arXiv:1110.5806v3 [astro-ph.CO] 7 Feb 2012

De Sitter Universe in Nonlocal Gravity

E. Elizalde^{1∗}, E.O. Pozdeeva^{2†}, and S.Yu. Vernov^{1,2‡}

1Instituto de Ciencias del Espacio (ICE/CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC), Campus UAB, Facultat de Ciències, Torre C5-Parell-2a planta, E-08193, Bellaterra (Barcelona), Spain 2Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, Leninskie Gory 1, 119991, Moscow, Russia

Abstract

A nonlocal gravity model, which does not assume the existence of a new dimensional parameter in the action and includes a function f(□^{−1}R), with □ the d’Alembertian operator, is considered. The model is proven to have de Sitter solutions only if the function f satisfies a certain second-order linear differential equation. The de Sitter solutions corresponding to the simplest case, an exponential function f, are explored, without any restrictions on the parameters. If the value of the Hubble parameter is positive, the de Sitter solution is stable at late times, both for negative and for positive values of the cosmological constant. Also, the stability of the solutions with zero cosmological constant is discussed and sufficient conditions for it are established in this case. New de Sitter solutions are obtained which correspond to the model with dark matter and stability is proven in this situation for nonzero values of the cosmological constant.

1 Introduction

Modern cosmological observations, such as those coming from Supernovae Ia (SNe Ia) [1], from the cosmic microwave background (CMB) radiation [2, 3], large scale structure (LSS) [4], baryon acoustic oscillations (BAO) [5], and weak lensing [6], allow to obtain joint constraints on cosmological parameters (see, for example, [7]) and indicate that the current expansion of the Universe is accelerating. There are a few types of models able to reproduce this late-time cosmic acceleration. The simplest one is general relativity with a cosmological constant (for a review, see, e.g., [8]). Some others involve modifications of gravity, as for instance F (R) gravity, with F (R) an (in principle) arbitrary function of the scalar curvature R (for recent reviews see, e.g., [9, 10]).

∗E-mail: elizalde@ieec.uab.es, elizalde@math.mit.edu †E-mail: pozdeeva@www-hep.sinp.msu.ru ‡E-mail: vernov@ieec.uab.es, svernov@theory.sinp.msu.ru

Modified gravity cosmological models have been proposed in the hope of finding solutions to the important open problems of the standard cosmological model. There are lots of ways to deviate from Einstein’s gravity. Different modifications of this theory have been considered in detail in the reviews [9, 11]. As a promising modification of gravity, the nonlocal gravity theory obtained by taking into account quantum effects has been proposed in [12]. Also, as is well known string/M-theory is usually considered as a possible theory for all fundamental interactions, including gravity; again, the appearance of nonlocality within string field theory is a good motivation for studying nonlocal cosmological models. Moreover, there was a proposal on the solution of the cosmological constant problem by a nonlocal modification of gravity [13]. The majority of nonlocal cosmological models explicitly include a function of the d’Alembert operator, □, and either define a nonlocal modified gravity [14, 15, 16, 17, 18, 20, 19, 21, 22] or add a nonlocal scalar field, minimally coupled to gravity [23].

In this paper, we consider a modification that includes a function of the □^{−1} operator. Such modification does not assume the existence of a new dimensional parameter in the action. This nonlocal model has a local scalar-tensor formulation. A modification of nonlocal gravity with a term f(□^{−1}R) has been studied in order to realize a unified scenario, comprising both early-time inflation and the late-time cosmic acceleration. It has been shown in [15] that a theory of this kind, being consistent with Solar System tests, may actually lead to the known Universe history sequence: inflation, radiation/matter dominance and a dark epoch. An explicit mechanism to screen the cosmological constant in nonlocal gravity was discussed in [18, 20, 21]. Different cosmological aspects of such nonlocal gravity models have been studied in [16, 17, 18, 20, 19, 21, 22], too.

In this paper, we explore in detail de Sitter solutions in the nonlocal gravity model. We prove that the model can have de Sitter solutions only if the function f(□^{−1}R) satisfies a certain second order linear differential equation, which is a nice result. The simplest and most studied model [15, 16, 17, 18, 20, 19, 21] admitting de Sitter solutions is characterized by a function f(□^{−1}R) = f_0e^{(□−1R)/β} , where f_0 and β are real parameters. A few de Sitter solutions for this model have been found in [15] and also analyzed in [20]. In both papers the authors put strict restrictions on arbitrary parameters (integration constants).

Here, we will consider all possibilities for de Sitter solutions without any restriction. We will also obtain de Sitter solutions in the case when the matter included in the model is dark matter. Finally, we will analyze the stability of these de Sitter solutions and get the corresponding restrictions on the parameters of the model. In the case Λ = 0, the system of equation, describing this model, has been written in terms of Hubble-normalized variables and the stability of the fixed point of this system has been analyzed in [15]. This has been continued in [16] (see also [19]). We will consider this specific case in Subsection 4.2.

The paper is organized as follows. In Section 2, we shortly review nonlocal gravity models that have a local scalar-tensor formulation. In Section 3 we obtain the necessary conditions on the function f(□^{−1}R), which allow us to get de Sitter solutions, and then look for general de Sitter solutions in the case of the exponential function f(□^{−1}R). In Section 4 we discuss the stability of the de Sitter solutions for Friedmann–Lemaître–Robertson–Walker (FLRW) and Bianchi I metrics. Section 5 is devoted to conclusions.

2 Nonlocal gravitational model

Consider the following action for nonlocal gravity S = ∫ d^4x √ −g { 1 2κ^2 [ R ( 1 + f(□^{−1}R) ) − 2Λ ] + L_{matter} } , (1)

where κ^2 ≡ 8π/M_{Pl}^2, the Planck mass being M_{Pl} = G^{−1/2} = 1.2 × 10^{19} GeV. We use the signature (−, +, +, +), g is the determinant of the metric tensor g_{μν} , f a differentiable function, Λ the cosmological constant, and L_{matter} is the matter Lagrangian. Recall the covariant d’Alembertian for a scalar field, which reads □ ≡ 1 √ −g ∂_μ (√ −g g^{μν} ∂_ν ) . (2)

Introducing two scalar fields, η and ξ, we can rewrite action (1) in the following local form: S = ∫ d^4x √ −g { 1 2κ^2

[R (1 + f(η) − ξ) + ξ□η − 2Λ] + L_{matter} } . (3)

By varying the action (3) over ξ, we get □η = R. Substituting η = □^{−1}R into action (3), one reobtains action (1). Varying action (3) with respect to the metric tensor g_{μν} , one gets 1 2 g_{μν} [R (1 + f(η) − ξ) − ∂_ρξ∂^ρη − 2Λ] − R_{μν} (1 + f(η) − ξ) + + 1 2 (∂_μξ∂_ν η + ∂_μη∂_ν ξ) − (g_{μν} □ − ∇_μ∂_ν ) (f(η) − ξ) + κ^2T_{matter μν} = 0 , (4)

where ∇_μ is the covariant derivative and T_{matter μν} the energy–momentum tensor of matter, defined as T_{matter μν} ≡ − 2 √ −g δ √ −gL_{matter} δg^{μν} . (5)

On the other hand, variation of action (3) with respect to η yields

□ξ + f^′(η)R = 0, (6)

where the prime denotes derivative with respect to η.

We take the spatially flat FLRW metric,

ds^2 = − dt^2 + a^2(t) ( dx^2_1 + dx^2 + dx^2_3 ) , (7)

and consider the case where the scalar fields η and ξ depend on time only. In the FLRW metric, system of Eqs. (4) is equivalent to the following equations:

− 3H^2 (1 + f(η) − ξ) + 1 2 ξ̇η̇ − 3H d dt (f(η) − ξ) + Λ + κ^2ρ_m = 0 , (8) ( 2Ḣ + 3H^2 ) (1 + f(η) − ξ) + 1 2 ξ̇η̇ + ( d^2 dt^2 + 2H d dt ) (f(η) − ξ) − Λ + κ^2P_m = 0 , (9) where H = ȧ/a is the Hubble parameter, the dot denoting time derivative. For a perfect matter fluid, we have T_{matter 00} = ρ_m and T_{matter ij} = P_mg_{ij}. The equation of state (EoS) is

ρ̇_m = − 3H(P_m + ρ_m). (10)

Adding up Eqs. (8) and (9), we get

2Ḣ (1 + f(η) − ξ) + ξ̇η̇ + ( d^2 dt^2 − H d dt ) (f(η) − ξ) + κ^2(P_m + ρ_m) = 0. (11)

Furthermore, from □η = R and (6) the equations of motion for the scalar fields η and ξ follow η̈ + 3Hη̇ = − 6 ( Ḣ + 2H^2 ) , (12)

ξ̈ + 3Hξ̇ = 6 ( Ḣ + 2H^2 ) f^′(η) , (13)

where we have used R = 6Ḣ + 12H^2.

Let us consider the system of equations (10)–(13). Together with (8), they are equivalent to the full system of Einstein’s equations. Differentiating (8) with respect to t and substituting into (9), (10), (12), and (13), we get that (8) is an integral of motion for the system of equations (10)–(13). Therefore, to find a solution of the Einstein equation one can solve the system (10)–(13), which does not include the cosmological constant Λ. After that, substituting into (8) the initial values of the solution obtained, one gets the corresponding value of Λ.

The system of equations considered does not include the function η, but only f(η), f^′(η) and time derivatives of η. This property can be used to analyze the stability of the de Sitter solutions.

3 De Sitter solutions

3.1 Nonlocal models with de Sitter solutions

We now assume that the Hubble parameter is a nonzero constant: H = H_0. In this case, Eq. (12) has the following general solution:

η(t) = − 4H_0(t − t_0) − η_0e^{−3H0(t−t0 )}, (14)

with integration constants t_0 and η_0. All equations are homogeneous, so if a de Sitter solution exists at t_0 = 0, then it exists at an arbitrary t_0. So, without loss of generality we can set t_0 = 0.

Subtracting Eq. (8) from Eq. (9), we get a linear differential equation

Ψ̈ + 5H_0Ψ̇ + 6H^2_0 (1 + Ψ) − 2Λ + κ^2(w_m − 1)ρ_m = 0, (15)

where Ψ(t) = f(η(t)) − ξ(t).

Solving (15) and substituting ξ(t) = f(η(t)) − Ψ(t) into Eq. (13), we get a linear differential equation for f(η)

η̇^2f^{′′}(η) + ( η̈ + 3H_0η̇ − 12H^2_0 ) f^′(η) = Ψ̈ + 3H_0Ψ̇ . (16)

Therefore, the model, which is described by action (3), can have de Sitter solutions only if f(η) satisfies Eq. (16). In other words Eq. (16) is a necessary condition that the model has de Sitter solutions. To prove the existence of de Sitter solutions for the given f(η) one should also check Eqs. (8) and (9). Note that Eq. (16) has been obtained without any restrictions on solutions and the perfect matter fluid.

To demonstrate how one can get f(η), which admits the existence of de Sitter solutions, in the explicit form, we restrict ourselves to the case η_0 = 0. In this case, Eq. (16) has the following form:

16H^2_0 f^{′′}(η) − 24H^2_0 f^′(η) = Φ(η), (17) where Φ(η) = Φ(−4H_0t) ≡ Ψ̈ + 3H_0Ψ̇. We get the following solution

f(η) = 1 16H^2_0 η∫ ζ∫ Φ(ζ̃)e^{−3ζ̃/2}dζ̃ + 16C_3H^2_0 e^{3ζ/2}dζ + C_4, (18)

where C_3 and C_4 are arbitrary constants. We can fix C_4 without loss of generality. Indeed, it is easy to see that we can add a constant to f(η) and the same constant to ξ, without changing of Eqs. (4) and (6).

Following [20], we consider the matter with the EoS parameter w_m ≡ P_m/ρ_m to be a constant, not equal to −1. Thus, Eq. (10) has the following general solution

ρ_m = ρ_0 e^{−3(1+wm)H0t}, (19)

where ρ_0 is an arbitrary constant.

Equation (15) has the following general solution: • At ρ_0 = 0, Ψ_1(t) = C_1e^{−3H0t} + C_2e^{−2H0t} − 1 + Λ 3H^2_0

, (20)

• At ρ_0 ≠ 0 and w_m = 0,

Ψ_2(t) = C_1e^{−3H0t} + C_2e^{−2H0t} − 1 + Λ 3H^2_0 − κ^2ρ_0 H_0 e^{−3H0t}t, (21) • At ρ_0 ≠ 0 and w_m = −1/3,

Ψ_3(t) = C_1e^{−3H0t} + C_2e^{−2H0t} − 1 + Λ 3H^2_0 + 4κ^2ρ_0 3H_0 e^{−2H0t}t, (22) • At ρ_0 ≠ 0, w_m ≠ 0 and w_m ≠ −1/3,

Ψ_4(t) = C_1e^{−3H0t} + C_2e^{−2H0t} − 1 + Λ 3H^2_0 − κ^2ρ_0(w_m − 1) 3H^2_0 w_m(1 + 3w_m) e^{−3H0(wm+1)t}, (23) where C_1 and C_2 are arbitrary constants.

Substituting the explicit form of Ψ(t), we get

• For the model without matter (ρ_0 = 0, Ψ(t) = Ψ_1(t)),

f_1(η) =

C_2 4 e^{η/2} + C_3e^{3η/2} + C_4, (24)

where C_3 and C_4 are arbitrary constants. Note that C_2 is an arbitrary constant as well.

• For the model with the dark matter (w_m = 0, Ψ(t) = Ψ_2(t)),

f_2(η) = f_1(η) − κ^2ρ_0 3H^2_0 e^{3η/4}. (25)

• For the model, including the matter with w_m = −1/3 (Ψ(t) = Ψ_3(t)),

f_3(η) = f_1(η) + κ^2ρ_0 4H^2_0 ( 1 − 1 3 η ) e^{η/2}. (26)

• For the model, including the matter with another value of w_m (Ψ(t) = Ψ_4(t)),

f_4(η) = f_1(η) − κ^2ρ_0 3(1 + 3w_m)H^2_0 e^{3(wm+1)η/4}. (27)

One can see that the key ingredient of all functions f_i(η) is an exponent function.

3.2 De Sitter solutions for exponential f(η)

In the following we consider de Sitter solutions for the model with

f(η) = f_0e^{η/β} , (28)

where f_0 and β are constant. We choose this form of f(η) because it is the simplest function, which belongs to the general set of functions (24), (25), and (27), described above. Note that models involving this exponential form of f(η) are being actively studied in the literature [15, 16, 17, 18, 20, 19, 21].

In the case Λ = 0, the corresponding system of equation can been written in terms of Hubble-normalized variables. The stability of the fixed point for this system has been discussed in [15] and the stability analysis for the same case has been further investigated in [16] (see also [19]). We will consider this specific case in Subsection 4.2. In absence of matter, expanding universe solutions a ∝ t^n have been found in [15, 21]. In [17] the ensuing cosmology at the four basic epochs: radiation dominated, matter dominated, accelerating, and a general scaling has been studied for an interesting nonlocal model involving, in particular, an exponential form of f(η). Screening of the cosmological constant in the nonlocal model described by the action (1) with an exponential f(η) has been considered in [18, 20, 21].

In [20], the model has been considered in further detail: the corresponding de Sitter solutions have been obtained, a condition to avoid a ghost has been considered, and a screening scenario for a cosmological constant has been discussed. Note that in [15, 20] the authors put restrictions on arbitrary parameters, to get de Sitter solution. It will be interesting to get de Sitter solutions without any restriction.

Substituting the solution (14) of Eq. (12) into Eq. (13) and assuming that the integration constant η_0 ≠ 0, we obtain that Eq. (13) has the general solution

ξ(t) = 12

H^2_0 f_0 β t∫ 0 C_1 +

t_1∫

0 e^{(−η0 exp[−3H0(t2 −t0)]−4H0(t2 −t0))/β+3H0 t2} dt_2 e^{−3H}0^t1 dt_1 − ξ_0, (29) with C_1 and ξ_0 arbitrary constants. If β = 2/3, then ξ(t) can be found explicitly: ξ(t) = 8f_0 9η^2_0 e^{−(3/2)η0 exp(−3H0 (t−t0))} − C_1e^{−3H0(t−t0 )} − ξ_0. (30)

The solutions obtained include four arbitrary parameters, namely η_0, ξ_0, C_1, and t_0. As we have mentioned above one can set t_0 = 0, without loss of generality.

At H(t) = H_0, Eq. (11) has the form

ξ̇η̇ + 1 β f(η) ( 1 β η̇^2 + η̈ ) − 1 β H_0f(η)η̇ − ξ̈ + H_0ξ̇ + κ^2(1 + w_m)ρ_m = 0 , (31)

and, using (13),

(η̇ + 4H_0)ξ̇ + f(η) β ( 1 β η̇^2 + η̈ − H_0η̇ − 12H^2_0 ) + κ^2(1 + w_m)ρ_m = 0 . (32)

Substituting the explicit expression for η, we get

3H_0η_0e^{−3H0t}ξ̇ +

H^2_0 β^2 f(η) ( 9η^2_0 e^{−6H0t} − 12η_0(β + 2)e^{−3H0t} − 8(β − 2) ) + κ^2(1 + w_m)ρ_m = 0 ,

where f(η) = f_0e^{−4H0t/β} e^{−η0 exp(−3H0t)/β} , ρ_m = ρ_0 e^{−3(1+wm)H0t}.

From (29), it follows that

ξ̇ = 12H^{20} f^0 β e^{−3H0t} C_1 + t∫ 0 e^{[−η0 exp(−3H0 t2)−4H0t2]/β+3H0t2} dt_2 . (33)

A straightforward calculation shows that Eq. (32) has no solution for any value of the parameters such that f_0 ≠ 0, η_0 ≠ 0, and H_0 ≠ 0.

Therefore, without loss of generality we can put η_0 = 0. In this case, for β ≠ 4/3, from (12) and (13) the following solution is obtained [20]: ξ = − 3f_0β 3β − 4 e^{−4H0(t−t0 )/β} + c_0 3H_0 e^{−3H0(t−t0 )} − ξ_0, η = − 4H_0(t − t_0), (34) where c_0 is an arbitrary constant,

Λ = 3H^2_0 (1 + ξ_0), ρ_0 =

6 (β − 2) H^2_0 f_0

κ^2β

, w_m = − 1 + 4 3β . (35)

The case β = 2 corresponds to ρ_0 = 0. Note that β = 2 corresponds to w_m = −1/3. It means that the model with exponential f(η) has no de Sitter solutions if we add this kind of matter. The type of function f(η) that can have such solutions is given by (26).

For β = 4/3, we get

ξ(t) = − f_0(c_0 + 3H_0(t − t_0))e^{−3H0(t−t0 )} − ξ_0, (36)

Λ = 3H^2_0 (1 + ξ_0), P_m = 0, ρ_m = − 3 κ^2

H^2_0 f_0e^{−3H0(t−t0 )}. (37)

This solution clearly corresponds to dark matter, because w_m = 0.

4 Stability of the de Sitter background

4.1 The case of nonzero Λ

4.1.1 The FLRW metric

Let us now introduce new variables

ϕ = f(η) = f_0e^{η/β} , ψ = η̇. (38)

The functions ϕ(t) and ψ(t) are connected by the equation

ϕ̇ = 1 β ϕψ. (39) The system (11)–(13) can be expressed as a system of first-order differential equations, in terms of new variables. We rewrite Eqs. (12) and (13) as ψ̇ = − 3Hψ − 6 ( Ḣ + 2H^2 ) , (40) ξ̇ = ϑ, ϑ̇ = − 3Hϑ + 6 β ( Ḣ + 2H^2 ) ϕ . (41)

Using ϕ̈ = ϕ β ( ψ^2 β − 3Hψ − 6Ḣ − 12H^2 ) , we get that Eq. (11) is equivalent to 2Ḣ ( 1 + β − 6 β ϕ − ξ ) = 4H ( ϕψ β − ϑ ) − 1 β^2 ϕψ^2 + 24 β H^2ϕ − ϑψ − κ^2(1 + w_m)ρ_m. (42)

Consider the de Sitter solution

ρ_m = ρ_0e^{−3(wm+1)H0 (t−t0 )}, P_m = w_mρ_m, Λ = 3H^2_0 (1 + ξ_0), (43) β = 4 3(1 + w_m)

, ψ = − 4H_0, ϕ = f_0e^{−4H0t/β} . (44)

For β ≠ 4/3, we have ξ = − 3f_0β 3β − 4 e^{−4H0(t−t0 )/β} + c_0 3H_0 e^{−3H0(t−t0 )} − ξ_0, and, for β = 4/3, ξ = − f_0(c_0 + 3H_0(t − t_0))e^{−3H0(t−t0 )} − ξ_0.

As t tends to +∞,

ρ_m → 0, ϕ → 0, ψ = − 4H_0, ξ → − ξ_0, (45)

for all H_0 > 0 and β > 0. This system has a fixed point:

ϕ = 0, ξ = − ξ_0, ψ = − 4H_0, ρ_m = 0.

Note that we cannot fix H_0, using the relation Λ = 3H^2_0 (1 + ξ_0), since ξ_0 is an arbitrary parameter. So, we have no isolated fixed point.

Two different cases appear: Λ = 0 and Λ ≠ 0. In this subsection, we consider the case Λ ≠ 0. For Λ = 0, the stability can be analyzed using a change of variables. This analysis will be presented in the next subsection.

For Λ ≠ 0, one gets ξ_0 ≠ −1, in the neighborhood of the fixed point ( 1 + β − 6 β ϕ − ξ ) ≈ 1 + ξ_0 ≠ 0 (46)

and we can divide Eq. (42) in this expression to get the equation in the standard form:

Ḣ = 1 2 ( 1 +^{β−6}_β ϕ − ξ ) [ 4H ( ϕψ β − ϑ ) − ϕψ^2 β^2 + 24 β H^2ϕ − ϑψ − 4κ^2 3β ρ_m ] . (47)

We consider the time domain (t_1, +∞) such that 1+^{β−6}_β ϕ−ξ ≠ 0. This expression is positive for Λ > 0 and negative for Λ < 0. In the neighborhood of the fixed point, which corresponds to de Sitter solution, we have

H(t) = H_0 + εh_1(t) + O(ε^2), (48) ϕ(t) = εϕ_1(t) + O(ε^2), (49) ψ(t) = − 4H_0 + εψ_1(t) + O(ε^2), (50) ξ(t) = − ξ_0 + εξ_1(t) + O(ε^2), (51) ϑ(t) = εϑ_1(t) + O(ε^2), (52) ρ_m(t) = ερ_{m1}(t) + O(ε^2), (53) where ε is a small parameter.

From Eqs. (10), (39), (40), (41), and (47), we obtain, to first order in ε, the following system:

ρ̇_{m1} = − 4 β H_0ρ_{m1}, (54)

ϕ̇_1 = − 4 β H_0ϕ_1, (55)

ϑ̇_1 = − 3H_0ϑ_1 + 12 β H^2_0 ϕ_1, (56)

ḣ_1 = 2

(1 + ξ_0) [ 2 β ( 1 − 2 β ) H^2_0 ϕ_1 − κ^2 3β ρ_{m1} ] , (57)

ψ̇_1 = − 3H_0ψ_1 − 12H_0h_1 − 12 (1 + ξ_0) [ 2 β ( 1 − 2 β ) H^2_0 ϕ_1 − κ^2 3β ρ_{m1} ] . (58)

Note that the function ξ_1 is not included in this system. It can be defined using Eq. (8). It is plain that ξ_1 cannot tend to infinity, if all other first-order corrections are bounded.

Let us now consider the system (54)–(58). The functions

ρ_{m1}(t) = d_0e^{−4H0t/β} , ϕ_1(t) = d_1e^{−4H0t/β} , (59)

where d_0 and d_1 are arbitrary constants, are general solutions of Eqs. (54) and (55), respectively. At H/β > 0, these functions tend to zero, for t → ∞. Substituting these functions into the other equations, we get

ϑ_1(t) = 12

H_0d_1 3β − 4 e^{−4H0t/β} + d_3e^{−3H0t}, (60)

h_1(t) = d_2 −

6H^2_0 d_1(β − 2) − κ^2d_0β 6βH_0(1 + ξ_0) e^{−4H0t/β} , (61) ψ_1(t) =

2(β − 2)(6H^2_0 βd_1 − 12H^2_0 d_1 − κ^2βd_0) H_0β(3β − 4)(1 + ξ_0) e^{−4H0t/β} + d_4e^{−3H0t} − 4d_2, (62)

where d_2, d_3, and d_4 are arbitrary constants. The two last expressions are valid for β ≠ 4/3. For β = 4/3,

ϑ_1 = ( 9H^2_0 d_1t + d_3 ) e^{−3H0t}, ψ_1 = ( (3H^2_0 d_1 + κ^2d_0)t 1 + ξ_0

+ d_4 ) e^{−3H0t} − 4d_2. We see that none of the perturbations tends to infinity at t → ∞, so that the de Sitter solutions are stable. We should note that the fixed point, which corresponds to a de Sitter solution with fixed H_0, is not isolated, because there is only one condition: Λ = 3H^2_0 (1 + ξ_0) on the two arbitrary parameters H_0 and ξ_0. Changing ξ_0, we get a new value of H_0 for the same Λ. This is the reason why the function h_1(t) has an arbitrary parameter d_2. To analyze the stability of such a fixed point one cannot use Lyapunov’s theorem [24].

4.1.2 The Bianchi I metric

The Bianchi universe models are spatially homogeneous anisotropic cosmological models. There are strong limits on anisotropic models from observations [25]. Anisotropic spatially homogeneous fluctuations have to be strongly suppressed, and models developing large anisotropies should be discarded as early or late times cosmological models.

Interpreting the solutions of the Friedmann equations as isotropic solutions in the Bianchi I metric, we include anisotropic perturbations in our consideration. A similar stability analysis has been made for cosmological models with scalar fields and phantom scalar fields in [26]. The stability analysis is essentially simplified by a suitable choice of variables. Let us consider the Bianchi I metric

ds^2 = − dt^2 + a^2_1(t)dx^2_1 + a^2(t)dx^2 + a^2_3(t)dx^2_3. (63)

It is convenient to express a_i in terms of new variables a and β_i (we use the notation of [27]):

a_i(t) = a(t)e^{βi(t)}. (64)

Imposing the constraint β_1(t) + β_2(t) + β_3(t) = 0, (65) at any t, one has the following relations

a(t) = (a_1(t)a_2(t)a_3(t))^{1/3}, (66) H_i ≡ ȧ_i a_i = H + β̇_i, and H ≡ ȧ a = 1 3 (H_1 + H_2 + H_3). (67)

Note that β_i are not components of a vector and, therefore, are not subject to the Einstein summation rule. In the case of the FLRW metric: a_1 = a_2 = a_3 = a, all β_i are equal to zero and H is the Hubble parameter; thus, we can use the same notations as for the FLRW metric. Following [27], we introduce the shear

σ^2 ≡ β̇^2_1 + β̇^2_2 + β̇^2_3 . (68)

It is easy to calculate that R = 12H^2 + 6Ḣ + σ^2, (69)

R_{00} = −3 ( H^2 + Ḣ ) − σ^2, (70)

R_{jj} = g_{jj}(Ḣ_j + 3HH_j) = g_{jj} ( Ḣ + 3H^2 + β̈_j + 3Hβ̇_j ) . (71)

In the Bianchi I metric, we get □η = R as

ψ̇ = − 3Hψ − 12H^2 − 6Ḣ − σ^2. (72)

Equations (6) and (10) are now ϑ̇ = − 3Hϑ + ϕ β ( 12H^2 + 6Ḣ + σ^2 ) , (73) ρ̇_m = − 4 β Hρ_m. (74)

To get Eq. (74) we have used condition (35) on w_m. The Einstein equations have the form: [ σ^2 2 − 3H^2 ] (1 + ϕ − ξ) + 1 2 ξ̇ψ − 3H ( ϕ̇ − ξ̇ ) + Λ + κ^2ρ_m = 0 , (75) [ 2Ḣ + 3H^2 + σ^2 2 − β̈_j − 3Hβ̇_j ] (1 + ϕ − ξ)+ 1 2 ξ̇ψ+ϕ̈−ξ̈+(2H−β̇_j)(ϕ̇−ξ̇) = Λ−κ^2P_m. (76)

Adding Eqs. (76) for j = 1, 2, 3 and using (65), we get [ 2Ḣ + 3H^2 + σ^2 2 ] (1 + ϕ − ξ) + 1 2 ξ̇ψ + ϕ̈ − ξ̈ + 2H ( ϕ̇ − ξ̇ ) = Λ − κ^2P_m (77)

and adding now (75) and (77), [ 2Ḣ + σ^2 ] (1 + ϕ − ξ) + ξ̇ψ + ϕ̈ − ξ̈ − H(ϕ̇ − ξ̇) = −κ^2(1 + w_m)ρ_m. (78)

Assuming that (46) is satisfied, we write Eq. (78) as

Ḣ = 1 2 [ 1 +^{β−6}_β ϕ − ξ ] ( 4H [ ϕψ β − ϑ ] − ϕψ^2 β^2 +

+ 24 β H^2ϕ − ϑψ − 4κ^2 3β ρ_m − [ 1 + β − 2 β ϕ − ξ ] σ^2 ) . (79)

Subtracting (76), with j = i, from (76), with j = k, we obtain the following system of equations: [ β̈_i + 3Hβ̇_i − β̈_k − 3Hβ_k ] (1 + ϕ − ξ) + (β̇_i − β̇_k)(ϕ̇ − ξ̇) = 0 (80)

and using (65), it is easy to get from this system [ β̈_i + 3Hβ̇_i ] (1 + ϕ − ξ) + β̇_i ( 1 β ϕψ − ϑ ) = 0 (81)

and [ d dt ( σ^2 ) + 6Hσ^2 ] (1 + ϕ − ξ) + 2σ^2 ( 1 β ϕψ − ϑ ) = 0. (82)

The functions H(t), σ^2(t), ϕ(t), ψ(t), ξ(t), ϑ(t) and ρ_m(t) can be obtained from equations (39), (72)–(74), (79) and (82). If H(t) and the scalar fields are known, then β_i can be directly obtained from (81).

The functions H(t), β̇_i(t), and σ^2(t) are very suitable to analyze the stability of isotropic solutions in the Bianchi I metric. Indeed, the use of these variables makes the analysis of stability in the FLRW and Bianchi I metrics similar, because the equations of motion in the Bianchi I metric with σ^2 = 0 are identical to the equations of motion in the FLRW metric.

Thus, we can use some results from the previous subsection. In the neighborhood of the fixed point, which corresponds to de Sitter solution, we have the expansions (48)–(53), and

σ^2(t) = εσ^2_1 (t) + O(ε^2). (83)

To first order in ε, we get the following system of equations. Equations (54)–(56) are valid for the Bianchi I metric as well, and instead of Eqs. (57) and (58) we get the system:

ḣ_1 = 2

(1 + ξ_0) [ 2 β ( 1 − 2 β ) H^2_0 ϕ_1 − κ^2 3β ρ_{m1} ] − 1 2 σ^2_1 , (84)

ψ̇_1 = − 3H_0ψ_1 − 12H_0h_1 + 2σ^2_1 − 12 (1 + ξ_0) [ 2 β ( 1 − 2 β ) H^2_0 ϕ_1 − κ^2 3β ρ_{m1} ] , (85) d dt (σ^2_1 ) = − 6H_0σ^2_1 . (86)

From the last equation, we get σ^2_1 = d_5e^{−6H0t}, (87) where d_5 is an arbitrary constant.

The expressions for the functions ϕ_1(t), ρ_1(t) and ϑ_1(t) in the Bianchi I metric coincide with the corresponding expressions in the FLRW metric, which are given by (59)–(60). Substituting these functions into Eqs. (84) and (85), we obtain

h_1 = d_2 −

6H^2_0 d_1(β − 2) − κ^2d_0β 6βH_0(1 + ξ_0) e^{−4H0t/β} + d_5 12H_0 e^{−6H0t}, (88)

ψ_1 =

2(β − 2)(6H^2_0 βd_1 − 12H^2_0 d_1 − κ^2βd_0) H_0β(3β − 4)(1 + ξ_0) e^{−4H0t/β} + d_4e^{−3H0t} − 4d_2 − d_5 3H_0 e^{−6H0t} (89)

and, at β = 4/3, we get

ψ_1 = ( (3H^2_0 d_1 + κ^2d_0) t 1 + ξ_0

+ d_4 ) e^{−3H0t} − 4d_2 − d_5 3H_0 e^{−6H0t}. The function ξ_1(t), which can be defined using Eq. (75), is a bounded function if all other first-order corrections are bounded. Thus, we come to the conclusion that de Sitter solutions are stable if H_0 > 0 and β > 0. So, the stability conditions in the cases of the FLRW and Bianchi I metrics coincide.

4.2 The case Λ = 0. Normalized variables

To analyze the stability of the de Sitter solutions at Λ = 0, following [15] we transform the system of equations using new dependent variables X = − η̇ 4H , W = ξ̇ 6Hf , Y = 1 − ξ 3f , Z = κ^2ρ_m 3H^2f

(90) and the independent variable N: d dN ≡ a d da = 1 H d dt . (91)

The use of the Hubble-normalized variables [28] and N as time variable makes the equation of motion dimensionless. Note that a change of dependent and independent variables of this kind is actively used in cosmological models with scalar fields, in order to analyze the stability in the FLRW metric [29, 30], as well as in models of inflation (see [31] and references therein). Clearly, dX dN = 1 H dX dt = − 1 4H ( η̈ H − Ḣ H^2 η̇ ) = − η̈ 4H^2 − X H dH dN , (92) dW dN = 1 H ( ξ̈ 6Hf − ξ̇Ḣ 6H^2f − ξ̇ḟ 6Hf^2 ) = ξ̈ 6fH^2 + 4 β XW − W H dH dN . (93)

Equations (12) and (13) are equivalent to the following ones, in terms of the new variables, dX dN = 3(1 − X) + 1 H ( 3 2 − X ) dH dN , (94) dW dN = 2 β (1 + 2W X) − 3W + 1 H ( 1 β − W ) dH dN (95)

and Eq. (10) can be written as dZ dN = 4 β (X − 1)Z − 2 Z H dH dN . (96)

To get the full system of equations we need one for^{dH}_{dN} . In terms of the new variables, Eq. (8) has the form 6W − 3Y − 4XW + 4 β X + Z = 1. (97)

Differentiating it 6 dW dN − 3 dY dN − 4W dX dN − 4X dW dN + 4 β dX dN + dZ dN = 0, (98)

using dY dN = 2 ( 2XY β − W ) , and substituting (94)–(97), we get ( 4W X − 6W − 4 β X + 6 β − Z ) 1 H dH dN + 12W (X − 1) + 2 β (6 − 4X − Z) − 8 β^2

X^2 = 0. (99)

For c_0 = 0 (and β ≠ 4/3) the de Sitter solution in terms of new variables corresponds to the following fixed point:

H = H_0, W_0 = 2 3β − 4 , X_0 = 1, Y_0 = β 3β − 4 , Z_0 =

2(β − 2) β . (100)

For β = 2, when ρ_0 = 0, the stability of the de Sitter solution has been proven in [15]. In this paper, we discuss stability in the case β > 0.

Let us consider perturbations in the neighborhood of the de Sitter solution (100):

X = X_0(1 + εx_1(N)) + O(ε^2), Z = Z_0(1 + εz_1(N)) + O(ε^2),

W = W_0(1 + εw_1(N)) + O(ε^2), H = H_0(1 + εh_1(N)) + O(ε^2). To first order in ε, we obtain the system of linear equations: dx_1 dN = − 3x_1 + 1 2 dh_1 dN , (101) dz_1 dN = 4 β x_1 − 2 dh_1 dN , (102) dw_1 dN = 4 β x_1 − 4 − β 2β dh_1 dN + ( 4 β − 3 ) w_1, (103) dh_1 dN = − 8(β − 4) β(3β^2 − 11β + 12) x_1 −

2(3β − 4)(β − 2) β(3β^2 − 11β + 12) z_1. (104)

Substituting (104) into (101) and (102), we get dx_1 dN = − (β − 1)(3β − 4)^2 β(3β^2 − 11β + 12) x_1 −

(3β − 4)(β − 2) β(3β^2 − 11β + 12) z_1, dz_1 dN = 4(3β^2 − 7β − 4) β(3β^2 − 11β + 12) x_1 +

4(3β − 4)(β − 2) β(3β^2 − 11β + 12) z_1,

(105)

which has the following solution:

x_1 = c_1e^{λ1N} + c_2e^{λ2N} , z_1 = c_3e^{λ1N} + c_4e^{λ2N} , (106)

where c_1 and c_2 are arbitrary constants

c_3 = −

9β^3 − 21β^2 + 16 − D 2(3β − 4)(β − 2) c_1, c_4 = −

9β^3 − 21β^2 + 16 + D

2(3β − 4)(β − 2) c_2,

λ_1 = −

9β^3 − 45β^2 + 80β − 48 + D

2β(3β^2 − 11β + 12)

, λ_2 = −

9β^3 − 45β^2 + 80β − 48 − D

2β(3β^2 − 11β + 12) , D = √ 81β^6 − 378β^5 + 297β^4 + 1104β^3 − 1984β^2 + 256β + 768.

We see that λ_1 = 0 at β_1 = 4 3 , β_2 = 2, β_{3,4} = 11 6 ± √ 23 6 i. (107)

The real part of λ_1 is negative in the interval β ∈ (4/3, 2). It is easy to show that also the real part of λ_2 is negative in this interval.

Therefore, the perturbations x_1 and z_1 decrease in 4/3 < β < 2. Substituting x_1(N) and z_1(N) into Eqs. (103) and (104), we get that h_1(N) and w_1(N) decrease as well. Note that h_1(N) has a part H_1, which does not depend on N, and therefore can be considered as part of H_0. This result corresponds to the fact that, for Λ = 0, the value of H_0 can be selected arbitrarily; thus, one can choose H̃_0 = H_0 + H_1 instead of H_0. Adding here the results of [15], we can summarize that the de Sitter solutions are stable with respect to perturbations in the FLRW metric with 4/3 < β ⩽ 2. At f_0 > 0 the stable de Sitter solution corresponds to ρ_0 ⩽ 0.

Consider now the case of an arbitrary c_0. For the de Sitter solution, we get

H = H_0, X_0 = 1, Z_0 =

2(β − 2) β ,

Y = β 3β − 4 − c_0 9H_0f_0 e^{−(3−4/β)(N−N0 )}, W = 2 3β − 4 − c_0 6H_0f_0 e^{−(3−4/β)(N−N0 )}, where N_0 = H_0t_0. For β > 4/3,

lim_{N→∞} Y = β 3β − 4 , lim_{N→∞} W = 2 3β − 4 . Thus, the de Sitter solution tends to a fixed point, which means that, for any ε > 0, there exists a such number N_1 that the de Sitter solution is in the ε/2 neighborhood of the fixed point for all N > N_1. Therefore, the stability of the fixed point guarantees the stability of de Sitter solutions for any value of c_0. We reach the conclusion that, at Λ = 0, all de Sitter solutions are stable for 4/3 < β ⩽ 2.

For β = 4/3, we have no fixed point, because the Y and W corresponding to de Sitter solutions are proportional to N. Thus, this choice of dimensionless variable is not suitable to consider stability of the de Sitter solutions for β = 4/3. For β < 4/3 and β > 2, we find that the solutions are in fact unstable.

5 Conclusions

In this paper, we have investigated de Sitter solutions in a nonlocal gravity model, which is described by the action given in (1) (see also [15]). To carry out this task we have used the local formulation of the model (3), which includes two scalar fields. De Sitter solutions play a very important role in cosmological models, because both inflation and the late-time Universe acceleration can be described as a de Sitter solution with perturbations.

We have found the interesting result that the model has de Sitter solutions only if f(η) satisfies the second-order linear differential equation (16). If we consider models without matter or with a perfect matter fluid with a constant EoS parameter w_m ≠ −1/3, then f(η) can be an exponential function or a sum of exponential functions. For the model with f(η) equal to a sum of exponential functions, particular de Sitter solutions have been found in [15, 20].

In this paper, we have considered de Sitter solutions for an exponential f(η) and found all solutions in the FLRW metric that correspond to a constant, nonzero value of the Hubble parameter, H_0. In particular, we have obtained the de Sitter solutions in the case when the matter included in the model is dark matter. This case has never been considered before in the literature.

When t → ∞, the de Sitter solutions tend to fixed points. In the model considered, the value of the cosmological constant does not fix H_0, therefore, the fixed points that correspond to de Sitter solutions are not isolated. We have analyzed the stability of these solutions in the cases of FLRW and Bianchi I metrics and obtained that the first-order corrections have no increasing modes^1, this being valid for any nonzero value of Λ, and for H_0 > 0 and β > 0. They display constant and decreasing modes. For this reason, we can say that, for H_0 > 0 and β > 0, our solutions are stable for all nonzero values of Λ. For Λ = 0, the stable solutions correspond to H_0 > 0 and 4/3 < β ⩽ 2.

Looking further, it will be interesting to consider the stability of the de Sitter solutions and the corresponding ghost-free conditions in the Einstein frame, for models with more general functions f(η) satisfying the differential equation (16).

Acknowledgements. The authors thank Sergei D. Odintsov and Ying-li Zhang for very useful discussions. E.E. was supported in part by MICINN (Spain), projects FIS2006-02842 and FIS2010-15640, by the CPAN Consolider Ingenio Project, and by AGAUR (Generalitat de Catalunya), contract 2009SGR-994. E.P. and S.V. are supported in part by the RFBR grant 11-01-00894, E.P. by a state contract of the Russian Ministry of Education and Science 14.740.12.0846, and S.V. by the Russian Ministry of Education and Science under grant NSh- 4142.2010.2, and by contract CPAN10-PD12 (ICE, Barcelona, Spain).

References

[1] S. Perlmutter et al. [SNCP Collaboration], Astrophys. J. 517 (1999) 565–586, arXiv:astro-ph/9812133;

A.G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116 (1998) 1009– 1038, arXiv:astro-ph/9805201;

A.G. Riess et al. [Supernova Search Team Collaboration], Astrophys. J. 607 (2004) 665–687, arXiv:astro-ph/0402512;

P. Astier et al., Astron. Astrophys. 447 (2006) 31–48, arXiv:astro-ph/0510447

[2] D.N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148 (2003) 175–194, arXiv:astro-ph/0302209;

D.N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 170 (2007) 377, arXiv:astro-ph/0603449;

E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 180 (2009) 330–376 arXiv:0803.0547

[3] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192 (2011) 18, arXiv:1001.4538

1In the case Λ = 0, we have analyzed stability in the FLRW metric only, in other words, with respect to isotropic perturbations. In our new paper [32], we have shown that de Sitter solutions, which are stable with respect to isotropic perturbations, are stable with respect to anisotropic perturbations of the Bianchi I metric as well.

[4] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69 (2004) 103501, arXiv:astro-ph/0310723;

M. Tegmark et al. [SDSS collaboration], Astroph. J. 606 (2004) 702–740, arXiv:astro-ph/0310725;

U. Seljak et al. [SDSS Collaboration], Phys. Rev. D 71 (2005) 103515, arXiv:astro-ph/0407372

[5] D.J. Eisenstein et al. [SDSS Collaboration], Astrophys. J. 633 (2005) 560–574, arXiv:astro-ph/0501171

[6] B. Jain and A. Taylor, Phys. Rev. Lett. 91 (2003) 141302, arXiv:astro-ph/0306046

[7] M. Kilbinger et al., Astron. Astrophys. 497 (2009) 677–688, arXiv:0810.5129

[8] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989) 1–23

[9] S. Nojiri and S.D. Odintsov, Phys. Rept. 505 (2011) 59–144, arXiv:1011.0544

[10] S. Capozziello and V. Faraoni, Beyond Einstein Gravity: A Survey of Gravitational Theories for Cosmology and Astrophysics, Fund. Theor. Phys. 170, Springer, New York, 2011

[11] S. Nojiri and S.D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 115–146, arXiv:hep-th/0601213

[12] S. Deser and R.P. Woodard, Phys. Rev. Lett. 99 (2007) 111301, arXiv:0706.2151

[13] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, and G. Gabadadze, arXiv:hep-th/0209227

[14] T. Biswas, A. Mazumdar, and W. Siegel, JCAP 0603 (2006) 009, arXiv:hep-th/0508194;

G. Calcagni, M. Montobbio, and G. Nardelli, Phys. Lett. B 662 (2008) 285–289, arXiv:0712.2237;

S. Capozziello, E. Elizalde, S. Nojiri, and S.D. Odintsov, Phys. Lett. B 671 (2009) 193–198, arXiv:0809.1535;

S. Nesseris and A. Mazumdar, Phys. Rev. D 79 (2009) 104006 arXiv:0902.1185; F.W. Hehl and B. Mashhoon, Phys. Rev. D 79 (2009) 064028, arXiv:0902.0560; C. Deffayet and R.P. Woodard, JCAP 0908 (2009) 023, arXiv:0904.0961; G. Calcagni and G. Nardelli, Int. J. Mod. Phys. D 19 (2010) 329–338, arXiv:0904.4245; G. Cognola, E. Elizalde, S. Nojiri, S.D. Odintsov, and S. Zerbini, Eur. Phys. J. C 64 (2009) 483–494, arXiv:0905.0543;

G. Calcagni and G. Nardelli, Phys. Rev. D 82 (2010) 123518, arXiv:1004.5144; T. Biswas, T. Koivisto, and A. Mazumdar, JCAP 1011 (2010) 008, arXiv:1005.0590; A.O. Barvinsky, arXiv:1107.1463; T. Prokopec, arXiv:1105.0078

[15] S. Nojiri and S.D. Odintsov, Phys. Lett. B 659 (2008) 821–826, arXiv:0708.0924

[16] S. Jhingan, S. Nojiri, S.D. Odintsov, M. Sami, I. Thongkool, and S. Zerbini, Phys. Lett.

B 663 (2008) 424–428, arXiv:0803.2613

[17] T.S. Koivisto, Phys. Rev. D 77 (2008) 123513, arXiv:0803.3399

[18] S. Nojiri, S.D. Odintsov, M. Sasaki, and Y.l. Zhang, Phys. Lett. B 696 (2011) 278–282, arXiv:1010.5375

[19] H. Farajollahi and F. Milani, Int. J. Theor. Phys. 50 (2011) 1953–1961, arXiv:1103.3553

[20] K. Bamba, Sh. Nojiri, S.D. Odintsov, and M. Sasaki, arXiv:1104.2692

[21] Y.l. Zhang and M. Sasaki, Int. J. Mod. Phys. D 21 (2012) 1250006, arXiv:1108.2112

[22] T.S. Koivisto, Phys. Rev. D 78 (2008) 123505, arXiv:0807.3778;

N.A. Koshelev, Grav. Cosmol. 15 (2009) 220–223, arXiv:0809.4927; K.A. Bronnikov and E. Elizalde, Phys. Rev. D 81 (2010) 044032, arXiv:0910.3929; A.J. López-Revelles and E. Elizalde, arXiv:1104.1123; J. Kluson, JHEP 1109 (2011) 001, arXiv:1105.6056

[23] I.Ya. Aref’eva, AIP Conf. Proc. 826, p-Adic Mathematical Physics, eds. A.Yu.

Khrennikov, Z. Rakich, I.V. Volovich, AIP, Melville, NY, 2006, pp. 301–311, arXiv:astro-ph/0410443;

G. Calcagni, JHEP 0605 (2006) 012, arXiv:hep-th/0512259; A.S. Koshelev, JHEP 0704 (2007) 029, arXiv:hep-th/0701103;

I.Ya. Aref’eva, L.V. Joukovskaya, and S.Yu. Vernov, JHEP 0707 (2007) 087, arXiv:hep-th/0701184;

I.Ya. Aref’eva and I.V. Volovich, Int. J. of Geom. Meth. Mod. Phys. 4 (2007) 881–895, arXiv:hep-th/0701284;

J.E. Lidsey, Phys. Rev. D 76 (2007) 043511, arXiv:hep-th/0703007; G. Calcagni, M. Montobbio, and G. Nardelli, Phys. Rev. D 76 (2007) 126001, arXiv:0705.3043;

N. Barnaby, T. Biswas, and J.M. Cline, JHEP 0704 (2007) 056, arXiv:hep-th/0612230; N. Barnaby and J.M. Cline, JCAP 0707 (2007) 017, arXiv:0704.3426; I.Ya. Aref’eva, L.V. Joukovskaya, and S.Yu. Vernov, J. Phys. A: Math. Theor. 41 (2008) 304003, arXiv:0711.1364;

D.J. Mulryne and N.J. Nunes, Phys. Rev. D 78 (2008) 063519, arXiv:0805.0449; G. Calcagni, M. Montobbio, and G. Nardelli, Phys. Lett. B 662 (2008) 285–289, arXiv:0712.2237;

G. Calcagni and G. Nardelli, Phys. Lett. B 669 (2008) 102–112, arXiv:0802.4395; L.V. Joukovskaya, Phys. Rev. D 76 (2007) 105007, arXiv:0707.1545; L.V. Joukovskaya, JHEP 0902 (2009) 045, arXiv:0807.2065; N. Barnaby and N. Kamran, JHEP 0802 (2008) 008, arXiv:0709.3968; G. Calcagni and G. Nardelli, Int. J. Mod. Phys. D 19 (2010) 329–338, arXiv:0904.4245; S.Yu. Vernov, Class. Quant. Grav. 27 (2010) 035006, arXiv:0907.0468; S.Yu. Vernov, Phys. Part. Nucl. Lett. 8 (2011) 310–320, arXiv:1005.0372; A.S. Koshelev and S.Yu. Vernov, Class. Quant. Grav. 28 (2011) 085019, arXiv:1009.0746;

N. Barnaby, Nucl. Phys. B 845 (2011) 1–29, arXiv:1005.2945

[24] A.M. Lyapunov, Stability of motion, Academic Press, New-York and London, 1966 (in English); A.M. Lyapunov, General problem of stability of motion, GITTL, Moscow– Leningrad, 1950 (in Russian);

L.S. Pontryagin, Ordinary Differential Equations, Adiwes Intern. Ser. in Mathematics. Addison-Wesley Publishing Company, London–Paris, 1962 (in English), ”Nauka”, Moscow, 1982 (in Russian)

[25] A. Bernui, B. Mota, M.J. Reboucas, and R. Tavakol, Astron. Astrophys. 464 (2007) 479–485, arXiv:astro-ph/0511666

[26] I.Ya. Aref’eva, N.V. Bulatov, L.V. Joukovskaya, and S.Yu. Vernov, Phys. Rev. D 80 (2009) 083532, arXiv:0903.5264;

I.Ya. Aref’eva, N.V. Bulatov, and S.Yu. Vernov, Theor. Math. Phys. 163 (2010) 788–803 [Teor. Mat. Fiz. 163 (2010) 475–494], arXiv:0911.5105

[27] T.S. Pereira, C. Pitrou, and J.-Ph. Uzan, JCAP 0709 (2007) 006, arXiv:0707.0736

[28] J. Wainwright and W.C. Lim, J. Hyperbol. Diff. Equat. 2 (2005) 437–470, arXiv:gr-qc/0409082

[29] Z.-K. Guo, Y.-S. Piao, and Y.-Zh. Zhang, Phys. Lett. B 594 (2004) 247–251, arXiv:astro-ph/0404225

[30] R. Lazkoz, G. León, and I. Quiros, Phys. Lett. B 649 (2007) 103–110, arXiv:astro-ph/0701353;

R. Lazkoz and G. León, Phys. Lett. B 638 (2006) 303–309, arXiv:astro-ph/0602590

[31] C.M. Peterson and M. Tegmark, Phys. Rev. D 83 (2011) 023522, arXiv:1005.4056

[32] E. Elizalde, E.O. Pozdeeva, and S.Yu. Vernov, Proceedings of Science, PoS(QFTHEP2011)038, 2012, arXiv:1202.0178