arXiv:1110.4684v1 [hep-th] 21 Oct 2011

Published by Institute of Physics Publishing for SISSA/ISAS Received: Revised:

Accepted:

Schwinger Pair Production in Solitonic Gauge Fields

Sang Pyo Kim

Department of Physics, Kunsan National University, Kunsan 573-701, Korea Instituto de Física y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo, Apdo. Postal 2-82, C.P. 58040, Morelia, Michoacán, Mexico E-mail: sangkim@kunsan.ac.kr

Abstract: We study the time-dependent solitonic gauge fields in scalar QED, in which a charged particle has the energy of reflectionless Pösch-Teller potential with natural quantum numbers. Solving the quantum master equation for quadratic correlation functions, we find the exact pair-production rates as polynomials of inverse square of hyperbolic cosine, which exhibit solitonic characteristics of a finite total pair production per unit volume and a non-oscillatory behavior for the entire period, and an exponentially decaying factor in asymptotic regions. It is shown that the solitonic gauge fields are the simplest solutions of the quantum master equation and that the back-reaction of the produced pairs does not destabilize the solitonic gauge fields.

Keywords: Nonperturbative Effects, Electromagnetic Processes and Properties, Solitons Monopoles and Instantons, Integrable Equations in Physics.

© SISSA/ISAS 2011 http://jhep.sissa.it/JOURNAL/JHEP3.tar.gz

Contents

1. Introduction 1

2. Solitonic and Non-Solitonic Gauge Fields 4

3. Pair Production in Terms of Mode Solution 6

4. Series Solution for Master Equation 9

5. Soliton Solutions by Algebraic Method 11

6. Pair Production in Solitonic Gauge Fields 12

7. Comparison with Non-Solitonic Gauge Fields 14

8. Back-Reaction Problem 16

9. Discussion 18

10. Conclusion 20

1. Introduction

Schwinger showed that a constant electric field could produce pairs of charged fermions in quantum electrodynamics (QED) and of charged bosons in scalar QED [1]. Parker showed that an expanding spacetime could also produce particle pairs with opposite quantum numbers [2]. Under background gauge fields or curved spacetimes the out-vacuum can differ from the in-vacuum and the nontrivial Bogoliugov transformation between two vacua leads to pairs of the out-vacuum particles in the in-vacuum or vice versa [3, 4]. The recent proposals to directly test Schwinger pair production and vacuum polarization effects in ultra-strong laser sources [5, 6, 7, 8, 9] and possible astrophysical applications [10] have boosted studies on vacuum instability and pair production [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. Several field theoretical methods have been elaborated to calculate the pair-production rate in various electric field backgrounds [23, 24, 25, 26, 27, 28, 29, 30] (for review and references, see refs. [31, 10]). The author and Schubert have recently introduced a time-dependent solitonic gauge field [32], which relates the quantum master equation for quadratic correlation functions to the KdV equation, whose soliton solution determines the pair-production rate and the other correlation functions. One interesting feature of the solitonic gauge field is that the pair-production rate is determined by a single hyperbolic

– 1 – function for the entire period, which exponentially increases from and decreases back to zero in a symmetric way without any oscillatory behavior throughout the evolution.

In this paper we find a more general class of the so-called “solitonic gauge fields” that lead to the pair-production rate and other correlation functions having the “solitonic characteristics” not in the sense of traveling solitons for the KdV equation but in sense of finiteness of total number of pairs produced for the entire period per unit volume, an exponentially decaying behavior in asymptotic regions and a non-oscillatory tailing behavior. Further the back-reaction of produced pairs should not destabilize the solitonic gauge fields. These solitonic gauge fields have the form of Pösch-Teller potential in quantum mechanics, which also provides the reflectionless potentials whose bound solutions lead to solitons for the KdV equation [33]. A massive scalar field in the global geometry of de Sitter spaces has the Pösch-Teller potential for each spherical harmonics, in which particles are produced only in even dimensions but not in odd dimensions [34, 35, 36, 37]. There the pair-production rate, which is obtained by comparing the out-vacuum in the future infinity with the in-vacuum in the past infinity, is an asymptotic result and does not give any kinematic information on particle production during the evolution. It is argued that pair production in de Sitter spaces may cause the decay of the vacuum energy [36, 38, 39].

We show that a charged boson with the Pösch-Teller potential for the squared energy,

ω^2_k(t) = ω^2_0 ( l^2 + p(p + 1) cosh^2(ω_0t) ) (1.1)

with the free energy ω_0, has the solitonic pair-production rate for a natural number p, which is a consequence of the reflectionless scattering. The gauge field strength is determined by the parameter p. The massive scalar field in the global covering of de Sitter spaces has the correspondence of the parameters

ω_0 = H, l^2 = ( m H )_2 − (d 2 )_2

, p(p + 1) = λ + d 2 (d 2 − 1 ) (1.2)

where H is the Hubble constant, d is the spatial dimensions, and −λ is the eigenvalue the Laplace operator on S^d. The main difference of de Sitter space from QED is that the mass of the particle is the free parameter while all the other parameters, such as the Hubble constant, the spatial dimensions and the eigenvalues of the Laplace operator, are predetermined. As the parameter p can be controlled as the interaction strength in QED, it is legitimate to call the corresponding fields as the “solitonic gauge fields,” though all the results of this paper hold directly for de Sitter spaces.

The method to be employed for finding the pair-production rate is quantum kinematics for the correlation functions of the spectrum generating algebra of the annihilation and creation operators for the charged bosons in a gauge field background. The Klein-Gordon equation in the gauge field has the SU(1, 1) algebra [32]. This means that the correlation functions carry the same information as the mode solutions or the propagator of the Klein- Gordon equation. Though the pair-production rate may be found from the mode solutions, which is the case of solitonic gauge fields, the advantage of quantum kinematic approach is that the production-rate and the correlation functions for quadratic annihilation and

– 2 – creation operators obey a system of linear differential equations with time-dependent coefficients, which can be integrated from the initial moment in which no particle is present and the gauge field vanishes asymptotically.

Solving the quantum master equation, we find the exact pair-production rate in the background (1.1), which exhibits the solitonic characteristics. The solitonic solutions may shed light on two important questions in particle production: the local nature of and the oscillatory behavior of pair production. The effective action carries both the global and the local information of the background fields either through the eigenvalues of the field equation or through the real-time propagator [40] or through the Bogoliubov coefficients from the asymptotic mode solution [41, 42, 43]. In the in-out formalism the vacuum persistence (twice of the imaginary part of the effective action) relates to the pair-production rate at one-loop [3, 4]

2Im(L^{(1)}_{eff} (t)) = ∑ K ln(1 + N_K(t)), (1.3)

where K denotes all quantum numbers. Therefore a physically interesting question may be raised where and when to observe produced pairs. Another surprising aspect is that though the Schwinger formula in a constant electric field is constant [1], the pair-production rate in general time-dependent electric fields shows the oscillatory tailing behavior as explained in detailed below.

We also advance an algebraic method to directly solve the quantum master equation. The dependent variables for the quantum master equation are the quadratic correlation functions of annihilation and creation operators, which are nonlinear functionals of the complex mode solution, the first derivative, and their complex conjugates. Therefore the quantum master linear equation, equivalent to the first order master equation for three independent correlation functions, is a highly nonlinear functional of the mode solutions [32]. However, in terms of the new variable the master linear equation takes a relatively simple form with the coefficients of the gauge field and its derivative, which allows an algebraic approach to the quantum kinematics. Under the condition that the square of the first derivative of the profile function for the gauge field is a polynomial of the profile function itself, we are able to find the recurrence relation for the power series solution for the quantum master equation. This algebraic method does not assume the profile of the gauge field a priori but determines the profile function from the requirement that the recurrence relation should terminate for soliton solutions. Remarkably we find that the Pösch-Teller potential (1.1) with natural numbers p are the simplest solitonic gauge fields from the algebraic method. However, the algebraic method leaves open for other solitonic gauge fields.

The solitonic gauge fields (natural number p = n) strongly contrast with other nonsolitonic gauge fields (non-natural number p) of the same potential shape which predict the oscillatory tailing behavior. The oscillatory behavior may be understood from the quantum master equation in the non-adiabatic approach [32] d dt (1 + 2N_k(t)) = ω^2_k(t) − ω^2_k(t_0) ω^2_k(t_0) ∫_t t_0 dξ [ (ω^2_k(ξ) − ω^2_k(t_0))(1 + 2N_k(ξ))

– 3 –

× cos ( 1 ω_k(t_0) ∫_t ξ dξ^′(ω^2_k(ξ^′) + ω^2_k(t_0)) )] , (1.4)

or the quantum Vlasov equation from the adiabatic approach [44, 45, 46, 47, 48, 12] d dt (1 + 2N_k(t)) = dω^2_k(t)/dt 4ω^2_k(t) ∫_t t_0 dξ [dω2_k(ξ)/dξ ω^2_k(ξ)

(1 + 2N_k(ξ)) cos ( 2 ∫_ξ t_0

dξ^′ω^2_k(ξ^′) )] , (1.5)

where ω_k(t) is the energy in the time-dependent electric field and ω_k(t_0) denotes the initial value. In the asymptotic regions (t = ±∞), eq. (1.4) or (1.5) weights the envelop of exponentially decreasing function with the sinusoidal function dominated either by cos(2ω_k(t_0)(t − ξ)) in the non-adiabatic approach or by cos(2ω_k(t_0)t) in the adiabatic approach. Therefore the non-oscillatory tailing behavior of solitonic gauge fields is an astonishing result since the oscillations should exactly cancel.

We investigate the back-reaction of the produced pairs by computing the induced current and the induced electric field in a one-soliton gauge field. The renormalized current and thereby the induced electric field has the leading term proportional to the solitonic gauge field background by a factor of the fine structure constant. This means that the back-reaction through the induced current and the electric field may be neglected for the solitonic gauge field. The full scenario for the back-reaction problem is the quantum master equation in the gauge field background plus the induced gauge field and the equation for the current, which makes the system coupled and highly nonlinear. We leave it as an open question whether the solitonic gauge fields could keep the same shape or whether any solitonic gauge field could exist or not.

The organization of this paper is as follows. In sec. 2 we exploit the properties of solitonic and non-solitonic gauge fields. In sec. 3 we find the pair-production rate from the mode solutions. In sec. 4 we find the power series solutions of the quantum master equation for the solitonic and non-solitonic gauge fields. In sec. 5 we solve the quantum master equation by an algebraic method and show that the solitonic gauge fields are the simplest one allowing polynomial solutions. In sec. 6 we investigate the pair-production rate and correlation functions in solitonic gauge fields. In sec. 7 we compare pair production in non-solitonic gauge fields with that in solitonic gauge fields. In sec. 8 we study the backreaction of produced pairs by computing the induced current and electric field and show that the back-reaction is always order of the fine structure constant and thus negligible.

2. Solitonic and Non-Solitonic Gauge Fields

The recently introduced time-dependent solitonic gauge field [32] relates the quantum master equation to the KdV equation, whose solution determines the pair-production rate and the correlation functions of pair annihilation and creation. We first generalize it to (i) the solitonic gauge fields qA_{(n)‖}(t) = k_‖ − ( k^2_‖ + n(n + 1)ω^2_0 cosh^2(ω_0t) )_{1/2} , (n = 1, 2, 3, · · ·), (2.1)

– 4 – where q and m are the charge and mass and ω_0 = √ k^2 + m^2 is the free particle energy in the asymptotic limits t = ±∞. The case of n = 1 is related with the KdV equation [32]. For the zero-longitudinal momentum the gauge fields simply become A_{(n)‖}(t) = − √ n(n + 1)ω_0/(q cosh(ω_0t)) and the potential difference is zero between t = −∞ and t = ∞, and the electric field

E_{(n)‖}(t) = − √ n(n + 1)ω^2_0 q sinh(ω_0t) cosh^2(ω_0t)

(2.2)

changes the polarity and exponentially decreases in the asymptotic limits t = ±∞. The Fourier-component of a charged scalar in the solitonic gauge field obeys the mode equation [in units of ℏ = c = 1]

φ̈_{(n)k}(t) + ω^2_0 ( 1 + n(n + 1) cosh^2(ω_0t) ) φ_{(n)k}(t) = 0. (2.3)

As the solution depends on the free particle energy, we rescale the time as t := ω_0t and measure the time in the Compton time with the equivalent mass of relativistic energy or equivalently set ω_0 = 1 for simplicity, delete the momentum k unless necessary, and denote

ω^2_{(n)}(t) := 1 + n(n + 1) cosh^2 t

, (n = 1, 2, 3, · · ·). (2.4)

The next generalization is (ii) the two parameter-dependent gauge fields

ω^2_{(pl)}(t) := l^2 + p(p + 1) cosh^2 t

, (p ≠ 1, 2, 3, · · ·) (2.5)

where l is positive but not necessarily natural numbers. In quantum mechanics the potentials of the form (2.4) and (2.5) are known as Pösch-Teller potential. These potentials have a rich structure and a variety of interpretations for the Klein-Gordon equation, as will be shown below.

The energy (2.4) or (2.5) with a natural number p = n is known as the reflectionless potential for the mode equation (2.3), whose bound solutions for another natural number l generate the solitons for the KdV equation [33]. The reflectionless scattering may be understood semiclassically by computing the complex Hamilton-Jacobi action in the phaseintegral method [49, 50, 17, 21]. Taking into account the four complex turning points, the leading term of the pair-production rate is [50]

N ≈ 4 cos^2(π √ n(n + 1))e^{−2lπ}, (2.6)

which destructively interferes approximately for large n such that √ n(n + 1) ≈ (2n + 1)/2 or completely interferes away by including the Maslov index contribution π/4 to the action. The exact solution for the gauge fields (2.5) is given by the hypergeometric function [51]

φ_{(pl)}(t) = e^{−ilt} √ 2l (1 + e^{2t})^{p+1}F (p + 1 − il, p + 1; 1 − il; −e^{2t}), (2.7)

– 5 – which has the proper asymptotic behavior at t = −∞ for the Gaussian vacuum with the energy l(ω_0):

φ_{(pl)}(t) = e^{−ilt} √ 2l . (2.8)

In the other asymptotic limit t = ∞, the mode solution takes another form

φ_{(pl)}(t) = e^{−ilt} √ 2l Γ(1 − il)Γ(−il) Γ(p + 1 − il)Γ(−p − il) (1 + e^{−2t})^{p+1}F (p + 1, p + 1 + il; 1 + il; −e^{−2t}) + e^{ilt} √ 2l Γ(1 − il)Γ(il) Γ(p + 1)Γ(−p)

(1 + e^{−2t})^{p+1}F (p + 1 − il, p + 1; 1 − il; −e^{−2t}). (2.9)

The first case (i) is when p is a natural number n, for which the negative frequency vanishes due to Γ(−n) = (−1)^n × ∞. The solution describes a reflectionless scattering over the potential, so pairs are not produced in the asymptotic region t = ∞. In the second case (ii) of a non-natural number p, the mode solution (2.7) has both the positive and the negative frequencies in eq. (2.9), implying pair production in the limit t = ∞. The mode solution may be further written in terms of the associated Legendre function [51, 52]

φ_{(pl)}(t) = Γ(1 − il) √ 2 P^{il}_p (− tanh t). (2.10)

The energy (2.4) or (2.5) has a finite number of bound solutions for positive imaginary l = iκ. The mode solution (2.7) exponentially decreases at t = −∞ while its analytical continuation (2.9) to t = ∞ has the exponentially increasing branch, the first term, and the exponentially decreasing branch, the second term. The exponentially increasing branch vanishes when p − κ is a non-negative integer: the number of bound solutions is [p], the largest integer no greater than p. For the natural number p = n, the bound solutions are the associated Legendre polynomials P^l_n(− tanh t) for l = 1, 2, · · · , n, which generate the n-solitons for the KdV equation [33].

3. Pair Production in Terms of Mode Solution

In this section we use the mode solution (2.7) and the other asymptotic form (2.9) to calculate the pair-production rate in the limit t = ∞. However, one may still ask whether the pair production is absolutely zero or decreases to zero in that asymptotic limit and ask the kinematical information of pair production during interaction, which will be pursued in this paper.

To find the exact quantum states, we may employ the Lewis-Riesenfeld invariant operators [53] in the Schrödinger picture, which provide the time-dependent creation and annihilation operators for particles and antiparticles [54, 55, 56, 57]

â^†_{(pl)k}(t) = −i[φ_{(pl)k}(t)π̂_{(pl)k} − φ̇_{(pl)k}(t)ϕ̂^†_{(pl)k}],

â_{(pl)k}(t) = i[φ^∗_{(pl)k}(t)π̂^†_{(pl)k} − φ̇^∗_{(pl)k}(t)ϕ̂_{(pl)k}], (3.1)

– 6 – and for antiparticles b̂^†_{(pl)−k}(t) = −i[φ_{(pl)k}(t)π̂^†_{(pl)k} − φ̇_{(pl)k}(t)ϕ̂_{(pl)k}], b̂_{(pl)−k}(t) = i[φ^∗_{(pl)k}(t)π̂_{(pl)k} − φ̇^∗_{(pl)k}(t)ϕ̂^†_{(pl)k}]. (3.2) Here ϕ̂_{(pl)k} and π̂_{(pl)k} are the Fourier component of the field and the momentum, all being Schrödinger operators, and φ_{(pl)k} is the complex solution (2.7). The mode solution (2.7) satisfies the Wronskian condition from the canonical quantization Wr[φ_{(pl)k}, φ^∗_{(pl)k}] ≡ φ_{(pl)k}(t)φ̇^∗_{(pl)k}(t) − φ^∗_{(pl)k}(t)φ̇_{(pl)k}(t) = i, (3.3) which is equivalent to the equal-time commutation relations [â_{(pl)k}(t), â^†_{(pl)k′} (t)] = [b̂_{(pl)−k}(t), b̂^†_{(pl)−k′} (t)] = δ(k − k^′). (3.4) Then the Bogoliubov transformation between the past infinity t_0 = −∞ and the present time t is given by â_{(pl)k}(−∞) = μ_{(pl)k}(−∞, t)â_{(pl)k}(t) + ν_{(pl)k}(−∞, t)b̂^†_{(pl)−k}(t), b̂^†_{(pl)−k}(−∞) = μ^∗_{(pl)k}(−∞, t)b̂^†_{(pl)−k}(t) + ν^∗_{(pl)k}(−∞, t)â_{(pl)k}(t), (3.5) where μ_{(pl)k}(−∞, t) = iWr[φ^∗_{(pl)k}(−∞), φ_{(pl)k}(t)], ν_{(pl)k}(−∞, t) = iWr[φ^∗_{(pl)k}(−∞), φ^∗_{(pl)k}(t)]. (3.6) The Wronskian (3.3) makes the Bogoliubov coefficients satisfy the bosonic relation |μ_{(pl)k}(−∞, t)|^2 − |ν_{(pl)k}(−∞, t)|^2 = 1. (3.7) The time-dependent ground state |0_{(pl)k}, t⟩, a Gaussian state, is nullified by the annihilation operators for a given k â_{(pl)k}(t)|0_{(pl)k}, t⟩ = b̂_{(pl)−k}(t)|0_{(pl)k}, t⟩ = 0, (3.8) and the time-dependent vacuum is the tensor product |0_{(pl)}, t⟩ = ∏ k |0_{(pl)k}, t⟩. (3.9) The mean number of pairs carried by the time-dependent vacuum as measured by the in-vacuum number operator is given by ⟨0_{(pl)}, t|â^†_{(pl)k}(−∞)â_{(pl)k}(−∞)|0_{(pl)}, t⟩ = |ν_{(pl)k}(−∞, t)|^2, ⟨0_{(pl)}, t|b̂^†_{(pl)−k}(−∞)b̂_{(pl)−k}(−∞)|0_{(pl)}, t⟩ = |ν_{(pl)k}(−∞, t)|^2. (3.10) Similarly, the mean number of pairs contained in the in-vacuum now as measured by the number operator at t is the same as eq. (3.10) since ν_{(pl)k}(t, −∞) = ν^∗_{(pl)k}(−∞, t). The

– 7 – equal number of particles and antiparticles are produced due to charge neutrality of the in-vacuum and the electric field. Interpreting as the number of pairs the expectation value of the time-dependent number operator in the in-vacuum or the number of in-vacuum particles in the time-dependent state is a subtle issue (see refs. [47, 12]). In the adiabatic case in which |ω̇^2/ω^4|, |ω̈/ω^3| ≪ 1, we may use the adiabatic solution to count the adiabatic particle number [58] and the number of pairs (3.10) approaches the adiabatic one. The gauge potentials (2.4) and (2.5) satisfy the adiabaticity, which will be discussed in detail in sec. 9. The pair-production rate (3.10) from the solution (2.7) is

N_{(pl)}(t) = 1 4l^2

|Ȧ_{(pl)}(t)|^2, (3.11)

where A_{(pl)} is the time-dependent amplitude

A_{(pl)}(t) = (1 + e^{2t})^{p+1}F (p + 1 − il, p + 1; 1 − il; −e^{2t}). (3.12)

In the asymptotic limits t = ±∞, the pair-production rate for the solitonic gauge field is approximately given by

N_{(nl)}(t) = (n(n + 1) 2l )_2 1

4(1 + l^2) 1 cosh^4 t

. (3.13)

The pair-production rate in the non-solitonic gauge field still has the same form (3.13) in the limit t = −∞, but the other limit t = ∞ will be separately treated in sec. 7.

The physical meaning of l in eq. (2.5) is the squeezed vacuum of the Minkowski one for l = 1. The squeezed vacuum is the Gaussian vacuum with the energy l(ω_0) while the Minkowski vacuum has the minimum energy 1(ω_0) and the uncertainty 1/2 [59, 60]. Comparing the asymptotic solution (2.8) for l ≠ 1 with that for l = 1, we find the Bogoliubov coefficients

μ_{(nl)(n)} = iWr[φ^∗_{(n)}(t), φ_{(nl)}(t)] = l + 1 2 √ l e^{−i(l−1)t}, ν_{(nl)(n)} = iWr[φ^∗_{(n)}(t), φ^∗_{(nl)}(t)] = − l − 1 2 √ l e^{−i(l+1)t}. (3.14)

The Bogoliubov transformation (3.14) implies that the vacuum state for l is the squeezed vacuum of the Minkowski one in the asymptotic limit t = −∞ [41]

|0_{(nl)}, t⟩ = exp [ r_l ( â_{(n)}(t)b̂_{(n)}(t)e^{2it} − â^†_{(n)}(t)b̂^†_{(n)}(t)e^{−2it} )]

× exp [ i(l − 1)t ( â^†_{(n)}(t)â_{(n)}(t)) + b̂_{(n)}(t)b̂^†_{(n)}(t) )] |0_{(n)}, t⟩, (3.15)

where

cosh r_l = l + 1 2 √ l , sinh r_l = l − 1 2 √ l . (3.16)

The probability for the squeezed vacuum to be in the number state |k_{(n)}, t⟩ of the Minkowski vacuum is P_k = |⟨k_{(n)}, t|0_{(nl)}, t⟩|^2 = tanh^{2k} r_l cosh^2 r_l = 4l (l + 1)^2 (l − 1 l + 1 )_{2k} . (3.17)

– 8 –

Thus the squeezed vacuum has the mean number of pairs with respect to the Minkowski vacuum and its Fock space

N_{(nl)(n)} = ∞∑ k=0 kP_k = (l − 1)^2 4l = |ν_{(nl)(n)}|^2. (3.18)

4. Series Solution for Master Equation

The linear combinations of quadratic annihilation and creation operators for each component of the Klein-Gordon equation, not including interaction terms, in an electromagnetic field background or in a curved spacetime, constitute the SU(1, 1) algebra [32]. The evolution of these generators carry the same information as the mode solutions in sec. 3. The dynamical equation that determines the pair-production rate from an initial particle distribution is of the primary concern. For that purpose, we note that the first order time-derivative of the pair-production rate X_{(pl)}(t) : = ⟨0_{(pl)}, t|â^†_{(pl)}(−∞)â_{(pl)}(−∞) + b̂_{(pl)}(−∞)b̂^†_{(pl)}(−∞)|0_{(pl)}, t⟩ = 1 + 2N_{(pl)}(t) (4.1)

is related with the other correlation functions Y_{(pl)}(t) : = i⟨0_{(pl)}, t|â_{(pl)}(−∞)b̂_{(pl)}(−∞) − â^†_{(pl)}(−∞)b̂^†_{(pl)}(−∞)|0_{(pl)}, t⟩, Z_{(pl)}(t) : = ⟨0_{(pl)}, t|â_{(pl)}(−∞)b̂_{(pl)}(−∞) + â^†_{(pl)}(−∞)b̂^†_{(pl)}(−∞)|0_{(pl)}, t⟩. (4.2) The unity in eq. (4.1) is the zero-point energy of quantized field, which relates to renormalization of the vacuum energy. In fact, the quantum master equation consists of coupled linear differential equations [32]

Ẋ_{(pl)} = p(p + 1) l cosh^2 t Y_{(pl)}, Ẏ_{(pl)} = p(p + 1) l cosh^2 t

X_{(pl)} + ( 2l + p(p + 1) l cosh^2 t ) Z_{(pl)}, Ż_{(pl)} = − ( 2l + p(p + 1) l cosh^2 t ) Y_{(pl)}. (4.3)

The initial conditions are such that no pair is present and the correlation functions vanish in the asymptotic region t = −∞ X(−∞) = 1, Y (−∞) = Z(−∞) = 0, Ẋ(−∞) = Ẏ (−∞) = Ż(−∞) = 0. (4.4)

The quantum master equation (4.3) is equivalent to the linear equation [32]

d^3F_{(pl)} dt^3 + 4 ( l^2 + p(p + 1) cosh^2 t )dF_{(pl)} dt + 2 ( d dt p(p + 1) cosh^2 t ) F_{(pl)} − d dt p(p + 1) l^2 cosh^2 t

= 0, (4.5)

– 9 – where F_{(pl)}(t) = 1 l ∫_t −∞ dξY_{(pl)}(ξ). (4.6) The pair-production rate is then given by X_{(pl)}(t) = 1 + ∫_t −∞ dξḞ_{(pl)}(ξ) p(p + 1) cosh^2 ξ

, (4.7) and the other correlation functions are given by Y_{(pl)}(t) = lḞ_{(pl)}(t), Z_{(pl)}(t) = − ∫_t −∞ dξḞ_{(pl)}(ξ) ( 2l^2 + p(p + 1) cosh^2 ξ ) . (4.8) Closely inspecting eqs. (4.7) and (4.8) and using another relation [32] d^2F dt^2 (t) = ω^2_{(pl)}(t) − l^2 l^2

− 2ω^2_{(pl)}(t)F (t) − 2 ∫_t −∞ dξḞ (ξ)ω^2_{(pl)}(ξ) (4.9) leads to the conserved quantity for the solution F to eq. (4.5) X^2(t) − Y^2(t) − Z^2(t) = 1. (4.10) The particular form of eqs. (4.3) or (4.5) or (4.7) and (4.8) suggests the power series solution F_{(pl)}(t) = ∑ k=1 C_{(pl)k} ( 1 cosh^2 t )_k , (4.11) and X_{(nl)}(t) = ∑ k=0 D_{(nl)k} ( 1 cosh^2 t )_k , D_{(nl)0} = 1. (4.12)

The recurrence relation for C_{(pl)k} can be found, for instance, from eq. (4.5) C_{(pl)k+1} = −

(2k + 1)(p − k)(p + k + 1) 2(k + 1)((k + 1)^2 + l^2) C_{(pl)k}, C_{(pl)1} = p(p + 1) 4l^2(1 + l^2)

, (4.13) and the coefficients D_{(pl)k} are found from eq. (4.7) D_{(pl)k} = p(p + 1)k k + 1

C_{(pl)k}. (4.14) The coefficient C_{(pl)k} may be written in a compact form

C_{(pl)k} = (−1)^{k+1}

(2k)!

2^{2k+1}(k!)^2 1 p(p − k) k∏ m=0 (p2 − m2 l^2 + m^2 ) . (4.15)

– 10 –

5. Soliton Solutions by Algebraic Method

In this section we directly find the solition solutions by an algebraic method. We shall confine our study to the gauge field leading to the squared energy

ω^2(t) = ω^2_0 (l^2 + U_0u(t)), (5.1)

where the profile function u(t) has a finite integral over (−∞, ∞), and u(t) and its derivative u̇(t) approach zero sufficiently rapidly in the asymptotic limits t = ±∞. And we further assume that u(t) has the following property

u̇^2(t) = ∑ k=1 D_ku^k(t). (5.2)

There is no constant term since u(±∞) = u̇(±∞) = 0. The solitonic gauge field u = 1/ cosh^2(ω_0t) has the property (5.2). In the rescaled time t := ω_0t, the quantum master linear equation (4.5) reads

d^3F dt^3 + 4(l^2 + U_0u) dF dt + 2U_0 du dt F − U_0 l^2 du dt = 0. (5.3)

We search for the polynomial solution of the form F(t) = N∑ k=1 C_ku^k(t), (5.4)

which shares the same solitonic characteristics as u. In order for the series solution to be a polynomial for some finite N, the negative contribution to C_k from d^3F/dt^3 should cancel the positive contributions from udF/dt and uF, otherwise the recurrence relation will have all positive coefficients and will become an infinite series. For this reason, we assume an ansatz for the gauge field

u̇^2 = αu^2 + βu^3, (α > 0), (5.5)

which has the soliton solution u(t) = − α β cosh^2( √ αt 2 ) . (5.6)

Furthermore, the master linear equation (5.3) together with the ansatz (5.5) leads to the simplest linear recurrence relation

C_{k+1} = −

(2k + 1)[βk(k + 1) + 4U_0] 2(k + 1)[α(k + 1)^2 + 4l^2] C_k, C_1 =

U_0 l^2(α + 4l^2)

. (5.7)

The series terminates when U_0/β = −N(N + 1)/4 for some natural number N. We recover the solitonic gauge fields in sec. 2 by choosing α = 4 and β = −4, and the recurrence

– 11 – relation (5.7) reduces to (4.13) for the natural number p = N for soliton solutions in sec. 4. On the other hand, another simple ansatz, for instance, u̇^2 = αu + βu^2, leads to a sinusoidal gauge potential, not a solitonic gauge field. Still another ansatz u̇^2 = αu^3 + βu^4 (5.8) leads to a rational soliton solution [33] u = 4α (αt)^2 − 4β

, (β < 0), (5.9)

but the recurrence relation involves three terms

C_{k+1} = −

(2k + 1)[αk(k + 1) + 4U_0] 8l^2(k + 1) C_k − β 4l^2 (k − 1)kC_{k−1}, C_1 =

U_0 4l^4

. (5.10)

The finite series requires β = 0 and U_0/α = −N(N + 1)/4 for some natural number N, which makes the solution (5.9) ill behaved near t = 0. Solving (5.10) and summing the series (5.4) to get a closed form is beyond the scope of this paper, which will be left as an open problem.

6. Pair Production in Solitonic Gauge Fields

In this section we consider (i) the solitonic gauge fields (2.4), where p = n is a natural number. The solitonic gauge field corresponds to the reflectionless scattering of the incoming positive frequency solution and predicts no pair production in the asymptotic limit t = ∞. The series (4.11) becomes a polynomial solution

F_{(nl)}(t) = n∑ k=1 C_{(nl)k} ( 1 cosh^2 t )_k , C_{(nl)1} = n(n + 1) 4l^2(1 + l^2)

(6.1)

since C_{(nl)k} = 0 for k ≥ n + 1. Note that the time is rescaled as t := ω_0t. The coefficients change signs alternatively and the solution exponentially decreases in the asymptotic regions (t = ±∞), exhibiting solitonic characteristics. In fact, the solitonic solution is a finite expression for the entire period for another exact formula (3.11) from the mode solution, which is an infinite series. Though eq. (3.11) is equal to eq. (6.1), any transformation formula of the hypergeometric function is not available to our knowledge [51, 52]. The solitonic solutions provide the global kinematics for the pair-production rate and show the temporal nature of pair production. The first four solutions of F_{(nl)} for l = 1 are given by

F_{(11)}(t) = 1 4 cosh^2 t

, (6.2)

F_{(21)}(t) = 3 4 cosh^2 t − 9 20 cosh^4 t

, (6.3)

F_{(31)}(t) = 3 2 cosh^2 t − 9 4 cosh^4 t + 9 8 cosh^6 t

, (6.4)

F_{(41)}(t) = 5 2 cosh^2 t − 27 4 cosh^4 t + 63 8 cosh^6 t − 441 136 cosh^8 t

. (6.5)

– 12 –

Figure 1: The functions F_{(n1)} and the pair-production rates N_{(n1)} are plotted against t(:= ω_0t): the solid line for F_{(11)}, the dotted line for F_{(21)}, the dashed line for F_{(31)}, and the dash-dotted line for F_{(41)} [left panel]; the solid line for N_{(11)}, the dotted line for N_{(21)}, the dashed line for N_{(31)}, and the dash-dotted line for N_{(41)} [right panel].

The one-soliton solution (6.2) is the same as eq. (25) of ref. [32]. The profiles are relatively simple and their variations depend on quantum number n, as shown in fig. 1.

From eq. (4.7) the pair-production rate is given by

N_{(nl)}(t) = n(n + 1) 2 n∑ k=1 k k + 1 C_{(nl)k} ( 1 cosh^2 t )_{k+1} . (6.6)

The first term is the leading term (3.13) from the mode solution in the asymptotic regions (t = ±∞). The pair-production rate in the first four solitonic gauge fields for l = 1 are

N_{(11)}(t) = 1 8 cosh^4 t

, (6.7)

N_{(21)}(t) = 9 8 cosh^4 t − 9 10 cosh^6 t

, (6.8)

N_{(31)}(t) = 9 2 cosh^4 t − 9 cosh^6 t + 81 16 cosh^8 t

, (6.9)

N_{(41)}(t) = 25 2 cosh^4 t − 45 cosh^6 t + 945 16 cosh^8 t − 441 17 cosh^{10} t

. (6.10)

The pair-production rates in fig. 1 exhibit the solitonic characteristics. They increase as quantum number n, the strength of interaction. The pair-production rate from the master equation exponentially decreases to zero, does not have any oscillatory tailing behavior, and exhibits the solitonic characteristics. The momentum distribution of the pair-production rate has a substructure for time less than one Compton time t(:= mt) = 1, as shown in fig. 2. And the substructure appears within the domain of a few Compton times and wavelengths larger than a few Compton wavelength, as shown in fig. 3. In fact. the substructure depends on the combination of ω_0t = √ 1 + (k/m)^2(mt).

We now turn to the second case of (2.5) with natural numbers n and l ≥ 2. The mode solution (2.7) does not have the negative frequency branch even for any l at t = ∞ as

– 13 –

Figure 2: The momentum distributions N_{(n1)}(k) are plotted against k(:= k/m): at t(:= mt) = 0.1, the solid line for N_{(11)}(k), the dotted line for N_{(21)}(k), the dashed line for N_{(31)}(k), and the dashdotted line for N_{(41)}(k) [left panel]; at t(:= mt) = 1, the solid line for N_{(11)}, the dotted line for N_{(21)}, the dashed line for N_{(31)}, and the dash-dotted line for N_{(41)} [right panel].

Figure 3: The time-momentum distributions N_{(21)}(t, k) are plotted against t(:= mt) and k(:= k/m) [left panel] and N_{(41)}(t, k) [right panel].

shown in sec. 2. The master linear equation (4.5) still has the polynomial solutions (6.1) with (4.15). In fig. 4 we compare F_{(44)} with F_{(4} 7_{2 )} and also compare F_{(32)} with F_{(3} 3_{2 )}. The non-natural number l drastically changes the profiles of F_{(4)} and F_{(3)} with l = 1 and other natural number l.

7. Comparison with Non-Solitonic Gauge Fields

Finally we consider the mode equation in the non-solitonic gauge fields with positive nonnatural number p

φ̈_{(pl)}(t) + ( l^2 + p(p + 1) cosh^2(t) ) φ_{(p)}(t) = 0. (7.1)

– 14 –

Figure 4: The functions F_{(nl)} are plotted against t(:= ω_0t): the solid line for F_{(44)} and the dotted line for F_{(4} 7_{2 )} [left panel]; and the solid line for F_{(32)} and the dotted line for F_{(3} 3_{2 )} [right panel].

One is tempted to use the series solution (4.11), which becomes an infinite power series since the coefficients do not terminate for non-natural number p. The series solution (4.11) can be written as

F_{(pl)}(t) = [p]∑ k=1 C_{(pl)k} ( 1 cosh^2 t )_k + ∞∑ k=[p]+1 C_{(pl)k} ( 1 cosh^2 t )_k , (7.2)

where the first sum is finite and alternating while the second sum is non-alternating and infinite. The series (7.2) converges strongly near the limit t = −∞ and gives an accurate result. The first term is the leading term for the pair-production rate (3.13) from the mode solution. As the coefficients (4.15) do not change the sign and approximately approach a constant value C_N times 1/k for k ≥ N for some large N, the series solution for large k converges asymptotically to a logarithm

F_{(pl)}(t) ≈ −C_N ln ( 1 − 1 cosh^2 t )( 1 cosh^2 t )_N . (7.3)

Therefore the series solution cannot be relied on when cosh t ≈ 1 and near t = 0. This implies that the formula (4.7) for pair-production rate may not be used beyond the limit in which the series (7.2) converges since it is not justified to evolve (7.2) from one asymptotic limit t = −∞ to the other limit t = ∞ through t = 0. Thus the series solution to the master equation does not provide useful information on the global kinematics for pair production beyond t = 0 more than the mode solution, as shown below.

The exact solution (2.7), which is valid for the entire period, can be transformed into another form useful in the other asymptotic limit t = ∞

φ_{(pl)}(t) = e^{−ilt} √ 2 e^{iϑΓ} (sin2(πp) cosh2(πl) + cos2(πp) sinh2(πl)

sinh^2(πl) )_{1/2} B_{(pl)}(t) + e^{ilt} √ 2 e^{i π2} ( sin(πp) sinh(πl) ) B^∗_{(pl)}(t), (7.4)

– 15 – where ϑ_Γ is the phase of the gamma functions of (2.9) and B_{(pl)}(t) is another timedependent amplitude

B_{(pl)}(t) = (1 + e^{−2t})^{p+1}F (p + 1, p + 1 + il; 1 + il; −e^{−2t}). (7.5)

A straightforward calculation gives the first two leading terms of the pair-production rate

N_{(pl)}(t) = ( sin(πp) sinh(πl)

)_2( 1 − 2 p(p + 1) 1 + l^2 e^{−2t} ) − 2 p(p + 1) (1 + l^2)^{1/2} ( sin(πp) sinh(πl) )

× (sin2(πp) cosh2(πl) + cos2(πp) sinh2(πl)

sinh^2(πl) )_{1/2} sin(lt) sin(lt + π 2 − ϑ_Γ + ϑ_l)e^{−2t},

(7.6)

where

sin ϑ_l = l (1 + l^2)^{1/2}

, cos ϑ_l = 1 (1 + l^2)^{1/2}

. (7.7)

The frequency of 2l in the oscillatory factor of the second term is predicted by the nonadiabatic and the adiabatic quantum master equations (1.4) and (1.5). For a natural number p = n, the rate (7.6) vanishes as expected.

For the squared energy of the form

ω^2(t) = V^2_0 +

U_0 cosh^2(ω_0t)

, (7.8)

where U_0 is an interaction strength, we identify the parameters l = V_0 √ m^2 + k^2 , p = √ U_0 m^2 + k^2 + 1 4 − 1 2 . (7.9)

Noting again t := ω_0t and ω_0 = √ m^2 + k^2, the constant term in eq. (7.6) depends on the momentum through the sinusoidal function in a nontrivial way. Fig. 5 shows the momentum distribution of the pair-production rate, which has a substructure for small momentum but exponentially suppressed for high momentum. Furthermore, the decaying terms also depend on the momentum both through the amplitudes and through the time-dependence. The rich substructure of momentum distribution distinguishes the non-solitonic gauge fields from the solitonic gauge fields.

8. Back-Reaction Problem

In this section we investigate the back-reaction of produced pairs on the solitonic fields. The current of a charged scalar particle in an electromagnetic field is the expectation value with respect to the vacuum with quantum numbers n and l ⟨Ĵ_‖(t)⟩ = 2q ∫ d^3k (2π)^3 k_‖ − qA_‖ ω_k(0) (1 2 + N (t) + Z(t) )

= 2q l ∫ d^3k (2π)^3 √ k^2_‖ + n(n + 1) cosh^2(ω_0t) ( 1 2 + N (t) + Z(t) ) . (8.1)

– 16 –

Figure 5: The momentum distributions of N (k) = (sin πp/ sinh πl)^2 for V_0/m = 1 against k(:= k/m): the solid line for U_0/m^2 = 1, the dotted line for U_0/m^2 = 4, the dashed line for U_0/m^2 = 9, and the dash-dotted line for U_0/m^2 = 16 in the range of −3 ≤ k ≤ 3 [left panel] and in the range of 3 ≤ k ≤ 30 [right panel].

The first term is the vacuum energy of the quantum field, which has to be regulated away through renormalization, and the pair-production rate N (t) and the correlation function Z(t) of eq. (4.8) are finite for solitonic gauge fields as shown in sec. 6. To understand the time-dependent of the induced current, we consider the simplest case k = 0 for which ω_0 = m and t := mt. The induced current (8.1) leads to a linear equation for the induced electric field

Ė_{in}(t) = −⟨Ĵ_‖(t)⟩ = −2q √ n(n + 1) l 1 cosh t (1 2 + N (t) + Z(t) ) . (8.2)

The induced current, for instance, for one-soliton (n = 1) gauge field for arbitrary l is

E_{in}(t) = 2 √ 2q l [ 1 2(1 + l^2) ( 1 + 3 16l^2

) sinh t

cosh^2 t + 1 16l^2(1 + l^2) sinh t cosh^4 t − 1 2 ( 1 − 1 1 + l^2 − 1 16l^2(1 + l^2) ) arctan(sinh t) ] . (8.3)

As arctan(sinh t) = ±π/2 at t = ±∞, we regulate away the last term through renormalization of the vacuum energy and the charge. Then the ratio of the renormalized induced current to the solitonic field background is E^{ren}_{in} (t) E_{ex}(t) = − q^2 l(1 + l^2) ( 1 + 3 16l^2 + 1 8l^2 1 cosh^2 t ) , (8.4)

and for the electron-positron pairs is order of the fine structure constant (e^2) in the units of c = ℏ = 1. Therefore the back-reaction is small compared with the background solitonic gauge field. Including the momentum integration, the rate of the renormalized induced electric field for one-soliton gauge field is

Ė^{ren}_{in} (t) = 2q l(1 + l^2) ∫ d^3k (2π)^3 √ k^2_‖ + n(n + 1) cosh^2(ω_0t) ( 1 cosh^2(ω_0t) + 1 4l^2 cosh^2(ω_0t) − · · · ) ,(8.5)

– 17 – where the dots denote a subtraction scheme for renormalization. We argue that the backreaction of produced pairs is smaller by the fine structure constant than the solitonic gauge field background and can be safely neglected. It remains open to show the existence of solitonic gauge fields including the back-reaction, which is the beyond the scope of this paper.

9. Discussion

One may ask the physical meaning of the pair-production rate during the interaction with the electric field. It is defined either by the number of pairs carried by the time-dependent vacuum as measured by the in-vacuum number operator or by the number of pairs contained in the in-vacuum as measured by the time-dependent number operator, both of which give the identical result because of the Bogoliubov transformation and the inverse transformation (3.5). In the in-out formalism, the pair-production rate is determined by the Wronskian (3.6) between the mode solution for the in-vacuum and the mode solution at arbitrary time. Does the pair-production rate refer to real pairs to be measured by a detector? In the solitonic gauge fields in which the pair-production rate exponentially increases from and then decreases to zero in a symmetric way, do the pairs produced during the evolution really annihilate themselves in the end? If not, where do the pairs disappear? This question is rooted on the fundamental question for the particle concept when its quantum field depends on time in a nontrivial way, which has been frequently raised for expanding spacetimes.

It is not the purpose of this paper to answer the fundamental question of what is the particle concept when its quantum field varies in time. Instead, we pursue a pragmatic point of view by searching for regions in which the particle concept and particle number makes a sense, at least in the adiabatic sense. In the regions in which the adiabaticity holds, we may use the adiabatic mode functions and the adiabatic particle number [58]. In the case of solitonic gauge fields the adiabaticity requires that

ω̇^2_{(nl)} ω^4_{(nl)} = (n(n + 1) sinh t)^2 (l^2 cosh^2 t + n(n + 1))^3 , ω̈_{(nl)} ω^3_{(nl)} = n(n + 1) cosh^2 t (l^2 cosh^2 t + n(n + 1))^3 [ n(n + 1) ( 1 − 2 cosh^2 t ) + l^2(2 cosh^2 t − 3) ] (9.1)

should be smaller than unity. This condition is always satisfied except for the region |t| ≤ 4 for small natural number n. Even in this limited region the ratios are still less than 1/2 and the adiabaticity holds in a broad sense, as shown in fig. 6. In particular, the ratios are exponentially suppressed in the asymptotical regions |t| ≫ 1 and particles are well-defined there. The larger quantum number n corresponds to higher energy than the smaller quantum number and thus suppresses further the ratios. The pair-production rate begins from the region t = −∞ in which the particle number is well-defined, passes a region around t = 0 in which the adiabaticity roughly holds, and finally settles down in the region t = ∞. Therefore we may interpret the pair-production rate as the adiabatic particle

– 18 –

Figure 6: The adiabaticity parameter R(t) := (ω̇)^2_{(nl)}/ω^4_{(n1)} is plotted against t(:= ω_0t): the solid line for n = 1, the dotted line for n = 2, the dashed line for n = 3, and the dash-dotted line for n = 4 [left panel]. And another adiabaticity parameter S(t) := ω̈_{n1}/ω^3_{(n1)} is plotted: the solid line for n = 1, the dotted line for n = 2, the dashed line for n = 3, and the dash-dotted line for n = 4 [right panel].

pairs or in the literal sense as the exact correlation function for the number operator that extrapolates the two asymptotic regions.

It now remains the question of how the pairs produced during the interaction behave and disappear such that the pair-production rate vanishes in the other asymptotic limit. In the solitonic gauge fields pairs are effectively produced roughly within the interval |t| ≤ 4, i.e., eight Compton times (see fig. 1). During the first four Compton times particles accelerate to the positive direction and antiparticles to the negative direction whereas during the next four Compton times the directions of particles and antiparticles reverse because of the polarization change of the electric field. The pairs that are produced during 1 ≤ |t| ≤ 4 may be regarded as real entities since they have enough time to separate over one Compton wavelength. However, the pairs produced during |t| ≤ 1 are likely to cancel each other due to the polarity change, in a similar way as the virtual pair production and subsequent annihilation. Without any detection, the particles keep quantum coherence with antiparticles and annihilate during the opposite polarity of electric field. However, any detector to measure the pairs may break the quantum coherence and the pairs may not completely cancel each other. To install a detector, one has to include an interaction between the detector and the charged field, which makes an interaction theory and goes beyond the scope of this paper.

Finally, we compare the solitonic gauge fields with other temporally localized electric fields. The frequently studied model is the Sauter electric field

E_‖(t) =

E_0 cosh^2(t/τ)

(9.2)

with the gauge field

A_‖(t) = −E_0τ(tanh(t/τ) + 1). (9.3)

– 19 –

The electric field acts effectively during the period |t| ≤ 3τ and does not change the polarity. Hence a charged particle gains the potential difference of 2qE_0τ between two asymptotic regions and the out-vacuum differs from the in-vacuum, implying pair production [28, 40]. In fact, the Sauter gauge field (9.3) does not satisfy the condition A_‖(∞) = 0 for solitonic gauge fields in sec. 5 which is needed for finiteness of pairs produced for the entire period and other characteristics. Another localized electric field

E_‖(t) = −

E_0 sinh t cosh^2 t

(9.4)

and its gauge field

A_‖(t) = −

E_0 cosh t

(9.5)

shares some property with the solitonic gauge field. The squared energy

ω^2(t) = ( k_‖ + qE_0 cosh t

)_2 + k^2_⊥ + m^2 (9.6)

in terms of the profile function u = 1/ cosh t can be transformed into the relation (5.2), but the recurrence relation involve more than three terms, which does not necessarily guarantee solitonic solutions, except for the zero longitudinal momentum.

10. Conclusion

We have studied Schwinger pair production in gauge fields that lead to the energy of Pösch- Teller potential (1.1) for a charged boson. The gauge fields are classified into two categories: the solitonic gauge fields with natural numbers and the non-solitonic gauge fields with nonnatural numbers. The pair-production rate from the mode solution in a solitonic gauge field exponentially decays in the asymptotic regions while a non-solitonic gauge field leads to a constant pair-production rate in addition to exponentially decaying terms in the future infinity. Solving the quantum master equation, we find the exact pair-production rate in the solitonic gauge field which is a polynomial of inverse square of hyperbolic cosine and exponentially decays in a symmetric way in the asymptotic regions. Further, the pairproduction rate in the solitonic gauge field exhibits a non-oscillatory tailing behavior and a simple momentum distribution through the entire period. None of these characteristics is shared by the non-solitonic gauge fields. The exact information of pair production in solitonic gauge fields may shed light on understanding how the vacuum structure changes and the produced pairs behave during the interaction with electromagnetic fields.

Schwinger pair production in time-dependent electric fields can be obtained either by finding the Bogoliubov coefficients from the mode equation or by using the real-time propagator. In this paper we have used the quantum master equation for the three correlation functions of quadratic annihilation and creations operators: the number of pairs and the correlations for pair production and pair annihilation. The quantum master equation allows us to directly integrate the pair-production rate from gauge fields only and is easy to implement the condition for solitonic characteristics. For that purpose, first we have

– 20 – extended the one-solitonic gauge field in ref. [32] to multi-solitonic gauge fields of the same potential shape and then solved the quantum master equation to find the pair-production rate with solitonic characteristics. Second, we have solved the quantum master equation by an algebraic method and showed that the solitonic gauge fields (1.1) with natural number p are the simplest ones that satisfy the property imposed on the gauge fields. The algebraic method may open a possibility for other solitonic gauge fields.

In the gauge fields (1.1) the pair-production rate has the meaning of adiabatic particleantiparticle pairs produced during the interaction of the electric field since the mode equation satisfies the adiabaticity for the entire period as shown in sec. 9. However, it may be used even beyond the adiabatic limit as the exact correlation function that extrapolates between asymptotic regions, in which particles are well-defined. One interesting feature of the solitonic gauge fields is that the back-reaction from pairs through the induced electric field is smaller than the background gauge fields by order of the fine structure constant. Therefore, the back-reaction problem can be avoided for the solitonic gauge fields. It remains an open question to show the existence of solitonic gauge field including the back-reaction, for which the quantum master equation for the correlation functions is now coupled to the induced electric field, which in turn coupled to the correlation functions themselves.

Acknowledgments

The author thanks Christian Schubert for helpful discussions which have clarified some concepts of this paper and for suggesting the momentum distribution, and also thanks Hyun Kyu Lee for useful comments on the manuscript. He thanks Pauchy W-Y. Hwang, Don N. Page and Yongsung Yoon for early collaborations on Schwinger pair production and QED effective actions. He appreciates the warm hospitality at Instituto de Física y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo. This work was supported in part by Basic Science Research Program through the National Research Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology (2011-0002-520).

References

[1] J. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82 (1951) 664.

[2] L. Parker, “Quantized fields and particle creation in expanding universe,” Phys. Rev. 183 (1969) 1057.

[3] B. S. DeWitt, “Quantum Field Theory in Curved Spacetime,” Phys. Rept. 19 (1975) 295.

[4] B. S. DeWitt The Global Approach to Quantum Field Theory Vol. 1, Vol. 2, Oxford University Press, New York U.S.A. (2003).

[5] A. Ringwald, “Pair production from vacuum at the focus of an X-ray free electron laser,” Phys. Lett. B510 (2001) 107 [hep-ph/0103185].

[6] M. Marklund and P. K. Shukla, “Nonlinear collective effects in photon-photon and photon-plasma interactions,” Rev. Mod. Phys. 78 (2006) 591 [hep-ph/0602123].

[7] G. V. Dunne, “New Strong-Field QED Effects at ELI: Nonperturbative Vacuum Pair Production,” Eur. Phys. J. D 55 (2009) 327 [arXiv:0812.3163 [hep-th]].

– 21 –

[8] D. B. Blaschke, A. V. Prozorkevich, G. Röopke, C. D. Roberts, S. M. Schmidt, D. S. Shkirmanov and S. A. Smolyansky, “Dynamical Schwinger effect and high-intensity lasers. realising nonperturbative QED,” Eur. Phys. J. D 55 (2009) 341 [arXiv:0811.3570 [physics.plasm-ph]].

[9] T. Tajima, “Prospect for extreme field science,” Eur. Phys. J. D 55 (2009) 519.

[10] R. Ruffini, G. Vereshchagin, S-S. Xue, “ Electron-positron pairs in physics and astrophysics:

from heavy nuclei to black holes,” Phys. Rept. 487 (2010) 1 [arXiv:0910.0974 [astro-ph]].

[11] R. Schützhold, H. Gies and G. Dunne, “Dynamically assisted Schwinger mechanism,” Phys.

Rev. Lett. 101 (2008) 130404 [arXiv:0807.0754].

[12] F. Hebenstreit, R. Alkofer and H. Gies, “Pair production beyond the Schwinger formula in time-dependent electric fields,” Phys. Rev. D 78 (2008) 061701 [arXiv:0807.2785 [hep-ph]].

[13] F. Hebenstreit, R. Alkofer, G. V. Dunne and H Gies, “Momentum signatures for Schwinger pair production in short laser pulses with sub-cycle structure,” Phys. Rev. Lett. 102 (2009) 150404 [arXiv:0901.2631 [hep-ph]].

[14] A. Di Piazza, E. Lotstedt, A. I. Milstein and C. H. Keitel, “Barrier control in tunneling e^+e^− photoproduction,” Phys. Rev. Lett. 103 (2009) 170403 [arXiv:0906.0726].

[15] G. V. Dunne, H. Gies and R. Schützhold, “Catalysis of Schwinger Vacuum Pair Production,” Phys. Rev. D 80, 111301 (2009) [arXiv:0908.0948].

[16] S. S. Bulanov, V. D. Mur, N. B. Narozhny, J. Nees and V. S. Popov, “Multiple colliding electromagnetic pulses: a way to lower the threshold of e+e- pair production from vacuum,” Phys. Rev. Lett. 104 (2010) 220404 [arXiv:1003.2623].

[17] C. K. Dumlu and G. V. Dunne, “The Stokes Phenomenon and Schwinger Vacuum Pair Production in Time-Dependent Laser Pulses,” Phys. Rev. Lett. 104 (2010) 250402 [arXiv:1004.2509 [hep-th]].

[18] C. K. Dumlu, “Schwinger Vacuum Pair Production in Chirped Laser Pulses,” Phys. Rev. D 82 (2010) 045007 [arXiv:1006.3882].

[19] F. Hebenstreit, R. Alkofer, H. Gies, “Schwinger pair production in space and time-dependent electric fields: Relating the Wigner formalism to quantum kinetic theory,” Phys. Rev. D 82 (2010) 105026 [arXiv:1007.1099].

[20] M. Orthaber, F. Hebenstreit, R. Alkofer, “Momentum Spectra for Dynamically Assisted Schwinger Pair Production,” Phys. Lett. B698, 80-85 (2011) [arXiv:1102.2182].

[21] C. K. Dumlu and G. V. Dunne, “Interference Effects in Schwinger Vacuum Pair Production for Time-Dependent Laser Pulses,” Phys. Rev. D 83 (2011) 065028 [arXiv:1102.2899 [hep-th]].

[22] F. Hebenstreit, R. Alkofer and H. Gies, “Particle self-bunching in the Schwinger effect in spacetime-dependent electric fields,” arXiv:1106.6175 [hep-ph].

[23] S. P. Gavrilov and D. M. Gitman, “Vacuum instability in external fields,” Phys. Rev. D 53 (1996) 7162 [hep-th/9603152].

[24] S. P. Kim and D. N. Page, “Schwinger pair production via instantons in a strong electric field,” Phys. Rev. D 65 (2002) 105002 [arXiv:hep-th/0005078].

– 22 –

[25] G. V. Dunne and C. Schubert, “Worldline instantons and pair production in inhomogenous fields,” Phys. Rev. D 72 (2005) 105004 [hep-th/0507174].

[26] S. P. Kim and D. N. Page, “Schwinger pair production in electric and magnetic fields,” Phys.

Rev. D 73 (2006) 065020 [arXiv:hep-th/0301132].

[27] G. V. Dunne, Q-H. Wang, H. Gies, and C. Schubert, “Worldline instantons and the fluctuation prefactor,” Phys. Rev. D 73 (2006) 065028 [hep-th/0602176].

[28] S. P. Kim and D. N. Page, “Improved approximations for fermion pair production in inhomogeneous electric fields,” Phys. Rev. D 75 (2007) 045013 [arXiv:hep-th/0701047].

[29] S. P. Gavrilov, D. M. Gitman, and J. L. Tomazelli, “Density matrix of a quantum field in a particle-creating background,” Nucl. Phys. B795 (2008) 645 [hep-th/0612064].

[30] C. K. Dumlu and G. V. Dunne, “Complex Worldline Instantons and Quantum Interference in Vacuum Pair Production,” arXiv:1110.1657 [hep-th].

[31] G. V. Dunne, “Heisenberg-Euler Effective Lagrangians: Basics and Extensions,” in From Fields to Strings: Circumnavigating Theoretical Physics, Vol. I, pp 445, M.A. Shifman et al. (Eds.), World Scientific, Singapore (2004) [hep-th/0406216].

[32] S. P. Kim and C. Schubert, “Non-adiabatic Quantum Vlasov Equation for Schwinger Pair Production,” arXiv:1110.0900v1 [hep-th].

[33] P. G. Drazin and R. S. Johnson, Solitions: An introduction, Cambridge texts in applied mathematics (Cambridge University Press, New York, 1989).

[34] E. Mottola, “Particle creation in de Sitter space,” Phys. Rev. D 31 (1985) 754. [35] R. Bousso, A. Maloney, and A. Strominger, “Conformal vacua and entropy in de Sitter space,” Phys. Rev. D 65 (2002) 104039.

[36] A. M. Polyakov, “De Sitter space and eternity,” Nucl. Phys. B797 (2008) 199 [arXiv:0709.2899 [hep-th]].

[37] S. P. Kim, “Vacuum Structure of de Sitter Space,” [arXiv:1008.0577[hep-th]]. [38] A. M. Polyakov, “Decay of Vacuum Energy,” Nucl. Phys. B834 (2010) 316 [arXiv:0912.5503 [hep-th]].

[39] A. M. Polyakov, “Infrared Sensitivity of Unstable Vacua,” Nucl. Phys. B849 (2011) 410 [arXiv:1012.2107 [hep-th]].

[40] G. V. Dunne and T. M. Hall, “On the QED effective action in time dependent electric backgrounds,” Phys. Rev. D 58 (1998) 105022 [hep-th/9807031].

[41] S. P. Kim, H. K. Lee and Y. Yoon, “Effective Action of Scalar QED in Electric Field Backgrounds,” Phys. Rev. D 78 (2008) 105013 [arXiv:0807.2696 [hep-th]].

[42] S. P. Kim, H. K. Lee and Y. Yoon, “Action of QED in Electric Field Backgrounds II.

Spatially Localized Fields,” Phys. Rev. D 82 (2010) 025015 [arXiv:0910.3363 [hep-th]]. [43] S. P. Kim, “Effective Action in Magnetic Field Backgrounds and Electromagnetic Duality,” Phys. Rev. D 84 (2011) 065004 [arXiv:1109.1249 [hep-th]].

[44] Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper, and E. Mottola, “Pair production in a strong electric field,” Phys. Rev. Lett. 67 (1991) 2427.

– 23 –

[45] Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper, and E. Mottola, “Fermion pair production in a strong electric field,” Phys. Rev. D 45 (1992) 4659.

[46] S. M. Schmidt, D. Blaschke, G. Ropke, S. A. Smolyansky, A. V. Prozorkevich, and V. D. Toneev, “A Quantum kinetic equation for particle production in the Schwinger mechanism,” Int. J. Mod. Phys. E 7 (1998) 709 [hep-ph/9809227].

[47] Y. Kluger, E. Mottola, and J. M. Eisenberg, “The Quantum Vlasov equation and its Markov limit,” Phys. Rev. D 58 (1998) 125015 [hep-ph/9803372].

[48] S. M. Schmidt, D. Blaschke, G. Ropke, A. V. Prozorkevich, and S. A. Smolyansky, and V. D. Toneev, “NonMarkovian effects in strong field pair creation,” Phys. Rev. D 59 (1999) 094005 [hep-ph/9810452].

[49] N. Fröman and P. O. A. Fröman, Phase-Integral Method, Springer Tracts in Natural Philosophy, Vol. 40 (1995).

[50] S. P. Kim, “The Stokes Phenomenon and Quantum Tunneling for de Sitter Radiation in Nonstationary Coordinates,” JHEP 1009 (2010) 054 [arXiv:1006.4004 [hep-th]].

[51] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, San Diego U.S.A. (1994).

[52] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover Publications, New York U.S.A. (1972).

[53] H. R. Lewis and W. B. Riesenfeld, “An Exact Quantum Theory of the Time-Dependent Harmonic Oscillator and of a Charged Particle in a Time-Dependent Electromagnetic Field,” J. Math. Phys. 10 (1969) 1458.

[54] I. A. Malkin, V. I. Man’ko and D. A. Trifonov, “Coherent States and Transition Probabilities in a Time-Dependent Electromagnetic Field,” Phys. Rev. D 2, 1371 (1970).

[55] S. P. Kim, “Classical space-time from quantum gravity,” Class. Quant. Grav. 13 (1996) 1377 [gr-qc/9601049].

[56] F. Finelli, G. P. Vacca and G. Venturi, “Chaotic inflation with a scalar field in nonclassical states,” Phys. Rev. D 58, 103514 (1998) [gr-qc/9712098].

[57] S. P. Kim and C. H. Lee, “Nonequilibrium quantum dynamics of second order phase transitions,” Phys. Rev. D 62 (2000) 125020 [hep-ph/0005224].

[58] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge University Press, Cambridge U.K. (1984).

[59] Y. S. Kim and M. E. Noz, Phase Space Picture of Quantum Mechanics: Group Theoretical Approach, World Scientific, Singapore, (1991).

[60] J. K. Kim and S. P. Kim, “One-parameter squeezed Gaussian states of a time-dependent harmonic oscillator and the selection rule for vacuum states,” J. Phys. A: Math. Gen. 32 (1999) 2711 [arXiv:quant-ph/9806096].

– 24 –