arXiv:1110.3288v2 [gr-qc] 3 Sep 2012

Spin-2 fields and helicity

H. I. Arcos^{a,b}, C. S. O. Mayor^b, G. Otálora^b and J. G. Pereira^b

aUniversidad Tecnológica de Pereira A.A. 97, La Julita, Pereira, Colombia

bInstituto de Física Teórica, UNESP-Univ Estadual Paulista Caixa Postal 70532-2, 01156-970 São Paulo, Brazil

Abstract. By considering the irreducible representations of the Lorentz group, an analysis of

the different spin-2 waves is presented. In particular, the question of the helicity is discussed. It is concluded that, although from the point of view of representation theory there are no compelling reasons to choose between spin-2 waves with helicity σ = ±1 or σ = ±2, consistency arguments of the ensuing field theories favor waves with helicity σ = ±1.

1 Introduction

For many years in the past, the existence (or not) of gravitational waves was controversial. Einstein himself was not sure about their existence. Another interesting example is N. Rosen who published a paper in 1979 entitled Does Gravitational Radiation Exist? [1]. The discovery of a binary pulsar whose orbital period changes in accordance with the predicted gravitational wave emission [2] put an end to that controversy. In fact, that discovery provided compelling evidence for the existence of gravitational waves [3]. That evidence, however, did not provide any clue about their form and effects. It only confirmed the quadrupole radiation formula. Yet the traditional linear approach to gravitational wave theory became considered a finished topic, not to be questioned any more [4].

According to this approach, the dynamics of linear gravity is believed to coincide with the dynamics of a fundamental spin-2 field. For this reason, gravitational waves became synonymous with spin-2 waves. Furthermore, since the spin of massless fields is usually said to be just the helicity of the field, gravitational waves are also believed to be waves with helicity σ = ±2. However, this analysis presents several obscure points [5]. For example, though the Lorentz group has well–defined spin-2 representations with helicity σ = ±1, these waves are usually neglected in favor of waves with helicity σ = ±2. Is this assumption justified?

Through an analysis of all spin-2 representations of the Lorentz group, as well as the corresponding field equations, the purpose of this paper is to discuss this question, and possibly emerge with a bias towards σ = ±1.

2 Representations of the Lorentz group

For every field (or particle) of nature there exists a representation of the Poincaré group [6], the semi-direct product between Lorentz and the translation groups. The eigenvalues of the translational generators define the mass of the field, whereas the eigenvalues of the Lorentz generators define the spin of the field. The commutation relations of the six Lorentz generators, which we denote here by a and b, can be written in the form [7] a × a = ia (1) b × b = ib (2) [a_i, b_j ] = 0, (3)

with i, j, k, . . . = 1, 2, 3. A general spin s representation of the Lorentz group can be constructed as either a field transforming under an irreducible representation, or as a direct sum of irreducible representations, each characterized by an integer or half-integer A and B, with

a^2 = A(A + 1) and b^2 = B(B + 1). (4)

These representations are labeled by the numbers (A, B), where s = A + B. The number of components n of the representation (A, B) is

n = (2A + 1)(2B + 1). (5)

For massless particles, which is the case we will be interested here,

σ = B − A (6)

represents the helicity of the corresponding wave [8].

When A ≠ B, the irreducible representation can be written as a direct sum of the form (A, B)⊕(B, A), with the number of independent components given by 2n. The simplest example is the spin-0 field ϕ, which is associated with the one-component (singlet) representation (0, 0). It satisfies the field equation^∗ □ ϕ = 0, (7)

with □ = η^{μν} ∂_μ∂_ν the d’Alembertian operator. The most fundamental representations, however, are the spinor representations. The (1/2, 0) representation has spin 1/2 and describes a (let us say) left–handed Weyl spinor. The (0, 1/2) representation describes a right–handed Weyl spinor. The linear combination

(1/2, 0) ⊕ (0, 1/2) (8)

describes a Dirac spinor. The reason why the spinor representations are the most fundamental is that they can be used to construct, by multiplying them together, any other representation of the Lorentz group.

3 A warming up example: the massless spin-1 field

In order to get some insight on the theory of representations, as well as on the corresponding wave equations, let us review the well–known case of a massless vector field.

∗We use the Greek alphabet μ, ν, ρ, . . . = 0, 1, 2, 3 to denote indices related to spacetime, also known as world indices. The first half of the Latin alphabet a, b, c, . . . = 0, 1, 2, 3 will be used to denote algebraic indices related to the tangent spaces, each one a Minkowski spacetime with metric η_{ab} = diag(+1, −1, −1, −1).

3.1 Potential waves The first way to construct a spin-1 representation is to consider the direct product (1/2, 0) ⊗ (0, 1/2) = (1/2, 1/2), (9) where (1/2, 1/2) describes a spin-1 field with n = 4 components. The electromagnetic vector potential A_μ transforms according to this representation. In the Lorenz gauge ∂^μA_μ = 0, (10) it satisfies the wave equation □A_μ = 0. (11) The solutions to this equation represent, according to the definition (6), waves with helicity σ = 0.

3.2 Field strength waves A second way to construct a spin-1 representation follows from the direct product (1/2, 0) ⊗ (1/2, 0) = (1, 0) ⊕ (0, 0). (12) The representation (1, 0) can be identified with an antisymmetric, self–dual second–rank tensor. Analogously, the representation (0, 1) can be identified with an antisymmetric, anti self–dual second–rank tensor. The representation that describes a parity invariant 2-form field is, consequently, (1, 0) ⊕ (0, 1). (13) The electromagnetic field strength F_{μν} = ∂_μA_ν − ∂_ν A_μ, with n = 6 components, transforms under this spin-1 representation. It satisfies the dynamical field equation ∂_ν F^{μν} = 0, (14) which follows from the lagrangian L = −^1_4 F_{μν} F^{μν} . (15) In terms of the potential A_μ, and assuming again the Lorenz gauge (10), the field equation (14) reduces to the potential field equation (11).

If an electromagnetic wave has helicity σ = ±1, it cannot be described by a solution of the wave equation (11) because the electromagnetic potential A_μ lives in the representation (1/2, 1/2), which describes waves with helicity σ = 0. Rather, it must be identified with the solution of the wave equation (14). In fact, since F_{μν} lives in the representation (0, 1) ⊕ (1, 0), its solution will represent waves with helicity σ = ±1. Identifying the electric and magnetic components of the electromagnetic field, respectively, by E^i = F^{0i} and H^i =^1_2 ϵ^{ijk} F_{jk}, (16) the field equation (14) is found to be equivalent to □ E = 0 and □ H = 0, (17) where E = (E^i) and H = (H^i). Electromagnetic waves are solutions to these equations. Accordingly, they are field strength waves, not potential waves.

3.3 A remark on photons As we have seen, the potential waves governed by equation (11) have helicity σ = 0. This does not mean that photons, the quantum of the electromagnetic potential A_μ, have helicity σ = 0. To understand why, let us recall that in the quantization procedure of the electromagnetic field, one starts with the definition of total angular momentum in terms of the fields E and H,

Ω^i = ∫ d^3r [r× : (E_⊥ × H) :]^i, (18)

with : : denoting normal ordering. This operator can be separated into orbital and spin parts

Ω^i = Ω^i_{orb} + Ω^i_{spin}, (19)

where, in terms of the vector potential, the spin part is written as

Ω^i_{spin} = − ∫ d^3r : ∂A^j ∂t ϵ_{ijk}A^k : . (20)

Considering that the vector potential belongs to the representation (1/2, 1/2) of the Lorentz group, we see that the spin operator belongs to the anti-symmetric product of representations

[(1/2, 1/2) ⊗ (1/2, 1/2)]_a ,

which contains the representation (1, 0). This means that photons have helicity σ = ±1. When the vector potential is written in terms of creation and annihilation operators a and a^†, one obtains [9] Ω_{spin} = ∑ n ẑ_n [ a^†_{n,+}a_{n,+} − a^†_{n,−}a_{n,−} ] , (21)

where ẑ_n is an unit vector in the +z direction, and a_{n,±} is the creation operator for a photon with frequency ω_n and helicity σ = ±1. The fact that the solutions of the equation (11) represent waves with helicity σ = 0 can be interpreted as a classical property of the vector potential waves, which are however not eigenstates of the spin operator (21).

4 Massless spin-2 field

We turn now our attention to the spin-2 representations of the Lorentz group. We follow the same strategy used in the study of the spin-1 representations.

4.1 Potential waves 4.1.1 Helicity σ = 0 waves The first way to construct a spin-2 representation is to consider the direct product [10]

(1/2, 1/2) ⊗ (1/2, 1/2) = [(1, 1) ⊕ (0, 0)]_s ⊕ [(0, 1) ⊕ (1, 0)]_a, (22)

where the subscripts s and a denote, respectively, the symmetric and the anti-symmetric parts of the direct product. Such representation, with sixteen components, corresponds to a translational-valued 1-form φ_ν = φ^a_ν P_a, with P_a = ∂_a the translation generators. Conceptually, it is equivalent to a linear perturbation of the tetrad,

h^a_ν = e^a_ν + φ^a_ν , (23)

where e^a_μ is a trivial background tetrad related to the Minkowski spacetime [11]. As such, in Cartesian coordinates it satisfies the condition ∂_ρe^a_μ = 0. In the so-called harmonic gauge, in which the field satisfies ∂^ν ψ^a_ν ≡ ∂^ν (φ^a_ν −^1_2 e^a_ν φ) = 0, (24)

where φ = e_c^ρφ^c_ρ, the field equation for ψ^a_μ assumes the form

□ψ^a_ν = 0. (25)

This theory, as can be easily verified, is invariant under the gauge transformations

ψ^{′a}_ν = ψ^a_ν − ∂_ν ξ^a, (26)

with ξ^a an arbitrary parameter. From the sixteen original components of ψ^a_μ, the four coordinate conditions (24) and the four constraints implied by the gauge transformations (26) eliminate eight components. The invariance of the field equation (25) under local Lorentz transformations, ψ^{′a}_ν = Λ^a_b ψ^b_ν , (27)

eliminates the additional 6 components of ψ^a_μ, reducing the number of independent components to only two, as appropriate for a massless field.

In the study of gravitational waves, however, one usually assumes them to be represented by a symmetric second-rank tensor φ_{μν} = φ_{νμ}. In this case, the representation on the right-hand side of (22) reduces to the ten components representation

(1, 1) ⊕ (0, 0), (28)

which corresponds to the symmetric part of the direct product. Conceptually, this field is equivalent to a linear perturbation of the metric,

g_{μν} = η_{μν} + φ_{μν} , (29)

with η_{μν} the background Minkowski metric. In harmonic coordinates, in which the field satisfies the condition ∂^ν ψ^μ_ν ≡ ∂^ν (φ^μ_ν −^1_2 δ^μ_ν φ) = 0, (30)

the field equation is found to be □ψ_{μν} = 0. (31)

This theory, as is well known, is invariant under the gauge transformations

ψ^′_{μν} = ψ_{μν} − ∂_μξ_ν − ∂_ν ξ_μ, (32)

with ξ_μ an arbitrary parameter. The four coordinate conditions (30) and the four constraints implied by the gauge invariance (32) reduce the original ten components of ψ_{μν} to only two.

4.1.2 Comparing the potential waves

Substituting the tetrad (23) in the relation

g_{μν} = h^a_μh^b_ν η_{ab} (33)

between the spacetime and the tangent–space metrics, we find that in Minkowski spacetime φ_{μν} and φ_{aμ} are related by φ_{μν} = e^a_μφ_{aν} + e^a_ν φ_{aμ}. (34) Using this relation we see that their field equations, given respectively by Eqs. (31) and (25), are completely equivalent. This means that the potentials φ_{μν} and φ_{aν} describe equivalent free theories. The Feynman propagators are consequently also equivalent: whereas for φ_{μν} it is given by D_{μνρσ}(k) = 1 2 (η_{μρ}η_{νσ} + η_{μσ} η_{νρ} − η_{μν} η_{ρσ}) ( i k^2 + iε ) , (35)

for φ_{aν} it has the form D_{aνbσ} (k) = 1 2 (η_{ab}η_{νσ} + e_{aσ} e_{bν} − e_{aν} e_{bσ} ) ( i k^2 + iε ) , (36)

where k is the wave four-vector. In both cases the propagator of φ_{00} mediates, in the static limit, an attractive gravitational potential, which is consistent with the Newtonian limit [3].

When one considers the coupling the fundamental spin-2 fields ψ_{aν} and ψ_{μν} to gravitation, however, an important difference emerges. The gravitational coupling prescription for the symmetric, second–rank tensor ψ_{μν} , as is well known, is given by ∂_ρψ_{μν} → ∂_ρψ_{μν} − Γ^σ_{μρ} ψ_{σν} − Γ^σ_{νρ} ψ_{μσ} , (37) with Γ^σ_{μρ} the Levi–Civita connection. On the other hand, owing to the fact that the algebraic index “a” of the translational–valued potential ψ_{aν} is not an ordinary vector index, but a gauge index, the coupling prescription in this case has the form ∂_ρψ_{aν} → ∂_ρψ_{aν} − Γ^σ_{νρ} ψ_{aσ} . (38) Although the free theories coincide, therefore, the gravitationally–coupled theories for ψ_{μν} and for ψ_{aν} will differ substantially. This difference will be important for the discussion of the last section.

4.2 Field strength waves Differently from the electromagnetic field, there are two ways of constructing field strength waves for a fundamental spin-2 field. One of them has helicity σ = ±1 and the other has helicity σ = ±2. In what follows we explore in details each one of them.

4.2.1 Helicity σ = ±1 waves

Let us consider the spin-2 representation that comes from the direct product

(1/2, 1/2) ⊗ [(1, 0) ⊕ (0, 1)] = (3/2, 1/2) ⊕ (1/2, 3/2) ⊕ . . . , (39) where the dots represent additional terms that can be removed by the symmetries and constraints. By construction, it describes a translational–valued 2-form with twenty–four components. As a matter of fact, it describes the Fierz tensor F_a^{μν} , which is the excitation 2-form of a fundamental spin-2 field [12]. It satisfies the Fierz equation ∂_ν F_a^{μν} = 0, (40) which can be obtained by linearizing the potential form [13] of Einstein equation in the tetrad formalism.

A simpler way to approach the Fierz–Pauli formulation of a spin-2 fundamental field is to note that it is similar to the teleparallel equivalent of general relativity. In fact, the field equation (40) follows quite naturally from linearizing the gravitational equation of teleparallel gravity [14]. In this context, the Fierz tensor is easily seen to be given by F_a^{μν} = e_a^ρ K^{μν}_ρ + e_a^μ e_b^ρ F^{bν}_ρ − e_a^ν e_b^ρ F^{bμ}_ρ, (41) where K^{μν}_ρ =^1_2 (e_a^ν F^{aμ}_ρ + e^a_ρ F_a^{μν} − e_a^μ F^{aν}_ρ) (42) is a contortion–type tensor, with F^a_{μν} = ∂_μφ^a_ν − ∂_ν φ^a_μ (43) a torsion–type tensor which represents the spin-2 field strength. The field equation (40) follows from the Fierz–type lagrangian L =^1_4 F_a^{μν} F^a_{μν} . (44) Analogously to the electromagnetic case, the gravitoelectric and the gravitomagnetic components of the gravitational field can be defined, respectively, by [15] E^{ai} = F^{a0i} and H^{ai} =^1_2 ϵ^{ijk} F^a_{jk}. (45) Equation (40) is then found to be equivalent to □ E^a = 0 and □ H^a = 0, (46) where E^a = (E^{ai}) and H^a = (H^{ai}). Owing to the fact that E^a and H^a are components of F^{aμν} , which is a field that lives in the representation (1/2, 3/2) ⊕ (3/2, 1/2) of the Lorentz group, the solutions to the equations (46) represent spin-2 waves with helicity σ = ±1.

4.2.2 Helicity σ = ±2 waves Another spin-2 representation can be constructed by considering the direct product [(0, 1) ⊕ (1, 0)] ⊗ [(0, 1) ⊕ (1, 0)] = (0, 2) ⊕ (2, 0) ⊕ . . . , (47) where again the dots represent additional terms that can be removed by the symmetries and constraints. As is well known, this representation describes a fourth–rank tensor which is antisymmetric within each pair of indices, and symmetric between the pairs. It represents actually the twenty components of a Riemann–like tensor R^ρ_{λμν} constructed out of the second derivatives of the symmetric field φ_{μν} , R^ρ_{λμν} = ∂_μγ^ρ_{λν} − ∂_ν γ^ρ_{λμ}, (48) with γ^ρ_{λν} =^1_2 η^{ρσ} (∂_λφ_{νσ} + ∂_ν φ_{λσ} − ∂_σφ_{λν} ) . (49)

Defining the Ricci–type tensor R_{λν} = R^ρ_{λρν} , the curvature wave is found to satisfy the Einstein type equation R_{λν} = 0, (50)

which in harmonic coordinates reduces to the potential field equation (31), that is,

□ψ_{μν} = 0. (51)

As is well known, it follows from the Einstein–Hilbert type lagrangian L = −R ≡ −η^{λν} R_{λν} . (52) Due to the fact that R^ρ_{λμν} lives in the representation (0, 2) ⊕ (2, 0) of the Lorentz group, the solution of the equation (50) describes spin-2 waves with helicity σ = ±2.

Up to a surface term, the lagrangian (52) is equivalent to the Fierz–type lagrangian (44). The presence of this surface term is related to the fact that, whereas the lagrangian (44) depends on φ_{aν} and on its first derivative, lagrangian (52) includes also second derivatives of φ_{μν} , which reduces however to a divergence. For the same reason, the field equation (50) does not involve derivatives of the curvature tensor. The curvature–like tensor R^ρ_{λμν} , therefore, is a derived geometrical entity which does not have its own dynamics: its propagation is simply a consequence of the dynamics of the potential φ_{μν} . This is different from the electromagnetic case, whose field strength F^{μν} satisfies a dynamical equation. It is also different from the Fierz– Pauli formulation of gravity, whose excitation 2-form F_a^{μν} satisfies a dynamical equation.

5 Conclusions

Gravitational waves are believed to be waves with helicity σ = ±2. This idea is related to the fact that they are described by the curvature–like tensor R^ρ_{λμν} , which is a field that lives in the representation (0, 2) ⊕ (2, 0) of the Lorentz group. However, this is not the only possibility. In fact, in the Fierz–Pauli approach to gravitation (or equivalently, in the teleparallel approach), gravitational waves are described by the field excitation F^{aμν} , which is a field that lives in the representation (1/2, 3/2) ⊕ (3/2, 1/2) of the Lorentz group. As such, it describes waves with helicity σ = ±1. Whatever the case, it is important to remark that, similarly to the electromagnetic waves, gravitational waves are not potential waves, but field excitation waves. The question then arises: is there any reason to neglect waves with helicity σ = ±1 in favor of waves with helicity σ = ±2? From the point of view of representation theory, there is none: both representations are well defined Lorentz representations, and consequently able to describe physical waves.

If some reasons exist, they might then be related to the different aspects of the physical theories describing them. For example, all attempts to couple the symmetric potential ψ_{μν} to gravitation have led to inconsistent theories [16]. More specifically, when the gravitational coupling prescription (37) is applied to the free field equation (51), the resulting theory is no longer gauge invariant, and consequently not all spurious components of the potential can be eliminated. Furthermore, owing to the fact that the commutator of covariant derivatives is proportional to the Ricci curvature tensor, unphysical constraints on the spacetime geometry show up. Addition of non-minimal coupling terms has also been shown not to cure the problem [17]. On the other hand, when a spin-2 potential is assumed to be represented by a 1-form assuming values in the Lie algebra of the translation group, and the coupling prescription (38) is applied to the field equation (40), a sound and consistent gravitationally-coupled spin-2 field theory emerges, which is quite similar to the gravitationally-coupled electromagnetic theory. It preserves the gauge invariance of the free theory, and no unphysical constraints are imposed on the geometry of spacetime [18].

Put together, the above results can be considered a compelling evidence favoring the Fierz– Pauli approach (or equivalently, the teleparallel approach) to a fundamental spin-2 field, and consequently the interpretation of spin-2 waves as field excitation F^{aμν} waves with helicity σ = ±1 waves.^† However, since the concept of helicity can only be defined at the linear level [20], and taking into account that gravitational waves are essentially non–linear [21], it is not clear whether the concepts related to a fundamental spin-2 field can be immediately extended to gravitational waves. Even if the linear approximation to the gravitational waves theory makes physical sense, it can always be corrected by higher–order terms, in which case the very notion of helicity would be lost.

Acknowledgments

The authors would like to thank Y. Obukhov for useful discussions, and an anonymous referee for useful comments and suggestions. They would like to thank also FAPESP, CNPq and CAPES for partial financial support.

References

[1] N. Rosen, Gen. Rel. Grav. 10, 351 (1979).

[2] R. A. Hulse and J. H. Taylor, Ap. J. 195, L51 (1975).

[3] For a textbook reference, see M. Maggiore, Gravitational Waves (Oxford University Press, Oxford, 2008).

[4] See, for example, B. Schutz, Gravity from the ground up (Cambridge University Press, Cambridge, 2003), page 313.

[5] F. I. Cooperstock, Ann. Phys. (NY) 282, 115 (2000) [arXiv:gr-qc/9904046].

[6] E. Wigner, Ann. Math. 40, 39 (1939); V. Bargmann and E. P. Wigner, Proc. Nat. Acad.

Sci. 34, 211 (1946).

[7] S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972).

†In a different context, gravitational waves with helicity σ = ±1 have been discussed in Ref. [19].

[8] S. Weinberg, The Quantum Theory of Fields, Vol. 1 (Cambridge University Press, Cambridge, 1995), page 254.

[9] F. Gross, Relativistic Quantum Mechanics and Field Theory, (Wiley, New York, 1999), page 55.

[10] P. Ramond, Field Theory: A Modern Primer, 2nd edition (Addison-Wesley, Redwood, 1989).

[11] R. Aldrovandi and J. G. Pereira, An Introduction to Geometrical Physics (World Scientific, Singapore, 1995).

[12] M. Fierz and W. Pauli, Proc. Roy. Soc. Lond. A 173, 211 (1939).

[13] C. Møller, Ann. Phys. (NY) 4, 347 (1958); C. Møller, Mat. Fys. Skr. Dan. Vid. Selsk. 1 (n. 10), 1 (1961).

[14] Yu. N. Obukhov and J. G. Pereira, Phys. Rev. D 67, 044008 (2003) [arXiv:gr-qc/0212078]. [15] E. P. Spaniol and V. C. de Andrade, Int. J. Mod. Phys. D 19, 489 (2010) [arXiv:grqc/0802.2697].

[16] C. Aragone and S. Deser, Nuovo Cimento A 3, 4 (1971); C. Aragone and S. Deser, Nuovo Cimento B 57, 33 (1980).

[17] S. Deser and M. Henneaux, Class. Quantum Grav. 24, 1683 (2007) [arXiv:gr-qc/0611157]. [18] H. I. Arcos, T. Gribl Lucas and J. G. Pereira, Class. Quantum Grav. 27, 145007 (2010) [arXiv:gr-qc/1001.3407].

[19] G. Sparano, G. Vilasi and S. Vilasi, Class. Quantum Grav. 28, 195014 (2011) [arXiv:grqc/1009.384].

[20] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984). [21] R. Aldrovandi, J. G. Pereira and K. H. Vu, Found. Phys. 37, 1503 (2007) [arXiv:grqc/0709.1603]; R. Aldrovandi, J. G. Pereira, Roldão da Rocha and K. H. Vu, Int. J. Theor. Phys. 49, 549 (2010) [arXiv:gr-qc/0809.2911].