (7), cancels out that of connected diagrams, the remaining terms in (7).

Our no-go theorem agrees with the general argument on the order of the chiral phase transition based on the symmetries of QCD [21]. In three-color and three-flavor QCD, the thermal chiral transition at μ_B = 0 becomes first order because of the U(1)_A anomaly for small m, and becomes second order at some critical quark mass m_c. At large N_c, the anomaly effects related to disconnected diagrams are suppressed as O(N^{−1}_c ), and thus, m_c = O(N^{−1}_c ); the chiral transition is smeared into a crossover for any nonzero quark mass ∼ N^0_c .

Chiral phase transition at μ_I ≠ 0.—The positivity of the theory, which enables us to use the QCD inequalities above, is essential to derive the no-go theorem for the chiral critical phenomena at μ_B = 0. However, the Dirac operator at finite μ_B = N_cμ, D(μ) = D + μγ_0 + m does no longer satisfy (1), and the positivity is lost; this is the origin of the notorious sign problem in QCD.

On the other hand, there are class of QCD-like theories that have the positivity at finite μ_B , such as QCD with fermions in the adjoint representation [22], SO(2N_c) [23, 24] and Sp(2N_c) gauge theories [24]. Also QCD at finite isospin chemical potential μ_I maintains the positivity [25]. (We do not consider two-color QCD at finite μ_B , which also has the positivity [22, 26], because we cannot take the large-N_c limit in this theory.) We can apply our previous argument to these theories even at finite μ_B or finite μ_I , except the adjoint QCD. The reason why our argument fails in the adjoint QCD is that the flavor disconnected diagrams are not suppressed compared with the connected diagrams since “color” degrees of freedom of fermions ∼ N^2_c are comparable to those of gluons. Similarly, our argument is not applicable to QCD with fundamental quarks for fixed N_f /N_c and N_c → ∞ [27] and QCD with two-index antisymmetric quarks for fixed N_f and N_c → ∞ [28], the latter of which is used for the orientifold equivalence with adjoint QCD [29].

Let us take QCD at finite μ_I with two degenerate flavors as an example, which will be utilized later to generalize the no-go theorem to QCD at finite μ_B . The same argument is applicable to other theories, SO(2N_c) gauge theory with any number of flavors and Sp(2N_c) gauge theory with even number of flavors [30].

The Dirac operator in QCD at finite μ_I , D(μ_I ) = D + μ_I γ_0τ_3/2 + m satisfies the relation [25]

τ_1γ_5Dγ_5τ_1 = D^†, (9)

for the degenerate quark mass m, from which the positivity det D(μ_I ) ≥ 0 follows. One can then derive the inequality at any μ_I [25]:

C_Γ ≤ ⟨tr[S_A(x, y)S^†_A(x, y)]⟩_A, (10)

where the inequality is saturated when Γ = iγ_5τ_{1,2}. This leads to the inequalities between meson masses in different channels, m_Γ ≥ m_{π±} . In the large N_c limit, QCD inequalities are applicable to the flavor singlet channel, and we have

m_σ ≥ m_{π±} . (11)

Repeating a similar argument to QCD at μ_B = 0, the second-order chiral transition is not allowed in this theory at finite μ_I where m_{π+} > 0 or m_{π−} > 0.

In order to consider the applicable region of the above no-go theorem, let us turn to the phase diagram of QCD at finite μ_I in the large-N_c limit shown in Fig. 1. (See [25] for the phase diagram with N_c = 3.) In this case, π_+ meson charged under isospin symmetry exhibits the Bose- Einstein condensation (BEC) ⟨π_+⟩ ≠ 0 at low density, μ > m_π/2 at T = 0 where the excitation energy m_π − 2μ becomes negative. On the other hand, at high density, the attractive interaction between quarks near the Fermi surface leads to the Bardeen-Cooper-Schrieffer (BCS) pairing of diquark with the quantum number ⟨d̄γ_5u⟩, as found from the weak-coupling calculations [25]. Because both condensates have the same quantum numbers and break the same symmetry U(1)_{L+R} down to Z_2, there should be no phase transition between the two regimes, similarly to the BEC-BCS crossover studied in nonrelativistic Fermi gases [31].

In Fig. 1, the deconfinement temperature T_d is independent of μ, as explained in the introduction. Also the critical chemical potential μ_c = m_π/2 for the pion condensation is independent of T in the confined phase because of the large-N_c volume independence [32] or from the argument similar to the chiral condensate [6].

From the phase diagram of QCD at finite μ_I , m_{π±} > 0 (m_{π+} = 0 and m_{π−} > 0) outside (inside) the pion condensed phase. Therefore, from the QCD inequalities (11), massless σ and the second-order chiral transition are prohibited in QCD at any μ_I for any m > 0.

Repeating the same argument in SO(2N_c) and Sp(2N_c) gauge theories at finite μ_B , the second-order chiral transition is forbidden in these theories. The locations of phase boundaries of the chiral transition, deconfinement transition, and BEC-BCS crossover region completely coincide with those of QCD at finite μ_I , as shown in [24].

Chiral phase transition at μ_B ≠ 0.—Now we are ready to generalize the no-go theorem to QCD at finite μ_B , using the results of QCD at finite μ_I . Based on the large- N_c orbifold equivalence [33], it was recently shown that a class of observables in QCD at finite μ_B , including the chiral condensate, exactly coincide those of QCD at finite μ_I outside the pion condensed phase. This can also be understood from the following argument: At the leading order of 1/N_c, the contributions of up (u) and down (d) quarks to the chiral condensate are decoupled from each other, and hence, the chiral condensate does not distinguish the sign of the chemical potential for the d quark due to the charge conjugation symmetry. As a consequence, chiral condensate at finite μ_B and that at finite μ_I coincide. However, this argument fails if the pion condensation occurs in QCD at finite μ_I where u and d quarks are coupled in the ground state.

Since we already know from the argument above that chiral critical phenomena are forbidden in the large-N_c QCD at finite μ_I for m > 0, the same must be true in QCD at finite μ_B outside the pion condensed phase in the corresponding phase diagram of QCD at finite μ_I . Similarly one can obtain the no-go theorem in QCD at finite μ_B from that of SO(2N_c) [or Sp(2N_c)] gauge theory at finite μ_B by using the large-N_c orbifold equivalence [23, 24] between these theories outside the diquark condensed phase. In particular, the equivalence with SO(2N_c) gauge theory at finite μ_B leads to the stronger no-go theorem that, chiral critical phenomena are not allowed in massive and flavor-symmetric QCD with any number of flavors at finite μ_B , if the coordinate (T, μ) is outside the diquark condensed phase in the corresponding phase diagram of SO(2N_c) gauge theory.

Chiral phase transition in the chiral limit.—Let us turn to the chiral transition in the chiral limit m = 0. We first recall that chiral transition is either first or second order at m = 0. When T_c > T_d, we can utilize our no-go theorem for m > 0 to constrain the chiral transition at m = 0; a first-order chiral transition at m = 0 is prohibited by the no-go theorem because, with increasing m, it would eventually become second order at some critical m = m_c, while a second-order chiral transition at m = 0 is allowed because it would be smeared into a crossover for any nonzero m = O(N^0_c ) [34]. When T_c = T_d, however, an interplay between chiral symmetry breaking and deconfinement always makes the chiral transition first order for any m [16] and is not constrained by the no-go theorem.

Therefore, we arrive at two possible scenarios for the chiral transition at m = 0: (a) the chiral transition is second order when T_c > T_d, or (b) the chiral transition is first order when T_c = T_d. Which scenario is realized in the large-N_c QCD cannot be determined from our arguments alone, and should be studied from other constraints or in the numerical lattice QCD simulations.

We thank A. Cherman, M. Hanada, K. Hashimoto, H. Iida, D. B. Kaplan, A. Karch, T. Morita, and D. T. Son for useful discussions, and T. Brauner and R. D. Pisarski for comments. N.Y. thanks the hospitality of Mathematical Physics Group at RIKEN Nishina Center where this work was initiated. Y.H. is supported by a Grant-in-Aid for Scientific Research by the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan (No.23340067). N.Y. is supported by JSPS Postdoctoral Fellowships for Research Abroad.

[1] Y. Aoki, G. Endrodi, Z. Fodor, S. D. Katz and K. K. Szabo, Nature 443, 675 (2006) [arXiv:hep-lat/0611014].

[2] M. A. Stephanov, Prog. Theor. Phys. Suppl. 153, 139 (2004) [arXiv:hep-ph/0402115].

[3] G. ’t Hooft, Nucl. Phys. B72, 461 (1974). [4] E. Witten, Nucl. Phys. B160, 57 (1979).

[5] L. McLerran and R. D. Pisarski, Nucl. Phys.

A796, 83 (2007) [arXiv:0706.2191 [hep-ph]]; Y. Hidaka, L. D. McLerran, and R. D. Pisarski, Nucl. Phys. A808, 117 (2008) [arXiv:0803.0279 [hep-ph]].

[6] F. Neri and A. Gocksch, Phys. Rev. D 28, 3147 (1983);

T. D. Cohen, Phys. Rev. Lett. 93, 201601 (2004) [arXiv:hep-ph/0407306].

[7] We note that the phase diagram at finite μB qualitatively changes from ordinary nuclear matter or color superconductivity to some exotic phases as a function of Nc inside the pion condensed phase in the corresponding phase diagram of QCD at finite μI [8, 9]: baryon crystal [10], inhomogeneous chiral density wave [8], or quarkyonic chiral spiral phase [11] is realized instead (see also [12]). Although 1/Nc expansion may not be useful in this low-T nuclear domain, the chiral phase transition at high T is similar, at least qualitatively, between large-Nc and Nc = 3 outside the pion condensed phase.

[8] D. V. Deryagin, D. Y. Grigoriev, and V. A. Rubakov, Int.

J. Mod. Phys. A7, 659 (1992); E. Shuster and D. T. Son, Nucl. Phys. B573, 434 (2000) [arXiv:hep-ph/9905448].

[9] G. Torrieri and I. Mishustin, Phys. Rev. C 82, 055202 (2010) [arXiv:1006.2471 [nucl-th]]; S. Lottini and G. Torrieri, Phys. Rev. Lett. 107, 152301 (2011) [arXiv:1103.4824 [nucl-th]].

[10] I. R. Klebanov, Nucl. Phys. B 262, 133 (1985). [11] T. Kojo, Y. Hidaka, L. McLerran, and R. D. Pisarski, Nucl. Phys. A843, 37 (2010) [arXiv:0912.3800 [hep-ph]]; T. Kojo, R. D. Pisarski, and A. M. Tsvelik, Phys. Rev. D 82, 074015 (2010) [arXiv:1007.0248 [hep-ph]]; T. Kojo, Nucl. Phys. A877, 70 (2012) [arXiv:1106.2187[hep-ph]]; T. Kojo, Y. Hidaka, K. Fukushima, L. McLerran, and R. D. Pisarski, Nucl. Phys. A875, 94 (2012) [arXiv:1107.2124 [hep-ph]].

[12] P. Adhikari, T. D. Cohen, R. R. M. Ayyagari, and M. C. Strother, Phys. Rev. C 83, 065201 (2011). [arXiv:1104.2236 [nucl-th]].

[13] J. Han and M. A. Stephanov, Phys. Rev. D 78, 054507 (2008). [arXiv:0805.1939 [hep-lat]] [14] J. O. Andersen, L. T. Kyllingstad, and K. Splittorff, JHEP 1001, 055 (2010) [arXiv:0909.2771 [hep-lat]].

[15] Y. Sakai, T. Sasaki, H. Kouno and M. Yahiro, Phys. Rev.

D 82, 096007 (2010) [arXiv:1005.0993 [hep-ph]]. [16] Y. Hidaka and N. Yamamoto, in preparation. [17] O. Aharony, J. Sonnenschein, and S. Yankielowicz, Annals Phys. 322, 1420 (2007) [arXiv:hep-th/0604161]; G. Mandal and T. Morita, JHEP 1109, 073 (2011) [arXiv:1107.4048 [hep-th]].

[18] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].

[19] D. Weingarten, Phys. Rev. Lett. 51, 1830 (1983); E. Witten, Phys. Rev. Lett. 51, 2351 (1983); S. Nussinov, Phys. Rev. Lett. 52, 966 (1984); D. Espriu, M. Gross, and J. F. Wheater, Phys. Lett. B146, 67 (1984).

[20] K. Rajagopal and F. Wilczek, Nucl. Phys. B399, 395 (1993) [arXiv:hep-ph/9210253].

[21] R. D. Pisarski and F. Wilczek, Phys. Rev. D 29, 338 (1984).

[22] J. B. Kogut, M. A. Stephanov, D. Toublan, J. J. M. Verbaarschot, and A. Zhitnitsky, Nucl. Phys. B582, 477 (2000) [arXiv:hep-ph/0001171].

[23] A. Cherman, M. Hanada, and D. Robles-Llana, Phys.

Rev. Lett. 106, 091603 (2011) [arXiv:1009.1623 [hep-th]]; A. Cherman and B. C. Tiburzi, JHEP 1106, 034 (2011) [arXiv:1103.1639 [hep-th]].

[24] M. Hanada and N. Yamamoto, JHEP 1202, 138 (2012) [arXiv:1103.5480 [hep-ph]].

[25] D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 86, 592 (2001) [arXiv:hep-ph/0005225].

[26] J. B. Kogut, M. A. Stephanov, and D. Toublan, Phys.

Lett. B464, 183 (1999) [arXiv:hep-ph/9906346]. [27] G. Veneziano, Nucl. Phys. B117, 519-545 (1976). [28] E. Corrigan and P. Ramond, Phys. Lett. B87, 73 (1979). [29] A. Armoni, M. Shifman, and G. Veneziano, Phys. Rev.

Lett. 91, 191601 (2003). [arXiv:hep-th/0307097]. [30] Here even degenerate flavors are required to maintain the positivity of Sp(2Nc) gauge theory at finite μB . The difference of the universality class between SU(Nc), SO(2Nc), and Sp(2Nc) gauge theories can be understood by the antiunitary symmetry of the Dirac operator. See [24] for details.

[31] For a review, see, e.g., S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Phys. 80, 1215 (2008)

[arXiv:0706.3360 [cond-mat]].

[32] P. Kovtun, M. Unsal, and L. G. Yaffe, JHEP 0706, 019 (2007) [arXiv:hep-th/0702021].

[33] M. Bershadsky and A. Johansen, Nucl. Phys. B536, 141 (1998) [arXiv:hep-th/9803249]; M. Schmaltz, Phys. Rev. D 59, 105018 (1999) [arXiv:hep-th/9805218]; M. J. Strassler, [arXiv:hep-th/0104032]; P. Kovtun, M. Ünsal, and L. G. Yaffe, JHEP 0312, 034 (2003) [arXiv:hep-th/0311098]; P. Kovtun, M. Unsal, and L. G. Yaffe, JHEP 0507, 008 (2005) [arXiv:hep-th/0411177].

[34] Here we assume m = O(N^0_c ) and do not consider the region m = O(N^{−1}_c ). The latter is different from the usual ’t Hooft large-Nc counting so that one has to reorganize the diagrammatic 1/Nc expansion itself; e.g., the large- Nc orbifold equivalence could be spoiled in this region. This is beyond the scope of the present Letter.