arXiv:1110.5121v1 [math-ph] 24 Oct 2011

On Schrödinger equation with potential U = −αr^{−1} + βr + kr^2 and the bi-confluent Heun functions theory

E. Ovsiyuk and O. Veko Mozyr State Pedagogical University 28 Studencheskaya Str., Mozyr, 247760, Gomel region, Belarus

M. Amirfachrian Institute of Physics, National Academy of Sciences of Belarus 68 Nezalezhnasci av., Minsk, 220072, Belarus

It is shown that Schrödinger equation with combination of three potentials U = −αr^{−1} +βr +kr^2, Coulomb, linear and harmonic, the potential often used to describe quarkonium, is reduced to a bi-confluent Heun differential equation. The method to construct its solutions in the form of polynomials is developed, however with additional constraints in four parameters of the model, α, β, k, l. The energy spectrum looks as a modified combination of oscillator and Coulomb parts.

PACS numbers: PACS numbers: 02.30.Gp, 02.40.Ky, 03.65Ge, 04.62.+v Keywords: Schrödinger equation, quarkonium, Heun differential equation

I. INTRODUCTION

Gauge theories of the strong interactions suggest that the coupling between quarks is weak at short distances but becomes very strong at large distances. This ’explains’ the paradox where quarks appear to behave as quasi-free particles within hadrons but cannot be liberated from the hadrons. On the basis of these arguments it was conjectured that heavy quarks would move nonrelativistically within hadrons. Thus bound states of a heavy quark and antiquark should be a hadronic analogue of the positronium system of a bound electron and positron.

This so-called quarkonium system might then be interpreted according to the familiar rules of nonrelativistic quantum mechanics using a potential to describe the interquark force (see [1], [2] and references therein).

At very small distances, the potential is expected to take a form like the Coulomb force, corresponding to the exchange of a single massless gluon. At very large distances, a linear confining potential or something more complex seem to be appropriate. We will use a combination of three well-known potentials U = − α r + βr + kr^2 that has some advantages for analytical treatment of the quarkonium problem in terms of Heun functions (this class of special functions being next extension to hypergeometric functions has become of primary importance in many physical problems [3]–[32]).

II. SCHRÖDINGER EQUATION

In Minkowski space, parameterized by spherical coordinate

dS^2 = c^2dt^2 − dr^2 − r^2(dθ^2 + sin^2 θdϕ^2) ,

the Schrödinger equation for an arbitrary spherical potential has the form iℏ ∂ ∂t Ψ = [ − ℏ^2 2M ( 1 r^2 ∂ ∂r r^2 ∂ ∂r − l̂ 2 r^2 ) + U(r) ] Ψ . (1)

After separation of the variables, Ψ = e^{− iEtℏ} Y_{lm}(θ, ϕ) R(r) , we get E R = [ − ℏ^2 2M ( 1 r^2 d dr r^2 d dr − l(l + 1) r^2 ) + U(r) ] R . (2)

For a potential specified by (we assume the Coulomb attraction, so α > 0) U = − α r + βr + kr^2 (3)

eq. (2) reads [ d^2 dr^2 + 2 r d dr − l(l + 1)

r^2 + 2M ℏ^2 ( E + α r − βr − kr^2 )] R = 0 . (4)

We may simplify notation by using (instead of (4)) more short form ( d^2 dr^2 + 2 r d dr + 2ϵ + α r − l(l + 1)

r^2 − βr − kr^2 ) R = 0 (5)

and further with the substitution R(r) = r^{−1}f(r) we get ( d^2 dr^2 + 2ϵ + α r − l(l + 1) r^2 − βr − kr^2 ) f = 0 . (6)

Let us see behavior of the curve

P^2(r) = 2ϵ + α r − l(l + 1)

r^2 − βr − kr^2 , P^2(r ∼ 0) ∼ − l(l + 1) r^2 ∼ −∞ , P^2(r ∼ ∞) ∼ −kr^2 − ∞ . To proceed further, let us examine the classical turning points – the roots of the equation

− kr^4 − βr^3 + 2ϵr^2 + αr − l(l + 1) = −k(r − r_1)(r − r_2)(r − r_3)(r − r_4) = 0 . (7)

From (7) it follows − β k = r_1 + r_2 + r_3 + r_4 , − 2ϵ k = r_1r_2 + r_1r_3 + r_1r_4 + r_2r_3 + r_2r_4 + r_3r_4 , α k = r_2r_3r_4 + r_1r_3r_4 + r_1r_2r_4 + r_1r_2r_3 , l(l + 1) k = r_1r_2r_3r_4 . (8)

There exist the possibility when two roots are negative and two other are positive (see Fig. 1).

r

P^2(r)

r_4 r_3 r_1 r_2

FIG. 1: Finite classical motion at r ∈ [r_3, r_4]

From (7) it follows two systems: − 2ϵ k = r_1r_2 + r_1(r_3 + r_4) + r_2(r_3 + r_4) + r_3r_4 , α k = r_1 r_3r_4 + r_2 r_3r_4 + r_1r_2(r_4 + r_3) , and r_1 + r_2 = − β k − r_3 − r_4 ,

r_1r_2 = l(l + 1) k r_3r_4 . Making the change of variables y = iKr (K = k^{1/4}):

d^2R dy^2 + 2 y dR dy − ( 2ϵ K^2 + iα Ky + l(l + 1)

y^2 + iβy K^3

+ y^2 ) R = 0 (9)

and using the substitution

R = y^A e^{By} e^{Cy2} F (y) , (10)

we get

d^2F dy^2 + [ 2(A + 1) y + 4Cy + 2B ] dF dy + [ (4C^2 − 1) y^2 + ( 4BC − i β K^3 ) y+ +4AC + B^2 − 2ϵ K^2

+ 6C +

A^2 + A − l(l + 1)

y^2 + 2ABK + 2BK − iα y K ] F = 0 . (11)

With the choice of special values

A = +l , −(l + 1) , C = ± 1 2 , B = ± iβ 2 K^3

, (12)

take those related to possible bound states

A = +l, y^A ∼ r^l ;

C = + 1 2 , e^{Cy2} = e^{−K2r2/2} ; B = + iβ 2 K^3

, e^{By} = e^{−βr/2K2} ; (13)

eq. (11) becomes simpler

d^2F dy^2 + [ 2(A + 1) y + 4Cy + 2B ] dF dy + + [ 4AC + B^2 − 2ϵ K^2

+ 6C + 2ABK + 2BK − iα y K ] F = 0 . (14)

It is convenient to turn to the variable z = y i = Kr ; then eq. (14) reads (remember that A = +l C = +1/2)

d^2F dz^2 + ( −2z + 2iB + 1 + (2l + 1) z ) dF dz + + ( −2 − (2l + 1) + ( 2ϵ K^2

− B^2) + −(−2iB)(l + 1) + α/K z ) F = 0 , (15) which can be recognized as a biconfluent Heun equation for functions H(a, b, c, d, z)

d^2H dz^2 + ( −2z − b + 1 + a z ) dH dz + ( −2 − a + c + −b(a + 1)/2 − d/2 z ) H = 0 (16)

with parameters

a = 2l + 1 , b = −2iB = β K^3 , c = 2ϵ K^2 + β^2 4K^6 , d = − 2 α K . (17)

Let us present solutions of eq. (16) as a series

H(z) = 1 + c_1z + c_2z^2 + c_3z^3 + ... = ∞∑ n=0 c_nz^n ,

H^′(z) = c_1 + 2c_2z^1 + 3c_3z^2 + ... = ∞∑ n=1 nc_nz^{n−1} ,

H^{′′}(z) = 2 × 1 c_2z^0 + 3 × 2 c_3z^1 + ... = ∞∑ n=2 n(n − 1)c_nz^{n−2} . Eq. (16) gives (let D = −b(a + 1)/2 − d/2)

d^2H dz^2 + ( −2z − b + 1 + a z ) dH dz + ( −2 − a + c + D z ) H = 0 ;

that is ∞∑ n=2 n(n − 1)c_nz^{n−2} +

+(−2z − b + 1 + a z ) ∞∑ n=1 nc_nz^{n−1} +

+(−2 − a + c + D z ) ∞∑ n=0 c_nz^n = 0 . (18)

From (18) it follows ∞∑ n=2 n(n − 1)c_nz^{n−2} − ∞∑ n=1 2nc_nz^n − ∞∑ n=1 bnc_nz^{n−1} +

+ ∞∑ n=1 (1 + a)nc_nz^{n−2} + ∞∑ n=0 (−2 − a + c)c_nz^n + ∞∑ n=0 Dc_nz^{n−1} or ∞∑ N=0 (N + 2)(N + 1)c_{N+2}z^N − ∞∑ N=1 2Nc_N z^N − ∞∑ N=0 b(N + 1)c_{N+1}z^N +

+ ∞∑ N=−1 (1 + a)(N + 2)c_{N+2}z^N + ∞∑ N=0 (−2 − a + c)c_N z^N + ∞∑ N=−1 Dc_{N+1}z^N .

Collecting similar terms

2c_2 + ∞∑ N=1 (N + 2)(N + 1)c_{N+2}z^N −

− ∞∑ N=1 2Nc_N z^N − bc_1 − ∞∑ N=1 b(N + 1)c_{N+1}z^N +

+(1 + a)c_1z^{−1} + (1 + a)2c_2 + ∞∑ N=1 (1 + a)(N + 2)c_{N+2}z^N +

+(−2 − a + c)c_0 + ∞∑ N=1 (−2 − a + c)c_N z^N +

+Dc_0z^{−1} + Dc_1 + ∞∑ N=1 Dc_{N+1}z^N = 0

we get [ (1 + a)c_1 + Dc_0] z^{−1} + + [ 2c_2 − bc_1 + (1 + a)2c_2 + (−2 − a + c)c_0 + Dc_1 ] + + ∞∑ N=1 [ (N + 2)(N + 1)c_{N+2} − 2Nc_N − b(N + 1)c_{N+1} + +(1 + a)(N + 2)c_{N+2} + (−2 − a + c)c_N + Dc_{N+1} ] z^N = 0 .

Thus we arrive at the recurrent relations for series coefficients c_1 = − D (1 + a) c_0 , c_2 =

(2 + a − c)c_0 + (b − D)c_1 (a + 2)2 , c_{N+2} =

(2N + 2 + a − c) c_N + [−D + b(N + 1)] c_{N+1} (N + 2)(a + N + 2) , N = 1, 2, ... (19) From this, after simple change in notation, we obtain c_1 = − D (1 + a) c_0 , c_2 =

(2 + a − c)c_0 + (b − D)c_1 (a + 2)2 , c_{n+1} = (2n + a − c) c_{n−1} + (−D + bn) c_n (n + 1)(a + n + 1) , n = 2, 3, 4, ... (20) Remember that a = 2l + 1 , b = β K^3 , d = − 2 α K c = 2ϵ K^2 + b^2 4 , we obtain − D = b(l + 1) − α K , b − D = b(l + 2) − α K , 2b − D = b(l + 3) − α K , ... bn − D = b(l + n + 1) − α K ; (21) note that the energy parameter does not enter relations in (2.17), instead it is presented only in the parameter c c = 2ϵ K^2 + b^2 4 . (22)

Recursive relation can be rewritten in the form c_1 = − D 2(2l + 2) c_0 , c_2 =

[ (2(l + 1) + (1 − c) ] c_0 + (b − D)c_1 2 [(2(l + 1) + 1] , c_3 =

[ 2(l + 2) + (1 − c) ] c_1 + (2b − D) c_2 3 [2(l + 1) + 2] , c_4 =

[ 2(3 + l) + (1 − c) ] c_2 + (3b − D) c_3 4 [ 2(l + 1) + 3] , c_5 =

[ 2(4 + l) + (1 − c) ] c_3 + (4b − D) c_4 5 [ 2(l + 1) + 4] , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . c_{n+1} =

[ 2(n + l) + (1 − c) ] c_{n−1} + (nb − D) c_n (n + 1) [ 2(l + 1) + n] ... (23) Ont can try to obtain polynomial solutions. The first simplest possibility can be realized by adding two constraints: c_1 = 0, c_2 = 0 (24) which gives D = 0 =⇒ β(l + 1) K^2 = α , c = (2(l + 1) + 1 =⇒ 2ϵ K^2 + b^2 4 = 2(l + 1) + 1 . (25) Result (25) may be rewritten as follows the case n = 0 ϵ = K^2(l + 1 + 1 2 ) − 1 8 ( α l + 1

)^2 , where α l + 1 = β K^2

. (26) Let us consider the case n = 1 which is realized by adding two constraints c_2 = 0 , [ (2(l + 1) + (1 − c) ] c_0 + (b − D)c_1 = 0 , c_3 = 0 , 2(l + 2) + (1 − c) = 0 , (27) which leads to c = 2(l + 2) + 1 , 2 + (b − D) D 2(2l + 2)

= 0 . (28) In explicit form they are 2ϵ K^2 + b^2 4 = 2(l + 2) + 1 , (29) and 4(2l + 2) − [− α K + b(l + 2)][− α K + b(l + 1)] = 0 . (30) Eq. (30) is a 2-order equation with respect to b b^2(l + 1)(l + 2) − b α K (2l + 3) − 4(2l + 2) + α^2 K^2 = 0 with its solution

b = + α K (l + 3/2) (l + 1)(l + 2) ± [ ( α K )^2 ( (l + 3/2) (l + 1)(l + 2)

)_2 + 4(2l + 2) − α^2/K^2 (l + 1)(l + 2) ]_{1/2}

or b = + α K (l + 3/2) (l + 1)(l + 2) ± √ ( α K )^2 1/4 (l + 1)^2(l + 2)^2 + 8 (l + 2)

. (31)

Let us consider several first coefficients of the bi-confluent Heun series:

c_1 = − D 2(2l + 2) c_0 ;

c_2 =

(2(l + 1) + (1 − c) 2 [ (2(l + 1) + 1 ] c_0 + (b − D) 2 [ (2(l + 1) + 1 ] c_1 = = (2(l + 1) + (1 − c) 2 [ (2(l + 1) + 1 ] c_0 + (b − D) 2 [ (2(l + 1) + 1 ] ( − D 2(2l + 2) c_0 ) ; c_3 =

2(l + 2) + (1 − c) 3 [ 2(l + 1) + 2 ] c_1 + (2b − D) 3 [ 2(l + 1) + 2 ] c_2 = = 2(l + 2) + (1 − c) 3 [ 2(l + 1) + 2 ] ( − D 2(2l + 2) c_0 ) + + (2b − D) 3 [ 2(l + 1) + 2 ] [ (2(l + 1) + (1 − c) 2 [ (2(l + 1) + 1 ] c_0 + (b − D) 2 [ (2(l + 1) + 1 ] ( − D 2(2l + 2) c_0 )] ; c_4 =

2(3 + l) + (1 − c) 4 [ 2(l + 1) + 3] c_2 + (3b − D) 4 [ 2(l + 1) + 3] c_3 = = 2(3 + l) + (1 − c) 4 [ 2(l + 1) + 3] [ (2(l + 1) + (1 − c) 2 [ (2(l + 1) + 1 ] c_0 + (b − D) 2 [ (2(l + 1) + 1 ] ( − D 2(2l + 2) c_0 )] + + (3b − D) 4 [ 2(l + 1) + 3] { 2(l + 2) + (1 − c) 3 [ 2(l + 1) + 2 ] ( − D 2(2l + 2) c_0 ) + + (2b − D) 3 [ 2(l + 1) + 2 ] [ (2(l + 1) + (1 − c) 2 [ (2(l + 1) + 1 ] c_0 + (b − D) 2 [ (2(l + 1) + 1 ] ( − D 2(2l + 2) c_0 )]} ; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The coefficient c_n represents a n-polynomial with respect to parameter b.

In principle, it is easily to extend the above polynomial-based approach to general case. Indeed, let it be

c_{n+1} = 0 , c_{n+2} = 0 , (32)

which gives

c_{n+1} = 0, [ 2(n + l) + (1 − c) ] c_{n−1} + (nb − D) c_n = 0 , c_{n+2} = 0, [ 2(n + 1 + l) + (1 − c) ] c_n = 0 . (33)

From whence it follows

(1 − c) = −2(n + 1 + l) , −2c_{n−1} + (nb − D) c_n = 0 . (34)

The problem is reduced to rather complicated polynomials. This method provides us with the formula for energy levels; however we obtain some additional constraints for four parameters, α, β, k, l (in the form of n-polynomial). This means that we are able to construct solutions in the polynomial form, but only at some special values of α, β, k, l.

General structure of the 3-term recurrent relations can be presented in a more short notation

c_1 = A_0c_0 , c_2 = E_0c_0 + A_1c_1 , c_3 = E_1c_1 + A_2c_2 , c_4 = E_2c_2 + A_3c_3 , c_5 = E_3c_3 + A_4c_4 , ................................ c_{n+1} = E_{n−1}c_{n−1} + A_nc_n , ................................ (35) where

E_{n−1} =

2(n + l) + (1 − c) (n + 1) [ 2(l + 1) + n]

, A_n = (nb − D) (n + 1) [ 2(l + 1) + n]

. (36)

III. ACKNOWLEDGEMENTS

This work was supported by the Fund for Basic Researches of Belarus F11M-152.

[1] A.A. Bykov, I.M. Dremin, A.V. Leonidov. Soviet Physics Uspekhi. 27, 321 (1984). [2] V.H. Zaveri. Pramana J. Phys. 75, no 4, 579 (2010). [3] K. Heun. Math. Ann. 33, 161 (1889).

[4] S.-T. Ma. Relations Between the Solutions of a Linear Differential Equation of Second Order with Four Regular Singular Points. Ph.D. dissertation, University of California, Berkeley, Dept. of Mathematics (1934).

[5] F. Batola. Quelques proprietes de l’equation biconfluente de Heun. These de 3-ieme cycle. Universite Pierre et Maris Curie, Paris (1977).

[6] A. Erdelyi. Quart. J. Math., Oxford Ser. 13, 107 (1942). [7] W. Buhring. J. Math. Phys. 15, 1451 (1974). [8] A. Decarreau et al. Ann. Soc. Sci. Brux. 92(I-II), 53 (1978).

[9] A. Decarreau, P. Maroni and A. Robert. Ann. Soc. Sci. Bruxelles Ser. I. 3(92), 151 (1978). [10] K. Kuiken. SIAM J. Math. Anal. 10, 655 (1979). [11] E.W. Leaver. J. Math.Phys. 27(5), 1238 (1986). [12] G. Valent. SIAM J. Math. Anal. 17, 688 (1986). [13] E. Seidel. Class. Quant. Grav. 6, 1057 (1989).

[14] H. Exton. Ann. Soc. Sci. Bruxelles Ser. I, 1-2(105), 3 (1991). [15] H. Exton. Bull. Soc. Math. Belg. Ser. B. 45 (1), 49(1993).

[16] Heun’s differential equation, ed. A. Ronveaux, F. Arscott. Oxford University Press, Oxford (1995). [17] S.Ju. Slavyanov, W. Lay. Special functions. A unified theory based on singularities. Oxford (2000). [18] H. Exton. Rendiconti di Mathematica. Serie VII. 18, 615 (1998). [19] O.I. Tolstikhin, M. Matsuzawa. Phys. Rev. A63, 032510 (2001). [20] S.Y. Slavyanov. Theoret. and Math. Phys. 123(3), 744 (2000). [21] A.O. Smirnov. Amer. Math. Soc., Providence. 32, 287 (2002).

[22] A.V. Shanin, R.V. Craste. European Journal of Applied Mathematics. 13, 617 (2002). [23] A. Ishkhanyan, K.A. Suominen. J. Phys. A: Math.Gen. 36, L81 (2003). [24] S. Q. Wu, X. Cai. J. Math. Phys. 44, 1084 (2003).

[25] A. Ronveaux. Applied Mathematics and Computation. 141, 177–184 (2003). [26] E.S. Cheb-Terrab. arXiv:math-ph/0404014v4 (2004). [27] R.S. Maier. J. Dif. Equations. 213(1), 171 (2005). [28] R.S. Maier. Math. Comp. 76, 811 (2007).

[29] T. Birkandan, M. Hortacsu. arXiv:gr-qc/0607108v3 (2007). [30] David Petroff. arXiv:gr-qc/0701081v2 (2007). [31] P.P. Fiziev. arXiv:gr-qc/0702014v1 (2007). [32] T. Takemura. arXiv:math/0703256v1 [math.CA] (2007).