arXiv:1110.5576v1 [math.RT] 25 Oct 2011

GENERALIZED SPIN REPRESENTATIONS AND REDUCTIVE FINITE-DIMENSIONAL QUOTIENTS OF MAXIMAL COMPACT SUBALGEBRAS OF KAC–MOODY ALGEBRAS

GUNTRAM HAINKE, RALF KÖHL (NÉ GRAMLICH)

Abstract. We introduce the notion of a generalized spin representation of the maximal compact subalgebra k of a simply laced Kac–Moody algebra g in order to show that every such non-abelian k has a non-trivial finite-dimensional semisimple quotient.

1. Introduction

During the last decade the family of Kac–Moody algebras E_n(R) has received considerable attention because of its importance in M-theory [DB06], [GN95], [KNP07], [Pal08], [Wes01]. By [DKN06a], [DBHP06] the (so-called) maximal compact subalgebra k = Fix ω of the real split Kac–Mooody algebra g = E_{10}(R) with respect to the Cartan–Chevalley involution ω admits a 32-dimensional complex representation which extends the spin representation of its regular subalgebra so_{10}(R). This implies that the (infinite-dimensional) Lie algebra k has a non-trivial finite-dimensional quotient, in fact a semisimple finite-dimensional quotient (see Corollary 4.10 below). In contrast, maximal compact subalgebras of finite-dimensional simple real Lie algebras are either simple or a direct sum of two isomorphic simple algebras.

In this paper we show that the existence of non-trivial semisimple finite-dimensional representations is not peculiar to the maximal compact subalgebra of E_{10}(R) but is shared by all maximal compact subalgebras of simply laced Kac–Moody algebras over arbitrary fields of characteristic 0. To this end we introduce the notion of a generalized spin representation (Definition 4.3 below), which we inductively show to exist for arbitrary simply laced diagrams (Theorem 4.7 below) and which, in the case of formally real fields, affords a reductive and often even a semisimple image (Corollary 4.12 below).

Acknowledgements. We thank Pierre-Emmanuel Caprace for pointing out to us the 32-dimensional representation of the maximal compact subalgebra of E_{10}(R), thus triggering our research. We also thank Paul Levy for very fruitful preliminary discussions on the subject of this paper, Kay Magaard for bringing our attention to [Maa10] and Max Horn for valuable comments on a preliminary version of this article. This research has been partially funded by the EPRSC grant EP/H02283X/1.

2. Preliminaries

In this section we collect several basic facts about Kac–Moody algebras. We refer the reader to [Kac94, chapter 1] and [Kum02, chapter 1] for proofs.

2.1. Kac–Moody algebras. Let k be a field of characteristic 0, let A = (a_{ij} ) ∈ Z^{n×n} be a generalized Cartan matrix and let g = g_A denote the corresponding Kac–Moody algebra over k. This means that

a_{ii} = 2, a_{ij} ≤ 0 and a_{ij} = 0 ⇔ a_{ji} = 0, while g is the quotient of the free Lie algebra over k generated by e_i, f_i, h_i (i = 1, . . . , n) subject to the relations

[h_i, h_j ] = 0, [h_i, e_j ] = a_{ij} e_j , [h_i, f_j ] = −a_{ij} f_j ,

[e_i, f_j ] = 0, [e_i, f_i] = h_i, (ad e_i)^{−aij +1}(e_j ) = 0, (ad f_i)^{−aij +1}(f_j ) = 0 for i ≠ j.

A generalized Cartan matrix is called simply laced if the off-diagonal entries of A are either 0 or −1. In this case, the diagram of g_A is the graph D = (V, E) on vertices v_1, . . . , v_n with v_i and v_j connected by an edge if and only if a_{ij} = −1.

Let h := ⟨h_1, . . . , h_n⟩, n_+ := ⟨e_1, . . . , e_n⟩ and n_− := ⟨f_1, . . . , f_n⟩ denote the standard subalgebras of g. Then there is a decomposition g = n_− ⊕ h ⊕ n_+ (for this and the other basic facts about Kac–Moody algebras we will use, we refer the reader to [Kum02, chapter 1] or [Kac94, chapter 1]). Let Q := ⊕^n_{i=1}Zv_i denote a free Z-module of rank n and Q_+ := ⊕^n_{i=1}Nv_i. Then g has a Q-grading by declaring

deg h_i := 0, deg e_i := v_i, deg f_i := −v_i

for i = 1, . . . , n, i.e. g = ⨁ α∈Q g_α and [g_α, g_β ] ⊆ g_{α+β}.

Let Δ := {α ∈ Q\{0} : g_α ≠ 0}. Then Δ = Δ_+ ∪ Δ_−, where Δ_+ := Δ ∩ Q_+ and Δ_− := −Δ_+. An element α ∈ Δ is called a root and g_α a root space. A root α ∈ Δ is called positive if it belongs to Δ_+, otherwise negative. A root of the form α = ±v_i is called simple.

The extended Weyl group W^∗ ≤ Aut g is defined as W^∗ := ⟨s^∗_i | i = 1, . . . , n⟩, where s^∗_i := exp ad f_i · exp ad −e_i · exp ad f_i (cf. [Kac94, §3.8]). For α ∈ Δ and w ∈ W^∗ there exists a unique w · α ∈ Δ such that w · g_α = g_{w·α}. A root α is called real if there is a w ∈ W such that w · α is simple, otherwise it is called imaginary. Let Δ^{re} denote the set of real roots and Δ^{im} the set of imaginary roots.

For α = ∑_n i=1 a_iv_i ∈ Δ the height of α is defined as ht α := |^n ∑ i=1 a_i|. For n ∈ N let (n_+)_n := ⨁ α∈Δ^+ ht α=n g_α .

This is a Z-grading of n_+.

2.2. The maximal compact subalgebra. Let g be a Kac–Moody algebra over a field k of characteristic 0. Let ω ∈ Aut(g) denote the Cartan–Chevalley involution characterized by ω(e_i) = −f_i, ω(f_i) = −e_i and ω(h_i) = −h_i. Let k := {X ∈ g | ω(X) = X} denote the fixed point subalgebra. Then the subalgebra k = k(g) is called the maximal compact subalgebra of g.

For example, if g = sl_n(R), then ω(A) = −A^T and k = so_n(R). In this case, so_n(R) is the Lie algebra of the maximal compact subgroup SO_n(R) of SL_n(R), which explains the terminology. See also [Kna02, Section IV.4].

A theorem of Berman’s allows to give a presentation of k.

Theorem 2.1 (cf. [Ber89, Theorem 1.31]). Let k be a field of characteristic 0. Let A ∈ Z^{n×n} be a simply laced generalized Cartan matrix, let g_A denote the corresponding Kac–Moody algebra and let k denote the maximal compact subalgebra of g.

Then k is isomorphic to the quotient of the free Lie algebra over k generated by X_1, . . . , X_n subject to the relations

[X_i, [X_i, X_j ]] = −X_j if the vertices v_i, v_j are connected by an edge [X_i, X_j ] = 0 otherwise

via the map X_i → e_i − f_i.

Proof. Let η ∈ Aut g denote the involution characterized by η(e_i) = f_i, η(f_i) = e_i and η(h_i) = −h_i and let l := Fix η denote the subalgebra of fixed points of η. By [Ber89, Theorem 1.31], l is isomorphic to the quotient of the free Lie algebra over k generated by Y_1, . . . , Y_n subject to the relations

[Y_i, [Y_i, Y_j ]] = Y_j if the vertices v_i, v_j are connected by an edge [Y_i, Y_j ] = 0 otherwise

via the map Y_i → e_i + f_i.

Let I := √ −1 denote a square root of −1 and let L := k(I), g_L := g ⊗_k L. Note that there is an algebra automorphism φ ∈ Aut(g_L) determined by e_i → I · e_i, f_i → −I · f_i and h_i → h_i. Then φ conjugates η to ω, i.e. ω = φ^{−1} ∘ η ∘ φ, and hence the subalgebras Fix η and Fix ω are isomorphic over L. As X_i is mapped to I · Y_i under this isomorphism, the conclusion follows. □

3. Some algebraic properties of k

In this section we collect some consequences of Berman’s presentation of the maximal compact subalgebra of a Kac–Moody algebra.

3.1. Automorphisms. For i = 1, . . . , n let ε_i ∈ {±1}. Then there is an automorphism φ_ε of k characterized by φ(X_i) = ε_iX_i. We call such an automorphism a sign automorphism.

If π is an automorphism of the diagram D of g, i.e. π is a permutation of the vertices of D which preserves adjacency, then there is an induced automorphism φ_π of k which satisfies φ_π(X_i) = X_{π(i)}. Such an automorphism is called a graph automorphism.

Lemma 3.1. Let g be a Kac–Moody algebra over a field k of characteristic 0.

(a) For i = 1, . . . , n, the element s^∗_i ∈ W^∗ commutes with ω. (b) Every w ∈ W^∗ induces an automorphism of k.

(c) If the diagram D = (V, E) of g is simply laced, the automorphism s_i induced by s^∗_i satisfies s_i(X_i) = X_i, s_i(X_j ) = X_j if (i, j) ∉ E and s_i(X_j ) = [X_i, X_j ] if (i, j) ∈ E. Proof. (a) As g is generated by e_j , f_j for j = 1, . . . , n, it suffices to show that ω ∘ s^∗_i ∘ ω agrees with s^∗_i on these generators. To this end, let Y_i := ⟨e_i, f_i⟩ ∼= sl_2(k) and consider the Y_i-module

M_j := ⨁ r∈Z g_{±αj +rαi} . Note that M_j is invariant under ω and that each non-trivial root space g_{±αj +rαi} is one-dimensional. Moreover, g_{αj +rαi} = 0 for r < 0 or r ≥ n := −a_{ij} and similarly g_{−αj +rαi} = 0 for r > 0 or r ≤ −n.

The action of ω on M_j satisfies ω(g_{±αj +rαi} ) = g_{∓αj −rαi} . Similarly, s^∗_i (g_{αj +rαi} ) = g_{αj +(n−r)αi} for 0 ≤ r ≤ n and s^∗_i (g_{−αj −rαi} ) = g_{−αj −(n−r)αi} for 0 ≤ r ≤ n. From this description the claim follows as M_j contains e_j and f_j .

(b) By (a), each s^∗_i stabilizes k. The claim therefore follows immediately from [Kac94, Lemma 3.8(b)].

(c) A calculation shows that s^∗_i (e_i) = −f_i and s^∗_i (e_j ) = [e_i, e_j ] if (i, j) ∈ E and s^∗_i (e_j ) = e_j if (i, j) ∉ E. (Cf. also [Kac94, Lemma 3.8(a)].) □ For w ∈ W^∗, the induced automorphism π(w) ∈ Aut k is called a Weyl group automorphism.

Remark 3.2. (a) Let φ: n_+ → k, x → x + ω(x) denote the canonical k-linear bijection (cf. [Ber89, p. 3169]), and write k_α := φ(g_α). It follows that π(s)(k_α) = k_{s·α}. It is then clear by induction that for a positive real root α there is a Weyl group automorphism w and a positive simple root α_i such that w maps k_α to some k_{αi} = k · X_i.

(b) The set of subspaces {k_γ | γ ∈ Δ^{re} ∩ Δ_+} is left invariant by the group of Weyl group automorphisms. It can be identified with the walls of the Coxeter complex of the Weyl group W .

Remark 3.3. For i, j in the same connected component of the diagram of k there is an automorphism such that φ(X_i) = X_j . This is because, if (i, j) is an edge, then s_is_j (X_i) = s_i([X_j , X_i]) = [[X_i, X_j ], X_i] = X_j ; thus, the claim follows by induction.

This can be used as follows: Let g be the Kac–Moody algebra of type AE_2 (see the appendix for our notation concerning Dynkin diagrams). Then the generator X_4 is contained in a subalgebra isomorphic to A^+_2 . Indeed, let φ be a Weyl group automorphism such that φ(X_3) = X_4. Then φ(⟨X_1, X_2, X_3⟩) is as required.

3.2. The center of k. Except in the case that g has a factor of type A_1, the maximal compact subalgebra is perfect and centerfree.

Proposition 3.4. Let k be a field of characteristic 0, let D be a simply laced diagram without isolated nodes, let g be a Kac–Moody algebra with diagram D and let k denote its maximal compact subalgebra. The the following assertions hold:

(a) k is perfect, i.e. [k, k] = k.

(b) The center of k is trivial: C(k) = {0}.

Proof. (a) By assumption, for each generator X_i of k there is some j such that the vertices i, j are connected by an edge. From the relation [X_j , [X_j , X_i]] = −X_i (cf. Theorem 2.1) it follows that every X_i is contained in the derived subalgebra.

(b) Suppose that there is c ∈ C(k)\{0}. Write c = x + ω(x), where x = x_r + x_{r+1} + . . . + x_s ∈ n_+, x_i ∈ (n_+)_i, r ≤ s and x_r, x_s ≠ 0. Suppose first that r > 1. As c ∈ C(k), one has [X_i, c] = 0 for all i. This implies that [f_i, x_r] = 0 for all i since [f_i, x_r] is the homogeneous component of [X_i, c] of degree r − 1. By [Kac94, Lemma 1.5] this yields the contradiction x_r = 0.

If r = 1, write x_1 = ∑ i a_ie_i with a_i in k and let i_0 be such that a_{i0} ≠ 0.

Let ψ be the sign automorphism given by X_{i0} → X_{i0} and X_j → −X_j for j ≠ i_0. Then c + ψ(c) ∈ C(k) and its homogeneous component of degree 1 equals 2a_{i0} e_{i0} . Replacing c by^1_{2ai0} (c + ψ(c)) we may assume that x_1 = e_{i0} . By adding suitable images of sign automorphisms to c and rescaling, we may additionally assume that x_3 = 0. This is because an element of the form [e_a, [e_b, e_c]] is 0 if a, b, c are not pairwise distinct, while for distinct a, b, c it can be erased by using a sign automorphism which preserves X_{i0} and, for example, sends X_a to −X_a. Since the vertex i_0 is not isolated, there is some j such that [X_{i0} , X_j ] ≠ 0. But then [c, X_j ] ≠ 0 since [e_{i0} , e_j ] is its homogeneous component of degree 2.

□

3.3. A contraction of k. Let g be a simply laced Kac–Moody algebra over R with Chevalley generators e_i, f_i, h_i (i = 1, . . . , n). For ε > 0 define ω_ε to be the Lie algebra automorphism satisfying

ω_ε(e_i) = −εf_i, ω_ε(f_i) = − 1 ε e_i, ω_ε(h_i) = −h_i. and set k_ε := Fix ω_ε. Note k = k_1 and that X_i^ε := e_i − εf_i ∈ k_ε for i = 1, . . . , n. A calculation shows that if the nodes i, j are connected by an edge, then [X_i^ε, [X_i^ε, X_j^ε]] = −εX_j^ε. A straightforward adaption of Berman’s proof of [Ber89, Theorem 1.31] shows that k_ε is generated by the X_i^ε’s and that these relations already define the Lie algebra.

Proposition 3.5. The subalgebra k_ε is isomorphic to the quotient of the free Lie algebra over k generated by X_1, . . . , X_n subject to the relations

[X_i, [X_i, X_j ]] = −εX_j if the vertices v_i, v_j are connected by an edge [X_i, X_j ] = 0 otherwise

via the map X_i → e_i − εf_i.

Note that if we set ε = 0 in the above presentation, the resulting algebra is isomorphic to n_+. This means that n_+ is a contraction of the maximal compact subalgebra k = k_1 in the sense of [FdM06].

3.4. Quotients. Let k be a field of characteristic 0 and g a Kac–Moody algebra over k with simply laced diagram D. Due to the Coxeter-like presentation of the maximal compact subalgebra k it is possible to exhibit quotients of k if D has a certain shape.

For a graph D, let k(D) denote the maximal compact subalgebra of the Kac–Moody algebra g over k with diagram D.

Construction 3.6. Suppose that there are distinct vertices v_i, v_j such that any vertex v_r distinct from v_i, v_j is connected to v_i if and only if v_r is connected to v_j .

(a) If v_i and v_j are not connected by an edge, let D^′ be the diagram obtained from D by deleting the vertex v_j . Let k^′ := k(D^′) and X^′_1, . . . , X^′_n its Berman generators. Then there is a well-defined epimorphism of Lie algebras φ: k → k^′ determined by φ(X_r) := X^′_r for r ≠ j and φ(X_j ) := X^′_i.

(b) If v_i and v_j are connected by an edge, let D^′ be the diagram obtained from D by deleting all edges emanating from v_j except for the edge (v_i, v_j ). As above, let k^′ := k(D^′) and X^′_1, . . . , X^′_n its Berman generators. Then there is a well-defined epimorphism of Lie algebras φ: k → k^′ determined by φ(X_r) := X^′_r for r ≠ j and φ(X_j ) := [X^′_i , X^′_j ].

Example 3.7. (a) The preceding discussion gives a sequence of epimorphisms of real Lie algebras

k(D^+_4 ) ↠ k(D_4) ↠ k(A_3) = so_4(R) ↠ k(A_2) = so_3(R).

This sequence can be extended further: Let Γ_n denote the star graph given by Γ = ({1, . . . , n}, {{1, k} | 2 ≤ k ≤ n}) and let k_n denote the maximal compact subalgebra of the Kac-Moody algebra g_n with Dynkin diagram Γ_n. Then there are epimorphisms k_n → k_{n−1}.

k(D^+_4 )

↠

k(D_4)

↠

k(A_3) = so_4(R)

↠

k(A_2) = so_3(R)

(b) Denoting by K_4 the complete graph on four vertices, there similarly is a sequence of epimorphisms k(K_4) ↠ k(AE_2) ↠ k(A_4).

4. Generalized spin representations

We recall first the extension of the spin representation of k(sl_{10}(R)) to k(E_{10}(R)) as described in [DKN06a], [DBHP06], [Keu04].

Example 4.1. Let V be a k-vector space and q : V → k a quadratic form with associated bilinear form b. Then the Clifford algebra C := C(V, q) is defined as C := T (V )/⟨vw + wv − b(v, w)⟩ where T (V ) is the tensor algebra of V .

Now let V = R^{10} with standard basis vectors v_i, let q = −(x^2_1 + · · · + x^2_{10}) and let C = C(V, q). Note that in C we have

v^2_i = −1 and v_iv_j = −v_j v_i.

Since C is an associative algebra, it becomes a Lie algebra by setting [A, B] := AB − BA. Let the diagram of E_{10}(R) be labelled as follows.

12 23 34 45 56 67 78 89 910

123

Associate to the Berman generator X_i corresponding to the node v_i the element 1 2 v_I of C, where I is the label of v_i. For example X_1 →^1_2 v_1v_2 and X_2 →^1_2 v_1v_2v_3 with the labelling of the vertices as in the appendix.

One checks easily that this map extends to a Lie algebra homomorphism ρ: k → C, i.e. that the defining relations are respected. The restriction of ρ to the maximal compact subalgebra of the A_9-subdiagram, k(A_9) = so_{10}(R), can be shown to coincide with the spin representation of so_{10} (see e.g. [FH91, Chapter 20]), i.e. ρ extends this representation. Now C splits over C, i.e. C ⊗_R C ∼= C^{32×32} ([FH91, Lemma 20.9]). Hence ρ affords a 32-dimensional complex representation of k(E_{10}(R)). A calculation shows that im ρ is the linear span of all elements of the form v_I , where I ⊆ {1, . . . , 10} with |I| ∈ {2, 3, 6, 7, 10}. Therefore dim im ρ = 496 and it can be shown that im ρ ∼= so_{32}(R), see [DKN06b].

Observation. Let ι ∈ Aut C denote the involution induced by v → −v. Let C_0 := Fix ι and C_1 := {w ∈ C | ι(w) = −w} denote the even and the odd part of C. Then C_0 and C_1 are invariant under the spin representation of so_{10} since im ρ ⊆ C_0 and these are irreducible non-isomorphic representations of so_{10} ([FH91, Chapter 20]). The remaining Berman generator of k(E_{10}) is sent to an element which interchanges C_0 and C_1. Moreover, each A_i := ρ(X_i) satisfies A^2_i = −^1_4 id .

This observation is the basis for our construction of generalized spin representations.

Remark 4.2. Let ρ: so_{10}(R) → C^{n×n} be a representation. To extend ρ to a representation of k(E_{10}), it suffices to find a matrix X ∈ C^{n×n} such that for A_i := ρ(X_i), the following equations are satisfied (where we use the labelling of the diagram of E_{10} as given in the appendix):

[A_i, X] = 0 for 1 ≤ i ≤ 10, i ≠ 4, [A_4, [A_4, X]] = −X, [X, [X, A_4]] = −A_4.

The first two sets of equations define a linear subspace, the third set of equations yields a family of quadratic equations. With the help of a Gröbner basis one can compute that in case of the generalized spin representation, this variety is isomorphic to C^×, i.e., the extension is unique up to a scalar.

Throughout this section, let k be a field of characteristic 0, let g a Kac–Moody algebra over k with simply laced diagram and k its maximal compact subalgebra. Let L := k(I), where I is a square root of −1 and denote by id_s ∈ L^{s×s} the identity matrix.

Definition 4.3. A representation ρ: k → End(L^s) is called a generalized spin representation if the images of the Berman generators from Theorem 2.1 satisfy

ρ(X_i)^2 = − 1 4 id_s for i = 1, . . . , n.

Remark 4.4. (a) Since ρ is assumed to be a representation, it follows from the defining relations that ρ(X_i) and ρ(X_j ) commute if (i, j) ∉ E, while if (i, j) ∈ E, then A := ρ(X_i) and B := ρ(X_j ) anticommute. Indeed we have −B = [A, [A, B]] = A^2B − 2ABA + BA^2 = − 1 2 B − 2ABA from which the claim follows after multiplying with A^{−1} = −4A.

(b) Conversely, suppose that there are matrices A_i ∈ L^{s×s} satisfying (i) A^2_i = −^1_4 · id_s, (ii) A_iA_j = A_j A_i if (i, j) ∉ E, (iii) A_iA_j = −A_j A_i if (i, j) ∈ E.

Then the assignment X_i → A_i gives rise to a representation of k.

Remark 4.5. Let ρ be a generalized spin representation of k and set A_i := 2I ·ρ(X_i). Let W be a Coxeter group defined by the presentation W = ⟨s_1, . . . , s_n | (s_is_j )^{mij} = 1⟩, where m_{ii} = 1 and m_{ij} = 2 if (i, j) ∉ E, while m_{ij} = 4 if (i, j) ∈ E. Then the assignment s_i → A_i gives a representation of W .

Let C denote the class of all generalized spin representation of k. We check some closure properties of C.

Proposition 4.6. (a) C is closed under direct products, quotients, duals and taking subrepresentations.

(b) If ρ_1, ρ_2, ρ_3 ∈ C, then so is ρ_4 : X_i → 4ρ_1(X_i) ⊗ ρ_2(X_i) ⊗ ρ_3(X_i). (c) If ρ ∈ C and φ is either a sign, graph or Weyl group automorphism of k, then ρ ∘ φ ∈ C.

Proof. The first and the second point can be easily verified. The third point is clear when π is a graph or a sign automorphism. For the remaining assertion, it suffices to prove that for i, j ∈ {1, . . . , n} one has that ρ(s^∗_i (X_j ))^2 = −^1_4 id_s. Now s^∗_i (X_j ) is either equal to X_j , for which the claim is trivially true, or is equal to [X_i, X_j ]. In this case write A := ρ(X_i) and B := ρ(X_j ). Then A and B anticommute and A^2 = B^2 = −^1_4 id_s, from which it follows that

(AB − BA)^2 = 4(AB)^2 = −4A^2B^2 = − 1 4 id_s . □ Write k_{≤r} := ⟨X_1, . . . , X_r⟩.

Theorem 4.7. Let 1 ≤ r < n. Let ρ: k_{≤r} → End(L^s) be a generalized spin representation.

(a) If X_{r+1} centralizes k_{≤r}, then ρ can be extended to a generalized spin representation ρ^′ : k_{≤r+1} → End(L^s) by setting ρ^′(X_{r+1}) :=^1_2 I id_s.

(b) If X_{r+1} does not centralize k_{≤r}, then ρ can be extended to a generalized spin representation ρ^′ : k_{≤r+1} → End(L^s ⊕ L^s). More precisely, ρ^′|_{k≤r} = ρ ⊕ ρ ∘ s_0, where s_0 is a suitable sign automorphism, and

ρ^′(X_{r+1}) := 1 2 I id_s ⊗ ( 0 1 1 0 ) . Proof. If X_{r+1} centralizes k_{≤r}, it is clear that ρ^′ is well-defined and that ρ^′(X_r)^2 = −^1_4 id_s .

In the second case, let s_0 be the sign automorphism defined as follows:

s_0(X_i) := { X_i if (i, r + 1) ∉ E −X_i if (i, r + 1) ∈ E Define ρ^′ as in the statement of the theorem. Then it is clear that ρ^′|_{k≤r} is a generalized spin representation which extends ρ. It is easy to check that ρ^′(X_i) commutes with ρ^′(X_{r+1}) if (i, r + 1) ∉ E and that ρ^′(X_i) anticommutes with ρ^′(X_{r+1}) if (i, r + 1) ∈ E. Again it is clear that ρ^′ is a generalized spin representation. □

Remark 4.8. A similar inductive construction of the basic spin representations of the symmetric group has independently been obtained by Maas [Maa10]. It is likely that by a combination of the methods of [Maa10] and of the present article a similar construction of generalized (basic) spin representations is possible for any simply laced Coxeter group.

For a graph G = (V, E) a subset M ⊆ V is called independent if the subgraph of G induced on M does not contain any edges, i.e. if no two elements m_1, m_2 in M are connected by an edge.

Corollary 4.9. Let r denote the size of a maximal independent set of the diagram of g. Then there exists a 2^{n−r}-dimensional irreducible generalized spin representation of k.

Proof. Up to a change of labelling the set M := {v_1, . . . , v_r} is maximal independent. The map ρ: k_{≤r} → End(L^1) : X_i →^1_2 I is a generalized spin representation. By Theorem 4.7 the representation ρ can be extended inductively to a generalized spin representation of k; the dimension doubles at each step because M was assumed to be maximal independent. □

Corollary 4.10. k admits a non-trivial finite-dimensional reductive quotient.

Proof. Note that k is abelian if and only if the diagram D of g does not contain an edge; cf. Theorem 2.1 and Proposition 3.4(b) (applied to a non-trivial connected component of D). In this case g and k are finite-dimensional.

It suffices to prove that, if k is non-abelian, then it admits a non-trivial finitedimensional semisimple quotient. Let ρ denote a generalized spin representation as constructed in Corollary 4.9. By the Levi decomposition of a Lie algebra in characteristic 0 it suffices to show that im(ρ) is not solvable. However, this is clear, as for an edge (i, j) ∈ E the subalgebra ρ(⟨X_i, X_j ⟩) ⊆ im(ρ) is not solvable. □

Remark 4.11. It is possible to construct finite-dimensional quotients of k with nonreductive image, even in the case when the diagram is of indefinite type. For example, let k be the maximal compact subalgebra of the Kac–Moody algebra g with diagram the complete graph on {1, 2, 3, 4} with the edge (1, 4) removed. Let I ≤ k denote the ideal generated by X_{123123123}, X_{234}, where X_{i1 ,i2 ,...,in} := [X_{i1} , X_{i2 ,...,in} ]. Then the following Magma script shows that k/I is 42-dimensional with a 15- dimensional solvable radical.

k:=4;
L<x1,x2,x3,x4>:= FreeLieAlgebra(RationalField(), k);
pp:= { [1,2],[1,3],[2,3],[2,4],[3,4] };
R:= [ ];
g:= [ L.i : i in [1..k] ];

for i in [1..k] do
   for j in [i+1..k] do
       if [i,j] in pp then
          a:= g[i]*(g[i]*g[j])+g[j];
          Append( ~R, a );
          Append( ~R, g[j]*(g[j]*g[i])+g[i] );
       else
          Append( ~R, g[i]*g[j] );
       end if;
   end for;
end for;

R:=R cat [(x1,(x2,(x3,(x1,(x2,(x3,(x1,(x2,x3)))))))),(x2,(x3,x4))];

K, G, B, f := LieAlgebra(R);
K;
SolubleRadical(K);

// Lie Algebra of dimension 42 with base ring Rational Field
// Lie Algebra of dimension 15 with base ring Rational Field

In case k is formally real, one can show more using a standard complexification argument:

Corollary 4.12. Let k be formally real, let I be a square root of −1, let L := k(I) be the corresponding quadratic extension of k, and let ρ be a generalized spin representation of k on an m-dimensional L-vector space V as constructed in Corollary 4.9. Then im(ρ) is reductive. In particular, if the underlying diagram does not contain any isolated nodes, then im(ρ) is semisimple.

Proof. We follow the proof of [HN91, Theorem III.10.10]. Observe first that there exist a k-basis of V such that im(ρ) is invariant under X → −X^T . Define

k_− := {X ∈ im(ρ) | X^T = −X} and k_+ := {X ∈ im(ρ) | X^T = X}.

As X → −X^T is an automorphism, the set k_− is a sub-Lie algebra of im(ρ). We have [k_−, k_+] ⊆ k_+ and [k_+, k_+] ⊆ k_−.

It suffices to show that the radical r of im(ρ) satisfies r ⊆ Z(im(ρ)). As r is characteristic, one has r = r ∩ k_− + r ∩ k_+. We conclude that

r̃ := r ∩ k_− + I(r ∩ k_+) ⊆ ~im(ρ) := k_− + Ik_+ ⊆ u(m, L)

is a sub-Lie algebra of u(m, L) and an ideal of ~im(ρ). Then r̃ is an ideal of the compact (and hence reductive) Lie algebra ~im(ρ). We conclude r̃ ⊆ Z(~im(ρ)) and so r ⊆ Z(im(ρ)), and im(ρ) is reductive. The final statement now follows from Proposition 3.4. □

Example 4.13. Let K_n denote the complete graph on n vertices and let g_n denote the Kac–Moody algebra over R with diagram K_n. Then the maximal compact subalgebra k_n of g_n surjects onto so_{n+1}(R). Indeed, let C_n denote the Clifford algebra associated to the quadratic form q = −(x^2_1 + . . . + x^2_n) on R^n with basis vectors (v_i). Then the assignment X_i →^1_2 v_i gives a representation ρ of k_n, and a calculation shows that

M := im ρ = n⨁ i=1 Rv_i ⨁ ⊕_{i<j} Rv_iv_j . Let Y_1, . . . , Y_n denote the Berman generators of so_{n+1}(R) = k(A_n(R)). Then the map r : Y_i →^1_2 v_iv_{i+1} for i = 1, . . . , n − 1 and r(Y_n) :=^1_2 v_n extends to a representation of so_{n+1}(R) with image equal to M, from which the claim follows.

As soon as g is infinite-dimensional, a generalized spin representation of k will have an infinite-dimensional kernel. If g is affine, the following proposition describes a large submodule of this kernel. It is an amusing exercise to show that if g is of indefinite type, it contains at least one affine subdiagram, so that in this case the proposition applies to each affine subdiagram.

Proposition 4.14. Let g be of affine type and let ρ be a generalized spin representation of the maximal compact subalgebra of g. Then ker ρ contains the ideal generated by k_δ .

Proof. If the diagram is of type A^+_n , the vertex labelled n + 1 is joined to the vertices 1 and n. Then k_δ is spanned by the element G := [X_1, [X_2, . . . , [X_n, X_{n+1}] . . .] and those obtained from G by a cyclic shift of the indices. Expanding ρ(G) and using the fact that ρ(X_i) and ρ(X_j ) either commute or anti-commute, it follows that ρ(G) = 0.

For the remaining diagrams of type D^+_n and E^+_6 , E^+_7 and E^+_8 an inspection of table Aff_1 in [Kac94, p. 54] shows that the extra vertex is joined to a vertex such that the corresponding simple root appears with multiplicity 2 in the decomposition of δ into simple roots. As above, by expanding and using the (anti)-commutativity this implies that any element in the space k_δ is killed by ρ. □

Remark 4.15. A computer calculation shows that the kernel of the generalized spin representation of k(E_{10})(R) is already generated by k_δ , where δ denotes the fundamental positive imaginary root of the regular subalgebra E_9. In general, though, the kernel can be larger. For example, the generalized spin representation ρ of k(A^+_2 ) with im ρ ∼= so_4(C) ∼= so_3(C) × so_3(C) can be post-composed with a projection to one of the factors to obtain another generalized spin representation with larger kernel.

5. Appendix

We give the list of relevant Dynkin diagrams we use in the main text.

A^+_n

1 2 n − 1 n n + 1

D^+_n

1 3 n − 1 n

2 n + 1

E^+_6

1 3 4 5 6

2 7

E^+_7

8 1 3 4 5 6 7

2

E^+_8

1 3 4 5 6 7 8 9

2

E^{++}_8 = E_{10} 1 3 4 5 6 7 8 9 10

2

A^{++}_n = AE_n 1 2 n − 1 n n + 1

n + 2 References

[Ber89] Stephen Berman. On generators and relations for certain involutory subalgebras of Kac-Moody Lie algebras. Comm. Algebra 17 (1989)(12), pp. 3165–3185.

[DB06] Sophie De Buyl. Kac-Moody algebras in M-theory. Ph.D. thesis, Université Libre de Bruxelles. arXiv:hep-th/0608161. 2006.

[DBHP06] Sophie De Buyl, Marc Henneaux, Louis Paulot. Extended E_8 invariance of 11- dimensional supergravity. J. High Energy Phys. (2006)(2), pp. 056, 11 pp. (electronic).

[DKN06a] Thibault Damour, Axel Kleinschmidt, Hermann Nicolai. Hidden symmetries and the fermionic sector of eleven-dimensional supergravity. Phys. Lett. B 634 (2006)(2-3), pp. 319–324.

[DKN06b] Thibault Damour, Axel Kleinschmidt, Hermann Nicolai. K (E10), supergravity and fermions. Journal of High Energy Physics 2006 (2006), p. 046.

[FdM06] Alice Fialowski, Marc de Montigny. On deformations and contractions of Lie algebras. SIGMA Symmetry Integrability Geom. Methods Appl. 2 (2006), pp. Paper 048, 10 pp. (electronic).

[FH91] William Fulton, Joe Harris. Representation theory, vol. 129 of Graduate Texts in Mathematics. Springer-Verlag, New York. A first course, Readings in Mathematics. 1991.

[GN95] Reinhold Gebert, Hermann Nicolai. E 10 for beginners. Strings and Symmetries (1995), pp. 197–210.

[HN91] Joachim Hilgert, Karl-Hermann Neeb. Lie-Gruppen und Lie-Algebren. Vieweg, Braunschweig. 1991.

[Kac94] Victor Kac. Infinite dimensional Lie algebras. Cambridge University Press. 1994. [Keu04] Arjan Keurentjes. U-duality (sub-)groups and their topology. Classical Quantum Gravity 21 (2004)(10), pp. S1367–S1374.

[Kna02] Anthony W. Knapp. Lie groups beyond an introduction, vol. 140 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, second edn. 2002.

[KNP07] Axel Kleinschmidt, Hermann Nicolai, Jakob Palmkvist. K(E_9) from K(E_{10}). J. High Energy Phys. (2007)(6), pp. 051, 32 pp. (electronic).

[Kum02] Shrawan Kumar. Kac-Moody groups, their flag varieties and representation theory, vol. 204 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA. 2002.

[Maa10] Lukas Maas. On a Construction of the Basic Spin Representations of Symmetric Groups. Comm. Algebra 38 (2010)(12), pp. 4545–4552.

[Pal08] Jakob Palmkvist. Exceptional Lie algebras and M-theory. Ph.D. thesis, Chalmers Tekniska Högskola. arXiv:0912.1612. 2008.

[Wes01] Peter West. E11 and M theory. Classical and Quantum Gravity 18 (2001), p. 4443.

JLU Giessen, Mathematisches Institut, Arndtstrasse 2, 35392 Giessen, Germany E-mail address: guntram.hainke@math.uni-giessen.de, ralf.koehl@math.uni-giessen.de