arXiv:1110.3682v2 [hep-th] 14 Dec 2011

Divergent energy strings in AdS_5 × S^5 with three angular momenta

Sergio Giardino^∗ Instituto de Física, Universidade de São Paulo, Brazil

Abstract

In this paper, novel solutions for strings with three angular momenta in AdS5 × S^5 geometry are presented; the divergent energy limit and the corresponding conserved charges, as well as dispersion relation are also determined. Interpretations of these configurations as either a giant magnon (GM) or a spiky string (SS) are discussed.

PACS numbers:

∗Electronic address: jardino@fma.if.usp.br

I. INTRODUCTION

Divergent energy solutions have an important role in classical string theory. Such strings can be interpreted in terms of the gauge theory, but even in cases where an exact interpretation is lacking, there are enough characteristic features in these solutions to characterize them in a class of their own. The most well-understood cases concern solutions known as giant magnons [1], and when one string of this kind has one angular momentum in the R × S^2 subspace of AdS_5 × S^5, it obeys the dispersion relation E − J = 2T | | |sin p 2 | | | , (1)

where E, J and T are the energy, the angular momentum, and the tension of the string, respectively. p is identified with the angle between the extremes of the giant magnon and E, J → ∞. In another case, a solution known as spiky string [2, 3] also describes a divergent energy string with one angular momentum and it too obeys the dispersion relation E − T Δϕ = 2T (π 2 − θ ) , (2)

where T is the string tension, Δϕ → ∞ is the deficit angle and θ is the coordinate where the string peaks.

Variations in dispersion relations can be found in strings rotating in various dimensions and in different geometries. For example, giant magnons are found in AdS_5 × S^5 with two [2, 4–8] and three [2, 4] angular momenta. In the Lunin-Maldacena background, GM’s are found with one [9, 10] and two [9–11] angular momenta; and in AdS_4 × C P^3, with one [8, 12–14], two [8, 13, 15–19] and three [20] angular momenta.

In the case of spiky strings different examples have already been found. In AdS_5 × S^5 geometry, spiky strings have been found with one [21], two [9] and three [4] angular momenta; and in AdS_4 × C P^3 with one [15], two [16] and three [20] angular momenta.

The more angular momenta are added to the string, the more the dispersion relation changes. If we have two angular momenta, the dispersion relation [22, 23]

E − J_1 = √ J^2_2 + λ π^2 sin^2 p 2 (3) describes a giant magnon string in AdS_5 ×S^5 where E and J_1 are divergent and J_2 is finite. If we allow more divergent quantities, the complexity increases, and we find the following dispersion relation [24] √ E^2 − J^2_ϕ − J_ψ = T sin Δψ (4)

found in giant magnons in AdS_4 ×C P^3 [16, 20], and in the case of many divergent angles the spiky string-like dispersion relation can be even more complex [20]. The interpretation of these solutions in the case of gauge theory is unknown, but if the gauge/gravity correspondence is correct, these solutions also have a dual description.

In a previous study [20], we addressed several multi-divergent solutions for strings in the AdS_4 × C P^3 background with three angular momenta. These solutions are important in order to answer the question of the existence of giant magnons and spiky strings with three angular momenta in the aforementioned background. In the case of AdS_5 × S^5, the references cited above include giant magnons and spiky strings with various angular momenta, but not with various divergent angular momenta and deficit angles, and the purpose of this article is to fill in this void in current literature. In some sense we generalize the former results.

The contents of this paper are organized as follows: in the second section, multi-divergent solutions are constructed in their full generality, while in the third and fourth sections, we take the particular cases where divergent energy is found and interpret them in terms of giant magnons and spiky strings. The fourth section presents our conclusions.

II. THE GENERAL SOLUTION

We start with the complete AdS_5 × S^5 metric

ds^2 = R^2 ( − cosh^2 ρ dt^2 + dρ^2 + sinh^2 ρ dΩ^2_3 ) + + R^2 ( dθ^2 + sin^2 θ dψ^2 + sin^2 θ cos^2 ψ dϕ^2_1 + cos^2 θ dϕ^2 + sin^2 θ sin^2 ψ dϕ^2_3 ) . (5)

The first term of expression (5), in brackets, corresponds to the metric of a five dimensional anti-de Sitter space whose elements are time, t, a radial coordinate, ρ, and a three dimensional sphere. The second term in brackets is a metric of a five dimensional sphere, whose coordinates are parameterized as θ, ψ ∈ [0, π/2] and ϕ_{i={1, 2, 3}} ∈ [0, 2π]. We are seeking solutions at the center of the anti-de Sitter space, which means that ρ = 0 and the string is confined in a R × S^5 subspace. The motion of the string we are interested in has four degrees of freedom, as the coordinate θ is kept constant. Of course, if we chose ψ as the constant, the results would be exactly the same. Thus, we chose the following ansatz for the varying coordinates t = κτ, θ ∈ (0, π/2), ψ = ψ(y), ϕ_{i={1, 2, 3}} = ω_iτ + f_i(y) (6) where y = ασ + βτ, and α, β, κ, and ω_i are constants, and σ and τ parameterize the dynamics of the world sheet of the string. The dynamics of a string with tension T =^{√λ}_{2π} can be described by Polyakov action S = T 2 ∫ dσ dτ γ^{a b}g_{μ ν} ∂_aX^μ ∂_bX^ν , (7) and the Virasoro constraints

g_{μν} ∂_τ X^μ∂_σX^ν = 0 and g_{μν} (∂_τ X^μ∂_τ X^ν + ∂_σX^μ∂_σ X^ν ) = 0, (8)

where γ^{a b} = (−1, −, 1) is the world sheet metric. Using (6) and the equations of motion for ϕ_i, we obtain

∂_yf_i = 1 α^2 − β^2 ( A_i g_i + βω_i ) (9) where A_i is the integration constant, and g_i the metric tensor component corresponding to ϕ_i. Using (9) and the Virasoro constraints (8) we get

ψ^2_y + w^2_1 cos^2 ψ + w^2 + w^2_3 sin^2 ψ + a^2_1 cos^2 ψ

+ a^2 + a^2_3 sin^2 ψ

− k^2 = 0 (10)

such that ψ_y = ∂_yψ and the equation constants come from a redefinition of the older ones, namely

a_1 = 1 α^2 − β^2

A_1 sin^2 θ

, a_2 = 1 α^2 − β^2

A_2 cos^2 θ

, a_3 = 1 α^2 − β^2

A_3 sin^2 θ , w_1 = sin^2 θ α ω_1 α^2 − β^2

, w_2 = cos^2 θ α ω_2 α^2 − β^2 w_3 = sin^2 θ α ω_3 α^2 − β^2

and k^2 = α^2 + β^2 (α^2 − β^2)^2 κ^2.

With the change of variables X = cos 2ψ so that (10) becomes 1 16 X^2_y = w^2_1 − w^2_3 8 X^3 + ( w^2_1 + w^2_3 8 − m 4 ) X^2 + + ( w^2_3 − w^2_1 8 + a^2_1 − a^2_3 2 ) X − w^2_1 + w^2_3 8 − a^2_1 + a^2_3 2 + m 4 , (11)

and m = k^2 − w^2 − a^2. Equation (11) shows that the polynomial degree drops from three to two, if w^2_1 = w^2_3 . Thus, we study the two different cases separately.

A. w^2_1 ≠ w^2_3

To obtain divergent energy, we choose

a^2_{i=1, 3} = 1 4 ( m − w^2_i ) . (12)

The energy is real if w^2_3 > w^2_1 , and so finally we get dy = 1 √ 2 (w^2_3 − w^2_1 ) dX X √ X_0 − X

, (13)

where X_0 ∈ (0, 1) is given by

X_0 = w^2_1 + w^2_3 − 2m w^2_3 − w^2_1

. (14)

Expression (13) can be used to calculate the conserved charges

E = T 2π∫ 0 dσ ṫ, and J_i = T 2π∫ 0 dσ g_i ϕ̇_i. (15)

Using dσ = α dy and X ∈ [0, X_0], the energy is divergent and the momenta and the deficit angles are

J_{i=1, 3} = J_i sin^2 θ = ( β a_i + α w_i 2 ) E κ ± T w_i √ 2 (w^2_3 − w^2_1)

I_0

Δϕ_{i=1, 3} = (α a_i + βw_i) E κ T + 2 a_i √ 2 (w^2_3 − w^2_1 )

I_i (16)

J_2 =

J_2 cos^2 θ

= (β a_2 + α w_2) E κ and Δϕ_2 = (α a_2 + βw_2) E κ T , where

I_0 =

X_0∫

0 dX √ X_0 − X = 2 √ X_0

I_1 =

X_0∫

0 1 X − 1 dX √ X_0 − X = − 2 √ 1 − X_0 arctan √ X_0 1 − X_0

(17)

I_3 =

X_0∫

0 1 X + 1 dX √ X_0 − X = 2 √ 1 + X_0 arctanh √ X_0 1 + X_0

Expressions (16) and (17) summarize all the information about the conserved charges of the system. We point out that if X_0 ≥ 1, all the charges are divergent without a finite term, so this case does not generate either giant magnons or spiky strings.

B. w^2_1 = w^2_3

In this case, we use cos 2ψ = Y, w^2_1 = w^2_3 = w and so (11) changes to 1 8 Y^2_y = − n 2 Y^2 + ( a^2_1 − a^2_3 ) Y + n 2 − a^2_1 − a^2_3, (18)

so that n = m − w^2. Divergent energy is obtained as long as n = n_± = (a_1 ± a_3)^2, and in this case (18) spans dy = 1 2 √ n dY Y_0 − Y

, (19)

so that Y_0 ∈ (0, 1], because if Y_0 > 1 there is no divergence in the integral. Thus, either

Y_0 = a_1 − a_3 a_1 + a_3 if n = n_+, otherwise Y_0 = a_1 + a_3 a_1 − a_3

. (20)

The conserved charges to this string are

J_{i=1,3} = ( βa_i + α w 1 ± Y_0 2 ) E κ ± T w Y_0 Δϕ_i = ( βw + 2 α a_i 1 ± Y_0 ) E κ T + 2 a_i 1 ∓ Y_0 ln(1 ± Y_0). (21)

J_2, and Δϕ_2 have equal expressions as (16).

C. Common features

We classify a solution according to the dispersion relations it generates, and we claim that both cases have giant magnons and spiky strings described by similar dispersion relations. What is meant by similar is that the relation among the divergent quantities is totally equal, with only the finite term being different, as it is generated by the particular constraints among the constants of the problem. We justify our claim by establishing the following equivalence relations:

(J_1 + J_3)_w2_{1 ≠w}2_3 ∼ (J_1 − J_3)_w2_{1 =w}2_3 (22) (J_2)_w2_{1 ≠w}2_3 ∼ (J_1 + J_2 + J_3)_w2_{1 =w}2_3 . (23)

Expression (22) relates quantities formed by a finite and a divergent term, and (23) relates two intrinsically divergent quantities. Analogous considerations can be carried out with regards to the deficit angles. So, the relations that can be built among these quantities are the same in both the equivalence classes. Of course, the finite term will a have different expression, but with the same physical meaning. Also, the cases are physically equivalent, and in the following sections, we study different dispersion relations by considering only the most general situation, where w^2_1 ≠ w^2_3 .

III. GIANT MAGNON SOLUTIONS

Here we need finite deficit angles and divergent energy and momenta, and we obtain these by choosing values for the constants in (16). The most obvious possibility, αa_i = −βw_i, forces w^2_1 = w^2_3 = 0, which is not acceptable. So, we pick a more general condition α(a_1 + a_3) = −β(w_1 + w_3), αa_2 = −βw_2 and α a_{1, 3} ≠ −βw_{1 3}, (24) so that, for J = J_1 + J_3 and Δϕ = Δϕ_1 + Δϕ_3

J = α (ω_1 + ω_3) ( 1 2 − β^2 α^2 ) E κ + T (ω_1 − ω_3) I_0,

J_2 = αω_2 ( 1 − β^2 α^2 ) E κ (25)

Δϕ = 2 (a_1 I_1 + a_3 I_3) Δϕ_2 = 0.

A corresponding set of momenta and divergent angles has already been found in AdS_4 × C P^3 [16, 20] with a particular dispersion relation akin to (4). Hence (25) describes a solution that is a giant magnon of this kind. The only thing to do is to choose the correct constraints among the parameters of the problem. The compatibility between the difference of the Virasoro constraints and a relation that comes from the dispersion relation results in a constraint which permits us to determine a_1 as

a_1 = w_1 + w_3 w_3 − w_1 β α (_1 2 −^{β2}_{α2} 1 −^{β2}_{α2}

)_2 (w_1 + w_3) − w_3 . (26)

In addition, as X_0 ∈ (0, 1), we have

w^2 ( 1 − β^2 α^2 ) + w^2_1 < k^2. (27)

The deficit angle has a constraint which allows it to be related to the finite term in the dispersion relation as follows:

sin Δϕ = (w_1 − w_3) I_0. (28)

Relations (26), (24), and (28) allow us to eliminate the integration constants and so define a complex constraint among the parameters of the problem, which we not include here because it does not contribute anything with regards to the physics of the problem. All the conditions above allow us to write the dispersion relation of the giant magnon as √ E^2 − J^2_2 − J = T sin Δϕ. (29)

The above solution (29), which has a known giant magnon dispersion relation [16, 20, 24], also has the presumed feature that the limit J_2 → 0 recovers the usual giant magnon dispersion relation. Compared to the former solution of a giant magnon with three angular momenta [2], we stress that all three angular momenta of (29) are divergent, while the former solution has one divergent angular momentum and two finite angular momenta. On the other hand, both have the same limit when two angular momenta are taken to zero and only one divergent angular momentum remains. Thus, the above result and [2] are different generalizations of the usual giant magnon with one divergent angular momentum. Neither of these generalizations is understood on the gauge side.

We can also obtain a curious giant magnon solution simply by choosing different constants in the ϕ_2 direction, such that J_2 = 0, and Δϕ_2 is divergent. The dispersion relation in this case is given by √ E^2 − (T Δϕ_2)^2 − J = T sin Δϕ. (30)

A corresponding case, where a deficit angle and a momenta play interchanged roles has already been discovered in a spiky string by [16]. The effect of simply changing the momentum to the deficit angle in the same direction does not have an interpretation, but (30) certainly describes a GM because the deficit angle and the subtracting momentum belong to the same coordinate, and the limit Δϕ_2 → 0 recovers the GM dispersion relation.

IV. SPIKY STRING SOLUTIONS

This case is built from divergent deficit angles and finite momenta, so that the analysis of the giant magnon case is valid here, only changing J by T Δϕ in the appropriate places. As for the giant magnon case, we cannot make the angular momenta finite in an independent manner, because this implies w^2_{i=1,3} = 0. Thus we impose

2β(a_1 + a_3) = −α(w_1 + w_3), βa_2 = −αw_2 so that α a_{1, 3} ≠ −βw_{1 3}, (31)

to obtain, with the very notation of the preceding section, that J = √ 2 w_3 + w_1 w_3 − w_1

I_0, J_2 = 0, (32)

Δϕ = ( 1 − α^2 2β^2 ) β (w_1 + w_3) E κ T + √ 2 w^2_3 − w^2_1

(a_1 I_1 + a_3 I_3) (33)

Δϕ_2 = ( 1 − α^2 β^2 ) β w_2 E κ T . (34)

As X_0 ∈ (0, 1), we also write that

w^2 ( 1 + α^2 β^2 ) + w^2_1 < k^2. (35)

And if we choose

a_1 = w_1 + w_3 w_3 − w_1 α β ( 1 −^{α2}_{2β2} 1 −^{α2}_{β2} )2 (w_1 + w_3) − w_3 2 . (36)

we write a dispersion relation to a spiky string √ E^2 − (T Δϕ_2)^2 − T Δϕ = 2T ( π 2 − ψ_0 ) , (37) so that

ψ_0 = π 2 − √ 2 w^2_3 − w^2_1

(a_1 I_1 + a_3 I_3)

cos 2ψ_0 = X_0. (38)

This is a very interesting result: it is totally analogous to the giant magnon case, and it is a novel dispersion relation. A similar case can be obtained from [20] by imposing suitable constraints, although this was not done by the authors. As in the preceding case, the limit Δϕ_2 → 0 generates the usual spiky string dispersion relation, and the unusual form of (37) comes from the fact that there are more geometric degrees of freedom to the motion of the string, and this greater geometric freedom requires a less parametric freedom, thus complicating the constraints (38) involving the constants of the model. When comparing (37), which has two finite angular momenta and three divergent deficit angles, to the spiky string found in [16], which has one divergent angular momentum and one divergent deficit angle, we see that both the results have a usual spiky string as a limit when only one deficit angle remains as a divergent quantity. Thus both cases have identical limits, even though the strings are in different geometries. Accordingly, we infer that these solutions probably have the same physical interpretation.

As for the giant magnon, we can have a different dispersion relation to the spiky string. When we choose appropriate values for the constants, we get √ E^2 − J^2_2 − T Δϕ = 2T ( π 2 − ψ ) . (39)

A similar situation appears is evident in AdS_4 × C P^3 geometry, as studied by [16]. As previously stated with regards to the GM case, we do not have an interpretation for the interchange of momenta and the deficit angle, but it is certainly a spiky string solution because it behaves thus in the J_2 → 0 limit.

To round off this section, we will mention that a dispersion relation where both a giant magnon and a spiky string appears coupled, as the case in [20], does not seem to be possible in any choice of constants for the strings described in this article. The reason for this is that in order to construct a dispersion relation akin to that found in the reference would require quantities in ϕ_2 which are not intrinsically divergent, and J_2 and Δϕ_2 in (16) do not have a finite term to fulfill this feature

V. CONCLUDING REMARKS

In this article we have presented new giant magnon and spiky string solutions. These solutions are different from the usual giant magnon and spiky string cases because they have divergences in various dimensions. Naturally, this feature changes the dispersion relation of the conserved charges, but the interpretation of these objects in the gauge side of the duality remains, in principle, the same. A point which supports this hypothesis is the satisfactory behavior of the solutions, which recover lower dimensional GM and SS in the appropriate limits. This assumption also relies on the AdS/CFT conjecture, and although it has not yet been proven, the dispersion relations found here must be found in the dual gauge according to the correspondence hypothesis. We expect future studies in the gauge side of the correspondence to confirm this prediction.

Acknowledgement: The author is grateful for the support offered by the Departamento de Física Matemática.

[1] D. M. Hofman and J. M. Maldacena. “Giant magnons”. J. Phys., A39:13095–13118, (2006) hep-th/0604135. [2] J. Russo M. Kruczenski and A. A. Tseytlin. “Spiky strings and giant magnons on S^5”. JHEP, 10:002, (2006) hepth/0607044.

[3] M. Kruczenski. “Spiky strings and single trace operators in gauge theories”. JHEP, 08:014, (2005) hep-th/0410226. [4] H. Dimov and R. C. R.C. Rashkov. “On the anatomy of multi-spin magnon and single spike string solutions”. Nucl. Phys., B799:255–290, (2008) arXiv:0709.4231[hep-th].

[5] N. P. Bobev and R. C. Rashkov. “Multispin giant magnons”. Phys. Rev., D74:046011, (2006) hep-th/0607018. [6] B. Vicedo. “Giant magnons and singular curves”. JHEP, 0712:078, (2007) hep-th/0703180. [7] N. Dorey H-Y Chen and Keisuke K. Okamura. “Dyonic giant magnons”. JHEP, 0609:024, (2006) hep-th/0605155. [8] B-H. Lee and C. Park. “Unbounded Multi Magnon and Spike”. (2008) 0812.2727[hep-th].

[9] N. P. Bobev and R. C. Rashkov. “Spiky Strings, Giant Magnons and beta-deformations”. Phys. Rev., D76:046008, (2007) arXiv:0706.0442[hep-th].

[10] Dmitri V. Bykov and Sergey Frolov. Giant magnons in TsT-transformed AdS(5) x S**5. JHEP, 0807:071, 2008. [11] G. Georgiou C-S. Chu and V. V. Khoze. “Magnons, classical strings and beta-deformations”. JHEP, 11:093, (2006) hep-th/0606220.

[12] R. Suzuki. “Giant Magnons on C P^3 by Dressing Method”. JHEP, 0905:079, (2009) arXiv:0902.3368[hep-th]. [13] M. C. Abbott and I. Aniceto. “Giant Magnons in AdS4 × C P^3: Embeddings, Charges and a Hamiltonian”. (2008) arXiv:0811.2423[hep-th].

[14] S. Giombi D. Gaiotto and X. Yin. “Spin Chains in N = 6 Superconformal Chern-Simons-Matter Theory”. JHEP, 0904:066, (2009) arXiv:0806.4589[hep-th].

[15] K. L. Panigrahi B-H Lee and C. Park. “Spiky Strings on AdS4 × C P^3”. JHEP, 11:066, (2008) arXiv:0807.2559[hep-th]. [16] S. Ryang. “Giant Magnon and Spike Solutions with Two Spins in AdS4 × C P^3”. JHEP, 11:084, (2008), arXiv:0809.5106[hep-th].

[17] C. Kalousios and G. Papathanasiou. “Giant Magnons in Symmetric Spaces: Explicit N-soliton solutions for C P^n, SU(n) and S^n. JHEP, 1007:068, (2010) arXiv:1005.1066[hep-th].

[18] T. Harmark G. Grignani and Marta M. Orselli. “The SU(2) × SU(2) sector in the string dual of N=6 superconformal Chern-Simons theory”. Nucl. Phys., B810:115–134, (2009) arXiv:0806.4959[hep-th].

[19] D. Berenstein and D. Trancanelli. “Three-dimensional N = 6 SCFT’s and their membrane dynamics”. Phys.Rev., D78:106009, (2008) arXiv:0808.2503[hep-th].

[20] S. Giardino and H. L. Carrion. “Classical strings in AdS4 × C P^3 with three angular momenta”. JHEP, 1108:057, (2011) 1106.5684[hep-th].

[21] R. Ishizeki and M. Kruczenski. “Single spike solutions for strings on S^2 and S^3”. Phys. Rev., D76:126006, (2007) arXiv:0705.2429[hep-th].

[22] N. Dorey. “Magnon Bound States and the AdS/CFT Correspondence”. J.Phys.A, A39:13119–13128, (2006) hepth/0604175.

[23] A. Tirziu J. A. Minahan and A. A. Tseytlin. “Infinite spin limit of semiclassical string states”. JHEP, 0608:049, (2006) hep-th/0606145.

[24] R. R. Nayak J. Kluson and K. L. Panigrahi. “Giant Magnon in NS5−brane Background”. JHEP, 0704:099, (2007) hep-th/0703244.